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The importance of technology for mathematical modelling and problem solving is emphasised and connections between these areas are elaborated, which arise in particular through technology. For this purpose, a teacher's technology-based processing of a modelling and problem-solving task is analysed in detail and conclusions are drawn for the theoretical conception. Particularly interesting are the sub-processes that describe the use of technology in the mathematical model. Here, the perspective of technology-based problem solving can meaningfully expand the consideration of the modelling processes and generate deeper insights that can also be useful for teacher education.

Introduction

Mathematical modelling (MM) and problem solving (MPS) are two important mathematical competences that have played an important role in many standards for some time (e. g. NCTM, 2000). While MM focuses on the application of mathematics to non-mathematical problems, MPS involves the ability to formulate and solve mathematical problems and to critically evaluate ways of solving them [START_REF] Højgaard | Teaching for mathematical competence: The different foci of modelling competency and problem solving competency[END_REF]. Connections between MM and MPS are often used to describe solution processes or as a support measure for solving [START_REF] Greefrath | Problem solving methods for mathematical modelling[END_REF][START_REF] Kohen | Contextual mathematical modelling: Problem-solving characterization and feasibility[END_REF]. Nevertheless, developing modelling and problem-solving abilities are different learning goals, so a distinction is very helpful [START_REF] Højgaard | Teaching for mathematical competence: The different foci of modelling competency and problem solving competency[END_REF].

The current importance of digital technologies for mathematics teaching and learning requires their integration into teaching [START_REF] Borba | Humans-with-media and the reorganization of mathematical thinking: Information and communication technologies, modeling, visualization and experimentation[END_REF]. Technology is useful in many mathematical activities and can enhance the teaching and learning of mathematics. Digital technologies can be used to support the learning process in several ways, e.g., to solve problems. Technology is also seen as a fundamental component in the reorganisation of mathematical modelling [START_REF] Borba | Humans-with-media and the reorganization of mathematical thinking: Information and communication technologies, modeling, visualization and experimentation[END_REF]. The challenge for teachers is to consider both the technology and the mathematical content for the students so that they can use the digital tool appropriately [START_REF] Clark-Wilson | Teaching with digital technology[END_REF]. Thus, considering the use of technology, it is particularly interesting to further investigate the connection between modelling and problem solving in actual solutions to problems in order to draw conclusions about the necessary professional competences of teachers.

Since this is currently important for school mathematics, we are investigating this connection between MPS and MM through technology using the example of a teacher's processing in a technological environment. This leads to further questions: How are teachers' (sub)processes of modelling and problem solving with technology related and what are their connections?

Conceptual framework

Mathematical modelling and technology (MMT)

Mathematical modelling is about the application of mathematics to real problems and the critical analysis and evaluation of existing models [START_REF] Højgaard | Teaching for mathematical competence: The different foci of modelling competency and problem solving competency[END_REF]. MM processes can be illustrated by a modelling cycle [START_REF] Blum | How do students and teachers deal with modelling problems[END_REF]. Sub-competences of MM refer to specific sub-processes in the modelling cycle [START_REF] Maaß | What are modelling competencies?[END_REF], such as mathematising and validating. Looking more closely at the step of working mathematically with technology, modelling problems in a digital environment require two translation processes. The mathematical expressions must be translated into the language and customization of the digital tool and the results must then be translated back into the language of mathematics. These processes can be represented in an extended modelling cycle that takes technology into account in addition to the real world and the mathematical world. Observations of modelling processes show that technology can also be used at many other points in the modelling process [START_REF] Greefrath | Mathematical modelling with digital tools-A quantitative study on mathematising with dynamic geometry software[END_REF]. Taking into account the sub-competencies of modelling [START_REF] Maaß | What are modelling competencies?[END_REF], the use of technology and the two other steps described above, we describe below subprocesses of mathematical modelling with technology (MMT). 

Sub-process Description

Constructing

The material is captured for the first time and the task text is read.

Simplifying

Text and images are selectively read or searched for information; given information is divided into important and/or unimportant; missing information is identified; measurements, sketches are made; Information is linked to a plan of action; possible solution steps are named; estimates are made.

Mathematizing

The software used is searched/assessed for appropriate mathematical models; information from the task text or a drawing is operationalized; formulas, variables and terms are discussed/analysed; mathematical objects in the drawing are identified and discussed/analysed.

Implementing

Formulas, variables, and terms are entered into the digital tool; it is checked whether the input into the digital tool can be captured by the tool.

Calculating

Mathematical operations are carried out with the digital tool with the aim of achieving a mathematical result.

Transferring

The result from the digital tool is read; the result from the digital tool is noted; the notation of the digital tool is changed to a mathematical notation.

Interpreting

Mathematical results are translated into real results; the quantities are noted with units.

Validating

Real results are compared with each other; real results are compared with reference objects and benchmarks; plausibility of real results is doubted or assumed; mathematical models are evaluated, compared, and modified; mathematical results are validated, tested, and doubted within mathematics

Exposing

The solution is explained to others, the solution is noted down for others. [START_REF] Molina-Toro | Research trends in digital technologies and modeling in mathematics education[END_REF] come to a distinction between technology as a resource to promote modelling (e.g., calculation tools) and as a reorganiser of the modelling process, when the software is a central element of the whole process, namely by enabling experiments.

Mathematical problem solving with technology (MPST)

We regard non-routine mathematical problem solving as taking a mathematical point of view, by means of mathematical concepts and methods, to develop a productive way of thinking about the challenging situation [START_REF] Lesh | Problem solving and modeling[END_REF], which includes mathematization processes leading to the solution. The use of digital technologies in MPS makes apparent the relevant role that both mathematical and technological resources play throughout the solving process. However, the prevailing theoretical models on MPS, that conceive paper-and-pencil as predominant tools, only account for the mathematical resources and procedures, hence do not offer the necessary basis to interpret the role of technology in the problem-solving activity [START_REF] Jacinto | Mathematical problem solving with technology: The technomathematical fluency of a student-with-geogebra[END_REF].

The need for a more comprehensive approach to the processes of Mathematical Problem-Solving with Technology (MPST) lead to the development of a descriptive model (Table 2) which combines a framework that addresses the activity of an individual dealing with a technological problem, and another that describes the MPS processes (Schoenfeld, 1985). Previous results have shown that, although technology permeates every step of the activity, the micro-cycles that involve the processes integrate mathematical and technological resources and explore conceptual models based on technomathematical resources support major advancements in achieving a techno-mathematical solution, either in students' or in teachers' activity [START_REF] Jacinto | Mathematical problem solving with technology: The technomathematical fluency of a student-with-geogebra[END_REF][START_REF] Ay | Soziale Herkunft und mathematisches Modellieren [Social background and mathematical modelling[END_REF]. Notice Initial attempt to understand what is at stake, the mathematics that may be useful and the digital tools that may be necessary.

Interpret

Place affordances in the technological resources to ponder mathematical ways of approaching the solution.

Integrate

Combine technological and mathematical resources within an exploratory approach.

Explore

Use technological and mathematical resources to explore and analyse conceptual models that may enable the solution.

Plan

Outline of an approach to achieve the solution based on the analysis of the conjectures previously explored.

Create

Carry out the outlined approach, recombining resources in new ways to enable the solution and synthesizing new knowledge objects that will contribute to solve-and-express the problem.

Verify

Engage in activities to explain and justify the solution based on the mathematical and technological resources available.

Disseminate

Present the solution or outputs to relevant others and ponder on the success of the problem-solving process.

Communicate Comprises the interactions with others of relevance while dealing with the problem.

Based on the framework proposed by [START_REF] Chapman | Mathematics teachers' knowledge for teaching problem solving[END_REF] regarding the knowledge of mathematical problem-solving for teaching, Jacinto and Carreira (2023) investigated a mathematics teacher proficiency in solving a non-routine problem exclusively by means of digital tools. Focusing on the problem-solving processes, the case highlighted the cyclic nature of the teacher's activity and showed that the processes integrate-explore-interpret were crucial in advancing the development of the solution.

Methodological considerations

This study investigates the activity of an experienced mathematics teacher, Mr. Pereira (pseudonym), in solving a non-routine problem [START_REF] Jacinto | Knowledge for teaching mathematical problem-solving with technology: An exploratory study of a mathematics teacher's proficiency[END_REF] entailing an authentic challenging context that requires the application of mathematical knowledge similar to the contextual MM problem that Kohen and Nitzan-Tamar (2022) used in studying the relations between MPS and MM. A qualitative approach was used in collecting and analysing data. The collection of data took place through a Zoom setting where the teacher was asked to solve a problem using the digital tools of his choice. Within a think aloud protocol, he was instructed to verbalize every thought and to make explicit every action. He was also asked to share his computer screen, thus enabling the video recording of actions and utterances. Data includes the video recording and the files produced by the teacher.

Data analysis was conducted using the MPST and MMT categorization systems previously outlined.

The transcription was formerly coded under the MPST categories [START_REF] Jacinto | Knowledge for teaching mathematical problem-solving with technology: An exploratory study of a mathematics teacher's proficiency[END_REF]. The first two authors and the last author independently coded the raw data for the MMT categories, initially obtaining 76% of agreement, followed by joint recoding until reaching full agreement. Mr. Pereira was chosen as a case of interest due to his extensive experience of teaching mathematics in middle and secondary schools. He regularly uses digital tools in his lessons and frequently leads professional development courses on using digital tools for mathematics education. In the next section, we present a summary of Mr. Pereira's work on the problem from the two perspectives, focusing on the role of technology in obtaining a solution.

Results

The problem "How long does the battery last?" was the following:

Leonor borrowed the video camera from her mother to record the general rehearsal of the play at the theatre club. She knows that the camera's battery lasts 2 hours in recording mode and it lasts 3 hours in playback mode. Leonor wants to record the rehearsal and immediately watch that video with her colleagues but cannot re-charge the battery. What is the longest time, in minutes, she can record the rehearsal to be able to view everything she recorded, right after?

Mr. Pereira began by reading the problem, pondered the use of a spreadsheet to organize his approach through a tabular organization, and hypothesized that discounting minutes at a constant rate could lead to the solution. He then moved to GeoGebra to test the idea that the battery consumption (in both situations) could be represented by two concurrent lines. After several attempts, he concluded he would not reach a solution with that approach and decided to go back to the spreadsheet. Here, our analysis focuses on the teacher's work with the spreadsheet, which means that some of the initial subprocesses had already taken place.

In the spreadsheet, Mr. Pereira tested his initial hypothesis regarding the battery consumption during recording and playback. He thought that the rate of battery consumption would differ in the two modes, which led him to conclude that a comparison could be made by taking the battery load as a whole unit. After testing particular cases, he established a relationship between the recording and playback times corresponding to certain percentages of battery. Then, Mr. Pereira listed the values of battery usage with 10% decrements, analysed the results from full to empty battery in the spreadsheet, and looked for equal times of recording and playing. He found the solution to be 72 minutes.

The sub-processes of MMT and MPST

The coding of the teacher's activity based on the MMT and the MPST processes is presented schematically in Figure 1. The opening segment (12 codes) involved the testing of his initial hypothesis where he sets the battery load as decreasing by 1 minute and tries to compute the battery load available in each mode. Broadly, he inputted formulas on the spreadsheet (implementing, integrating) and discussed the outputs (mathematizing, exploring), while the observation that the battery consumption rate was not the same in both modes led him to consider a particular case that he was able to explain (simplifying, exploring). Due to the digital tool being deeply embedded in mathematics, the model was being developed within a techno-mathematical world. Yet, the presence of the process interpreting hints at a move to the real world even though there was no evidence of the 'transferring' process. The next segment (24 codes) involved the implementation of a more sophisticated conceptual model based on the idea of 1 unit for the full battery and sequential percentages for partial battery loads. The spreadsheet was used to organize an approach based on testing cases. He formalized a relation between the recording and the playback times, by setting a decreasing increment of 10% in the battery load. From the MMT point of view, a micro-cycle occurs between implementing (as the variables and formulas are entered in the tool) and mathematizing (as the data is operationalized and the outputs are discussed). The MPST activity is characterized by micro-cycles based on the processes integrate and explore, where he combined mathematical facts and procedures and knowledge about the functioning of the spreadsheet, analysed the outputs and reformulated when necessary. Once the table was complete, he searched for identical values in the recording and in the playback modes and found the solution to be 72 minutes, corresponding to 60% of load in recording and 40% in playback (validating, interpret). The last 6 codes refer to the construction of an explanation for the solution.

Mr. Pereira used a Google Docs file to present a written report on some of his processes and included the spreadsheet table, thus exposing and verifying his (conceptual) model.

Connections between MMT and MPST

The excerpt presented in Table 3, and signaled on Figure 1, portrays Mr. Pereira's work in outlining a system of two linear functions using a tabular representation, where the independent variable is the percentage of battery spent and the two dependent variables are the used battery time in both modes.

While all the activity is spreadsheet-based, these loops entail the fundamental processes for the development of the conceptual model that strongly relies on the affordances of the technological tool. Furthermore, all the events coded as integrate (MPST) were also coded as implementing (MMT), which suggests that these two processes are critical, in each model, in that they suggest the combination of mathematical and technological knowledge to develop the model and reach the solution.

Table 3: 

Discussion

A main point emerging from the results of our double coding has to do with the place, intervention, and effect of technology in the MPS and MM sub-processes. The MPST model, as expected, does not deal with the transition between the real world and the mathematical world, and fundamentally supports the analysis of the interaction between mathematics and technology. The results indicate that this interaction is strongly associated with micro-cycles described as integration and exploration.

The integration and implementation categories summarize the combination of mathematical and technological resources, but also the activity of exploring the mathematical model and the mathematics it involves through technology, which entails considering a techno-mathematical model. Such processes mirror the strong inter-dependency between the mathematical world and the technological world, leading to the notion of a techno-mathematical thinking, model, and solution.

When we consider the results from the MMT framework, some agreement is apparent from the existence of micro-cycles composed by the mathematization and implementation processes. They combine the search for a technological tool to build a mathematical model with the identification of mathematical elements and their transformation into inputs and mathematical processes in the technological tool. An important difference seems to be the fact that integration between mathematics and technology is not explicit in the MMT model. According to this model, there is a mathematization process that precedes an implementation process. So, from this point of view, technology is apparently separated from mathematics.

Our analysis adds to the existing evidence that suggests the need of considering different views about the epistemological nature of technology in the modelling process. Here, the study by [START_REF] Molina-Toro | Research trends in digital technologies and modeling in mathematics education[END_REF] provides the distinction between two perspectives on the use of technologies in the modelling process, namely: i) technology as a resource for the development of modelling processes, and ii) technology as a reorganizer of the modelling process. The MMT proposal of considering the mathematizing, implementing, calculating, and transferring processes seems to become closer to the perspective of technology as a resource. In turn, the possibility of merging the implementing, calculating, and transferring processes into a broader process of integration between mathematics and technology seems to come near to the perspective of technology as a reorganizer of the modelling process. In the latter, there is no clear distinction between the technological world and the mathematical world, which corresponds to the proposal of a single techno-mathematical world with a techno-mathematical model.

Outlook

Connections between problem solving and modelling have long been discussed and made sense of [START_REF] Borba | Humans-with-media and the reorganization of mathematical thinking: Information and communication technologies, modeling, visualization and experimentation[END_REF][START_REF] Kohen | Contextual mathematical modelling: Problem-solving characterization and feasibility[END_REF]. The inclusion of technology provides new insights into this relationship that have implications for possible activities in the classroom and in the research and development of teachers' professional competencies in modelling with technology. In particular, the interaction between mathematics and technology can be interpreted more meaningfully and accurately for the promotion of modelling competences, especially of teachers, through the additional consideration of technology-based problem solving.
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 1 Figure 1: Mr. Pereira's activity coded for the MMT and MPST processes, over time

  Excerpt of the teacher's activity (red rectangle in Figure 1, coded for MPST and MMT) What Mr. Pereira did or said MPST MMT -"how am I doing this?", focusing on the numbers he typed in row 3 -realizes that, when considering half of a unit, he has divided the previous row by 2 Explore Mathematizing inserts 0.9 in A3, and computes B3 (𝐵𝐵3 = 𝐵𝐵2 * 9/10) and C3 (𝐶𝐶3 = 𝐶𝐶2 * 9/10) Integrate Implementing says confidently: "this might be true!" and abandons the mental experimentations aims to create a dependency between the recording and the playback times for each percentage of the battery considered Create Mathematizing rewrites the formulas in B and C by locking the column A in those expressions (𝐵𝐵3 = 𝐵𝐵2 * $𝐴𝐴3, 𝐶𝐶3 = 𝐶𝐶2 * $𝐴𝐴3) -sets a decreasing increment in the battery level of 0.1 (𝐴𝐴4 = 𝐴𝐴3 -0.1) Integrate Implementing drags the fill handle and looks at the results (decimals): "no, this is not working well" -realizes he should have locked the cells B2 and C2 (amount of time that the battery holds for recording and playing when completely charged, 120' and 180') Explore Validating corrects the formulas, locking row 2 (𝐵𝐵3 = 𝐵𝐵$2 * $𝐴𝐴3 and 𝐶𝐶3 = 𝐶𝐶$2 * $𝐴𝐴3) -redoes the auto fill Integrate Implementing analyses the row corresponding to 0.5 to see if the result matches the previous hypothesis tested (0.5 corresponds to 60' recording or to 90' playing) -"now, this is cool!" -searches the data in the spreadsheet looking for identical values in the recording and in the playing mode lists and observes that 72 minutes appears in both lists Interpret Validating -confirms they refer to complementary percentages of the battery -"so if I spend 72' recording, I will spend 60% of the battery. No, I will spend 0.4, as I still have 60%. If I spend here [points to C8] … 40%. So this is the answer. Its 72'. It corresponds to 40% of the battery, hum, 40% of the battery while recording… and 60% in playback mode. This makes sense because the playback mode uses more [battery power]" -"no… It's the other way around! It is 0.6 to record and 0.4 to reproduce" Verify

Table 1 : Modelling sub-processes with technology (s. also Ay, 2023; Frenken et al., 2022)
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Table 2 : Problem-solving sub-processes with technology (Jacinto & Carreira, 2017, 2023) Process Description

 2 

Grasp

First encounter with the problem, by reading or stating it; appropriation of the situation and the conditions, and early ideas on what it involves.