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Fostering students' modelling competences requires optimal support in the mathematics classroom. For providing such support throughout the full modelling process, teachers should be able to analyse modelling situations in the classroom based on criteria related to modelling and the modelling cycle. Teachers' analysis is understood in the sense of knowledge-based reasoning -a core aspect of teachers' noticing. Despite its significance for accompanying students' modelling activities, little is known about whether teachers are able to analyse the quality of learning opportunities related to modelling in classroom situations. Consequently, 95 pre-service and ten in-service teachers were asked to analyse a set of specifically designed cartoon vignettes that showed classroom situations with non-optimal teacher behaviour in modelling lessons. The results point to difficulties of the participants in noticing the non-optimal support of the students' modelling approaches, in particular.

Introduction

According to the OECD framework (2022), modelling is referred to as a set of key competences, enabling students to use mathematics "as a lens onto the real world" (OECD, 2022). To build up these key competences, learning opportunities embedded in classroom situations are necessary, which support students in learning and actively carrying out modelling activities (Blum et al., 2007). Situations, in which student-centred modelling activities are in the focus, bring challenges for teachers: In addition to the complexity of modelling processes (e.g. [START_REF] Borromeo Ferri | Theoretical and empirical differentiations of phases in the modelling process[END_REF], and given multiple possible modelling approaches, the students' individual modelling ideas and the students' potential difficulties require the teachers to be able to notice a variety of potentially relevant situation aspects. In particular, teacher reactions to the students' individual mathematical modelling approaches can play a key role for learning related to modelling, as their active individual modelling approaches can be reinforced and their critical evaluation through the learners can be fostered, for instance. However, despite this key role, empirical research into teacher's classroom situation analysis related to reactions to student's modelling attempts are still scarce. Responding to this research need, this study builds on research into mathematics teachers' noticing in order to explore whether they are able to analyse learning opportunities related to students' mathematical modelling attempts and to describe non-optimal teacher reactions to these modelling attempts (which do not use the potential of these learning opportunities). The study uses a vignette-based design and due to its explorative character, the research aim does not only focus on describing pre-service teachers' analysis of modelling classroom situations, but also on exploring experienced in-service teachers' analyses. The results suggest that around half of the pre-service teachers did not notice that the teacher reactions to the students' modelling attempts as shown in the vignettes were non-optimal, whereas the in-service teachers analysed the vignettes on average with more success. These findings point to corresponding teacher education and also professional development needs.

In the following, we will present (1) the theoretical background of this study which leads (2) to its research questions, inform about (3) design and methods, present (4) results and (5) discuss these in a concluding section.

Theoretical background

The modelling cycle [START_REF] Blum | Modellieren im Unterricht mit der "Tanken"-Aufgabe [Modelling in the classroom with the "refuelling" task[END_REF][START_REF] Blomhøj | Developing mathematical modelling competence: Conceptual clarification and educational planning[END_REF] can be seen as a theoretical framework which affords structuring the complexity of modelling activities. Describing translation processes between the spheres of mathematics and the rest of the world, for instance, helps to conceptualise modelling demands theoretically and to analyse students' potential difficulties in empirical research and classroom practice, even if observable modelling processes by learners have shown to be often more complex and less clearly structured [START_REF] Borromeo Ferri | Theoretical and empirical differentiations of phases in the modelling process[END_REF]. In practice, modelling activities are mostly embedded in mathematics classroom situations. In these practice contexts, criteria derived from the modelling cycle can be used by mathematics teachers when they have to analyse students' modelling activities (e.g. [START_REF] Kuntze | Teachers' professional knowledge and convictions on modelling in the mathematics classroom as influencing factors on specific competence aspects of analysing[END_REF]Kuntze et al., 2018).

As tasks with substantial modelling requirements [START_REF] Kuntze | Überzeugungen von Lehramtsstudierenden zum Lernpotential von Aufgaben mit Modellierungsgehalt [Student teachers' beliefs about the learning potential of tasks with modelling content[END_REF]Kuntze et al., 2018) mostly allow multiple modelling approaches and solutions, in the sense that different mathematical models can be chosen which lead to different possible solutions (cf. [START_REF] Maaß | What are modelling competencies?[END_REF], teachers should be able to analyse students' modelling attempts so as to be able to optimally foster the students in their individual modelling approaches. We expect these analysis requirements to be complex, as already the students' thinking in their modelling attempts can be very complex to analyse (e.g. [START_REF] Borromeo Ferri | Theoretical and empirical differentiations of phases in the modelling process[END_REF] and the embeddedness of the students' thinking in the classroom situation context can be expected to even increase the complexity of analysis requirements. Students' modelling attempts play a prominent role in the translation from the "rest of the world" to the sphere of mathematics (see Fig. 1), such translations have been denoted by the term "mathematising". Beyond learning opportunities related to mathematising, classroom situations also frame learning opportunities related to the inverse translation from the sphere of mathematical models back to the context in the "rest of the world"namely related to validating (see Fig. 1). Further, teachers should be able to analyse how a problem or task with modelling requirements is introduced to the classroom, and whether and how the modelling process is reflected upon and evaluated in a post-hoc, retrospective view, so that the students can build up also metacognitive strategies related to successful modelling processes and differences in modelling approaches, for instance.

Figure 1 shows a structure model of these four key analysis requirements. Of course, more aspects of classroom situations related to modelling can play important roles and merit teachers' analysis -as empirical evidence is still scarce, however, the research this study is part of concentrates on these key indicator areas for teachers' quality of analysis.

The notion of teachers' analysis of classroom situations used in this study is based on approaches to teacher noticing [START_REF] Sherin | Mathematics Teacher Noticing[END_REF]Fernandez et al., 2018) -in this context and given the variety of approaches in this field of research, we connect to the aspect of knowledge-based reasoning [START_REF] Sherin | Mathematics Teacher Noticing[END_REF] which is associated to teacher noticing. In our corresponding process model (Kuntze & Friesen, 2018), observations which can be made in classroom situations are interpreted against the background of criteria from the sphere of professional knowledge and validated back against the situation context, in a structure which is somewhat analogous to the modelling cycle. This notion of teachers' analysis can be understood even in an extended and broader sense, e.g. including also the analysis of tasks and their modelling requirements [START_REF] Kuntze | Teachers' professional knowledge and convictions on modelling in the mathematics classroom as influencing factors on specific competence aspects of analysing[END_REF] -in this paper, however, we will focus on classroom situations as the object of analysis. Teachers' analysis of learning opportunities related to modelling in classroom situations thus focuses on whether pre-service and also in-service teachers are able to detect forms of a non-optimal use of learning opportunities related to modelling through their analysis, for instance. An example for such a missed learning opportunity in mathematising is the non-acknowledgement of a student's modelling attempt, as this would be in conflict of the plurality of modelling possibilities which is inherent to most tasks with substantial modelling requirements (e.g. [START_REF] Kuntze | Überzeugungen von Lehramtsstudierenden zum Lernpotential von Aufgaben mit Modellierungsgehalt [Student teachers' beliefs about the learning potential of tasks with modelling content[END_REF]. Given the key role of mathematising for any modelling cycle and the key role for building up students' modelling competencies, this paper focuses on the pre-service and in-service teachers' analysis of classroom situations in which mathematising activities are in the centre -a domain in which empirical research is needed.

Research interest

The key research need identified above focuses on the teachers' analysis of possible learning opportunities related to mathematising activities in classroom situations on modelling. Given that empirical evidence is scarce, the study explores whether mathematics teachers at different stages of their professional development notice non-optimal uses of learning opportunities in classroom situations. The study profits from the possibility of developing specifically designed vignettes, i.e. representations of practice [START_REF] Buchbinder | Mathematics teachers engaging with representations of practice[END_REF], in which specific analysis requirements have been implemented (cf. [START_REF] Skilling | Using vignettes in educational research: a framework for vignette construction[END_REF]. As teachers' analysis is knowledge-based, we further explore whether and to which extent the teachers explicitly refer to elements of their professional knowledge related to modelling and explore the quality of the analysis, also in comparison with experienced in-service teachers. This leads to the following research questions:

• Do pre-service and in-service teachers notice aspects of a non-optimal use of learning opportunities related to mathematising in classroom situations?

• Do they relate their analysis explicitly to knowledge about mathematising in the sense that specific notions from mathematics education theory is referred to? • Is there evidence of differences in the analyses of the pre-service and in-service teachers?

Sample and methods

In order to answer the research questions introduced above, a set of specific cartoon vignettes were designed -this paper focuses on the analyses related to two vignettes showing classroom situations in which mathematising activities play a role. Cartoon vignettes are a possibility to elicit knowledgebased reasoning, within questionnaire-style research instruments [START_REF] Skilling | Using vignettes in educational research: a framework for vignette construction[END_REF] -this methodological potential is used in this study for exploring teachers' analysis of classroom situations in which mathematising activities play a role. A sample vignette is shown in Figure 2: a task with substantial modelling requirements [START_REF] Kuntze | Überzeugungen von Lehramtsstudierenden zum Lernpotential von Aufgaben mit Modellierungsgehalt [Student teachers' beliefs about the learning potential of tasks with modelling content[END_REF] introduces to the context of the vignette, and a teacher approaches a student group. From the conversations of the students and the students' response to the teacher it becomes apparent that the students have developed a modelling attempt based on considerations of volume. The teacher gives a rather unspecific positive feedback, expresses doubts of accuracy due to "cavities" and suggests a "secret tip", namely a different modelling approach based on weight considerations. As the vignette students had developed a modelling attempt which could have pursued, the vignette teacher reaction appears as non-optimal, as he encourages the students to abandon their modelling ideas and to rather follow the default solution pathway.

The vignette questions (Fig. 2) were formulated openly: "How do you evaluate the teacher's actions? What do you notice as positive / negative? Please give reasons for your statements."

The vignettes were handed out as a paper-and-pencil questionnaire to participants of seminars in a University of Education, which did not have a specific focus on modelling. In addition, practising teachers in a small-town area from the region of the University were contacted by mail. N1=95 preservice (71 female, 24 male; 59 in their first semester, 23 in their second semester, 9 in their third semester, 4 in higher semesters, all for masters' degree) and N2=10 in-service teachers (8 female, 2 male; with on average 8,9 years of teaching experience; SD=6,29 years) took part in the study.

The answers of the participants to the open analysis questions were collected and coded in a top-down process according to theory-based categories [START_REF] Mayring | Qualitative Inhaltsanalyse [Qualitative Content Analysis[END_REF] which were determined in advance on the basis of theory, i.e. deductively. The coding was based on key aspects of mathematising. According to [START_REF] Blum | Modellieren im Unterricht mit der "Tanken"-Aufgabe [Modelling in the classroom with the "refuelling" task[END_REF], teachers have to be able to analyse the solution space of a modelling task, anticipate possible challenges and also bear in mind that their personal view on a modelling task might influence their reactions to learners (cf. p. 19). Therefore, the first coding variable focuses on whether the participants notice that the students have developed an appropriate modeling approach. As it has often been observed that teachers predominantly offered immediate support and preferred their own way of solving the problem (cf. Kaiser et al., 2015, p. 377), and as this is especially problematic in modeling, as multiple modelling approaches might be impeded, the second coding variable concentrates on whether the participants notice that the vignette teacher is proposing his own -completely different -modelling approach. A third coding variable analyses whether the participants link their statements to elements of modelling-specific professional knowledge, in line with the second research question. All categories were coded dichotomously, allowing for reporting code frequencies. 

Results

The first research questions focused on whether pre-service and in-service teachers noticed aspects of a non-optimal use of learning opportunities related to mathematising in classroom situations. We observed such analyses in the pre-service teacher sample, which provide evidence, that the vignette students' appropriate modelling approach had been noticed and that the vignette teacher reaction rather imposes a different model and solution pathway. Here are two example answers:

"By the secret tip a clear action expectation is formulated and that is a pity, because the approach of the pupils is not bad." (translated, [DA-21-TH]) "Good implement a modelling task up to this point. The teacher is not flexible enough to address the alternative solution of the example. Modelling tasks are often free & open tasks, such a [solution] pathway through the volume would have been an opportunity. The teacher could have reflected on the solutions at the end & then addressed the voids problem, but the statement done is hindering learning." (translated, [Y-08-FR]) These two answers have been coded as different as far as the explicit reference to elements of professional knowledge is concerned: In contrast to the first answer, the second answer uses notions such as "alternative solution", "modelling task", "open task", indicating explicit reference to the preservice teachers' individual pedagogical content knowledge.

However, there were also pre-service teachers whose analysis results of the vignette did not indicate noticing related to mathematising learning opportunities in the classroom situation: "(+) Attentive; (+) supports the children; (+) Very polite" (translated, This answer emphasises aspects evaluated as positive and focuses exclusively on pedagogical criteria.

We would like to give also an example of an answer from the sub-sample of the in-service teachers: "The students have an idea how to tackle the task. When the teacher shows up, they are in the middle of the discussion and possibly do not know how to proceed. The teacher completely overrides their approach and gives them exact guidelines how the task is to be solved. This defeats the purpose of posing the task as free and keeping the [choice of the] solution pathway open to the students. In my opinion, it makes more sense to support the students on their way and then evaluate the different solutions. Positive: appreciation by the teacher of the students' ideas. Negative: too much intervention by the teacher, too clear guidelines." (translated, [CO-01-KA])

This answer was coded to contain evidence of noticing of the students' appropriate modelling approach (e.g. "The students have an idea how to tackle the task") and of the vignette teacher's focus on a different model ("The teacher completely overrides their approach and gives them exact guidelines how the task is to be solved"), which is seen in contradiction of the goals of tasks with substantial modelling requirements ("This defeats the purpose of [..] keeping the [choice of the] solution pathway open to the students").

All in all, for the vignette introduced in Figure 2, 49 of the pre-service teachers mentioned that the vignette students had developed an appropriate modelling approach. While this is more than half of the pre-service teachers, considering that there were two vignettes in this study that examined the same aspect and only 21 pre-service teachers noted this aspect in both vignettes, the classroomsituation-overarching value was lower. 32 pre-service teachers did not mention the students' appropriate modelling approach in any of the two vignettes. The fact that the vignette teacher imposes a different solution approach was noticed by 50 of the pre-service teachers in this vignette and 22 in both vignettes. 32 did not notice this aspect of the classroom situations at all. 20 of the pre-service teachers' answers showed evidence of an explicit use of professional knowledge elements in both vignettes. For in service-teachers, 9 out of 10 participants noticed that the vignette students had developed an appropriate modelling approach. However, only three of them noticed that the vignette teacher had imposed a different solution approach. 5 of the teachers explicitly linked their statements to elements of professional knowledge. The relative frequencies of the codes can be seen in Figure 3.

Concerning the third research question, differences between in-service and pre-service teachers can be observed. Whereas 90% of the in-service teachers noticed that the students had already developed an appropriate modelling approach, around 50% of the pre-service teachers mentioned this feature of the classroom situation in their answers. The vignette teacher's different modelling approach, however, was noticed more frequently by the pre-service teachers. In the case of explicit reference to professional knowledge elements, the in-service teachers showed a higher relative frequency.

Discussion and conclusions

Even if the limitations of this study suggest interpreting the evidence with care (given the limited sample size of the in-service teachers and the non-representativeness of the sample), the research questions could be answered. As far as the first research question is concerned, around 50% of the pre-service teachers noticed aspects of a non-optimal use of learning opportunities related to mathematising in the classroom situation shown in Figure 2, and also in the in-service teacher subsample, there are answers which do not indicate a full mastery of the analysis requirements which had been implemented in the vignette. Even if the results also show examples of successful analyses of classrooms in which mathematising activities play a role, the evidence suggests a professional development need of at least a part of the pre-service and in-service teachers. With this respect, the findings related to the second research question can give further insight: Only a relatively small percentage of pre-service (and half of the in-service) teachers' answers explicitly relate their analysis to criteria based on professional knowledge, in this case related to mathematising. Vignette-based work in mathematics teacher education and professional development with specific stimuli to connect professional knowledge with observations in classroom situations could help to prepare mathematics teachers for an optimal enactment and support of modelling activities in the classroom. This should be focused on in pre-service and in-service teacher professional development.
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 1 Figure 1: Model for key specific requirements for teachers' analysis related to fostering students' modelling activities in the classroom
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