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Summary
In this work, we present a novel reduced model for computing the solution
to a bending fracture problem of the geometrically exact beam. The Reissner
model is chosen for representing the large elastic and large plastic deforma-
tions of such a beam model. The non-local variational formulation is proposed
to deal with the softening phenomena characteristic of fracture. The fracture
energy is introduced as the main fracture parameter, rather than (in gen-
eral) ill-defined characteristic length used for previous non-local models. The
discrete approximation is built in terms of the embedded-discontinuity finite
element method (ED-FEM), which needs no initial crack for optimal perfor-
mance nor detailed crack kinematics description, such as in the X-FEM or the
phase-field approach. This kind of approach builds upon the best approximation
property of the FEM discrete approximation in the energy norm and provides
the best-approximation property for the dissipated energy computations, and
thus optimal computational accuracy if the quantity of interest is inelastic dis-
sipation. The computations are carried out by the operator split method, which
separates the computations of global state variables (displacements and stress)
from local (internal) variables including the crack opening. Several illustrative
examples are provided to confirm an excellent performance of the proposed
methodology.

K E Y W O R D S

embedded-discontinuity discrete approximation, fracture, geometrically exact beam,
non-local variational formulation, operator split solution procedure, planar deformation

1 INTRODUCTION

In this work we seek to provide a novel reduced model for fracture of slender structures in planar deformation that
can be represented by the geometrically exact beam. The traditional approach to fracture of beams is based upon the
concept of a ’plastic hinge’, where one assumes the load-bearing capacity of a particular beam cross-section to be limited to
plastic moment My, and the limit load analysis is performed as an event-to-event strategy introducing the corresponding
releases to transform the beam stiffness matrix.1 A more consistent approach to obtain a reduced beam model with stress
resultant plasticity2 can represent the 3D solid mechanics computational results with both hardening and softening phase
of large plastic deformation, instability and fracture. However, the reduced model2 is proposed only in the framework of
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small displacement gradient theory. For improved prediction of final failure mechanisms, it is also necessary to include
geometric non-linearities. This is presented in this paper in the framework of the geometrically exact beam theory of
Reissner.3 We finally note that although the reduced model approach is currently attracting a lot of attention of research
community (e.g., see References 4,5), not much is oriented towards localized failure and fracture, apart a mesh coarsening
approach.6

The main novelties with respect to several alternative models for fracture7 are as follows. The proposed approach
is cast in stress resultant format, relying upon multiplicative decomposition of the beam deformation gradient that can
accommodate both large elastic and large plastic strains, contrary to earlier rate-type formulations based upon an additive
decomposition of the strain rate.8 We also go one step further and provide the formulation that can handle the phenomena
of localized failure with fracture of the geometrically-exact beam* by proposing a non-local variational formulation, where
the fracture parameter is the fracture energy rather than the so-called characteristic length, which is typical of earlier
non-local approaches to fracture.11,12 The same choice is also made in the phase-field formulation of fracture,10,13 by using
the global representation of crack and generalizing the Griffith linear fracture mechanics theory.14 However, the ED-FEM
discrete approximation proposed herein needs no pre-existing crack nor it seeks the crack kinematics representation,
such as for the phase-field10 or the X-FEM approach to fracture,15 but rather employs the embedded discontinuity finite
element representation that provides the best approximation to dissipated energy in the spirit of the best approximation
property of the finite element method.16 In addition to this advantage in providing the optimal performance in discrete
approximation to fracture problems, it also uses the fracture energy as the most reliable model parameter for quantifying
the fracture of a particular material.

In the formulation of the proposed beam element we use as the starting point our previous work17 that reduced the
geometrically nonlinear solid mechanics formulation7 to stress-resultant geometrically exact beam for elastic case. This
is here extended to stress resultant plasticity formulation that can accept any plasticity criteria8 written directly in terms
of axial force, shear force and bending moment and carry on with softening phase until complete failure and fracture.
The evolution equations for internal variables, here represented by the plastic part of beam strain measures for axial,
shear and bending, are developed in rate form, by using the appropriate form of the maximum plastic dissipation prin-
ciple.7,18 Subsequently, when the beam model has reached the ultimate capacity of a cross-section, we activate one of
three failure modes in either bending moment, shear or axial force, with a non-linear softening response. For simplic-
ity, we keep failure modes uncoupled assuming that only one softening failure mechanism can be activated at a time. In
a recent work19 we presented displacement discontinuity failure modes (mode I or mode II), whereas in this work we
focus upon bending localized failure and fracture of beams. The softening phenomena lead to corresponding localized
plastic deformations, with either curvature, shear or axial strain reducing to a narrow domain (or a ’hinge point’) with
high strain gradients, which requires special interpolation.7 In discrete approximation, the failure mode is represented by
a field discontinuity and placed within the framework of the incompatible-mode method.20 This allows us to provide the
robust computational procedure based upon of operator split, which separates the global computations of state variables
(displacements and rotations providing beam strains) versus local computations of internal variables (plastic strains and
curvatures). Such an operator split procedure is a more robust than the one provided by X-FEM fracture model when using
structured mesh for heterogeneous structures where one should introduce both displacement/rotation discontinuity (rep-
resenting fracture) and strain discontinuity (representing heterogeneous strain field); as shown previously for truss-bar
structures.21

The outline of the paper is as follows. In Section 2, we present the main ingredients of the fracture model for geo-
metrically exact beam, with kinematics that can handle failure modes in softening in terms of ’discontinuity’ or ’jump’
in the displacement field or the rotational field, depending upon the activated failure mode. In Section 3, we provide a
detailed development of non-local constitutive model of finite deformation plasticity in localized failure. The details of
FEM implementation based upon the embedded discontinuity approach are presented in Section 4, along with the oper-
ator split solution method. The results of several illustrative numerical simulations are given in Section 5, followed by
concluding remarks in Section 6.

2 FRACTURE OF GEOMETRICALLY EXACT REISSNER BEAM

We present in this section the two-dimensional Reissner3 beam formulation generalized to large elasto-plastic strains. The
kinematics equations in the framework of large displacements employs a rotated strain measure. The linearization of these
strain measures allows us to recover the infinitesimal strains for the Timoshenko beam.17 The elasto-plastic constitutive
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F I G U R E 1 Beam kinematics: Initial configuration (thick solid line) and deformed configuration (thin dashed line) with large
displacements u and v of beam axis and large rotation 𝜓 of beam cross-section.

equations operate on the finite strains to provide the corresponding stress resultants in agreement with the chosen yield
criterion introducing the interaction between axial force, shear force and bending moment. These constitutive equations
can also be expressed in rate form.8

The solution method is based on the finite element method,7 using the geometrically exact beam finite elements
with embedded discontinuity, which is needed for modeling softening response phase resulting with localized failure
and fracture. The fracture point is not prescribed, but it develops in agreement with the chosen plasticity criteria. We
note that this is a more general choice than the one22 dealing with the failure process in the connections, where fracture
points coincide with connections. For simplicity, we model separately the failure modes in bending, in shearing or in axial
extension. This requires a multiplicative decomposition of the deformation gradient into regular and singular parts, which
corresponds to the additive decomposition of the displacement gradient.23 For such a case, the weak form of equilibrium
equations is placed in the framework of incompatible modes,20 which allows us to handle the embedded discontinuity
computation at the element level.

2.1 Kinematics at localized failure for geometrically exact beam

The initial configuration of the geometrically exact beam with length L is described by its neutral axis position s and cor-
responding cross-section A. The beam volume is generated by sweeping the cross-section A along beam domain s ∈ [0,L].
With no loss of generality, we present the developments for an initially straight beam aligned with x axis; see Figure 1.
We can thus simplify the developments presented in References 17,24 for the curvilinear beam axis†, and usesimple
parameterization with gi ≡ ei, s ≡ x and 𝜁 ≡ y. Let the beam domainΩ be an open bounded set with a piece-wise smooth
boundary such that 𝜕Ω = 𝜕Ωu ∪ 𝜕Ω𝜎 and ∅ = 𝜕Ωu ∩ 𝜕Ω𝜎 .

The set of generalized displacements for the shear-flexible Reissner beam can be denoted at = (ut, vt, 𝜓t)T , at ∈  ,
which can be used to describe the motion of beam axis and cross-section orientation in deformed configuration with
respect to change of pseudo-time parameter t. The position vector for any point in deformed configuration 𝝋t ∈  can be
presented by following transformation f ∶  ⊂ R3 →  ⊂ R2, which allows to write:

𝝓t = 𝝋t + ya2,t =

[
x + ut

vt

]
+ y

[
− sin𝜓t

cos𝜓t

]
(1)

where x and y are coordinates in reference configuration, u and v are displacement components in the global coordinate
system in the Euclidean space, 𝜁 is the coordinate along the normal to the beam axis in the reference configuration (here
𝜁 ≡ y) and 𝜓 is cross-section rotation. The corresponding form of the deformation gradient Ft ∶= ∇𝝓t will contain the
contributions from both displacement and rotation fields, where we can write:

Ft =

[
1 + dut

dx
0

dvt
dx

0

]
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

I+∇ut

+

[
−y d𝜓t

dx
cos𝜓t − sin𝜓t

−y d𝜓t
dx

sin𝜓t cos𝜓t

]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

I+∇𝜓t

(2)
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The rotation finite strain measures in the elastic regime17,24 can be stated in either material description or spatial
description, connected by rotation tensor R, as written in (3) below:

Σ = cos 𝜓
(

dx
dx
+ du

dx

)
+ sin 𝜓

(
dy
dx
+ dv

dx

)
− 1

Γ = −sin 𝜓
(

dx
dx
+ du

dx

)
+ cos 𝜓

(
dy
dx
+ dv

dx

)
K = d𝜓

dx

⇒

[
𝜖

𝛾

]
= R

[
Σ
Γ

]

𝜅 = K

(3)

In plastic regime, we have to account for irreversible plastic deformation.7,25 This requires describing precisely the
loading program with pseudo-time parameter t and obtaining the corresponding evolution of internal variables for
plasticity through their rate equations.

We need a modified form of the deformation gradient to describe the softening phenomena that reduce the size of
the plastic zone, leading to localized plastic failure and fracture. This implies a stress decrease for increasing deforma-
tion, with the stress reduced to zero at fracture. In agreement with Griffith,14 the fracture modes in axial, shear and
bending are represented respectively by jumps in displacement components u, v and in rotation 𝜓 , which splits any field
into a regular part (•) (defined everywhere) and an enhanced part (•) (which occurs at fracture point x). Namely, we
can write:

u(x, t) = u(x, t) +Hx(x) u(t)
v(x, t) = v(x, t) +Hx(x) v(t)
𝜓(x, t) = 𝜓(x, t) +Hx(x) 𝜓(t)

; Hx(x) =

{
0 , x < x
1 , x ≥ x

(4)

where we represented the jump with the Heaviside function Hx that captures the corresponding displacement or rotation
discontinuity due to fracture. The derivative computations can be written introducing the Dirac delta function26

𝛿x(x)
resulting in the additive decomposition of displacements and rotation gradients as:

𝜕u(x,t)
𝜕x

= 𝜕u(x,t)
𝜕x

+ 𝛿x(x) u(t)
𝜕v(x)
𝜕x

= 𝜕v(x,t)
𝜕x

+ 𝛿x(x) v(t)
𝜕𝜓(x)
𝜕x

= 𝜕𝜓(x,t)
𝜕x

+ 𝛿x(x) 𝜓(t)

; 𝛿x(x) =

{
∞ , x = x
1 , x ≠ x

(5)

In the finite deformation framework,17 such an additive split of displacement/rotation gradient in (4) corresponds to the
multiplicative decomposition of deformation gradient for both contributions from displacements and rotation fields:

F =
[
I + ∇u

]
⏟⏞⏟⏞⏟

Fu

[
I + 𝛿x

(
I + ∇u

)−1∇u
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Fu

+
[
I + ∇𝜓

]
⏟⏞⏞⏟⏞⏞⏟

F
𝜓

[
I + 𝛿x

(
I + ∇𝜓

)−1∇𝜓
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

F
𝜓

(6)

The final form of kinematics equations should fit within the stress resultant formulation, pertaining to a cross-section of
the Reissner beam, which remains straight. Thus, in the polar decomposition of the deformation gradient we further use
only the regular part of rotation F = RU, resulting in the rotated strain measure H written as:

H = U − I ; U = R
T

F ; R =

[
cos𝜓 −sin𝜓
sin𝜓 cos𝜓

]
(7)

where U is the stretch tensor, I is the identity tensor and R is the rotation tensor adapted to Reissner’s beam kinematics.
With the results in (6) and (7), we can obtain the corresponding additive decomposition of the stretch tensor:

U = R
T
(I + ∇u)

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

Uu

+ 𝛿xR
T
∇u

⏟⏞⏟⏞⏟

𝛿xUu

+ R
T
(I + ∇𝜓)

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

U
𝜓

+ 𝛿xR
T
∇𝜓

⏟⏞⏟⏞⏟

𝛿xU
𝜓

(8)
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where the first part is a regular strain field that can be written explicitly as:

Uu =
⎡⎢⎢⎣
(

1 + du
dx

)
cos𝜓 + dv

dx
sin𝜓 0

−
(

1 + du
dx

)
sin𝜓 + dv

dx
cos𝜓 1

⎤⎥⎥⎦ ; U𝜓 =

[
−y d𝜓

dx
0

0 1

]
(9)

and the second part is an enhanced strain that is needed to properly handle the localized failure phenomena:

𝛿xUu =

[
(𝛿xu) cos𝜓 + (𝛿xv) sin𝜓 0
−(𝛿xu) sin𝜓 + (𝛿xv) cos𝜓 0

]
; 𝛿xU𝜓 =

[
−y(𝛿x𝜓) 0

0 0

]
(10)

We will further consider U equivalent to elastic stretch and 𝛿xU as plastic stretch which quantifies the localized plastic
deformation.

2.2 Strong form and weak form of equilibrium

We note that such a modification that one has to introduce to nonlinear kinematics in order to describe plastic localized
failure does not affect the equilibrium equations. The simplest format of strong form equilibrium equation for the geo-
metrically exact beam is given in terms of the stress resultants of the first Piola-Kirchhoff stress tensor P, which we denote
as n for normal and shear force and with m for bending moment; it is easy to show24 that

dn
dx

+ p = 0 ;

dm
dx

+
d𝝋
dx

× n +m = 0 (11)

where p is distributed load and m is distributed moment. The strong form of equilibrium equations can also be written
in terms of the stress resultants of the Biot stress17 T, which can be defined by the pull-back27 of the first Piola-Kirchhoff
stress P with the rotation tensor R; we can thus write the Cauchy principle for stress vector7 as

Te1 = RTPe1 ⇒

[
T11

T21

]
= RT

[
P11

P21

]
(12)

The strong form of equilibrium equations with Biot stress resultants, with N for normal force, V for shear force and M
for bending moment, can then be written as

d
dx
[RN] + p = 0 ; N =

[
N
V

]
(13)

as the force equilibrium equations and

dM
dx

−
d𝝋
dx

× RN +m = 0 (14)

as the moment equilibrium equation. The strong form of equilibrium Equations (13) and (14) are identical to the equations
stated by Reissner.3

We will first seek to transform the virtual work expression from the stress-strain into the stress resultants form. In
this derivation, we concentrate only on internal work. In terms of non-symmetric Piola-Kirchhoff stress P and its energy
conjugate strain measure,27 the deformation gradient F. The virtual work takes the form

G(a, â) ∶=
∫L ∫A

F̂ ⋅ P dA dx −
∫L

â ⋅ p dx = 0 (15)
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where F̂ denotes the deformation gradient for the virtual displacement field â and a are current real displacements. The
F̂ can be obtained by taking the directional derivative of the deformation gradient F given in (16),

F̂ = d
dt
[F(a + tâ]|t=0 (16)

or, in component form, we get

F̂1
1 =

dû
dx

− y d𝜓̂
dx

cos 𝜓 + 𝜓̂y d𝜓
dx

sin 𝜓

F̂2
1 =

dv̂
dx
− y d𝜓̂

dx
sin 𝜓 − 𝜓̂y d𝜓

dx
cos 𝜓

F̂1
2 = −𝜓̂ cos 𝜓 ; F̂2

2 = −𝜓̂ sin 𝜓 (17)

By using (17), we can rewrite the component form of the stress divergence term in (15) as

Gint(a, â) ∶=
∫L ∫A

(F̂1
1P11 + F̂2

1P21 + F̂1
2P12 + F̂2

2P22) dA dx

=
∫L

⎡⎢⎢⎣
dû
dx ∫A

P11 dA + dv̂
dx ∫A

P21 dA − d𝜓̂
dx ∫A

y

[
cos 𝜓
sin 𝜓

]T[
P11

P21

]
dA

⎤⎥⎥⎦ dx

+
∫L

⎡⎢⎢⎣−𝜓̂
d𝜓
dx ∫A

𝜁

[
− sin 𝜓

cos 𝜓

]T[
P11

P21

]
dA − 𝜓̂

∫A

[
cos 𝜓
sin 𝜓

]T[
P12

P22

]
dA

⎤⎥⎥⎦ dx (18)

As a part of the general relationship between the non-symmetric Piola-Kirchhoff stress P and the Biot stress T in (12),
we can get

Pe1 = RTe1 ⇒

[
P11

P21

]
=

[
T11 cos 𝜓 − T21 sin 𝜓

T11 sin 𝜓 + T21 cos 𝜓

]
(19)

We can further use the relationship27 between non-symmetric P and symmetric Piola-Kirchhoff stress S

P = FS (20)

and the symmetry of S enforcing that

JS12 = JS21; J ∶= detF =
(

dx
dx
+ du

dx

)
cos 𝜓 +

(
dy
dx
+ dv

dx

)
sin 𝜓

)
− d𝜓

dx
yT21 (21)

which can be used to further simplify the internal work expression. Namely, utilizing the relationships in (19) and (21),
the internal work in (18) can be rewritten in matrix notation as

Gint(a, â) ∶=
∫L

⟨
bT(â)𝚲 + 𝜓̂hT(a)d𝚲

d𝜓

⟩
r dx (22)

where we define different arrays for writing the Biot strain variations

a =
⎡⎢⎢⎢⎣

u
v
𝜓

⎤⎥⎥⎥⎦
; â =

⎡⎢⎢⎢⎣
û
v̂
𝜓̂

⎤⎥⎥⎥⎦
; b(â) =

⎡⎢⎢⎢⎣
dû
dx
dv̂
dx
d𝜓̂
dx

⎤⎥⎥⎥⎦
; 𝚲 =

⎡⎢⎢⎢⎣
cos𝜓 sin𝜓 0
−sin𝜓 cos𝜓 0

0 0 1

⎤⎥⎥⎥⎦
; h(a) =

⎡⎢⎢⎢⎣
dx
dx
+ du

dx
dy
dx
+ dv

dx
d𝜓
dx

⎤⎥⎥⎥⎦
(23)
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along with the work-conjugate stress resultants of the Biot stress

r = ⟨N,V ,M⟩T; N =
∫A

T11 dA; V =
∫A

T21 dA; M =
∫A
−yT11 dA (24)

Combining the final result for the internal work given in (22) with the external work, we recover the virtual work
expression in terms of stress resultants written in matrix notation as

G(a, â) ∶=
∫L

⟨
bT(â)𝚲 + 𝜓̂hT(a)d𝚲

d𝜓

⟩
r ds −

∫L
âTp dx = 0 (25)

Remark on elastic constitutive equations in stress resultants

For illustration, we here define the simplest set of linear elastic constitutive equations for finite strain beam as Hooke’s
law connecting the Reissner strain measures and stress resultants of Biot stress. This choice does not fail in satisfying the
strain energy poly-convexity condition, such as the St.Venant-Kirchhoff constitutive model,7 and can accommodate large
strains. Again, this choice is made only for illustration of final model ingredient, and more representative constitutive
model is defined in subsequent section. The chosen constitutive model can be written in matrix notation as

r = C𝚲T(h(a) − a1)
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

𝚺

; r ∶=
⎡⎢⎢⎢⎣
N
V
M

⎤⎥⎥⎥⎦
; C = diag(EA,GA,EI); 𝚺 ∶=

⎡⎢⎢⎢⎣
Σ
Γ
K

⎤⎥⎥⎥⎦
(26)

With the simplest set of elastic constitutive equations in (26) the strain energy takes a quadratic form. Hence, the
expression for the total energy for a finite strain beam can be written as

Π(a) =
∫L

1
2
⟨h(a) − a1⟩T𝚲C𝚲T(h(a) − a1) dx −

∫L
aTp dx (27)

We note in passing that such a quadratic form is consistent with the virtual work expression in (25) obtained as the
directional derivative of the expression for the total energy. We also note that such a quadratic form is consistent with
the corresponding one for the geometrically linear theory,17 which can be confirmed by the consistent linearization at the
reference configuration, and making an assumption on shallow beam reference geometry.

3 NON-LOCAL CONSTITUTIVE MODEL OF FINITE DEFORMATION
PLASTICITY IN LOCALIZED FAILURE

With the deformation gradient and corresponding strain measures defined in previous section, we can here con-
struct more general constitutive equations for finite deformation plasticity model for localized failure by using the
work-conjugate Biot stress T.

3.1 Elastic and plastic hardening regimes

We first note that the elastic regime is already defined with constitutive equations written in (26), with elastic deformation
replacing the total deformation. For plastic hardening regime, we can still write the strain energy density potential for
any point x ∈ [0,L] of Reissner’s beam with cross-section A; hence, we can formally write:

∫A
Ψ(U) dA ∶=

∫A

1
2

F ⋅ P dA ≡
∫A

1
2

U ⋅ R
T

P
⏟⏟⏟

T

dA (28)

but any stress tensor we use (P or T) now depends on both elastic and plastic strains. In particular, we can start by using
3D model of the beam domain and use any standard plasticity criteria defined at finite strains for solids that employs
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standard multiplicative decomposition of deformation gradient F = FeFp. For example the Mises criterion defined for
large strains7 can be written in terms of principal values of the second Piola-Kirchhoff stress S = F−1P, which have
to be computed by solving the eigenvalue tensor with C = FTF as the metric tensor; hence, we can write such yield
criterion as

Φ(S,C) ≤ 0 ; S = U−1T ⇒ Φ(T,C) ≤ 0 (29)

For final computations with Reissner’s beam model in stress resultant form, we further keep only the non-zero Biot
stress components, which are obtained from the corresponding non-zero components of the first Piola-Kirchhoff stress P.
Namely, either can be used to define the stress vector t1 acting of the beam cross-section by using the Cauchy principle7

according to:

t1 ∶= Te1 ≡ R
T

Pe1 ⇒ t1 =

[
T11

T21

]
= R

T
[

P11

P21

]
(30)

For plastic hardening regime, we must finally define the yield criterion in the stress-resultant format. The first pos-
sibility is to use analytical result obtained for a rectangular cross section,8 resulting with three special cases of only two
stress resultants active resulting with

Φ(N,V , 0) ∶= (N∕Ny)2 + (V∕Vy)2 − 1
Φ(N, 0,M) ∶= (N∕Ny)2 + |M∕My| − 1
Φ(0,V ,M) ∶= (V∕Vy)4 + |M∕My| − 1 (31)

where Ny, Vy and My are fully plastic values in the absence of the other two stress resultants. One general form of the yield
function which allows recovering the special cases above is suggested8 as:

Φ(N,V ,M) ∶= |M∕My| + (N∕Ny)2(1 + (V∕Vy)2) + (V∕Vy)4 − 1 ≤ 0 (32)

The second possibility is to use homogenisation-like approach, by following previous work2 to obtain the correspond-
ing stress resultant form by imposing the stress field on the representative volume element of the Reissner beam in
agreement with beam-like distribution of the Biot stress as defined in (24). One such illustration is given in Figure 2 for
the simulation obtained by the finite plasticity FeFp approach in solids and the corresponding moment-rotation diagram
that can be used for training the reduced model of Reissner’s beam. The match of the results obtained by a refined model
and the Reissner beam model only concern the Quantity-of-Interest, which is chosen as the energy or dissipated energy
(as the best choice for the finite element model).

This can produce simplified constitutive response for Reissner’s beam as illustrated in Figure 2. Here, the hardening
law can be taken simply as linear, or yet exponential to obtain a better fit to experimental results or to 3D solid model to
push the stress towards the ultimate value, which will then trigger the softening regime.

i) ii)
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F I G U R E 2 Computation on representative volume element for Reissner’s beam with a more refined model: (i) Deformed shape and
plastic zone obtained by large strain FeFp plasticity model for solids; (ii) Corresponding moment-rotation diagram and dissipation that can be
used for training the reduced model of Reissner’s beam.
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3.2 Plastic softening regime

For plastic softening regime leading to localized plasticity, we have to modify the free-energy potential and introduce two
novelties. First, we have to ’regularize’ the rotation field by introducing a chosen ’influence’ G̃(x) that can represent the
effect of the localized plasticity process at x and corresponding energy transfer to the rest of the structure. This can be
written as:

U(x, t) = U(x, t) + G̃(x)U(t) + 𝛿x(x)U(t) (33)

We simplify further development to bending fracture where plastic hinge occurs at point x in beam with u = v = 0 and
introduce the local support‡ through influence function that limits the transfer to local region L̃ that surrounds the failure
point x, which allows us to modify the result in (33) to

U(x, t) = U(x, t) + G̃(x)U
𝜓

(t)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Ũ(x,t)

+ 𝛿x(x)U
𝜓

(t) (34)

Second, the strain energy for localized plasticity in (28) should be split between a regular part for elastic responseΨe and
a singular part for plastic softening contribution Ξp, which can be written as:

Ψ(Ũ, 𝜉p) ∶= 1
2

ŨT ⋅ Ũ
⏟⏞⏞⏞⏟⏞⏞⏞⏟

Ψe(Ũ)

+ 𝛿x
1
2
𝜉

pK𝜉p

⏟⏟⏟

Ξp(𝜉p)

; ∀x ∈ (x − L̃∕2, x + L̃∕2) (35)

where is the elasticity tensor, K is the corresponding softening modulus and 𝜉p is the equivalent plastic bending strain as
an internal variable that describes the plastic flow in softening for localized failure at x due to bending moment. This fail-
ure mode evolution is governed by the yield criterion that defines a constraint on plastically admissible Biot stress, which
can be written in terms of stress-resultant traction at the discontinuity, tm = M(x) and stress-like variable q conjugate to
an internal variable quantifying softening; we write:

Φ(tm, q) ∶= [|tm| − (Mu − q)]x ≤ 0; q ∶= −dΞp(𝜉p)
d𝜉p = −K𝜉p; (36)

where Mu is the ultimate value of the bending moment that triggers softening failure. We note that the softening leads to
the reduction of elastic domain (with K < 0 and 𝜉p

≥ 0) until the final failure reducing Reissner’s beam bending moment
bearing capacity to zero at 𝜉p

u = Mu∕|K|.
We next use the second principle of thermodynamics7,25 stating that the plastic dissipation is always either positive

(in the plastic regime) or zero (in the elastic regime). For softening failure, we need to use a non-local interpretation of
the second principle by integrating the dissipation rate over the complete volume (V = L × A) of Reissner’s beam, which
can be written as:

0 ≤
∫L ∫A


p dA dx =

∫L ∫A

{
T ⋅ U̇ − d

dt
Ψ(U, 𝜉p

x
)
}

dA dx

=
∫L−L̃ ∫A

{(
T − dΨe

dU

)
⋅ ̇U

}
dA dx +

[
tm
̇
𝜓

]
x
−
∫L̃ ∫A

{
dΨe

dŨ
⋅
̇

U
𝜓}

dA dx

−
[

d
dt
Ξp(𝜉p)

]
x

(37)

where we used the well-known result26 regarding the Dirac delta function to conclude

∫

L

0
𝛿x(x)

∫A

{
T ⋅U

𝜓

dA
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

̇
𝜓M(x)

dx = M(x)
⏟⏟⏟

tm

̇
𝜓 (38)
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In the elastic regime, where the yield function value is negative (withΦ(⋅) < 0), the internal variable remains frozen (with
𝜉̇

p = 0) and the plastic dissipation rate is equal to zero. Thus, we can obtain from the first term in (37) the set of local
constitutive equations for computing the Biot stress (valid at the current value of 𝜉p

≡ 𝜓)

T ∶= dΨe

dU
= U ; ∀x ∈ (0, x − L̃∕2)

⋃
(x + L̃∕2,L) ;

T ∶= dΨe

dŨ
= Ũ ; ∀x ∈ (x − L̃∕2, x + L̃∕2) (39)

In the plastic regime corresponding to zero value of the yield criterion (with Φ(⋅) = 0), we have to compute the plastic
dissipation and flow equations. Here, we assume that the constitutive equations above remain valid, with the internal
variable evolution much faster than the change of the state variables. We also enforce the weak form of equilibrium
equation within the domain of influence of localized failure to obtain

h(⋅) ∶= tm
̇
𝜓 −

∫

x+L̃∕2

x−L̃∕2
G̃(x)

∫A
T ⋅

̇

U
𝜓

dA
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

M(x) ̇𝜓

dx = 0 (40)

Thus, with (36) and (37), we can obtain that the only contribution to plastic dissipation rate is reduced to discontinuity

0 < p
x
=

[
q𝜉̇p]

x (41)

Having defined localized plastic dissipation, we can obtain the remaining results by using the principle of maximum
plastic dissipation7,18 stating that among all plastically admissible values of stress one must pick the one maximizing
plastic dissipation:

q = min
Φ(tm,q)=0

[
−p

x
(q∗)

]
x

(42)

The principle of maximum plastic dissipation applied to the case where only discontinuity remains active can be written
by introducing the localized Lagrange multiplier in the form:

𝛾̇(x, t) = 𝛿x(x)𝛾̇x(t) (43)

The constrained minimization in (42) can be replaced with unconstrained optimization, by introducing the corresponding
plastic Lagrangian

max
𝛾̇

min
∀(tm,q)


p(q, 𝛾̇x) ; p(⋅) ∶= −p

x
(⋅) +

∫

L

0
𝛾̇Φ(⋅) (44)

but the localized Lagrange multiplier in (43) further restricts the constraint to discontinuity according to:


p(⋅) ∶=

[
−q 𝜉̇p + 𝛾̇xΦ(⋅)

]
x (45)

The Kuhn-Tucker optimality conditions then reduces to rate equation for softening internal variable

𝜕
p

𝜕q
= 0 ⇒ 𝜉̇

p = 𝛾̇x
𝜕Φ
𝜕q

⏟⏟⏟

=1

(46)

accompanied by loading-unloading conditions, if one includes both elastic and plastic process

𝜕
p

𝜕𝛾̇x
= 0 ⇒ Φ(⋅) ≤ 0; 𝛾̇x ≥ 0; 𝛾̇xΦ(⋅) = 0 (47)
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We have thus defined all governing equations to be solved at the local level. In discrete approximation, the solution of
local governing equations is computed by time integration scheme at the Gauss point of the finite element undergoing
localized failure, in order to enforce the local constraint of plastic admissibility of stress and to compute the evolution of
the internal variable corresponding to rotation discontinuity.

We note that softening modulus K < 0 is not easy to identify, and we rather use fracture energy Gf as the model
parameter for softening plasticity. We can compute the fracture energy Gf in a pure bending test (with M(x, t) = cst.), as
the equivalent energy of external forces applied to a Reissner’s beam with constitutive behavior of softening plasticity that
is needed to reduce the effective stress-resultant to zero, with

Mu − qu = Mu − |K|
𝜉

p
u

⏞⏞⏞

Mu∕|K|
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

qu

= 0 (48)

This computation is performed by integrating the total dissipation as defined from the Clausius-Duhem inequal-
ity in (37) for a given proportional loading program, which starts with zero applied traction at time t0, peaks
to a maximum value at time tu and goes down to zero value again as the result of softening at time tf ; we can
thus write:

∫

tf

tu

Mu 𝜉̇
p

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞[
∫L

Mu 𝛾̇ dx
]

dt

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Mu𝜉
p
u

=
∫

tf

t0
∫L

M𝜅̇ dx dt

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Gf

−
∫

tf

tu

d
dt ∫L

𝛿xΞ(𝜉p) dx dt

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

−(1∕2)𝜉p
u|K|𝜉p

u

(49)

where we took into account that ∫ tf
t0

d
dt
∫V Ψ

e(Ũ) dx dt = 0. For the softening plasticity model with linear softening mod-
ulus K = cst. < 0, the zero value of the effective stress corresponds to the maximum value of the rotation discontinuity
𝜉

p
u = Mu∕|K|; from (49), we can further obtain that:

Mu
Mu|K| = Gf +

1
2

Mu|K| |K|Mu|K| ⇒ Gf =
1
2

M2
u|K| ⇔ |K| = 1

2
M2

u

Gf
(50)

The last result shows that the fracture energy is equal to the area of the triangle below the softening part of the response,
which starts at the peak value of resistance (where M = Mu) and which ends at the final failure state with zero effective
stress (where M = 0). It is also possible to obtain the corresponding expression for Gf with any other form of post-peak
softening response.7

4 STRESS RESULTANT PLASTICITY DISCRETE APPROXIMATION AND
SOLUTION PROCEDURE

In this section we provide the reduced model in stress resultant form of the proposed localized plasticity for Reissner’s
beam, its discrete approximation and an outline of the computational procedure.

4.1 Stress resultant format of localized plasticity for Reissner’s beam

In order to recast the proposed plasticity model in stress resultant form for the Reissner3 beam, we impose the kinematic
constraint on a rigid cross-section moved by large rotation, which results with only two non-zero strain components of
the rotated strain tensor H11 = Σ − yK and H21 = Γ. For finite deformation plasticity with softening in beam bending,
these strain measures are regularized by influence function G̃, which can be written as
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:

Σ̃ =
(

1 + du
dx

)
cos𝜓 + dv

dx
sin𝜓 − 1

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Σ

Γ̃ = −
(

1 + du
dx

)
sin𝜓 + dv

dx
cos𝜓

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Γ

(51)

K̃ = d𝜓
dx

⏟⏟⏟

K

+ d𝜓
dx

⏟⏟⏟

K

G̃

The result in (51) that can be rewritten in matrix notation:

𝚺̃ = 𝚲T(h
(
a
)
− a1

)
+ G̃Ke3 (52)

where

𝚺̃ =
⎛⎜⎜⎜⎝
Σ̃
Γ̃
K̃

⎞⎟⎟⎟⎠
; 𝚲 =

⎡⎢⎢⎢⎣
cos𝜓 − sin𝜓 0
sin𝜓 cos𝜓 0

0 0 1

⎤⎥⎥⎥⎦
; a1 = 𝚲e1

a =
⎛⎜⎜⎜⎝

u
v
𝜓

⎞⎟⎟⎟⎠
; b

(
̂a
)
=

⎛⎜⎜⎜⎝

d ̂u
dx
d̂v
dx
d ̂𝜓
dx

⎞⎟⎟⎟⎠
; h

(
a
)
=

⎛⎜⎜⎜⎝
1 + du

dx
dv
dx
d𝜓
dx

⎞⎟⎟⎟⎠
; e1 =

⎛⎜⎜⎜⎝
1
0
0

⎞⎟⎟⎟⎠
; e3 =

⎛⎜⎜⎜⎝
0
0
1

⎞⎟⎟⎟⎠
(53)

By using further the same matrix notation for the virtual strains (denoted with superposed (â)), we can write the weak
form of equilibrium equations in stress resultants with:

Gā
(
a, 𝜓 ; ̂a

)
∶=
∫L

(
bT(̂a)𝚲 + ̂

𝜓hT(a)d𝚲
d𝜓

)
r dx −

∫L

̂a
T

pext dx = 0

Ge
𝜓

(
a, 𝜓 ; ̂𝜓

)
∶= ̂

𝜓

T
tm −

∫Le

̂
𝜓G̃e M dx = 0 ; ∀e with Φ = 0 (54)

where virtual displacement and rotation field derivatives for the regular part are written in (53). In (54), N,V and M
denote stress resultants expressed in terms of the Biot stress, which can be gathered in the vector of internal forces and
written in matrix notation:

r = (N,V ,M)T ; N =
∫A

T11dA ; V =
∫A

T21dA ; M = −
∫A

yT11dA (55)

If the elastic regime, the internal forces are computed from the current values of strain measures (at frozen jump) by
multiplying them with Reissner’s beam constitutive matrix

r = C𝚺̃ ; C = diag(EA,GA,EI) (56)

where EA, GA and EI are respectively elastic stiffness of the beam cross-section for axial force, shear force and bending
moment.

In the opposite case for plastic regime, one first has to carry out the local (element-wise) computation of plastic
flow and converge at the local level to provide the plastically admissible value of the stress that satisfies Φ(⋅) = 0. Subse-
quently, we keep the current values of discontinuity parameters frozen and then carry out one sweep of iterative procedure
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at the global (structure) level. For Newton’s iteration, we need to carry out consistent linearization to obtain the tan-
gent operators that provide a quadratic convergence rate§. Thus, the consistent linearization of the weak form in (54)1
results with:

L[Gā(⋅)] = Gā(a, 𝜓 ; ̂a) +
d
dt

[
Gā(a + tΔa, 𝜓 + tΔ𝜓 ; ̂a)

]||||t=0

= Gā(⋅) +
∫L

(
b
(
̂a
)

̂
𝜓

)[
DK

m + DK
g
](b

(
Δa

)
Δ𝜓

)
dx

+
∫L

(
bT(̂a)𝚲 + ̂

𝜓hT(a)d𝚲
d𝜓

)
Ce3G̃Δ𝜓 dx = 0 (57)

where DK
m and DK

g are defined in (58) below

DK
m =

[
𝚲

hT(a
) d𝚲

d𝜓

]
C
[
𝚲T d𝚲T

d𝜓
h
(
a
)]
;DK

g =
⎡⎢⎢⎣

0 d𝚲
d𝜓

r

rT d𝚲T

d𝜓
hT(a

) d2𝚲
d𝜓2 r

⎤⎥⎥⎦ (58)

4.2 Discrete approximation by embedded discontinuity finite elements

The numerical implementation of the softening plasticity model with displacement discontinuity can nicely fit within the
framework of the incompatible mode method.20 The main advantage of the incompatible mode method in this context is
its ability to handle the plastic strain computation locally (element-wise), which ensure the computational efficiency by
using the operator split further described in this section. We illustrate the pertinent details of numerical implementation
for the simplest finite element model using a 2-node isoparametric Reissner’s beam element¶. The rotation discontinuity is
represented with an additional parameter 𝛼e, which can further be treated in the same manner as the incompatible mode
parameter.20 However, we can choose the element-wise approximation of the influence function such that the rotation
values at the element nodes need not be modified; thus, we set:

x(𝜉)|Ωe =
2∑

a=1
Na(𝜉)xa; Na(𝜉) =

1
2
(1 + 𝜉a𝜉);

uh(x, t)|Ωe =
2∑

a=1
Na(x)da,1(t);

vh(𝜉, t)|Ωe =
2∑

a=1
Na(𝜉)da,2(t);

𝜓
h(𝜉, t)|Ωe =

2∑
a=1

Na(𝜉)da,3(t) +Me(𝜉)𝛼e(t);

Me(𝜉) =

{
− 1

2
(1 + 𝜉), si 𝜉 ∈ [−1, 0]

1
2
(1 − 𝜉), si 𝜉 ∈ [0, 1]

(59)

The proposed interpolation will place the rotation discontinuity in the center of this element at the Gauss point. The
corresponding derivative approximations define the bending strain measure, which can be written:

d𝜓h(x, t)
dx

|||||Le

=
2∑

a=1
Ba(x)
⏟⏟⏟

dNa
dx

da,3(t) + Ge(x)
⏟⏟⏟

dM
dx

𝛼
e(t) ; Be

a(𝜉) =
(−1)a

Le ;

Ge(x) = G̃e(x) + 𝛿0(x) ; G̃e(x) = −dN2(x)
dx

; 𝛿0(x) ∶=

{
0, 𝜉 ≠ 0
∞, 𝜉 = 0

(60)
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where 𝛿0 is the Dirac function centered within the element. In order to ensure the method convergence in the spirit of the
patch test, we will make sure that the incompatible mode variation remains orthogonal to the constant moment in each
element; such a work-conjugate couple should thus satisfy:

∫Le
Ge dx = 0 ⇔

∫Le
− 1

Le
⏟⏟⏟

G̃e

dx = −
∫Le

𝛿0 dx (61)

For the present 1D case, with displacement discontinuity placed in the center of the element, the patch test condition in
(61) is automatically satisfied leaving Ge intact. We can thus keep exactly the same approximation for the virtual strain
field as the one used for real strains

d𝜓̂h(x, t)
dx

|||||Ωe

=
2∑

a=1
Ba(x)
⏟⏟⏟

dNa
dx

d̂a,3(t) + Ge(x)
⏟⏟⏟

dM
dx

𝛼̂
e(t) (62)

Both of these approximations are constructed with a single Gauss point7,28 (nint = 1) placed at the center of the element
with a weighting factor equal to 2. Such approximation gives the constant values for stress resultant r ∶= (Nh

,V ,hMh)T ,
and can be written in component form as:

Nh(0, t) = EA ̃Σ
h
(0, t)

V h(0, t) = GA ̃Γ
h
(0, t)

Mh(0, t) = EI

[ 2∑
a=1

Ba(0)𝜓a(t) + G̃e(0)𝛼e(t)

]
(63)

With these results in hand, we can construct the discrete approximation for the residual vector for a 2-node Reissner’s
beam element, first with the standard part of the element’s internal force

d̂
T

fint,e =
nint=1∑

l=1

⎧⎪⎪⎨⎪⎪⎩

⟨
bT(âh)𝚲h + 𝜓̂hT(ah)d𝚲

h

d𝜓

⟩
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

d̂
T

B
T

rh

⎫⎪⎪⎬⎪⎪⎭

||||||||||||𝜉=0

j(0)
⏟⏟⏟

L∕2

w
⏟⏟⏟

2

(64)

and then for the extra terms for the element in which plastic localized failure occurs

𝛼̂ he = 𝛼̂ tm + 𝛼̂
nint=1∑

l=1
{G̃eMh}|𝜉=0 j(0)

⏟⏟⏟

L∕2

w
⏟⏟⏟

2

(65)

The bending moment approximation can be obtained from the regular part of the real curvature in (60), with no
contribution from the singular part representing the localized plastic curvature; we can thus write:

Mh(x, t)|Le = EI

( 2∑
a=1

Ba(x) da,3(t) + G̃e(x) 𝛼e(t)

)
(66)

By exploiting the approximations for virtual strains and stress, defined in (62) and (66) respectively, the weak form of
equilibrium equations can be recast in the format typical of the incompatible mode method:

Aneleme = 1 (fint,e − fext,e) = 0; fint,e =
∫Le

B
e,T

r(d, 𝛼e) dx

he = 0 ∀ e ∈ [1,nelem]; he =
∫Le

G̃e,TM(d, 𝛼e) dx + tm(𝛼) (67)
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where tm = M|x is the bending traction acting at the discontinuity. This traction enters the corresponding plasticity
criterion Φ(tm, q) = 0, which requires to obtain the plastic strain and the value of parameter 𝛼e:

Φ(tm, q) ∶= |tm| − (Mu − q(𝛼e)) ≤ 0 (68)

where q is the variable defining the current plasticity threshold depending upon the rotation discontinuity.
We solve this problem by using the operator split solution procedure for finding the solution to equations in (67)

and (68). Namely, we treat separately the local phase from the global phase of computation. We first solve the local phase
(defined in (68)) for the given total displacement field and then the global phase (defined in (67)) for the corresponding
localized plastic flow. One rather subtle point concerns the role of parameter 𝛼e, which is modified in both local and global
phase of computations. Further details of operator split procedure are described in the Appendix.

5 ILLUSTRATIVE NUMERICAL EXAMPLES

Several numerical examples are presented in this section to illustrate an excellent performance of the proposed finite
element formulation. All numerical computations are performed with a research version of the computer program
FEAP.28,29

5.1 Straight cantilever in pure bending–Test result for mesh invariance

In this example, we present different stages of behavior for a geometrically exact beam in pure bending, starting from
elastic, followed by a plastic hardening response and eventually by plastic softening response once the ultimate beam
resistance if reached. The chosen structure is an initially straight cantilever beam of length L = 1m (see Figure 3), which
is submitted to pure bending load. The simulation is performed by imposed free-end rotation, which allows us to ensure
computational robustness and enforce stability in the softening response phase.

The chosen geometric properties of the beam cross-section correspond to standard hot rolled profile IPE 200 and
material properties take values for steel class S235 (see Figure 3). More precisely, the chosen properties of the cantilever
are: Young’s modulus: E = 2 ⋅ 105MP; hardening modulus: K = 0.05E; moment of inertia: I = 1940 ⋅ 10−8m4; area of the
cross-section: A = 28.5 ⋅ 10−4m2; yield bending moment: My = 31000Nm; ultimate bending moment: Mu = 38000Nm and
fracture energy Gf = 5500Nm.

We use this example where the bending moment remains constant along the beam to illustrate the computed results
invariance for different number of elements. More, precisely the results are obtained with the mesh of the initially straight
cantilever beam elements by using either 2, 4 or 8 elements. Each analysis is performed under imposed end rotation𝜓 = 𝜋
and the corresponding bending moment is obtained as a reaction.

The first analysis concerns the elastic beam behavior, obtained with the yield and ultimate moments considered infi-
nite. In Figure 4 we present the computed deformed shape with the finest mesh of 8 beam elements, which places the
nodes on the half-circle, which the exact deformed shape obtained for the elastic case. The computed moment-rotation
diagram is linear (see Figure 4), matching the analytic solution for elastic case with the highest value of the reaction
moment corresponding to the maximum value of imposed rotation M ∶= EI𝜋∕L = 12.189 ⋅ 106Nm.

In the second analysis, we assume that the beam has an elasto-plastic behavior with linear hardening, by assuming
that the ultimate moment takes an infinite value. We again obtain the deformed shape as a half-circle for imposed free-end
rotation equal to 𝜋 with the finite element nodes placed along the beam deformed axis (see Figure 5). The corresponding

F I G U R E 3 Straight cantilever beam with chosen cross-section IPE and steel material S235.
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F I G U R E 4 Cantilever beam plastic failure with constitutive model accounting for only elastic response: (left) Deformed shapes, (right)
force-displacement diagram.

F I G U R E 5 Cantilever beam plastic failure with constitutive model accounting for only hardening response: (left) Deformed shapes,
(right) force-displacement diagram.

value of the end moment is increasing toward the maximum value computed as M = My + EK(𝜋 −My∕EI)∕(E + K)L =
9.145 ⋅ 104Nm. The moment-rotation diagram is now bilinear, with marked difference of stiffness between elastic phase
and plastic hardening phase (see Figure 5).

The final analysis represents the elasto-plastic response that first goes into a hardening phase until the ultimate
moment Mu, followed by subsequent plastic softening. In the plastic softening response phase, which is reducing the
beam bearing capacity for bending moment down to zero, the plastic deformation remains localized. More precisely, the
fracture is localized in the middle of the cantilever, where one element is weakened (see Figure 6) and the corresponding
deformed shape corresponds to the creation of the plastic hinge, while the rest of the beam gets unloaded with resid-
ual smooth plastic deformation. The computed moment-rotation diagram represents correctly three different response
phases, with the elastic phase followed by plastic hardening and then by plastic softening. It is important that the com-
puted results again remain the same for any number of beam elements, 2, 4 or 8 (see Figure 6). This confirms the mesh
objectivity of the proposed formulation.

5.2 Push-over analysis of a symmetric frame until complete failure

In this example, we present the results of a push-over analysis of a symmetric steel frame. The frame geome-
try is given in Figure 7. The material properties for all beam elements modelling the columns are equal: Young’s
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F I G U R E 6 Cantilever beam plastic failure with constitutive model that can account for both hardening and softening response phase:
(left) Deformed shapes, (right) force-displacement diagram.
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F I G U R E 7 Multi-storey frame: (left) Structure geometry and loading and (right) deformed shape and bending moment distribution.

modulus: E = 2 ⋅ 105MP; hardening modulus: K = 0.05E; moment of inertia: I = 1940 ⋅ 10−8m4; area of the cross-section:
A = 28.5 ⋅ 10−4m2; yield bending moment: My = 31000Nm; ultimate bending moment: Mu = 38000Nm; and fracture
energy: Gf ,M = 5500Nm, for all columns. The stiffness of the finite elements modelling the beams is chosen 10% weaker
than for those modeling the columns, in order to enforce ’strong-column-weak-beam’ frame design and to approximate
the behavior of connections in the steel frame structure.

The vertical load was applied to all beam members. This load is kept constant throughout pushover analysis in order
to simulate the dead load effect. The lateral loading is applied in terms of an imposed incremental displacement

(
utop

)
at

the upper corner (point A, see Figure 7). In Figure 7B, we present the deformed configuration of the steel frame and the
corresponding distribution of the bending moments. The position of activated plastic hinges in the final stage of structure
failure and the computed softening response in terms of the force-displacement diagram are both shown in Figure 8.

5.3 Nonlinear instability of hinged-clamped circular arch: Elasticity versus
elasto-plasticity with softening

This example presents nonlinear instability under the point load of a circular arch whose one end is clamped and the
other hinged. The chosen elastic properties for the arch are presented in Figure 9, in agreement with the choice made in
previous work30 where the reference value of the critical force is given for the elastic case.

The exact solution for the displacement under the vertical force is obtained30 for Euler’s elastica theory (with
hypotheses of no shear and no axial strain9). To obtain an equivalent numerical result, a penalty-like procedure is used
with shear and axial beam stiffness chosen 100 times larger than bending stiffness (see Figure 9). The numerical results are
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F I G U R E 8 Multi-storey frame: (left) Localized hinges at failure and (righ) force-displacement diagram until complete failure.

F I G U R E 9 Initial configuration of thin circular arch (with right support clamped and left hinged) undergoing nonlinear instability
with large pre-critical displacements.

T A B L E 1 Critical load for nonlinear instability of circular arch.

Formulation Critical load (kN)

Present (3-node) 897.5

de Ville de Goyet and Frey31 902.8

Present (2-node) 904

Simo, Hjelmstad and Taylor8 906

Zienkiewicz and Taylor28 925

Exact30 897

obtained with 20 quadratic elements and 40 linear elements. All numerical computations are performed with a research
version of the computer program FEAP.28,29 The computed results compare favorably to the results available in the lit-
erature with equivalent finite element meshes, especially if an improved discrete approximation is made of the curved
geometry with a 3-node geometrically exact beam element; see Table 1. This confirms the interest of using improved
representation of beam geometry (such as by IGA10), in an elastic case where the beam deformed shapes remain smooth.

The value for the critical load is significantly influenced by the large pre-buckling displacements. We refer to Figure 10,
where the computed vertical displacement under the force is plotted for different values of force, along with the exact
result.30 We can see in Figure 11, that the vertical displacement at the critical equilibrium state is very large, of the order
of magnitude of arc radius, and critical force ’flattens’ the structure at the critical state.

If we now allow for elastoplastic constitutive behavior with softening for the arch structure, the ultimate load is
reduced by the creation of the plastic hinge at the built-in end; see Figure 10. Here, we have chosen the same axial
and shear stiffness EA ≡ GA = 108kN, the bending stiffness EI = 102kNm2, the yield moment My = 5 ⋅ 104Nm, the
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F I G U R E 10 Circular arch: (left) Initial configuration; (right) applied load–Deflection curves for elastic and for elastoplastic case with
softening.

F I G U R E 11 Circular arch: Deformed configuration at critical equilibrium state; (left) elastic response (right) plastic response.

hardening stiffness for bending KI = 0.1EI, the ultimate moment Mu = 1 ⋅ 105Nm and the fracture energy in bend-
ing Gf = 2.5 ⋅ 105Nm. For the chosen values, the plastic hinge is formed at the the built-in end, which modifies the
deformed shape; the latter is no longer smooth, featuring the rotation discontinuity in the beam element closest to
built-in support; see Figure 11. Thus, the smooth geometry representation (such as IGA) is not likely to be suitable for
this case.

We further illustrate the computed results by plotting the diagram bending moment-imposed displacement in the first
element next to built-in end (denoted as element 1 in Figure 12). We can also observe that once the plasticity starts, the
external energy is no longer stored like in the elastic case, but a part of it is dissipated; see Figure 12.

The condition for finding a critical equilibrium state is still the singularity of the tangent stiffness matrix, with K𝝓cr =
0, where K is the tangent stiffness and 𝝓cr is the critical mode. The tangent stiffness is a (highly) nonlinear function of
applied loading, as specified in (58). Here, we here have a typical case of what is called a nonlinear instability problem,
where the hypothesis of small pre-buckling displacements will not be justified, which requires special methods for solving
such (nonlinear) eigenvalue problem.7

5.4 3D bending localized failure of flexible blades of wind turbine

In the final example we seek to illustrate the capabilities of our geometrically exact beam model to handle 3D bending
failure. In particular, we are able to fully reproduce the typical different deformed configurations of a flexible wind-turbine
blade under extreme out-of-plane loads (e.g., wind) leading to localized failure and fracture in bending. We note that such
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F I G U R E 12 Circular arch: (left) Bending moment–Imposed displacement diagram near built-in end for elastic and plastic behavior
(right) internal energy evolution for elastic and plastic case.

F I G U R E 13 Wind turbine with flexible blades in localized failure: (i) Deformed shapes at time instants: t = 0.3 s, t = 0.8 s, t = 1 s; (ii)
Evolution of displacement field components for t ∈ [0.6, 1] s: x-direction, y-direction, z-direction.
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F I G U R E 14 Wind turbine with flexible blades: (i) Displacement components at the blade tip; (ii) Accumulated plastic dissipation.

a 3D beam model development follows the same steps as those presented in this work for 2D version, other than dealing
with a more complex non-vectorial character of 3D finite rotations.24

We consider the wind turbine installation with three flexible blades, each with length L = 10m. Here, we perform
numerical simulation of such a rotating wind-turbine installation, when submitted to an extreme out-of-plane load (as
simplification of extreme wind load) that triggers localized failure of flexible blades. More precisely, on each flexible
blade, rotating with an angular velocity of 𝜔 = 𝜋 rad/s, we also apply at the tip of the blade an out-of-plane point load
F = 2 kN which increases in time t ∈ [0, 1] until the localized failure is activated. Each beam element representing the
blades is considered elastic, with the modulus of elasticity E = 50 GPa, apart the beam elements at the root of each blade
with plastic behavior. Here we keep the same elastic modulus, along with the ultimate bending moment Mu = 100 MPa
and the fracture energy Gf = 50 kNm. The computed response and subsequent deformed shapes for such a wind turbine
system are presented in Figure 13. The blade tip displacement in all three directions are shown in Figure 14, along with
the accumulated plastic dissipation that starts at approximately t = 0.6s.

6 CLOSING REMARKS

The presented geometrically exact planar beam model provides the ability to account for large elastic and plastic deforma-
tions, representing both the hardening and softening response phases. The proposed constitutive model considers finite
deformation plasticity with a mulitplicative split of deformation gradient, with regular part of plastic deformation in hard-
ening and localized deformation in softening, along with the ability to reduce the stress resultants to zero at the beam
fracture point. The plasticity criterion for hardening response can be constructed for any beam cross-section by following
the procedure2 resulting in the corresponding coupling between different stress resultants typical of beams.8 The soften-
ing response can be activated to model the fracture mode in the connections with different failure mechanisms. Which
of these mechanisms will be activated depends on interplay and stress redistribution during the limit load analysis.

The proposed model development is optimized in many aspects. It requires non-local variational formulation, which
allows us to introduce the main fracture parameter in terms of the fracture energy rather than (ill-defined) value of the
characteristic length.11 It also provides the dedicated embedded-discontinuity finite element approximation for modelling
the fracture. Such a discrete approximation is optimal in the energy norm in the elastic phase, given the best approxi-
mation property of the finite element method. Moreover, the embedded-discontinuity finite element approximation also
provides the best approximation of the dissipated energy, or dissipation. Thus, the proposed approach to fracture should
be preferred to any other, if the quantity-of-interest is the plastic dissipation, both in the fracture process zone and in the
final phase of crack coalescence (which jointly define the fracture energy), rather than a detailed representation of the
crack kinematics.

The computational efficiency of the proposed model is enforced by the operator split computational procedure,
which separates the global computations of nodal displacements/rotations and stress resultants from the computations
in the local (element-wise) phase for internal variables including the crack opening. This (operator split) computational
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procedure is illustrated here for homogeneous beams, but it can easily be generalized to heterogeneous beams at the cost
of adding strain discontinuity by following our previous work on simple truss structures.21

By using the proposed beam element we can perform a comprehensive ultimate limit analysis for any slender frame
undergoing large overall motion and including different failure mechanisms with large plastic deformation. The geomet-
rically non-linear approach allows the ultimate limit analysis with large displacement without any need for a posterior
correction.2 This advantage is very important in any frame structure with a large ductility. The results for all numer-
ical examples illustrate an excellent performance of the proposed beam element with mesh-invariance in softening
computations.

Finally, the Reissner beam strain measures should be used carefully for large strain problems for high shear flexibility.
Namely, it was observed32 that using the dual (material) normal force, which is normal to the section and not directed
along the beam axis, and the elastic constitutive law in (26) can lead to an incorrect buckling load for compressed beams
in the elastic case. However, this was not observed with the proposed plastic constitutive model proposed herein, which
reduces the risk to obtain finite shear stress.
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ENDNOTES
∗Term ’geometrically exact beam’ is introduced by Simo (see References 8,9) to denote that the beam model can represent large displacements
and large rotations and provide the exact strain measures for beam theory regardless of their size; it should not be confused against ’exact
geometry’ representation by NURBS introduced in IGA; see Reference 10.
†All the developments to follow all apply to curvilinear beam axis and variable cross-section, with details presented in References 17,24. Here,
one would have to introduce the rotation field to position the local frame in the beam initial configuration defined at each point of the beam
axis s ∈ [0,L], denoted as gi = 𝚲0(s) ei.
‡In embedded discontinuity discrete approximation we place localization point x at the element Gauss point and limit the influence function
support to one element only with G̃e(x) as the derivative of the corresponding shape function (e.g., see References 9,21,25). Namely, contrary to
phase-field10 and non-local12 models, the proposed embedded discontinuity finite element approach provides an element-wise approximation
to the influence function, and thus does not require to specify so-called characteristic length.

§This requires that we first discretize the problem and then linearize, but in the present case, these two procedures can be inverted.7
¶It is easy to generalize to higher order approximation with a 3-node curved beam element.17
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APPENDIX . OPERATOR SPLIT COMPUTATIONAL PROCEDURE FOR LOCALIZED
PLASTICITY

Local computation (for element e with rotation discontinuity):

Given: de,(i)
n+1, 𝛼

e
n , h = tn+1 − tn

Find: 𝛼
e
n+1, such that Φn+1 ≤ 0 (A1)

We first test the elastic trial state produced with ̇
𝛾

trial

n+1 = 0:

𝛾

trial
n+1 ∶=

̇
𝛾

trial

n+1h = 0
𝛼

e
n+1 = 𝛼

e
n

⎫⎪⎬⎪⎭
⇒

{
ttrial
m,n+1 = − ∫Le G̃T[EI(

∑2
a=1Be

a d(i)a,n+1 + G̃e
𝛼

e
n)] dx

Φtrial
n+1 = |ttrial

m,n+1| − (Mu − qn)
(A2)

If the trial state produces a non-positive value of the yield function,Φtrial
n+1 ≤ 0, we accept the trial values as the final ones,

including the incompatible mode parameter 𝛼e
n+1 = 𝛼

e
n. Hence, the only change of the traction force can come from a

displacement increment:

http://projects.ce.berkeley.edu/feap/
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Lin[tm,n+1]𝛼e ∶= tm,n+1 + Kd Δdn+1 ; Kd ∶=
𝜕tm

𝜕d
= EIBT

K𝛼e ∶= 𝜕tm

𝜕𝛼e = 0 (A3)

Alternatively, for a positive trial value of the yield function, Φtrial
n+1 > 0, the elastic trial step is plastically inadmissible.

We thus have to modify the incompatible mode parameter 𝛼e
n to recover the plastic admissibility of the driving traction;

namely, we first express the traction at discontinuity:

tm,n+1 = EI
(

Bd(i)n+1 + G̃e
𝛼

e
n+1

)
= EI

(
Bd(i)n+1 −

1
Le 𝛼n

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

t
trial
m,n+1

− EI
Le

(
𝛼

e
n+1 − 𝛼

e
n
)

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

𝛾n+1sign(tn+1)

= t
trial
m,n+1 −

EI
Le 𝛾n+1sign(tn+1) (A4)

and rewrite the yield function in terms of the corresponding modification of its trial value:

0 = Φ(tm,n+1, qn+1) ∶= |tm,n+1| − (Mu − qn+1)

= |ttrial
m,n+1| − (Mu − qn)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Φtrial
n+1

+ (qn+1 − qn) −
EI
Le 𝛾n+1 (A5)

For a linear softening law, where q = −K 𝛼
e with a constant value of K, we can express the last term in (A5) in terms of

𝛾n+1:

qn+1 − qn = −K𝛾n+1 (A6)

This allows us to obtain the final value of the plastic multiplier and update the incompatible mode parameter:

𝛾n+1 =
𝜙

trial
n+1(

EI
Le + K

) ; 𝛼e
n+1 = 𝛼

e
n + 𝛾n+1sign

(
t

trial
m,n+1

)
(A7)

For a nonlinear softening law, the result equivalent to (A7) ought to be obtained iteratively, according to:

(j) = 1, 2, …

as long as: 𝜙(j)n+1 ∶= 𝜙
trial
n+1 −

EI
Le 𝛾

(j)
n+1 +

[
q̂
(
𝛼

e,(j)
n+1

)
− q̂(𝛼e

n)
]
> 0 (≈ tol.)

⇒ Lin[𝜙(j)n+1] ∶= 𝜙
(j)
n+1 + D

𝛾
𝜙
(j)
n+1 Δ𝛾

(j)
n+1

𝛾

(j+1)
n+1 = 𝛾

(j)
n+1 + Δ𝛾

(j)
n+1; 𝛼

e,(j+1)
n+1 = 𝛼e,(j)

n+1 + Δ𝛾
(j)
n+1 sign

(
ttrial
m,n+1

)
(j)← (j + 1) (A8)

In a plastic step, the corresponding value of the elasto-plastic tangent modulus can be written as:

K𝛼 ∶=
𝜕tm

𝜕𝛼
= Ksign

(
ttrial
m,n+1

)
; Kd ∶=

𝜕tm

𝜕d
= 0 (A9)

Having obtained the final value of incompatible mode parameter 𝛼e
n+1, we carry on with
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Global computation iterative sweep:

Given: 𝖽(i)n+1, 𝛼
e
n+1, with he

n+1
(
𝖽(i)n+1, 𝛼

e
n+1

)
= 0

as long as: |||||| Anelem

e=1

(
𝖿 e,int(𝖽(i)n+1, 𝛼

e
n+1

)
− 𝖿 e,ext)|||||| > 𝟢 (≈ tol.)

=⇒ 0 = Lin
[
A
nelem

e=1

(
𝖿 e,int(𝖽(i)n+1, 𝛼

e
n+1

)
− 𝖿 e,ext)]

∶= A
nelem

e=1

(
𝖿 e,int(𝖽(i)n+1, 𝛼

e
n+1

)
− 𝖿 e,ext) + [

A
nelem

e=1
𝖪̂e,(i)

n+1

]
Δ𝖽(i)n+1

𝖽(i+1)
n+1 = 𝖽(i)n+1 + Δ𝖽

(i)
n+1

(A10)

where K̂
e,(i)
n+1 is the tangent stiffness of an element with discontinuity needed for the assembly of linearized form of the

system in (A10); the is defined according to:

Lin
[
fe,int(d(i)n+1, 𝛼

e
n+1

)
− fe,ext] = fe,int(d(i)n+1, 𝛼

e
n+1

)
− fe,ext + Ke,(i)

n+1 Δde,(i)
n+1 + Fe,(i)

n+1Δ𝜶
e,(i)
n+1

Lin
[
he

n+1
(
d(i)n+1, 𝛼

e
n+1

)]
= he

n+1
(
d(i)n+1, 𝛼

e
n+1

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

=0

+ Fe,(i),T
n+1 Δde

n+1 + H(i),en+1Δ𝜶
e
n+1 + KdΔde

n+1 + K𝛼Δ𝜶e
n+1 (A11)

where the element matrices can be written explicitly:

Ke
n+1 =

∫Ωe
B

e,T
Cn+1 B

e
dx ; Fe

n+1 =
∫Ωe

B
e,T

Cn+1 G̃
e dx ; He

n+1 =
∫Ωe

G̃
e,T Cn+1 Ĝ

e dx (A12)

The right choice of matrices Kd and K𝛼 in (A11) is made according to (A3) for elastic or to (A9) for plastic step. With the
residual at discontinuity equal to zero (given converged value of the incompatible mode parameter 𝛼e

n+1), we can carry
out the static condensation to reduce the size of the tangent stiffness matrix to obtain the standard format for the finite
element assembly:

[
Ke,(i)

n+1 − Fe
n+1

(
He

n+1 + K𝛼

)−1(
Fe,T

n+1 + Kd
)]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

K̂e
n+1

Δde,(i)
n+1 = fe,ext

n+1 − fe,int,(i)
n+1 (A13)
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