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Stability Of The P} x (P + P!) Element

Erell Jamelot[0000_0002‘9919_0793] and

Patrick Ciarlet, Jr[0000-0003-1198-5063] 5,4
Stefan Sauter!0000-0002—1403-1874]

Abstract We solve the Stokes problem numerically. We analyse the P! . x (P? + P!)
mixed finite element method which exhibits interesting numerical features. However,
only an incomplete proof of the inf-sup condition is available. We prove here this

condition and the stability of the method.

1 Stokes Problem

A popular low-order method for solving the Stokes problem is the nonconforming
Crouzeix-Raviart mixed finite element method [1, Example 4] (cf. [2, 3] for higher
orders). The discrete velocity is piecewise affine, continuous in the barycentre of
the interfaces between elements, but not globally continuous, P ; and the discrete
pressure is piecewise constant, P*. This method introduces some consistency error
on the discrete velocity, which may lead to an unphysical solution when solving
the Navier-Stokes equations, especially when the source field is a strong gradient
[4, 5]. To recover consistency, the discrete pressure space can be generated by P!-
continuous plus PO basis functions, cf. the TrioCFD code [6, 7]. This leads to the
Pl x (P’ + P') mixed finite element method, which exhibits interesting numerical
features. However, only an incomplete proof of the stability is available in [8, 9].
Below, we prove the inf-sup condition. Consider the Stokes problem set in an open,
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bounded, connected subset Q of R4, d = 2,3, with a Lipschitz boundary 9Q:
Find (u, p) such that —vAu+Vp =fand divu=0inQ, (1)

with homogeneous boundary conditions u = 0 on 9€2 and a normalisation condition:
fQ p = 0. The case of inhomogeneous Dirichlet boundary conditions, thatisu = g

on 0Q with g € H? (0Q) such that /agg “npo = 0 can be studied similarly.
Given D an open subset of R?, let us set L(D) = (L*(D))?, and L2,,,(D) = {q €
L*(D)| fD g = 0}. Wedenoteby (-, -)p the L>(D) or L>(D) inner product, and ||-|| p
the associated norm. Due to Poincaré-Steklov inequality [10, Lemma 3.24], the semi-
norm in Hé (Q) is equivalent to the natural norm, so that (v, w)Hé(g) = (Vo,Vw)q

and ||U||H(;(Q) = ||Vv|lg. Letus set V = {v € H(l)(Q) | divv = 0} which is a closed
subset of H(l)(Q). We denote by V* the orthogonal of V in Hé(Q).

Proposition 1 /13, Theorem 3.1 (e)]. The operator div : H(l)(Q) — LX(Q) is
an isomorphism of V* onto L%mv(Q). We call Cqiy > 1 the constant such that:
VpeL?,, (Q),3lv, e V| divv, = p and ||V,,||H(1)(Q) < Cgivliplla-

Letf € (H('](Q))’. The variational formulation of Problem (1) reads:
Find (u, p) € H}(Q) x L%, (Q) such that ¥ (v, ¢) € H)(Q) x L2,,,(Q):

V(W V)gi (o) = (p,divv)e = (¢, diva)o = (£, Vg1 () 2

One can prove that Problem (2) is well-posed with the T-coercivity theory [14, 15,
16], using Poincaré-Steklov inequality [10, Lemma 3.24] and Proposition 1.

2 Discretization And Stability Of The P} x (P" + P!) Scheme

Consider (75,),, a family of simplicial triangulations of Q. For a given 7, := {K},
we call 7, := {F} its set of (d — 1)-simplices, called facets (faces if d = 3, edges
if d = 2), and V}, := {S} its set of vertices. In the bounds, we will use < and > for
(hidden) constants independent of 7.

e For K € 7, we call hx and pg the diameters of K and its inscribed sphere
respectively, and we let: o = Z—’;. When the (73,);, is a shape-regular triangulation
family (see e.g. [10, def. 11.2]), there exists a constant o > 1, called the shape
regularity parameter, such that for all &, for all K € 7, ox < 0.

. LetTh=ﬁuﬁb,whereﬂb={_Fe7—71|FC6£2},?Z=7-71\7;1”.

For K € 7, we set Fp = {F € ¥, | F C 0K}.

For F € ¥, M denotes the barycentre of F, and ng its unit normal (outward
oriented if F' € 0Q). For K € 7, and F C 0K, we denote by ng_g the normal vector
of F outgoing from K. Let K be the reference simplex. For K € 7}, we denote by
Tk : K — K the geometric mapping such that V& € K, Xk =Tk (X) = BxkX + by,
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where Bx € R4 and bg € R<. Let us set Jx = det(Bg). Recall that [10, Lemma
1L10: k| = IKI/IRL 1Bk || < hx/pgs IBx 'l < hg/pk. For v € L*(Q), we
set: vg = v|k, Dk = v o Tg. By changing the variable, we get: ||v||%< = |Jk]| ||ﬁK||§€.
Let v € H'(K), then Vo = (Bx )" Vs, and [|Voll% < [IBx "I [Jk]| ||V,za||§€,
||Vgﬁ||?€ < IBkl* x|~ IVoll%. Let K € 75 and F C 0K, we denote by Tr k the
geometric mapping such that Vx € F, TF,K(TIEI(X)) =x. We let Fr g = TIEI(F).
According to [1, Eq. (3.17)]:

VK € T;, YF c 0K, |F||K|™" 5 pg'. 3)

We set PpH' = {v € L*(Q|VYK € T, vix € H'(K)}, endowed with: (v, w), :=

Yke, (Vo, Vo), ||v||%l = Y ke IVoll%. Let F € ¥, such that F = K N 0Kg

andnr =nr g, . The jump of v € P,H" across F is defined by: [v]F = vk, —U|kg-

For F € Thb, we set: [v]F == v|F.

For a subset D of R?, for k € N, we call P*(D) the set of degree k polynomials

on D, PX(D) = (PX(D))?, and P, (Tp) = {q € L*(Q) |VK € T, qix € PX(K)}.

For k > 0 we define PX(7,) = C°(Q) n P dm (7). We call my : L*(Q)
dm(ﬁ) the L2-orthogonal projection onto SDO (Tn), such that Vg € L*(Q),

70(q) = Xker, 4, 1k where VK € T g = [, q/IKl

For K € 7;, and a vertex Sof K, As .k denotes the barycentric coordinate related to

S. We can endow P! (75;) with the basis (¢s)se, such that: VK € 7y, 5|k = As .k
if S € K, zero otherwise, so that P1(75,) = vect ((¢s)se, )-
Using [12, Thm. 5] and Eq. (3), one can prove that:

vw e PX(K), VF c 0K, lwllr < (FIIKI™)? lwlk < (0x) 77 lwllk. ()

Using Eq. (4) with w = v — v and Poincaré-Steklov inequality [10, Lemma 12.11]
in K, it holds (with below, v,. = fF v/|F)):

Vo e PX(K), VF C 0K, o —vpllr < llo —vgllF S (o h)' 7 [[Vollk. (5)
Using the proof of [17, Lemma 2] and [12, Thm. 5], we can prove that:
Yo e PY(K), IVullx < (px) 'lv—vglik. (6)

Let Xy, be the space of the discrete velocity of the nonconforming Crouzeix-Raviart
mixed finite element method, defined by:

Xy = (X% Xn = {on € Pl (T0) | VF € 7, / o] =0} ()
F
n=Xon) Xon={vne€Xn|VFeF?, /th = 0}. (8

The condition on the jumps of v, on the inner facets is often called the patch-test
condition. Due to this condition, one can prove that :
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Proposition 2 [1, Lemma 2]. The broken norm vy, — ||vp||p, is a norm over Xo .

For K € 7, and F C 0K, AF k denotes the barycentric coordinate related to the
vertex S g opposite to facet F' in K. We can endow X}, with the basis (Y r)re,
such that for all K € 7j,, Y p|x = 1 — dAp k if F C 0K and zero otherwise. We then
have Y p|F = 1, so that [yp]Fr = 0if F € i, and for all F’ # F, /F, Yrp =0. We
have: X, = vect (W r)res,) and Xo, 5 = veet((YF)pesr)-

Let IT;, : H'(Q) — X, be the Crouzeix-Raviart interpolation operator, such that for
allv € H'(Q), 1y(V) = e, Ve ¥F. Y = [ V/IFI.

Proposition 3 /17, Lemma 2]. The interpolation operator 11y, is such that for all
Vi € Hy(Q), I (vi)lln < IVallat -

However, due to the consistency error on the discrete velocity, it is well-known
[18, 19] that choosing the space of the discrete pressures equal to 7)21.“ (Tn) N
Lgmv(Q) yields inaccurate results when solving Navier-Stokes equations. Starting
from [20], a new element is proposed in [8]. The space of the discrete pressures
is then: Qp = Qo + Q1., Where Qo = Py, (Th) N L%, and for k > 0,
Qwn = PK(T) N L2, (L). One can build an L?-orthogonal sum letting Oy ;, =

{qn € Qn|VK € i, [, qn =0}

1~
Proposition 4 We have: Qp = Qo.n ® Q1,n. It holds for all g, € Qp: ||qh||§2
o (gm)lIZ + llgn = mo(gqn)ll3,

To prove the discrete inf-sup condition of X X O, we need some Lemmas.

Lemmal Let k >0, (v,q) € Xo,n X Qg p. It holds:

|Xkeq 2rcok (V- nr i, QF| S o |[Vlnllg —mo(q)lla- &)

Proof. We start with the proof of [20, Lemma 3.1]. Using the patch-test condition,
one obtains:

Ykeqi2rcok (V- MEK,QF = Xkeq LFcoK ((VK -¥p) DE K, qK _EK)F .

We have, using Eq. (4) withw = gg — de and Eq. (5) for the components of v:

(k= vp) nrxoax - a,) | < ox I19vkllx lax - g, k.

Summing and using the discrete Cauchy-Schwarz inequality, we obtain (9). O

Introducing the element-wise divergence operator divy,, we prove next that one
can build an explicit right inverse of div,, from Oy to Xq, 5.

Lemma 2 For all gy, € Qp, there exists vo , € Xo,p, such that:

~(divy, Yo.n, mo(qn))e = v Imo(qn) I3 (10)

Ivo.ulln < Caiv v " lI70(gn)lla- (11)
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Proof. Let g, € Qp. From Proposition 1, 3v (4,) € H(l)(Q) | div Vv (g) = 70(qn)
and ||V (g, Iy @) < Caiv Im0(gn)lla- Let Vo, = =v™' T (Vay (g, ). Integrating by
part twice, we get: VK € 7, fK divvy, = —y! fK div v (g,,)» hence (10). Using
Proposition 3, we get (11). |

We can also build an explicit right inverse of the discrete divergence operator
from Q1,5 to X7 = {v, € Xo.n |VF € Ti, vy -np = 0}, if [20, Hyp. 4.1] holds:
Hypothesis 1. We suppose that Ty, is such that each element K € T, has at most
d — 1 facets that lie on 0.

Lemma 3 Assuming Hypothesis 1, Vqi n € Q1.n, V1,5 € X1, sSuch that:

(Vains Vina 2 v o292 gy — molqrn)ll3 (12)
(divvin, qo.n)k =0 Yqo.n € Qo,n, (13)
Ivinlle < v o? llgin — mo(q1n)llo- (14)

Proof. Let us consider g1, € Q1. For all K € 7, we let gk = gy pk and
gk = gk o Tk. Since g1, € H'(Q) we have (see e.g. [21, Prop. 2.2.10]): VF €
7—'}5 |F = KNK',Vgg xng = Vqg x ng. We construct vy, € Xz, |VF € 7,
vi,n(Mp) = v~ hinp x (Vq1,, X np), where hp is the diameter of F. We have:

VK € Th (Vqimvink =v ' (d+ )7 K|Zpeq by [Vgx x e’ (15)

Let np_ be the unit normal vector of the facet E F.kx outgoing from K. We have:
ne g = K| Bx ) | EFr k| IFI ' ng, .
Consider d = 2. Changing the variable, assuming Hypothesis 1, we get:

Srer it IVak X0p® = Speq | Frx P Vsdx xng, > 2 [Vidxl. (16)

Consider d = 3. Changing the variable, one now finds that |Vgx X ng| =
|Fr k| |IFI™" Bk Vsdr X ng, | Hence: [Vgx xng| 2 [FI7'[Bx~" |7 [Vsdk x
nFF,K" Notice that hr |[F|™" |Bx~!7! 2 0'1;1. Assuming Hypothesis 1, we then
have:

Srer My IVax xnpl® 2 0’| Vagr . a7

Using Poincaré-Steklov inequality [10, Lemma 12.11] in K, we have: |K| |Vigx|> =
IVl 2 lldx - a, 1% = 1K1 llgx = g, % with g, = [ ax/IK]. Using (16)
and (17) 1n (15), it hoIIés:

_ -2(d-2 A - -2(d-2
(Varmvink 2 v o K Vg P 2 v ot P gk — g Ik (18)

We obtain (12) by summation. Remark that Vi rx = |[K|™! |F|nF k.
Let us prove (13). Recall the orthogonality Vg ix (Mr) L vi,(MF), so that
(divvin, gon)k = K| qon(K) Zpeqi Virik(MF) - vin(Mr) =0.
Let us prove (14). For K € T, Vv px = ZFef;'( vi,n(MF) ® Vipik.
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Hence: ||¥vipll% < v72 Yrer |F|* |K|~" b} [Vgk x ng|?. Using (3), and as-
suming Hypothesis 1, we get: ||ZV1J,||%< <v? 0'12< h% K| ZFG?L [Vgx xnp|?> <

ok hi IVgk |- From Eq. (6): [ ¥vinllx s v ok gk — g, NI O

Let by : Xj, X Qp — R be defined by by (Va,qn) = — (divh Vi, qon ) o +
(Vi Vq1,n)e With g, = qo.n + q1,1 such that (qo, 1. q1,1) € Qo,n X Q1,1

Theorem 1 (Stability) The following continuity property holds:
Y(Vi,qn) € Xon X Qs 160 (Vis gn)| < o [IValln llgnlle- 19
Assuming Hypothesis 1, the following inf-sup condition holds:
Yqn € Qn, 3vi € Xon,  bn(Vaaqn) 2 \%2 Ciz o2 Ivalln llgnlle. (20)
Proof. Let us prove (19). Let (vi, gn) € Xo,n X Qp. Integrating by parts, we have:
bu(Vh, qn) = —=(divy Vi, mo(qn))e + Lkes, Zrcok (Y MF k. q1n)F.  (21)

Using Cauchy-Schwarz, we have: |(divy Vi, 70(gn))al < V@IVl lI70(qn) lo.
Using (9) in (21), we obtain (19) from Proposition 4. Let us prove (20), starting from
the proof of [20, Lemma 4.2]. Let g5, € Q»\{0}, where g5 = qo.n + g1, is such
that (qo.n, g1,n) € Qo.n X Q1,n- Let vy = vo p, be like in Lemma 2. Using (21) with
Vi = Vo.n, (9) and (10), letting g1, = gn — mo(qn), we have:

bu(von-qn) 2 v lmo(gn)lig — o Ivo.nlln 1G1all- (22)
Using (11) and Young inequality, we have for all £ > 0:
~[IVo.nlln lld1.nlle = =3 Caiv v " (& lImo(an)llg + & 1G1.n113)- (23)
We now insert the bound (23) in (22) to get:

Ciiv
2¢

_ &€ ~
b (Vo an) 2 v (1= 5 Cav o) llmo(@n)lig = S o lgually). — @24)
Let vy j be like in Lemma 3. Using (12) and (13), we get:
br(Vinqn) = (Vgimvipe 2 v o292 1G4l (25)

Last, we set v; = Uvon + V1,n, Where p > 0. Using (24) and (25), we have:

br(Vy.qn) = ubnp(Vo.n, qn) + br(Vi.n, qn),
2 v (1 (1= £ Can ) limoan) 3 + (207D = EC o) gy l13).

Let us choose € = (Cgiy ) ™! < 1 and u = 0=2(4-2) g2 We obtain that:



Stability Of The P, . x (P°+ P!) Element 7
bV qn) 2 Cinv™" [1gnllg With Cnin = &2 072472 = 202710 (26)

Let us bound ||l by [lgnlla. We have: |[V¥]I7 < (42 [IVo.ull} + IViall7). Using
(11) and (14) [Ivy1I7 < v™2 (1> €3, lmo(gn) g, + o7 131, 13). hence:

div
Vil < CRaxv ™2 llgnll with Coax = V202, @7
Using (27) in (26), we get (20) since Cpin Col = 4= €2 0724, o

max = 15 “div

Let Vi, = {vi, € Xo0.n|Yqn € On, bn(Vh,qn) = 0}. We know from [22, Lemma
3.1]that Vy, c {v;, € Xo,5, | VK € Ty, div vk = 0}. Using PO+ P! discrete pressures
improves consistency. Indeed, integrating by parts, we have that for all (vy, g1.5) €
Vi X Qi 0 = bu(Vioqin) = =(div V. mo(q1.n))a + Zreg, [ quulval -np =
0+ X Fes, fF q1.n[vn] - np. Hence:

Lemma 4 For all (Vi, q1,n) € Vi X Q1,p, it holds: Ypeq, fF qi.n[vn] -np =0.

Let & € L£(X,,R) be such that Vv, € Xy, G(vy) = (F,vp)q if f € L2(Q),
(v = (f, Ih(vh))Hé(Q) if f ¢ L2(Q), where 7, : X, — Yo is for instance
an averaging operator [10, §22.4.1], with Yo, = {v), € H(l)(Q) |VK € Ty, Vpk €
PX(K)}. The discretization of Problem (1) with the Pl x (P° + P') element reads:
Find (up,, pr) € Xo,n X Qp, such that V(up, pr) € Xon X Qp

v, Vi) + bp (Y, pr) + bp(Wn, qn) = & (vp). (28)

Due to Proposition 2 and Theorem 1, Problem (28) is well posed.

3 Convergence Of The P! x (P’ + P!) Element

Following the proofs of [1, Theorems 3, 4, 6], we can prove

Theorem 2 (Convergence) Suppose that Hypothesis 1 holds and that the solution
of Problem (1) is such that (u, p) € (VNH*(Q)) x (H'(Q) N L2, (Q)). It holds:

Zmuo
lu=wslln < o v flle. (29)
IfQis convex |[u—-wylla < o> 2 v |f]|a. (30)
I(p = pn) = 7o(p = pi)lla < v k||l (31)
70(p = pr)lle < v Caiv Y h|lf]|q. (32)

In the case of inhomogeneous Dirichlet boundary conditions, one can also recover
(29) and (30), following [1, §7], where a lifting of g is used.
When Q c R2, we have moreover the two Lemmas below.

Lemma 5 For all (Vh, qh) eV, x Qg,h, (th, Vh)g =0.
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Proof. Let (v, qn) € Vi X Q5. Integrating by parts and using Lemma 4, we
get that Vg1 n € Q1n: (Vgn.Vi)a = — Zres, Jpanlval -0r = = Ypes, [o(qn -
i) Vil - nF = Ypeq, [o(an — q1.0) [V — Va(MF)] - np. Hence, we obtain:
(Vgn-Vi)a = — Zxesy Zrcok [y (@n — q1.0) (Va = va(MF)) - np k. Choose g1,
such that VS € Vi, q1.1(S) = g2.1(S). Then, VF € Fy, the degree 3 polynomial
(gn—q1.n)(vh —vir(MF)) vanishes at the quadrature points of Simpson’s rule. Since
itis exact for degree 3 polynomials, VF € ¥, fF(qh—th)(vh—vh(MF))-nF,K =0
and (th,Vh)Q =0. O

Lemma 6 Let ¢ € H*(Q) N L2,,,(Q) such that |¢| 3 q) # 0.

Imv

Then, Vi € Vi, (Vé,Vi)a < 0 h? ¢l g3 ) [IValla.

Proof. Let vy, € Vj. Using Lemma 5 and Cauchy-Schwarz, it holds: |(V¢, vj,)q| =
[((V(éd—qgn), Vi )| forall g, € Q2. Wethenuse [10, Lemma 11.9] to conclude. O

Theorem 3 (Pressure Robustness) Suppose that Q is convex. Let p € H>(Q) N
L%mv(Q) such that |p| g3 q) # 0. Consider Problem (1) with £ = Vp. Then (uy, pp),
the solution of Problem (28) is such that (where dp = p — pp):

viwlle S o212 plgsy.  viwlla $ 03 h* [plgsq). (33)

l6p = mo(sp)lla < o* B plp2(q), I70(8p)lla s Caiv o 12 |plp2 (). (34)

Proof. Setting v, = uy, as test-function in Problem (28) and using Lemma 6, it
holds: v [luxl7 = (Vo un)a < o h* || s (q) lunll. From [1, Theorem 4], we have:
lunlle < ok |uglln. We deduce that v |[uy ||, < o h® || 13 () - Using this estimate,
we getthat v |lupllo S o3 nt |#] 3 (@) - The proof of (34) is similar to that of Eqs (31)-
(32), using (33) and noticing that VK € Ty, [|V(¢ — m1$)||k < 0k hk |9|lp2 (k). O

4 Numerical Results

2

Zmp(Q), we eliminate a degree of freedom in PO (75) and in

To get pp, € L disc
P1(7;,) and post-process by subtracting the mean-value. Let us set: ||(u, p)||%, =

||Vu||?2 + v‘2||p||§z. Let 6,u = Iyu —uy, 6p = p — p, and . be the

disc
L?*-orthogonal projection onto Pﬂlh.sc (7). We compute the discrete errors val-
ues: g5 (wp) = [[6pulla/ll(w, p)llv, &) (wg) = lI6pulla/l(w, p)ll, and &5 (pn) =

1

v (Imo(8p)IIg, + 175 (6p) = m0(8p)1Ig) 2 /11 (w, p) I, Let To,u, T1.u and 7, be the
averaged convergence rates of £;(u), £/ (u) and &) (p).

We first consider a 2D case illustrating Thm. 3, with the prescribed solution u = 0,
f = Vy with ¢(x,y) = exp(=10(1 — x + 2y)). Fig. 1 shows & (uy), £} (up,) and
56’ (pn) against h, for v = 1072, with P° (left) or PO + P! (right) discrete pressures,
comparing the P} x PY[1, Example 4] and Pl x (P°+ P') schemes. Tab. 1 reports
observed convergence rates, which are better for the P! . x (P + P') scheme.
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Fig. 1 2D case. Plots of &] (uy,), &) (up,) and & (pp,) for v = 1072,
107! T T T 107! T T
g8
10 s ==t ok 107 > g = =
11 :///'/ - ///‘/ / T
< 1073 B> ans FORT
[ [ g + ./'
| ?t /J/ /./. /
a5 107 o107 i
s '/./ & l/./ /
g 107 Lo 107
5 £ ./r /
10-" = 107!
o
jpu [o— &y(w) =) - / [~o—sy(w) = &7 w)
L aw PR
1074 1073 1072 107! 1074 1073 1072 107!
h h
Table 1 2D case, averaged convergence rates on the last five meshes.
P° [P+ P!| PO P+ P! P’ [P+ P!|
To.u 2.02| 4.03 | Tlu 1.01| 3.07 | Tp 1.60| 2.10 |

Let us consider stationary Navier-Stokes equations set in Q = (0, 1)*: Find (u, p)
such that -vAu+u-Vu+ Vp = f and diva 0 in Q, with inhomogeneous
Dirichlet boundary conditions. Computations are done with the TrioCFD code [6, 7]
with the P! x (P° + P!) scheme. The convection term is discretized using the
MUSCL scheme [6]. We study the prescribed solution u = (y — z,z — x,x — y)7,
p= %()c2 +y2 +2%) —xy —xz — yz — 1/4 so that f = 0. Fig. 2 shows gy (up) (left)
and a(‘)’(ph) (right) against h, for v = 1071 1072; 1073,

Fig. 2 3D case. Plots of &} (uy,) and & (pp,) for v = 107, v=10"20rv = 1073,

107! ﬁ - E| 107! —
——y=10"' —#—y =102 1 —o—y=10"" —#-y=10"2 S|
102 - v=10" ey =107 /
5 § 1072 ¢ =4
o107 e S E 3
B = S =
* / + [ ./0/ / 1
A - <
e} ) / § QJ 1073 8 |
| | | = .
_g¢ 107 =l I B=cud
B —— E B .
. — i .10 =
= = = i
G - ./ —— § ./. o
107k —* /
E | 8 s E|
E - ’ 1073 *
1078 & B
E =
]0797 I I 10—6 I ~ I
1073 1072 107! 1073 1072 107!
h h

Table 2 reports the convergence rates 7oy (left), and 7, (right). More numerical
results are available in [8, 9, 6, 23]. The P,lu. X (P0 +P 1) scheme shows good approx-
imation properties and should therefore be suitable for solving the Navier-Stokes
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Table 2 3D case, averaged convergence rates on the last three meshes.
v 107'[1072[1073 v 107'[107%[1073
7o,u 1.68[1.88]1.41 7, 0.70[1.72|1.35

equations in the context of industrial simulation. More generally, it seems interesting
to design and study discrete pressure enrichment for higher order nonconforming
Crouzeix-Raviart mixed FEM [2, 3].

Acknowledgements We would like to thank P.-E. Angeli for his contribution to §4.
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