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Stability Of The P} — (P + P!) Element

Erell Jamelot[0000_0002‘9919_0793] and

Patrick Ciarlet, Jr[0000-0003-1198-5063] 5,4
Stefan Sauter!0000-0002—1403-1874]

Abstract We solve the Stokes problem numerically. We analyse the P! . — (P? + P!)
mixed finite element method, which exhibits interesting numerical features. However,
only a partial proof of the stability is available. Our goal here is to gather evidence
regarding the inf-sup condition.

1 Stokes Problem

A popular low-order method for solving the Stokes problem is the nonconforming
Crouzeix-Raviart mixed finite element method [1, Example 4] (cf. [2, 3] for higher
orders). The discrete velocity is piecewise affine, continuous in the barycentre of
the interfaces between elements, but not globally continuous, P ; and the discrete
pressure is piecewise constant, P°. This method introduces some consistency error
on the discrete velocity, which may lead to an unphysical solution when solving
the Navier-Stokes equations, especially when the source field is a strong gradient
[4, 5]. To recover consistency, the discrete pressure space can be generated by P'-
continuous plus PO basis functions, cf. the TrioCFD code [6, 7]. This leads to the
P.. — (P + P') mixed finite element method, which exhibits interesting numerical
features. However, only a partial proof of the stability is available in [8, 9]. Below
we gather evidence regarding the inf-sup condition. Consider Stokes problem set in
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an open, bounded, connected subset Q of R4, d =23, with a Lipschitz boundary:
Find (u, p) such that —vAu+Vp =fand divua=0inQ, (1)

with boundary condition u = 0 on d€ and a normalisation condition A) p =0.
Given D an open subset of R?, let us set L>(D) = (L*(D))%, and L%mU(D) ={q €
L*(D) | fD g = 0}. We denote by (-,-)p the L?(D) or L?(D) scalar product, and
|| - llp the associated norm. Let H}(D) = (H}(D))¢, and H™'(D) = (H™'(D))?
its dual space. Due Poincaré-Steklov inequality [10, Lemma 3.24], the semi-norm
in Hé () is equivalent to the natural norm, so that (v, w) HI(Q) = (Vuv, Vw)g and

||U||H(§(Q) =||Vu|lq. Let v € H(l)(Q). We denote by (v;)4 , the components of v, and

we set Yv = (ajvi)fszl € [L*(Q)]9. Letus set V = {v € H\(Q)| divv = 0}

which is a closed subset of H{ (€2). We denote by V* the orthogonal of V in H}(Q).

Proposition 1 The operator div : H[IJ(Q) — L*(Q) is an isomorphism of V*
onto L2, (Q). We call Cg;y > 1 the constant such that: Vp € L%, (Q), dlv, €

zmvo zmvu

V| divv, = p and ||V1,||H(1)(Q) < Cawllplla [11, Theorem 3.1 (e)].

Let f € H™'(Q). The variational formulation of Problem (1) reads:
Find (u, p) € H}(Q) x L2, (Q) such that ¥(v, ) € H)(Q) x L2, (Q):

v(W, Vg1 ) = (p,divv)e = (¢, diva)a = (£, )y q)- @

One can prove that Problem (2) is well-posed with the T-coercivity theory [12, 13,
14], using Poincaré-Steklov inequality [10, Lemma 3.24] and Proposition 1.

2 Discretization

Consider (77,);, a family of simplicial triangulations of Q. For a given 7, := {K},
we call 7, := {F} its set of (d — 1)-simplices, called facets (faces if d = 3, edges
if d = 2), and V}, := {S} its set of vertices. In the bounds, we will use < and 2 for
(hidden) constants independent of 7.

e For all K € 7y, we call hg and pk the diameters of K and its inscribed sphere
respectively, and we let: og = Z—i When the (7;,), is a shape-regular triangulation
family (see e.g. [10, def. 11.2]), there exists a constant o= > 1, called the shape
regularity parameter, such that for all 4, for all K € 7j,, o < 0.

e LetFy =ﬁu7ﬁf’,wher§:ﬂb = {F_eﬁ|FC69},77,f =Fn \FP.

For all K € 7),, we set . = {F € ¥, | F C 0K}.

For all F € F,, M denotes the barycentre of F, and ng its unit normal (outward
oriented if F c 9Q). For all K € 7;, and F C 0K, we denote by ng g the normal
vector of F outgoing from K. Let K be the reference simplex. For all K € 7;,, we
denote by Tx : K — K the geometric mapping such that V& € K, X =Tx(%) =
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BxX + bg, where Bx € R4 and bx € RY. Let us set Jx = det(Bg). Recall that
[10, Lemma 11.11: |Jk| = |K|/IK|, Bkl < hg/pg. Bk "Il < hg/px. For all
v e L?(Q), we set: vg = VK, Vg = /KU/IKI, i = vk — Vg, Dk =voTk.
By changing the variable, we get: ||u||%< = |Jk]| ||13K||§€. Letv € H'(K). By changing
the variable, we get: Vojx = (Bx ') Vid, and ||[Vol|2 < [Bx "I k| ||V;(f)||§€,
IVsdll% < IBxI1” [Tk~ I Voll -
We set PLH' = {ve L*(Q); VK €Ty, Uk € H'(K)}, endowed with: (v, w)y, :=
Ykeq (Yo, V), lvll2 = Yxeq; IVoll%. We define the operator Vj, such that:
Vg € PyH', V;q € L*(Q) is such that Vv € L*(Q), (Viq, V)a = Yxeq; (Y4, VK.
LetK € 7, and F € 0K, we denote by T k the geometric mapping such thatVx € F,
TF,K(TIEI(X)) =x. Welet Fr g = TIEI(F). For all v € P, H', for all K € 7}, and for
all F c 0K, we set: vp k = (V|k)|F, U g = fF vk/IF|, 0F,k = VK = Vp g, OF Kk =
v o Tr k. By changing the variable, we get ||UF,K||%7 = (|F|/|Fr k) ||ﬁp,1<||fa .
F.K
According to Equation [1, (3.17)], it holds:

VK € T, VF c 0K, |F||K|™" < pi'. (3)

1_ 17d 1. _ T\d 2 dxd
We set P,H' = [P, H'|“ and forall v € P,H": ¥p,v = ((Vpv;)")i, € [L7(Q)]*4.

Let F € Th’ such that F = 0Ky N 0Kg and ng = ng g, . The jump of v € P,H!
across F is defined by: [v]F = vk, — vk, . For F € 7’hb, we set: [v]F == vF.

For a subset D of R?, for k € N, we call P¥(D) the set of degree k polynomials on
D,PX(D) = (PX(D))?, and PX. (Th) = {q € L*(Q); VK € Ty, q\x € P*(K)}.
For k > 0 we define P¥(7;) = C%(Q) N Pk (Tp). We call mp : L*(Q) +—
PO (7n) the L2-orthogonal projection onto P9. (7;), such that Vg € L*(Q),

disc disc

m0(q) = Yxeq; mo(q)(K) Lk where VK € T, mo(q)(K) = [, q/IK|.

For K € 7, and a vertex S of K, A5 k denotes the barycentric coordinate related to
S. We can endow P! (7};) with the basis (¢s)se, such that: VK € 7y, ds\x = As.k
if S € K, zero otherwise, so that P! (7;) = vect ((¢s)sc, )-

Let k € N*, v € H'(K) n P¥(K). Using the discrete trace inequality [15, Thm. 5]
and Poincaré-Steklov inequality [10, Lemma 12.11], we have:

isc

= 2 — 3 2 —~ 12
1@r.x)p kllz, . S 10F KKl < V30Kl )

Proposition 2 For all K € Ty, Yo € H' (K) n P1(K), |[Vvllkx < (px) 0lk-

Proof. We follow the proof of [16, Lemma 2]: changing the variable, we have
IVollez k) < 1Bk~ 1K|'/?| fK Vil |. Integrating by parts in the reference ele-
ment, it holds: | /K Vi | = | /aK ﬁKﬁ|aI€|- We get the result using Cauchy-Schwarz,
[15, Thm. 5] and changing the variable again. O

We set P,H(div) = {ve L*(Q); VK € T, v|x € H(div; K)}.
We define the operator div;, such that: Vv € P,H(div), div, v € L?(Q) is such that
Vg € L*(Q), (divy Vv, q)o = 2keq, (divy,q)k.
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Let Xy 5, be the space of the discrete velocity of the nonconforming Crouzeix-
Raviart mixed finite element method, defined by:

X = (Xn)?, Xp=A{vw € Pl (Th): VFeF. [ [on] =0};
)
Xo.n = (Xon)?, Xo = {vn € Xn: VF € FP, [0, =0}

The condition on the jumps of v on the inner facets is often called the patch-test
condition. Due to this condition, one can prove that [1, Lemma 2]:

Proposition 3 The broken norm vy, — ||vp||n is a norm over Xg .

Forall K € 7j, forall F c 0K, Ar k denotes the barycentric coordinate related to
the vertex Sg g opposite to facet F' in K. We can endow X}, with the basis (Y r) e,
such that for all K € 7, Ypix =1 — dAf k if F C K and zero otherwise. We then
have Y g = 1, so that [yp]p = 0if F € F/, and for all F # F, [, ¢ = 0. We
have: Xj, = vect (Y F)res,) and Xo, 5 = veet((Yr)pesr)-

Let IT, : H'(Q) — X, be the Crouzeix-Raviart interpolation operator, such that:
vv e H'(Q), (V) = Speq, Mrvyr, My =y, = [ V/|F|.

Proposition 4 The interpolation operator 11y, is such that [16, Lemma 2]: Vv, €
H)(Q), 1T (va) I < Ivallg )-

However, due to the consistency error on the discrete velocity, it is well-known
[17, 18] that choosing the space of the discrete pressures equal to P9 (7;) N

disc
L%mv(Q) yields inaccurate results when solving Navier-Stokes equations. Starting
from [19], a new element is proposed in [8]. The space of the discrete pressures
is then: Qj, = Qo + Q1.p. Where Qo = Py, (Th) N L%, and for k > 0,
Qr.n = PX(Tp) N L2, (Q). One can build an L?-orthogonal sum letting Q1 5 =

zmv

{qn € QnIVK € Ts, [, qn =0}.

1 <
Proposition 5 We have: Qp, = Qo.n ® Q1.5 Let gn € Qn and §1,p := qn — mo(qn),
it holds: |lqnll?, = llmo(qn)liZ + 1411115

To prove the discrete inf-sup condition of X 5 X Oy, we need some Lemmas.

Lemma 1 Let k € N* and (vp, qr.n) € Xo,n X Q.. We then have:

|Xkeq, 2rcok (Vi MEk > qin)Fl S 0 IValln |Grnlle- (6)

Proof. We start with the proof of [19, Lemma 3.1]. Using the patch-test, one obtains:

Yken 2rcok (Vi ME K. qrnK)F = Yxes, nrcok (VF.k *DF Ky GknlK) p -

We can compute the following estimates, using (4) twice and (3):
|(Vex - 0r ks Grnig) Pl S FLIVE g, Gkl o S o 18VRIIK N1GR,R K-

Summing and using the discrete Cauchy-Schwarz inequality, we obtain (6). O
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Let us set Xy := {Vh €Xon|VF€Fl, vpXng= O}. We can build an ex-
plicit right inverse of div;, from Qp, to Xn 5.

Lemma 2 Forall g5, € Qp, there exists vV, € Xy i such that:

~(div, Vi 70(gm))e = v o (gn) I, (7

Ivnalle < Caiv v lmo(gn) llo- 3

Proof. Let g, € Qp. From Proposition 1, vy € H(l)(Q)I divvy = —v 1 7o(gn)
and |V [lg) @) < Caiv v Imo(gn)lle. Let vy n € Xy | VF € Fl vy p(Mp) =
(I, (vy ) (MF) - ng) ng. Integrating by part twice, we get: VK € 7y, fK divvy p =
fK div vy, hence (7). Using Proposition 4, we get (8). m|
We can also build an explicit right inverse of the discrete divergence operator
from Q1 p, to X7, := {vy € Xo.n |VF € Fi, v -np = 0},if [19, Hyp. 4.1] holds:

Hypothesis 1. We suppose that Ty, is such that 0Q contains at most one edge for
d = 2 and at most two facets for d = 3, of the same element K € Ty,.

Lemma 3 Assuming Hypothesis 1, ¥q1,, € Q1,n, 3Vr,n € X7, such that:

qins> Vro)e 2 v o G Lnllgs

(Vv Jo 2 v a2 Gy 1R )

(divvr . qo,n)xk =0 VYgo,n € Qo,hs (10)
Ivralle < v o ldunlle- (11)

Proof. Let us consider g1, € Q1. For all K € 7, we let gx = gk and
gk = qk o Tk. Since g1, € H'(Q) we have (see e.g. [20, Prop. 2.2.10]): VF €
7—2 |F = KNK', Vgxk Xnr = Vgx X np. We construct vz j, € Xr, |VF € Fi,
vr.n(Mp) =v7! hlzp nr X (Vg1 n X np), where hr is the diameter of F. We have:

VK €T (Vaum vk =v ' (d+ D)7 K|S peg by Vg xmefP (12)

Let ng,  be the unit normal vector of the facet Fr k outgoing from K. We have:

np g = K| Bx )T 1FrklIFI ng, .
Consider d = 2. Changing the variable, assuming Hypothesis 1, we get:

Sreri b IVax X 0p? = Speg |Fr e PIVsdx xng, 1 2 [Vedx?. (13)

Consider d = 3.Itholds that |Vgg Xng| = |I:"F,K| |F|~' Bk Vidk xng, | changing
the variable. Hence: |Vgx X ng| 2 |F|7V|Bx 7" |Vadk x ng, | Notice that
he |FI7V Bk~ 'I7" 2 o¢!. Assuming Hypothesis 1, we then have:

ZFeﬁ'(h% IVak xnp|* 2 0g’|Vsdk | (14)

Using Poincaré-Steklov inequality [10, Lemma 12.11] in K, we have: |Vidk|*
lax — C;K||§%. Using (13) and (14) in (12), it holds:
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_ -2(d-2 A - -2(d=-2) ~
(Vaum Ve 2 v o CVIKNVsgk P 2 v o P gkl as)

We obtain (9) by summation. Remark that Vg |x = |K|~! |F|np k. Let us prove
(10). Since Vyrpix L vrn(MF), (divvrn, qon)k = |KIqon(K) Zpeqi V¥F|k -
vr.n(Mp) = 0. Let us prove (11). For all K € 7, Yvr 1k = ZFEE( vr.n(MF) ®

Vipik. Hence: |Wvrulig < v Zpegi [FIPIK|™" hi [Vax xnp|*. Using (3), and
assuming Hypothesis 1, we get: || Vvr 1|12 < v™2 0'12< h%{ |K| ZFe?;'( IVgx xng|? <

v2 0z h% ||Vqk % From Proposition 2: ||[¥vr.ullx < v™' 0% lldk Ik i

Letby, : X;, XQp — R V(Vh,qh) € X X0p, bh(Vh,qh) =- (dth Vi, q0,h )Q+
(Vi, Vq1,n)e With i = gon + 1,1, such that (go,n. q1,1) € Qo.n X Q1.

Theorem 1 The following continuity property holds:
V(Y qn) € Xon X Qns |61 (Vs qn)| S o [IValln lgnlla- (16)
Assuming Hypothesis 1, the following inf-sup condition holds:
Yqn € Qn, 3vi € Xon,  bu(Vioqn) 2 %2 Ciz o2 valln lignlla. 17
Proof. Let us prove (16). Let (vy, gn) € Xo,n X Qp. Integrating by parts, we have:
bu(Vh, qn) = —=(divy Vi, mo(qn))e + Lkes, Zrcox (Vi *OF k. q1n)F.  (18)

Using Cauchy-Schwarz, we have: |(div, v, 70(gr)al < Vd|IValln I70(gn) lla-
Using (6) in (18), we obtain (16) from Proposition 5. Let us prove (17), starting from
the proof of [19, Lemma 4.2]. Let g5, € Q»\{0}, where g5 = qo_n + q1.1 is such that
(q0.n>q1,n) € Qo.n X Q1.0 Let vy i := VN .1 (gn) be like in Lemma 2. Using (18)
with v;, = vy 5, (6) and (7), we have:

ba(vN.nqn) 2 v Im0(@)llg = o IV alla 1d1nlle- 19
Using (8) and Young inequality, we have for all £ > O:
—[Ivnklln 1d1.nlle > =3 Caiv v (e llmo(gn)lIg + & 1G1nll)- (20)
We now insert the bound (20) in (19) to get:

Ciiv
2¢

_ £ ~
b an) 2 v (1= 5 Cav o) lmo(an) IR = 52 o ldualy). @D
Let vz, == vr n(q1,n) be like in Lemma 3. Using (9) and (10), we get:
bu(vr.ng1.0) = (Vqunvrde 2 v o @2 1G) Al (22)

Last, we consider VZ = uvn h + Vr,n, where u > 0. Using (21) and (22), we have:
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bn(Vysqn) = L bn(YN 1 qn) + br (V7.1 qn)s
_ 2 (d- Caiv -
2 v (1 (1= 5 Can o) Imolanllf + (721472 = £58 ) ig 113).
Let us choose € = (Cgiy )~ < 1 and u = 0-=2(4=2) g2 We obtain that:
bi(Vhqn) 2 Crinv ™" llgnllg with Coin = &2 02172 = Cio 27D (23)

We will now bound ||V} [l by [lgnlla. We have: [[v}[|7 < 2 (12 [IVva sl + IVz.all7)-
Using (8) and (11) |V}l < 2v=2 (u* C3,, Imo(gn)llg, + o* 131,11, hence:

Vil < Couy ™2 llgnlldy with Crax = V202 (24)

Using (24) in (23), we get (17) with Cpin Cipk = % Cylo2d, o
Let Vi, == {vi, € Xon|VYgn € Qn, bn(Vh.qn) = 0}. Let (i, q1,n) € Vi X
Q1. Integrating by parts, we have 0 = by (vy,q1.n) = —(divy v, 10(q1.0))a +

YFes, fF qualve] nE =0+ Y peg, /F q1.n[vn] - np. Hence:

Lemma 4 For all (Vi q1.1) € Vi X Q1 p, it holds: Tpeg, [, q1n[Va] -np = 0.
Let & € L£(X5, R) be such that Vv, € Xy, &(vy) = (£, vy if £ € L2(Q),

t(vy) = (f, Ih(Vh))H(l)(Q) if f ¢ L2(Q), where 7, : X, — Yo, is for instance

an averaging operator [10, §22.4.1], with Yo, = {v), € H(l)(Q) |VK € T, Vpk €

PX(K)}. The discretization of Problem (1) with the P! . — (P° + P') element reads:
Find (uh,ph) S X(),h X On such that V(uh,ph) € X(),h X On

v(Wp, Vi)n + by (Vi, pr) + bp(un, qn) = & (vy). (25)

Due to Proposition 3 and Theorem 1, Problem (25) is well posed. We can derive
error estimates similar to those given by [1, Theorems 3, 4, 6].

3 Convergence Estimates

When Q c RZ, we have the two Lemmas below.
Lemma 5 For all (v, qn) € Vi, X Q.5 (Van, Vi)a = 0.

Proof. Let (vi,qn) € Vi X Q2. Integrating by parts and using Lemma 4, we
get that Vg1 n € Q1n: (Vgn.Vida = — Xres, [ anlval -0r = = Yres, [(qn -
qin) Vil - np = Ypeq, [o(an — qin) [V — Va(MF)] - np. Hence, we obtain:

(V. Vi)a = = Xkes, Zrcok Jp(@n = q1.0) (Vi = Vi(MF)) - np k. Choose 1.5
such that VS € Vi, q1.1(S) = g2.1(S). Then, VF € Fy, the degree 3 polynomial
(gn—q1.n)(vh —vir(MF)) vanishes at the quadrature points of Simpson’s rule. Since
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itis exact for degree 3 polynomials, VF € ¥, fF(qh—ql,h)(vh -vp(Mp)) np g =0
and (th,Vh)g =0. O
Lemma 6 Let ¢ € H>(Q) N L2, (Q) such that |¢| 3 ) # 0.

mv

Then, ¥vi, € Vi, (Vé,Vi)a < 0 h* ||y (q) IValle-

Proof. Let vy, € Vj,. Using Lemma 5 and Cauchy-Schwarz, it holds: |(V¢, vj,)q| =
[(V(éd—qgn), Vi )o|forall g, € Q2. Wethenuse [10, Lemma 11.9] to conclude. O
Theorem 2 Suppose that Q is convex. Let ¢ € H3(Q) N LgmU(Q) such that
|#la3 ) # O. Let (ap, pp) be the solution of Problem (25) with £ = Vé. The
solution of Problem (1) is then (u, p) = (0, ¢). It holds:

2,3 ) 3,4
viwplln S o h (Plusq)s viunlle S 07 h [lpsq)-

Proof. Setting v, = uy, as test-function in Problem (25) and using Lemma 6, it
holds: v [luxll7 = (Vé,up)a < o h? ¢l g3 (q) lluplle. From [1, Theorem 4], have:
lunlle < ok luglln. We deduce that v |[uy ||, < o h® || 13 () - Using this estimate,
we get that v [|uy|lq < o3 nt #1153 (0)- O

When Q c R3, let &, be the set of edges of 7. Let E := §;S5; € &;,. We set
¢g = 44;4; where A; (resp. A;) is the barycentric coordinate related to vertex
S; (resp. S;). Let P2(7,) = vect((¢E)Ees,), Where for every edge E, ¢ is the
canonical extension of ¢g to all simplices intersecting with inf(E). In order to
obtain optimal results in 3D similar to those obtained in 2D, the discrete pressure
space canbe Qj, = Qo +Q1,n+02,1, where Q5 j, is a subspace of P*(7;,) N L2,,,(R)
[9]. One can then prove Lemma 5 in 3D using a 7-point quadrature rule on a triangle,
exact for polynomials of degree 3. The quadrature points are the barycentre of the
triangle, its vertices and the midpoints of its edges. Lemma 6 follows. Finally, in [9,
Theorem 4.4.6, page 92], it is claimed that one obtains a convergence result identical
to the one of Theorem 2, now in 3D.

4 Numerical Results For The Stationary Navier-Stokes Model

Let us consider stationary Navier-Stokes equations set in Q = (0, 1)?:
Find (u, p) such that —vAu+u-Vu+Vp =fand divu=0in Q, (26)

with ujga-0 and fQ p = 0. Computations are done with the TrioCFD code [6, 7]
with the P! . — (PY + P!) finite element. The convection term is discretized using the
MUSCL scheme [6]. Let us set: ||(u, p)||? = ||Vu||§2 + v‘zllpllé. The discrete errors
values are & (up,) = [[u—upllo/[[(w, p)|ly and &} (pa) := v~ {[p=palla/Il(w, p)ly.
We let N be the number of degrees of freedom (h ~ N'/4).

We first consider the 2D case and the prescribed solution u = (y, —x)7, p = (x> +
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y2)/2 — 1/3 so that f = 0. Fig. 1 shows &y (up) (left) and £ (pp) (right) against N,
forv=10"1,y=10"2and v = 1073,

Fig. 1 2D case. Plots of &} (u) and &} (py) for v = 1071, v=10"20orv = 1073,

1073 ——— 10*‘: ———
s 1 105k
1076 = - B f
E — e L ]
07 E ; .\\-\ \\ ;

&y (up)
>
&y (pn)
3 3
s
/

" aun

E =EE= \;
i 109 P~ ]
107 | r \‘\ 1
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Table 1 shows the convergence rates for u, 7y (left), and for p, 7, (right).

Table 1 2D case, convergence rates.
v 107'1072[10* v 107!]1072|1073
T, 393323 7, 3.4[34]25

We then consider the 3D case and the prescribed solutionu = (y — z,z — x, x — y)T,
p=3(x*+y*+z%) —xy—xz—yz—1/4 so that f = 0. Fig. 2 shows &} (uy,) (left) and
& (pn) (right) against the number of degrees of freedom N, for v = 1071, v =1072
and v = 1073.

Fig. 2 3D case. Plots of &} (u,) and &} (py) for v = 10°, v=10"20rv =1073.
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Table 2 shows the convergence rates for u, 7y (left), and p, 7, (right).
Table 2 3D case, convergence rates.

v 10711072]10* v 107!]107%|1073
o 5.647(33 1, 52[48](37

More numerical results are available in [8, 9, 6, 21]. The P, . — (P? + P') scheme has
good approximation properties and can therefore be used to solve the Navier-Stokes
equations in the context of industrial simulation. We plan to study discrete pressure
enrichment to higher order nonconforming Crouzeix-Raviart mixed FEM [2, 3].

Acknowledgements We would like to thank P.-E. Angeli for his contribution to §4.
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