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Stability of the P} — (P + P!) element

Erell Jamelot[0000-0002-9919-0793] ;4
Patrick Ciarlet, Jr[0000-0003-1198-5063] 414 Stefan Sauter

1 Stokes problem

A popular low-order method for solving the Stokes problem is the nonconforming
Crouzeix-Raviart mixed finite element method [1, Example 4] (cf. [2, 3] for higher
orders). The discrete velocity is piecewise affine, continuous in the barycentre of
the interfaces between elements, but not globally continuous, P}w; and the discrete
pressure is piecewise constant, P°. This method introduces some consistency error
on the discrete velocity, which may lead to an unphysical solution when solving
the Navier-Stokes equations, especially when the source field is a strong gradient
[4, 5]. To recover consistency, the discrete pressure space can be generated by P'-
continuous plus P basis functions, cf. the TrioCFD code [6, 7]. This leads to the
P! — (P’ + P') mixed finite element method, which exhibits interesting numerical
features. However, only an incomplete proof of the stability is available in [8, 9].
Our goal here is to gather evidence regarding the inf-sup condition. Let us consider
Stokes problem set in an open, bounded, connected subset Q of R4, d =2,3, with a
Lipschitz boundary 0€Q:

Find (u, p) such that — vAu+Vp =fand diva =0in Q. (1)

with Dirichlet boundary conditions for the velocity u and a normalisation condition
for the pressure p: u = 0 on 0Q, fQ p = 0. Given D an open subset of R9, let
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us set L2(D) = (L*(D))4, and L%mU(D) ={q € L*(D)| fDq = 0}. We denote
by (-,-)p the L?(D) or L*(D) scalar product, and || - ||p the associated norm. Let
H(l](D) = (H(l)(D))d, and H'(D) = (H~'(D))? its dual space. Due Poincaré-
Steklov inequality [10, Lemma 3.24], the semi-norm in Hé(Q) is equivalent to
the natural norm, so that (v, w)HS(Q) = (Vu,Vw)q and ”””1—1(} @ = lIVollg. Let

Ve H(l)(Q). We denote by (v,-)l.d:l the components of v, and we set Vv = (9; v,-)lfszl €

[L?()]9*. Let us set V = {v € H(Q)| divv = 0} which is a closed subset of
H/(Q). We denote by V* the orthogonal of V in H}(Q).

Proposition 1 The operator div : H}](Q) — L*(Q) is an isomorphism of V*
onto L%, (Q). We call Cgiy > 1 the constant such that: Vp € L%, (Q), dlv, €

Imv zZmvu

V+|divv, = p and ||Vp||H(1)(Q) < Caillplla [11, Theorem 3.1 (e)].

Let f € H™'(Q). The variational formulation of Problem (1) reads:
Find (u, p) € H{(Q) X L2,,,(Q) such that V(v, q) € H}(Q) x L2, (Q):

v(u, V)H(l)(g) — (p,divv)q — (g, divu)g = (f, V)ﬁé(g)- (2)

One can prove that Problem (2) is well-posed with the T-coercivity theory [12, 13,
14], using Poincaré-Steklov inequality [10, Lemma 3.24] and Proposition 1.

2 Discretization

Consider (75,)n a family of simplicial triangulations of Q. For a given 7, := {K},
we call 7, := {F} its set of (d — 1)-simplices, called facets (faces if d = 3, edges
if d = 2), and V), := {S} its set of vertices. In the bounds, we will use < and > for
(hidden) constants independent of 7j,.

e Forall K € 7y, we call hg and pk the diameters of K and its inscribed sphere
respectively, and we let: o = Z—ﬁ . When the (7;,), is a shape-regular triangulation
family (see e.g. [10, def. 11.2]), there exists a constant o > 1, called the shape
regularity parameter, such that for all 4, forall K € 7, ox < 0.

e LetFy =?'}f Uﬁb,whergﬁb = {F_€ﬁ|FC 69},7—;{ =ﬁ\?'hb.

For all K € 7, we set . = {F € ¥, | F C 0K}

For all F € F, M denotes the barycentre of F, and ng its unit normal (outward
oriented if F € 0Q). For all K € 75, and F C 0K, we denote by nr g the normal
vector of F outgoing from K. Let K be the reference simplex. For all K € 75, we
denote by Tx : K — K the geometric mapping such that V& € K, x|k =Tk (%) =
Bk® + bk, where Bx € R4 and bg € R?. Let us set Jx = det(Bk). Recall that
[10, Lemma 11.1]: [Jx| = |K|/IR], Bkl < hx/pg, IBx ! < hg/px. For all
v e L*(Q), we set: vg = UK, Vg = va/|K|, 0k = vk — Vg, Dk =voTk.
By changing the variable, we get: ||v||%< = |Jk| ||13K||§€. Letv € H'(K). By changing
the variable, we get: Vojx = (Bx ') V0, and [|Voll3 < |[Bx |1 k| ||V§ﬁ||§€,
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IVsdll% < IBkII* Vx|~ Vol
We set PLH' = {v € L?>(Q); VK € T, vjx € H'(K)}, endowed with: (v, w),, :=
Yker (Vo V), lvll2 = Ykeq;, IVoll%. We define the operator Vj, such that:
Vg € PyH', V;q € L*(Q) is such that Vv € L*(Q), (Viq, V)a = Ykeq; (V4. Vk.
LetK € 7, and F C 0K, wedenote by Tr k the geometric mapping such thatVx € F,
Tr.x (Tg' (x)) = x. We let Fp g = Ti! (F). Forall v € P, H', for all K € 7y, and for
all F c 0K, we set: vp kx = (V|K)|F, U g = fF vk /IF|, 0F,k = vk = Vp g OF K =
v o Tr k. By changing the variable, we get ||UF,K||%D = (|F|/|FF,K|) ||6F,K||§3 .
F.K

According to Equation [1, (3.17)], it holds:

VK € T, VF c 0K, |F|IK|™" < pg. 3)
We set P,H' = [P,H']|? and forall v € P,H'": Vj,v = ((Vj,0:)T id=l € [L2(Q)]9x4.
Let F € ¥/ such that F = 9K, N dKg and np = np g, . The jump of v € P H'
across F is defined by: [v]F = vk, — vk, - For F € 7—‘hb, we set: [v]F == v|F.
For a subset D of RY, for k € N, we call P¥(D) the set of degree k polynomials on
D, PX(D) = (PX(D)?, and P, .(Th) = {g € L*(Q): VK € Th, qx € PX(K)}.
For k > 0 we define P¥(7;) = C%(Q) N PX. (7). We call mp : L*(Q) +—
P9, (Tn) the L?-orthogonal projection onto PY. (75), such that Vg € L*(Q),
m0(q) = Yxeg; mo(q) (K) 1k where VK € 75, mo(q)(K) = [, q/IK].
For K € 7;, and a vertex S of K, A5 x denotes the barycentric coordinate related to
S. We can endow P! (7},) with the basis (¢s)se, such that: VK € Ty, sk = As,k
if S € K, zero otherwise, so that P! (7;) = vect ((¢s)sc,)-
Let k € N*, v € H'(K) n P¥(K). Using the discrete trace inequality [15, Thm. 5]
and Poincaré-Steklov inequality [10, Lemma 12.11], we have:

— 2 — 2 —~ 2
@) F kg, S 10F Kkl < VoKl “)

Proposition 2 For all K € Ty, Yo € H' (K) N P1(K), ||Vov|lk < (px) " 0lk-

Proof. We follow the proof of [16, Lemma 2]: changing the variable, we have
(IVoll2 k) < IBx "Il IK|Y?| fK Vidk|. Integrating by parts in the reference ele-
ment, it holds: | fK Vidk| = | ./6K 5Kﬁ‘51e|~ We get the result using Cauchy-Schwarz,
[15, Thm. 5] and changing the variable again. O

We set P,H(div) = {ve L2(Q); VK € T, v|x € H(div; K)}.
We define the operator div;, such that: Vv € P,H(div), div, v € L?(Q) is such that
Vg € L*(Q), (divy, v, q)a = Ygeq, (divy. g)k.

Let Xo,5, be the space of the discrete velocity of the nonconforming Crouzeix-
Raviart mixed finite element method, defined by:

Xp=(Xn)  Xp={vw € Pl (Tn): YFeF. [.lva]l =0}:
S)
Xon = (Xon)?, Xon ={vn € Xn: YF € FL, [ vp=0}.
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The condition on the jumps of v, on the inner facets is often called the patch-test
condition. Due to this condition, one can prove that [1, Lemma 2]:

Proposition 3 The broken norm vy, — ||vp||n is a norm over Xo p.

Forall K € 7y, forall F c 0K, Ar k denotes the barycentric coordinate related to
the vertex S g opposite to facet F' in K. We can endow Xj, with the basis (Y r)res,
such that for all K € 7, Y p|x =1 —dAF g if FF C 0K and zero otherwise. We then
have Y| = 1, so that [yp]p = 0if F € ¥/, and for all F” # F, fF, Yr =0. We

have: Xj, = vect (Y F)reg,) and Xo,5 = vect((YF) pegr)-
Let ITj, : HI(Q) — Xy, be the Crouzeix-Raviart interpolation operator, such that:
W € H'(Q). (V) = Spey, Trvdr. Tpv=y, = [ v/IF|.
Proposition 4 The interpolation operator 11y, is such that [16, Lemma 2]: Nvy, €
Hy(Q), 1T (vi)lln < I1Vallg )

However, due to the consistency error on the discrete velocity, it is well-known
[17, 18] that choosing the space of the discrete pressures equal to P9 (75) N

disc
LﬁmU(Q) yields inaccurate results when solving Navier-Stokes equations. Starting
from [19], a new element is proposed in [8]. The space of the discrete pressures
is then: Qp = Qon + Q1.n, Where Qo = Pgl.s‘(‘ﬁ,) N L2 and for k > 0,

c zmo

Qi = PX(Th) N L2,,,(Q). One can build an L2-orthogonal sum letting Q1 5, =

zmvo

{qn € Qn|VK € Ti, [, qn =0}

1 <
Proposition 5 We have: Qp, = Qo.n ® Q1,5 Let gn € Qn and §1,p := qn — mo(qn),
it holds: \|gnl|g, = llmo(gn)lIg, + 11411113,
To prove the discrete inf-sup condition of X , X O, we need some Lemmas.
Lemma 1 Let k € N* and (v, qi.n) € Xo,n X Qk.n. We then have:

|Xkeq 2rcok Vu 0E ks qrn)Fl S o |[Valln |1Gk.nllo- (6)

Proof. We start with the proof of [19, Lemma 3.1]. Using the patch-test, one obtains:
Ykesiorcok(Vh  DE K. qinK)F = Lk em LFcok (VE.K “NF.Ks rhiK) -

We can compute the following estimates, using (4) twice and (3):

|(Ve.k - 0F ks Geoni)F| S TFIIVE KN gy 1@k gl gy o S 0x 1ZVRIK 1GR.R K-

Summing and using the discrete Cauchy-Schwarz inequality, we obtain (6). O

Let us set Xy 5 = {vh € Xon|VF € Fi  vpxnp= O}. We can build an ex-
plicit right inverse of div;, from Oy, to Xn 5.

Lemma 2 For all g, € Qp, there exists Vy € Xn,n such that:

—(divp vy, n o(gn))a = v Imo(gn) 1, (7N

IVanlln < Caiv v llmo(gn) llo- )]
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Proof. Let g5, € Qp. From Proposition 1, vy € H(l](Q)| divvy = —v ' 7o(gn)
and [[Vy gy @) < Caivv™" Imo(gn)lle. Let vn € Xy [VF € F vy n(Mp) =

(I (vN)(MF) - np) ng. Integrating by part twice, we get: VK € 7y, fK divvy p
fK div vy, hence (7). Using Proposition 4, we get (8). |

We can also build an explicit right inverse of the discrete divergence operator
from Q1 5, to X7, == {vy, € Xo.n |VF € Fi, v -np =0},if [19, Hyp. 4.1] holds:

Hypothesis 1. We suppose that Ty, is such that 0Q contains at most one edge for
d = 2 and at most two facets for d = 3, of the same element K € Ty,.

Lemma 3 Assuming Hypothesis 1, Vq1n € Q1.n, 3Vr,n € Xr.p such that:

(Yaun, vea 2 v o 2@ gy 413, 9)
(divvr n,qon)k =0 VYqon € Qon, (10)
Iveslln s v o Ginlla. (11)

Proof. Let us consider g1, € Q1. For all K € 7, we let gx = g pk and
Gk = qk o Tk. Since g1, € H'(Q) we have (see e.g. [20, Prop. 2.2.10]): VF €
FIIF =KNK', Vgk xnpg = Vggr X ng. We construct vy, € Xr., |YF € F,
vrhn(MF) = vyl hlzD ng X (Vqi.n X nfp), where hp is the diameter of F. We have
VK € T:

K]

(Vqum vk = v === e i IVax x nel. (12)

Let npg_ be the unit normal vector of the facet Fr k outgoing from K. We have:
ne k= K| (Bx ™) |Fr k] IFI ' ng, .
Consider d = 2. Changing the variable, assuming Hypothesis 1, we get:

Sreri hi \Vax xnp? = T g [FrxPIVsdx X g, | 2 [Vsdkl®.  (13)

Consider d = 3.1tholds that |Vgg Xng| = |I:“F,K| |F|~' Bk Vidk xng, | changing
the variable. Hence: |Vgx X np| 2 |F|7'|Bx ~'[|7! [Vigkx x ng_ | Notice that
he |FI7V B~ 17! 2 0'121. Assuming Hypothesis 1, we then have:

Srer hy IVax xnp? 2 0| Vidx . (14)

Using Poincaré-Steklov inequality [10, Lemma 12.11] in K, we have: |V3dg|*> 2
llgx — qAK||§€. Using (13) and (14) in (12), it holds:

_ -2(d-2 N — -2(d-2 ~
(Vgim vk 2 v o VI Vegx P 2 v ot P gklR. (15)

We obtain (9) by summation. Remark that V¢ g |x = |K|~"|F|ng k. Let us prove
(10). Since Vyrpix L vrn(MF), (divvra, qon)k = |KIqon(K) Zpeqi V¥rik -
vr.n(MF) = 0. Let us prove (11). For all K € 7, ¥vr jx = ZFE?E vr.n(MFp) ®
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VY rik. Hence: |¥vrallx s v Zpeq |FIPIKI7" by [Vqx xnp|*. Using (3), and

assuming Hypothesis 1, we get: || Vvr 1|13 < v™2 0'12( h%{ |K| ZFGT’,"( Vg xnp|? <

0% h% ||Vqk |3 From Proposition 2: |¥vr sllk < v™' o2 llGk |- i

Letbp, : XpXQp > RIV(Vi, gn) € XnXQh, b (Vi, qn) = — (divi Vi, qo,n ) o +
(Vi Vgi,n)e with g, = qon + g1, such that (qo.n, q1,n) € Qo.n X Q1,4-

Theorem 1 The following continuity property holds:
V(¥ qn) € Xon X Qns |61 (Vis qi)| S o [IValln lgnlla- (16)
Assuming Hypothesis 1, the following inf-sup condition holds:
Yqn € Qn, 3vh € Xon,  bu(Vh.qn) 2 % Ciz o2 valln lignlla. (17)
Proof. Let us prove (16). Let (vi, gn) € Xo,n X Qp. Integrating by parts, we have:
br(Visqn) = —(divy Vi, mo(gn))a + Xk e, ZFcok (Vo " BF K, q1n)F-  (18)

Using Cauchy-Schwarz, we have: |(divy, vy, 70(gn))al < Vd|IValln lI70(qn) lla-
Using (6) in (18), we obtain (16) from Proposition 5. Let us prove (17), starting from
the proof of [19, Lemma 4.2]. Let g5, € Q»\{0}, where g5, = qo.n + q1.n is such that
(q0.n>q1,n) € Qo.n X Q1,1 Let vy := v n(gn) be like in Lemma 2. Using (18)
with v, = v 5, (6) and (7), we have:

bi(VN s qn) 2 v Imo(gi)llz, = o IV, klln Gkl (19)
Using (8) and Young inequality, we have for all £ > O:
~[Ivanlln ldinlle = =3 Cav v (e llmo (gl + & 1G1allE)- (20)
We now insert the bound (20) in (19) to get:

Caiv
2¢e

_ &€ ~
b an) 2 v (1= 5 Cav ) lmo(an) i = 5= o lgualid)- @D
Let vz, == vr n(q1,n) be like in Lemma 3. Using (9) and (10), we get:

br(vTnqin) = (Vgumvrne 2 v o292 gl (22)

Last, we consider VZ = UvnN.n + V1 i, where p > 0. Using (21) and (22), we have:
bu(vy.qn) = L bu(VN nsqn) + bu(Vr n, qn),
_ 2 (d- Caiv -
2 v (1 (1= 5 Can o) Imo(anll3 + (727D = 38 o) g 4 )13).

Let us choose € = (Cgiy 0')_l <land u= o~2(d=2) g2 We obtain that:
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ba(Vh-qn) 2 Cuninv™" llgnllg With Cnin = &2 072072 = Cilo™2 7D (23)

We will now bound ||V} [l by [lgnlla. We have: [V} <2 (12 [[Va.nll} + IVZ.all7).
Using (8) and (11) |[V]13 < 2v™2 (u* C3,, llmo(gn)lIg, + o 1414 15). hence:

div
Vil < Coav ™2 llgnligy with Crax = V2.0, (24)
Using (24) in (23), we get (17) with Cpin CL = % Cylo2d. o
Let V, := {v;, € Xon|VYqn € Qn, bu(Vh.qn) = 0}. Let (Vi,q1.n) € Vi X
Q1.5 Integrating by parts, we have 0 = by (vp,q1.n) = —(divy v, mo(q1,n))a +

2FeF, fF quulve]l g =0+ e fF q1.n[Vn] - ng. Hence:

Lemma 4 For all (Vi,q1.1n) € Vi X Q1 it holds: ¥ peg, [ qin[Val -np = 0.
Let & € L£(X;,R) be such that Vv, € Xy, &(vy) = (F,vp)q if f € L2(Q),

G(vy) = (£, Ih(vh))H(l](Q) if f ¢ L2(Q), where 7}, : Xo.n» — Yo.n is for instance

an averaging operator [10, §22.4.1], with Yo, = {vi, € H(l)(Q) VK € Ty, Vpk €

PX(K)}. The discretization of Problem (1) with the P. . — (P° + P') element reads:
Find (uy, pn) € XO,h X Qp, such that V(uy, pp) € XO,h X Q0pn

v(p, Vi)p + byr(Va, pr) + bp(un, qn) = G (vy). (25)

Due to Proposition 3 and Theorem 1, Problem (25) is well posed. We can derive
error estimates similar to those given by [1, Theorems 3, 4, 6].

3 Convergence estimates
3.1 Optimal estimates in 2D

When Q c R2, we have the two Lemmas below.

Lemma 5 For all (vi,qn) € Vi X Q2.0 (Vqn, Vi)a = 0.

Proof. Let (Vi,qn) € Vp X Q2. Integrating by parts and using Lemma 4, we
get that Vg1, € Q1,0 (Vgn, Vi)a = = Xrey, fF qnlve] 0 = = Yrex, fF(CIh -
a1Vl - np = Ypeg, [(an = qi.n)[Va = vi(MF)] - np. Hence, we obtain:

(Van,via = — X ke, 2Frcok fF(Clh = q1.n)(Vu = vi(MF)) - np k. Choose g1,
such that VS € Vi, q1,1(S) = g2.n(S). Then, VF € 7}, the degree 3 polynomial
(gh—q1.0)(vi,—Vp(MF)) vanishes at the quadrature points of Simpson’s rule. Since
it is exact for degree 3 polynomials, VF € 7, /F(qh—ql’h)(Vh—Vh(MF)) ‘np g =0
and (th,Vh)Q =0. O

Lemma 6 Let ¢ € H*(Q) N L2, (Q) such that |¢| 3 q) # 0.
Then, Vv, € Vi, (Vé,Vi)a < 0 h* |lps o) IValle.
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Proof. Let vy, € Vj,. Using Lemma 5 and Cauchy-Schwarz, it holds: |(V¢, v)q| =
[(V(¢ — qn),vn)al for all g, € Qa.5. We then use Bramble-Hilbert Lemma [10,
Lemma 11.9] to conclude. a

Theorem 2 Suppose that Q is convex. Let ¢ € H>(Q) N L%mu(Q) such that

|#lp3) # 0. Let (up, pn) be the solution of Problem (25) with £ = V¢. The
solution of Problem (1) is then (u, p) = (0, ¢). It holds:

2.3 . 3.4
viuplln S 077 [$lpr)y: viwnlle S o7 B Bl q)-

Proof. Setting v, = uy, as test-function in Problem (25) and using Lemma 6, it
holds: v [lux |7 = (Vé,up)a < o h? |¢ly3q) Iluplle. From [1, Theorem 4], have:
lunlla < ok |luglls. We deduce that v [Juy, ||, < o h || 3 () - Using this estimate,
we get that v ||uy||q < o’ h4|¢|H3(Q). O

3.2 Extension to 3D

When Q c R3, let &, be the set of edges of 7j,. Let £ := §;S; € &,. We set
¢ = 44;4; where A; (resp. A;) is the barycentric coordinate related to vertex
S; (resp. S;). Let P2(7,) = vect((¢E)Ees,), Where for every edge E, ¢ is the
canonical extension of ¢ to all simplices intersecting with inf(E). In order to
obtain optimal results in 3D similar to those obtained in 2D, the discrete pressure
space canbe @, = Qo 5 +Q1,n+02 1, Where 05 j, is a subspace of P2 (7;) N L2,,,(Q)
[9]. One can then prove Lemma 5 in 3D using a 7-point quadrature rule on a triangle,
exact for polynomials of degree 3. The quadrature points are the barycentre of the
triangle, its vertices and the midpoints of its edges. Lemma 6 follows. Finally, in [9,
Theorem 4.4.6, page 92], it is claimed that one obtains a convergence result identical
to the one of Theorem 2, now in 3D.

4 Numerical results for the stationary Navier-Stokes model

Let us consider stationary Navier-Stokes equations set in Q = (0, 1)?:
Find (u, p) suchthat —vAu+u-Vu+Vp =~fand divu=0in Q, (26)

with Dirichlet boundary conditions on the velocity. Computations are done with the
TrioCFD code [6, 7] with the P} . — (P% + P!) finite element. The convection term is
discretized using the MUSCL scheme [6]. Let us set: || (u, p)||2 := ||Vu||fz+v‘2||p ||fz.
The discrete errors values are &) (uy) := [[u — uzllo/|[(u, p)||, for the velocity and
ey (pn) == v7'llp = palla/lI(w, p)ll, for the pressure.

We first consider the 2D case and the prescribed solution u = (y, —x)7, p = (x> +
y%)/2 = 1/3 so that f = 0. Figure 1 shows &y (up) (left) and gj (pp) (right) against
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the number of degrees of freedom N, for v = 1071, v = 1072 and v = 1073. Table

Fig. 1 2D case. Plots of &} (u;,) and £} (pp,) for v = 107!, v = 1072 or v = 1073.

107

107 g=——rr

107

i =i i = =
10’8 \\

(up)

&y (Pn)
S

“o

I g T

= ~ |
107 r r
E 10710 3
——y=10"" —m—y =102 ——y=10"" Wy =102 \\ g
—o—y=10" J oy =10 ~L
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1 shows the convergence rates for the velocity 7y (left) and for the pressure 7,
(right), where i ~ N~!/2. We then consider the 3D case and the prescribed solution

Table 1 2D case, convergence rates.
v 1071107%]10* v 107!|107%|1073
7, 393323 7, 34(34]25

u=(-zz-xx-)p=12+y*+7%) —xy —xz—yz—1/4so thatf = 0.
Figure 2 shows &{ (uy) (left) and &) (pp) (right) against the number of degrees of
freedom N, for v = 107!, v = 1072 and v = 1073. Table 2 shows the convergence

Fig. 2 3D case. Plots of &} (uy) and &} (py) for v = 107, v=10"2orv = 1073.
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rates for the velocity 7y (left) and for the pressure 7, (right), where h ~ N -1/3 More
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Table 2 3D case, convergence rates.
v 10711072]10* v 10°!|1072|1073
Ty 564733 7, 5.2(48]37

numerical results are available in [8, 9, 6, 21]. The P,llC - (PO + Pl) scheme has
good approximation properties and can therefore be used to solve the Navier-Stokes
equations in the context of industrial simulation. We plan to study discrete pressure
enrichment to higher order nonconforming Crouzeix-Raviart mixed FEM [2, 3].

Acknowledgements We would like to thank P.-E. Angeli for his contribution to §4.
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