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The relationship between theory and practice in teacher education is often regarded as a gap or as a dichotomy. This presentation suggests a non-dichotomous way of understanding the relationship and explores how the notion of professional theorizing can be used to understand how prospective teachers improve their knowledge for teaching mathematics. Two cases are given, which illustrate how the integration of theory and teaching practice informs prospective teachers in building new knowledge for teaching when working in collaborative settings in a mathematics education course. The course design consisted of two intervention cycles in which the prospective teachers in teams reflected on teaching and school student learning to deepen their professional knowledge. The findings contribute to discussions about course design in teacher education and whether the integration of theory and practice can be regarded as key to teachers' professional development.

Introduction

The relationship between theory and practice, in initial teacher education, is well-known and commonly viewed as a gap. Even though theories play an important role in preparing prospective teachers for a variety of dynamic factors and challenges in their future teaching and in helping them to reflect on teaching and student learning, lived experiences of teaching and learning from their own school days strongly affect their beliefs and teaching decisions. If teacher students have not encountered concrete teaching problems in their training, they may even regard theories as irrelevant to learn or use, and therefore tend to teach in a way they were taught years ago [START_REF] Sugrue | Student teachers' lay theories and teaching identities: Their implications for professional development[END_REF]. It is also known that most learning theories applied in teacher education are highly influential grand theories. Of course, such theories are important in providing general guidance but commonly lack the "engineering power" needed for teachers to take discussions about instructional strategies for teaching a specific subject content [START_REF] Burkhardt | Improving educational research: Toward a more useful, more influential, and better-funded enterprise[END_REF]. To promote the relationship between theory and practice in teacher education, several studies suggest that collaborative settings in which teaching, and learning are investigated iteratively support prospective teachers in developing professional knowledge (e.g., [START_REF] Cheng | Learning Study: Nurturing the instructional design and teaching competency of pre-service teachers[END_REF]. Research [START_REF] Burkhardt | Improving educational research: Toward a more useful, more influential, and better-funded enterprise[END_REF][START_REF] Runesson | Sharing and developing knowledge products from learning study[END_REF] has further concluded that teachers participating in these activities not only develop their professional knowledge, but they may also generate knowledge of importance for others. Even though it has become clear that collaborative settings building on an iterative exploration of teaching are important for teachers' professional development, the need for a strong theoretical base that can explain the relationship between the quality of teaching and student learning has been identified (e.g., [START_REF] Elliott | Developing a science of teaching through lesson study[END_REF]. Recently, there have been a number of studies (e.g., [START_REF] Cheng | Learning Study: Nurturing the instructional design and teaching competency of pre-service teachers[END_REF][START_REF] Royea | Pre-service teachers' experiences of learning study: learning with and using variation theory[END_REF] reporting on teacher students' learning from taking part in such theory-driven collaborative arrangements in initial teacher education. Most of these studies are based on self-reported reflections and/or interviews focusing on prospective teachers' own experiences. However, we know little about in what way prospective teacher improve their knowledge for teaching mathematics when applying a theory in practice in such arrangements.

Instead of regarding theory and practice as different entities (theory as just something to apply in practice-as a solution for bridging the "gap"), this study is built on a non-dichotomous understanding of the interrelatedness between theory and practice. More specifically, on Ertsas and Irgens' (2017) notion of professional theorizing. With this notion, they argue for a graded and processual understanding of theory for facilitating professional development and improving practice. The research question that guides the present study is: How can the notion of professional theorizing be used for understanding how prospective teachers improve their knowledge for teaching mathematics when taking part in a theory informed lesson study? In the next section, the notion of professional theorizing is outlined.

Theoretical framework

Professional theorizing

Based on the work of [START_REF] Weniger | Theorie und Praxis in der Erziehung[END_REF] and others1 , Ertsas and Irgens elaborate on three different degrees of theory that transform each other. This non-dichotomous and somewhat unconventional view is an attempt to create a more useful understanding of the relation between theory and practice as, according to them, the "traditional definition theory as a meta-theory, pure theory or ideal theory" (2017, p. 344) is insufficient for such purposes, especially in the context of education. A theory of the first degree (T1) is silent, practical, and unconscious knowledge that is viewed through actions. Theory of the second degree (T2) is conscious, practical knowledge, expressed in personal hypotheses, beliefs, and ideas, and tested out in action, or the rationale behind specific actions and practices. The third degree (T3) is generic professional knowledge "that has not been deduced from and limited by the local context" (2017, p. 339), for instance, theories that can be used for reflecting on and analysing teaching practice.

By adding the notion of professional theorizing, [START_REF] Ertsas | Professional theorizing[END_REF] emphasize a shift from theory as a noun to a verb and a grading process. In this process, practitioners develop new knowledge when they are informed by generic knowledge (T3) and reflect on their articulated theory (T2). The practitioner's articulated theory (T2) can also be tested through practice (T1) and on that basis knowledge informed by experiences can be developed. These two trajectories are illustrated in Figure 1. Important to note is that in the process of professional theorizing, the different degrees of theory are influencing each other. T3 is not merely a static set of rules or a recipe that is to be implemented in practice, instead, it is needed since it may challenge the teacher's understanding and beliefs about teaching [START_REF] Korthagen | The gap between research and practice revisited[END_REF]. On the other hand, the improvement of practice in terms of the practitioner's articulated theory is not just restricted to individual experiences. [START_REF] Ertsas | Professional theorizing[END_REF] claim that professional theorizing is about building a more clearly formulated knowledge about the own teaching practice (T2) by drawing on T1 as well as T3hence, T2 becomes a venue where T1 and T3 meet.

The context of the study: The collaborative setting in one mathematics education course

In one mathematics teaching course at Jönköping University in Sweden, prospective teachers take part of an adapted form of lesson study-more specifically, two learning study cycles closely following the steps of planning, teaching, analysing, and revising lessons set out by [START_REF] Pang | Beyond "lesson study"comparing two ways of facilitating the grasp of economic concepts[END_REF]. This implies that the prospective teachers work in collaborative teams in which they iteratively explore the relationship between their teaching and students learning. A theory of the third degree (T3)-variation theory [START_REF] Marton | Necessary condition of learning[END_REF], frames the inquiry activities of planning, teaching, analysing, and revising lessons. The theory states that for every object of learning (what is to be learned), there are critical aspects that learners need to discern to learn what is intended. What the critical aspects are, need to be found empirically, for instance through tests, interviews with students, and/or through analysis of teaching in the classroom. Critical aspects follow from disciplinary features of the concepts dealt with, that is, their properties and characteristics, but they also follow from the students' different understandings of the concepts.

Research (e.g., [START_REF] Kullberg | What is to be learned? Teachers' collective inquiry into the object of learning[END_REF] has shown that variation theory may work as a pedagogical tool with so-called "engineering power" [START_REF] Burkhardt | Improving educational research: Toward a more useful, more influential, and better-funded enterprise[END_REF] as it guides teachers in identifying what is critical for learning and how critical aspects can be handled in instruction. Within variation theory, variation is key for learning since the aspects are needed to be structured in terms of patterns of variation and invariance to be discerned by the students. Critical aspects and patterns of variation (contrast, generalization, and fusion) make visible what students need to experience and how they need to do this. Even though the theory can guide teachers in planning and analysing lessons in terms of how critical aspects can be made possible to discern, applying variation theory can be challenging [START_REF] Mårtensson | Challenging teachers' ideas about what students need to learn: Teachers' collaborative work in subject didactic groups[END_REF]. The prospective teachers are also informed by relevant research articles in mathematics education. As such findings are used for challenging the prospective teacher's understanding and beliefs about their teaching, they are also examples of theories at the third degree. In this 5-week course seminars, lectures, and tutorial sessions with teacher trainers are included in the design to give close guidance and feedback throughout the whole process. The main activities during the weeks are:

Week 1: The prospective teachers take part of two lectures on learning study and variation theory. In a "conceptual analysis" seminar and based on variation theory principles, literature, research articles, and the standards in the Swedish curriculum for compulsory school, teams of prospective teachers explore a given mathematics topic (selected by teachers from partner schools) to gain knowledge about common misconceptions and important ideas related to that Based on their conceptual analysis, each team sets out an object of learning for their lesson and designs a pretest for students (grades 1-6) in participating schools. The primary reason for collecting data on student understandings is to capture what may be critical for learning and on that basis make instructional decisions.

Week 2: The pretests are administrated by the prospective teachers to their two classes. After that, the teams plan a lesson based on student understanding, research findings, and variation theory. During this week the prospective teachers take part in a workshop to learn more about applying variation theory as a tool for instruction.

Week 3: The team teaches the lesson (lesson 1) to their classes. Some of the team members observe the lesson and collect information on instruction and student learning for evaluation purposes. In a valuation session, the team reflects on experiences from teaching the lesson. They pay, for instance, close attention to whether the lesson offers possibilities for their students to learn what is intended and how the theoretical tools could guide them for revising the lesson.

Week 4: Each team gives the revised lesson (lesson 2) to a second class. Furthermore, they administer a posttest in their two classes to make it possible to juxtapose student learning from the two lessons. Lesson 2 is analysed similarly as in the evaluation session after lesson 1. One difference, though, is that lesson 2 is not revised.

Week 5: The teams compile the results from their two learning study cycles, which they present and discuss with other prospective teachers and teacher trainers in a seminar. At the end of this week, the prospective teachers are required to submit an individual report on how to improve teaching by reflecting on previous lessons, primary students' performances, and theories used.

Methods

The data on which the two cases in this paper are based derive from the prospective teachers' individual reports in the mathematics teaching course described above. According to the instructions for writing the report, the prospective teachers were also asked to argue for their revisions based on variation theory principles, and to present examples and tasks that most likely could make learning possible. In this presentation data stems from two written reports and the notion of professional theorizing [START_REF] Ertsas | Professional theorizing[END_REF] formed the analysis. This implied that mathematics tasks and associated arguments for redesign from the two reports were in focus for identifying the prospective teachers' articulated theories (T2), how variation theory and educational research (T3) and teaching practice (T1) informed the prospective teachers for building new knowledge, hence how their articulated theories (T2) were changed. Bellow, the process of professional theorizing for building new articulated theories in the case of Anna and David is illustrated.

Results

The improvement of Anna's articulated theory for teaching the concept of area Based on the concept analysis (in which the teams reflected on previous experiences and research articles), variation theory, and the evaluation of the pretest, Anna's team regarded unit squares as one of four critical aspects for understanding the area of different two-dimensional shapes. To make it possible for their school students to discern this critical aspect, the team designed a task in which students were asked to find the area on different rectangles by multiplying the base times the height (T2). When the team reflected on lesson 1 (T1), they identified that the procedure of counting unit squares was not critical, but the conceptual understanding of what it means to cover a surface with a particular unit square. For lesson 2 they constructed a task (left picture in Figure 2) consisting of three examples in which the aspect shape was varied against an invariant background (unit squares in grids). This pattern of variation (T3) was used to highlight that different plane shapes have area, even though the unit square does not completely cover the shape, hence their T2 was changed. In the written report when reflecting on what was made possible for students to learn from the conducted lessons, Anna found the task to be too simple for her students as they perfectly well understand what was intended (T1). Anna drew on an article (Huang, 2016) and argued for facilitating students' reasoning and higher-order mathematical thinking (T3). Moreover, she reconsidered the meaning of the critical aspect about unit squares and realized that students also need to discern different sizes of unit squares for a deeper understanding of the relation between units (T3). In her new articulated theory, a new set of examples was added to the three examples (right picture in Figure 2) to make the task richer. The pattern of variation used in the extra example consisted of two identical rectangles (invariant) and different sizes of unit squares (variation) to show the relationship between the measuring unit and the area. To make it more likely for students to consider and reason about the relation, Anna suggested asking the students: "Why is the area of the same rectangle 12 and 6?"

The improvement of David's articulated theory for teaching equations David's team planned and taught a lesson about solving equations. As in the previous case, the members in this team also grounded their lesson plan on their experiences, the concept analysis, student understanding from the pre-test, and variation theory. One example of their articulated theory from an early part in the process is shown in Figure 3 (the examples to the left). The team applied variation theory in the following way: For each example in the task, informal methods (e.g., we ask for a number such that when we add 3 to it, we get 5) and formal methods (e.g., we subtract 3 from each side) varied to highlight the critical aspect-that when solving for 𝑥 it is possible to use different strategies. The two examples at the bottom had a higher number range and worked as a contrast in comparison with the first two ones. This aimed to cause students to detect that solving for 𝑥 is not as quickly done as in the first two examples, therefore, the formal method is needed. The only variation between the two equations 𝑥 + 57 = 121 and 𝑥 -57 = 121 is the operator signs. The rationale for applying variation theory (T3) in this way, was to promote the relational understanding of the equal sign in terms of drawing students' attention to the procedure of making the left-hand and the right-hand sides equal when solving an equation regardless of the mathematical operation. Informed by the posttest and experiences from teaching the lessons (T1), David recognized that some students struggled when solving equations with 𝑥 on the right-hand side and more complex equations (i.e. several terms and different operations). On that basis, and, informed by the article (T3) A longitudinal examination of middle school students' understanding of the equal sign and equivalent equations [START_REF] Alibali | A longitudinal examination of middle school students' understanding of the equal sign and equivalent equations[END_REF] he considered the symmetric nature of an equation to be a critical aspect for student learning. In his report, his articulated theory was changed in the following way: He added four more examples to the task (the right expressions in Figure 3) for supporting the students to discern the symmetric balance. According to David, the invariance of numbers and the variation between the order of numbers in the left-hand and right-hand sides in each pair would support students to see the structure and perform same operations on both sides. He also argued for the need to use specific prompts to make the students aware of the relationship, for example "What differences and similarities do you see between the examples" and "Why do we need to make the same operations on both sides?" The reason for choosing a higher number range in the last pair of examples was to generalize the procedure and focus on the relationship between quantities.

Discussion and conclusion

In this paper, the notion of professional theorizing constructed by [START_REF] Ertsas | Professional theorizing[END_REF], which aims to illuminate how theories of different degrees (T1, T2, and T3) can interact, has served as an analytical tool for identifying in what way two prospective teachers improve their knowledge for teaching mathematics. In the two cases, it has been demonstrated that variation theory and research findings (T3) were used to identify critical aspects and on that basis, to design tasks for a lesson. Hence, general professional knowledge formed the prospective teachers' articulated theory (T2). At this first stage in the process, previous teaching experiences and student understanding of the content identified from the pre-tests (T1 and T2) were also involved in developing their knowledge. In the process of repeated trajectories of teaching, evaluating, and reviewing lessons, variation theory with its general propositions and relevant research findings were further concretized and tested in teaching practice-in relation to their students and specific subject content. Informed by theories of different degrees, the prospective teachers co-constructed their knowledge for teaching, or put in other words; their articulated theories were changed. Given this, it is relevant to ask if the notion of professional theorizing is key to understanding the prospective teachers' improvement of knowledge. I do not claim that it is the key, but I certainly claim that a non-dichotomous understanding of the relationship between theory and practice may be crucial for identifying the uniqueness of professional knowledge that is developed through iterative explorations. This paper shows that theory was not just used for developing practice or filling a "gap" between theory and practice even though variation theory can be regarded to have the "engineering power" [START_REF] Burkhardt | Improving educational research: Toward a more useful, more influential, and better-funded enterprise[END_REF][START_REF] Elliott | Developing a science of teaching through lesson study[END_REF] needed for instructional purposes. Instead, theory guided practice and practice guided theory. Such an interrelatedness affected the improvement of knowledge for teaching in terms of re-constructed mathematics tasks. In the two cases the tasks were made more challenging for providing students better opportunities to see relations in mathematics (between square units, and between left-and right-hand sides). Moreover, it seems that the process of professional theorizing also developed the prospective teachers' beliefs about how to make use of tasks in instruction [START_REF] Sullivan | Teaching with tasks for effective mathematics learning[END_REF]. For example, they formulated explicit questions to call student attention to the core. The co-constructed tasks have in this paper been viewed as developed professional knowledge (T2) which have been generated through participation in collaborative settings. Such knowledge could be an example of what [START_REF] Runesson | Sharing and developing knowledge products from learning study[END_REF] mean by professional knowledge with importance for other teachers.

Finally, it may be worth considering if and in what way the notion of professional theorizing can be a key element when designing or re-designing courses that aim at developing prospective teachers' teaching skills. Even though this study is built on few examples, it is indicated that course designs in which prospective teachers are invited to apply theories in connection to concrete teaching problems are important [START_REF] Sugrue | Student teachers' lay theories and teaching identities: Their implications for professional development[END_REF]. However, this study does not make any claims about whether the whole lesson plans and/or the quality of teaching were improved. The findings are illustrations of how experiences from teaching practice and generic theories are involved in building new knowledge for teaching mathematics.
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