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Abstract

This article explores an optimal stopping problem for branching diffusion processes.
It consists in looking for optimal stopping lines, a type of stopping time that maintains
the branching structure of the processes under analysis. By using a dynamic program-
ming approach, we characterize the value function for a multiplicative cost, which may
depend on the particle’s label. We reduce the problem’s dimensionality by setting a
branching property and defining the problem in a finite-dimensional context. Within
this framework, we focus on the value function, establishing uniform continuity and
boundedness properties, together with an innovative dynamic programming principle.
This outcome leads to an analytical characterization with the help of a nonlinear ellip-
tic PDE. We conclude by showing that the value function serves as the unique viscosity
solution for this PDE, generalizing the comparison principle to this setting.
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1 Introduction

Since its introduction in the late sixties in Ikeda et al.| (1969, 1968aib); |Skorohod| (1964), the class
of branching diffusion processes received a great deal of interest. This object is used to describe
the evolution of a population where we are interested in a special feature, e.g., the spatial motion,
of identical particles that reproduce at random times.

These processes are well-suited in capturing a dual level of interaction. A macroscopic dynamics,
marked by the branching aspect, is connected to a microscopic one, characterized by a stochastic
differential equation. By establishing a link between macroscopic and microscopic facets, these
dynamics prove applicable in a wide array of domains, from biology to finance. In the realm
of biology, they prove invaluable for modeling phenomena such as parasite infection within cell
populations (see, e.g., Bansaye and Tran| [2010; Marguet and Smadi, [2020} 2023). Conversely, in
the financial domain, these processes are used to characterize options related to cryptocurrencies
(see, e.g., Kharroubi and Ocello, [2024]).

In the study of branching diffusion processes, a fundamental question emerges: at what juncture
does it become optimal to halt such a process? This question delves into the determination of an
opportune point in time to stop the evolution of a branching diffusion. This research line echoes
the optimization of a given functional to trade-off between the diffusion and reproduction of these
processes and a possible degradation of the reward. By investigating the optimal stopping time
for branching diffusion processes, we aim to shed light on the decision-making process involved in
terminating these dynamical systems, thereby enhancing our understanding of their behaviour and
enabling more effective applications in various fields of study.

One possible approach to consider is looking at the entire branching diffusion process as a whole,
as done in |Ocello (2023b)), and finding a universal stopping time that applies to all active branches
simultaneously. This global stopping time serves as a comprehensive decision rule, enabling a
synchronized halt to the progression of each branch in the system, regardless of their characteristics
or temporal disparities.

Although the aforementioned approach has its appeal, it may not fully align with the intrinsic
structure of such processes. Indeed, the fundamental nature of a branching process, even when
studied as a collective entity, is fundamentally rooted in its ability to portray the trajectory and
dynamics of a singular individual. Therefore, while a global perspective may offer valuable insights
and provide a comprehensive overview of the system, it may inadvertently disregard the inherent
individuality of the branches.

This dual mode between the individuality of the single component as opposed to the wholeness
of the population is a key concept in cooperative game theory. For example, mean-field control
literature (see, e.g., Carmona and Delarue, [2018ab)) deals with the control of large-scale systems
involving a multitude of interacting agents, assumed to be rational decision-makers who aim to
optimize their objective functions. The goal is to find control strategies that maximize a specific
objective at the population level, which aligns with the optimal behaviour of each agent, influenced
by the collective behaviours of the entire population. An additional example illustrating the trans-
formation of global behaviour into individual optimization can be observed in |Claisse| (2018a);
Kharroubi and Ocello (2024); |Ocello| (2023ab). These studies prove how control strategies are
contingent upon the decisions made by each participant. Moreover, the concept of the branching
property emerges as a means to reduce the complexity of the problem, consequently shifting the



focus toward analyzing the dynamics of the individual agents.

To capture the decision-making process of individuals within a collective framework, we adopt
the concept of stopping lines. This mathematical object, introduced in (Chauvin| (1986aib), serves
as the counterpart to stopping times in branching dynamics. Stopping lines are characterized by
a subset of the process’s genealogy, where no member can be traced back to another member, and
we can see their use in applications such as |Lambert| (2021]).

Although stopping lines have been used in previous studies, the exploration of optimal stopping
lines based on specific criteria remains, to the best of our knowledge, an open problem. This article
aims to address this research gap by directing our attention to this exact issue.

An application of this optimal stopping problem is possible in the field of finance, specifically
in the valuation of American options tied to cryptocurrencies (see, e.g., Hou et al., 2020). This
modeling is the one discussed in Kharroubi and Ocello| (2024)), in the case of super-replication. In
the realm of biology, another pertinent utilization arises in the optimization of halting infections
caused by parasites, a model explored by Bansaye and Tran (2010); Marguet and Smadi (2020,
2023)). This application gains significance as the initial stage of a mutant invasion closely aligns
with the characteristics of a branching process, as expounded in works like Barbour and Reinert
(2013); Barbour et al.| (2015)); Bansaye et al.| (2022). In this phase, critical stopping criteria become
imperative, especially in the context of identifying the emergence and detection of cancer.

Within a branching diffusion process framework, we look for the characterization of the value
function linked to an infinite horizon optimal stopping problem. Optimization is done over the
set of stopping lines, where each branch becomes eligible for halting only if no preceding ancestor
has been stopped before. We narrow our investigation to multiplicative rewards, similar to the
approach taken in Claisse (2018a); [Nisio (1985). Drawing inspiration from |Chauvin| (1991), we
prove a fundamental branching property. This enables us to analyze systems originating from a
single particle and to provide a differential characterization of the corresponding problem.

Moreover, this form of the reward function has been utilized in the financial literature to
leverage branching processes for the development of numerical methods aimed at solving semilinear
PDEs (see, e.g., Henry-Labordere, 2012; Henry-Labordere et al. 2019; Henry-Labordere, [2012;
Agarwal and Claisse, [2020; [Henry-Labordere and Touzi, 2021)). By applying our framework to
the specific case where all the reward functions are equal, we align with this established body of
work, particularly in the context of semilinear obstacle problems. In Remark and Remark
we explicitly demonstrate how our approach encompasses this setting, providing a clear pathway
for connecting our results to this literature. This connection underscores the versatility of our
approach, demonstrating its relevance not only as a general theoretical contribution but also as a
practical tool within the numerical analysis literature for such PDEs.

Establishing an original Dynamic Programming Principle (DPP), we extend the framework of
the classical optimal stopping problem to our branching context. This outcome paves the way for
an analytical characterization of the value function.

The corresponding PDE takes the form of an obstacle problem with a semilinear term, which
involves a polynomial series associated with the branching mechanism and value functions related
to offspring labels. Under the assumption that this series has an infinite radius of convergence, we
show that the value function is a solution in the sense of viscosity to this PDE.

To conclude the PDE characterization, we present a comparison theorem. The presence of
the semilinear term, tied to the value functions associated with offspring labels, introduces a



non-classical aspect to this PDE. We explore a multiplicative penalization, making the viscosity
solutions go towards zero in the spatial variable as a result of the previously demonstrated poly-
nomial growth. Then, using the assumption of vanishing rewards as the label goes to infinity, we
establish the comparison principle for value functions related to sufficiently large starting labels.
We finally extend this analysis to cover the remaining functions through a backward induction on
the size of the label.

The remainder of the paper is structured as follows. Section [2] presents a detailed description
of the model under examination, focusing on the characteristics of branching diffusion processes.
In Section [3| we introduce the notion of stopping lines and describe the optimal stopping prob-
lem. Section [4]is dedicated to the regularity properties of the value function and to the dynamic
programming principle. In Section [b] we characterize the value function as the unique viscosity
solution to an obstacle problem. Finally, Sections [6] and [7] are devoted to the proofs of the main
results, the dynamic programming principle and the viscosity solution properties respectively.

2 Branching diffusion processes formulation

Notations. We adopt the Ulam—Harris notation. Let Z be the set of labels
+oo
T:={g}u | JN",
n=1

where the label @ corresponds to the mother particle. For n > 1, write ¢ = iy .. .14, for the multi-
integer i = (i1,...,iy) € N” and, for n,m > 1, i =41...4, € N*, and j = ji...Jjm, € N, define
their concatenation ij € N**™ as

Zj :lenjljm N
with @i = i@ =i, for all ¢ € Z. Consider the partial ordering < (resp. <) by
i) & Hel :i=jl (resp. i <j & HeI\{o} : i=jl),

for i,j € Z. We endow Z with the discrete topology, generated by the distance

n m
d i j) = > (g+1)+ > (Ge+1),  fori=ij--inp €N, j=jijm €NT
{=p+1 V' =p+1

with p = max{¢ > 1 : iy = j;} the generation of the greatest common ancestor, and write
|i| := d*(i,@) for i € I. Fori € T\ {@}, i = i1---i, € N, denote by i— its parent, defined by
I— =141 ip_1.

Let D (R4;S) be the space of cadlag (right-continuous and left-limited) functions that take
values in § and M(S) the set of finite measure on S endowed with the weak topology, for S a



Polish space. Let E be the subset of M (I X Rd) defined as

E = {Zd(mi) . V C T finite, 2; € RY, i £ j, fori,j € v} .
eV

As it is a closed set in M (I X ]Rd) (see, e.g., Proposition A.7, Kharroubi and Ocello, 2024), we
have that E is Polish (see, e.g., Section 3.1.1, |Dawson, |1993). Denote (u, f) := > oy, fi (x;) for
fi= Y ey 0wy and f = (fi);ez with f; : R? - R. Take b : R? — R% and o : R? — R¥>™
the drift term and diffusion coefficient of the spatial motion of the particles of the population,
and consider spatially dependent death intensity o : R? — R, and reproduction probabilities
pr : RY — [0, 1], for k € N, with Y orenPr(z) =1, for z € R?. Denote £ the infinitesimal generator
of the spatial motion

1
Lf(2) = 5T (00" (2)D2f(2)) +b(x) Dufla),  for f e CARY),
where D2f and D, f denote respectively the Hessian matrix and the gradient of f.

Canonical space. We focus on constructing the branching diffusion process to be studied
within its canonical space as done in |Claisse| (2018b)).

Fix a real number & > 0. Consider the space C% := C (R+, Rd) of continuous paths (resp. M
of integer-valued Borel measures on Ry x [0, @] that are locally finite), equipped with the locally
uniform convergence metric (resp. equipped with the vague topology). Note that M with the
vague topology is Polish (see, e.g., Theorem 4.2, [Kallenberg, 2017). Take on c (resp. M) its
canonical filtration (CZ) o>0 (resp. (M) o) and its Borel o-algebra C? (resp. M), which coincides

with o (\/S>0 c;?) (see, e.g., Section 1.3, [Stroock and Varadhan), [2006) (resp. with o (\/s>0 /\/l5>)
Note that M, is the smallest oc—algebra that makes the map pu € M +— p(A) measurable for any
Borel subset A of [0, s] x [0, &].

Define the space H (resp. H® for i € ), its Borel o-algebra H (resp. H') and its filtration

(H)szo (resp. (Hi)szo) as
H:=(C*x M)T | H = (C x M)T,
(resp. H' := (O x M){jeI FEUN H = (C% x M)®{j€I s j=i} ),
and
Ho= (Cox Mo)T (resp. M= (€I x M)PUSE I or s >0

Define, now, the canonical filtered probability space (Q, F,F=(Fs) IE”) as

s€R4
Q=H, F=H", Fo=H, P:=P cP),

where H” (resp. (Hf)po) is the usual P-completion of H (resp. (Hs),>q) and P° (resp. P') is the

Wiener measure on C? (resp. the Poisson measure on R x [0, @] with Lebesgue intensity). In this



space, define the canonical processes (Bi, Qi)i o1 88

B (i m)yer) =wh, @ (i), A) = i),

for (wj, j);er € 2, s =20, and A € B(Ry x [0,a]). From their definitions, under P, these maps
represent a family of independent random variables such that B’ is a m-dimensional Brownian
motion and Q° (dt,dz) is a Poisson random measure on R, x R, with Lebesgue intensity measure.
Note that

Hi=o(BLQ (4)  j=i s€l0,1), A€ B(0.] xRy))
and
H =0 \/’Hé , forieZ.
5>0
For a random variable Y, define the shifted random variable Y% as
VW) =Y(@erw),
with @ @ w defined by

B (@ @y w), = W + (W —wp)  and Q' (0@ w) = ff 'Ui(t +00]

i

[0.] *

for t > 0 and @ = (0, i*)jez, w = (W', pu')iez € Q

Working in the canonical space simplifies the general presentation of the results. An alternative
strong construction of the process Z* that satisfies can be linked to this construction in the
canonical space without loss of generality, with the use of |Claisse| (Proposition 3.5 and Corollary
3.6, 2018b)).

Existence and path-wise uniqueness. As in|Claisse| (2018a)), let Z* be the following mea-
sure valued process

Z# = Z 5(’L,X#’l) B

ievl

starting at ¢t = 0 from the initial configuration p € E, with V}* the set of labels of the alive particles
and X!"* the position of the particle i, for ¢ > 0. The dynamics of a process Z/ is characterized



by the following family of semi-martingale decomposition

(8 (8 )) = (o £ (0,)) + /0 S DL fi (s, X04) o (X0 d B

eVl
/ 7 (0 (5, X59) + L (5, X5 ds)
ievl (2.1)
/ Z Z Zfze s, X’“ — fi (s,Xﬁ’i) 1, (X,u,i)(Z)Qi(deZ),
O] jepr k>0 m

for t > 0,P(dw) — a.s.,
for f = (fi)jez € o2 (R+ X Rd)z, where,

Vg;:{z'eI : Zs<{i}XRd)7éO} ’

k-1 k for (s,7) € Ry x RY.
I (z) := [a(a:) > pe(z), ax)d p,g(g;)) ,
=0 =0

In , one can see that the first two integrals represent the spatial diffusive behaviour of the
particles, while the integral with respect to the Poisson random measures captures the jumps in
the measure-valued process Z caused by particle death and reproduction. Additionally, this term
demonstrates that reproduction in this process is local, meaning the offspring are born at the exact
location where their mother dies.

More general interactions in the model parameters can be considered, allowing for dependence
on the coefficients (see, e.g., Ocello, [2023D)).

Consider the following assumptions, which will be used throughout the paper.

Assumption A1l. (i) The functions b and o are Lipschitz continuous, i.e., there exists a constant
L > 0 such that

|b(z) — b(z')| + |o(z) —o(2")| < L |z — 2|, for z,2’ € R, (2.2)
(i1) The functions (pr)k>0 measurable and satisfy

M := sup kak(x) < 0.
xERA k>0

(iii) The function « is measurable and bounded by & > 0.

These assumptions ensure existence and path-wise uniqueness of the process Z, corresponding
to the uncontrolled version of |Claisse (Proposition 2.1, |2018a), as stated below. Denote N* the
process corresponding to the number of alive particles, i.e.,

Nf=DE, t>0,

where |V| stands for the cardinality of a set V' C Z.



Proposition 2.1. Fiz =) ;. O(i,e;) € 2. Suppose that Assumption|A 1 holds. Then, there exists
a unique (up to indistinguishability) cadlag and adapted process (Z'),~, valued in E satisfying the
semi-martingale decomposition (2.1)). Moreover, we have

E[Sup Né‘] < |V|e¥Mt fort>0.
0<s<t

Exponential moments of the number of particles. In the sequel, we shall require the
process N to have finite exponential moments, a condition necessary to ensure that the problem
under consideration is well-defined.

Assumption A2. The functions (px)r>0 admits a finite moment of any order, i.e.,

M, = sukaﬁpk(x) < oo, fort>1,
z€R4 k>0

and

M :=sup 2My < +00 .
£>0
This condition ensures that the process N* possesses exponential moments, which are fun-
damental for the development of the problem. Moreover, a typical example of a family (pg)r>0
satisfying Assumption is given by a Poisson distribution of the form

PYCALINEYS
pk(aj): (k') e )\()’ CCERd,

with A : R¢ — R, a Borel function such that

AMz) < for z € RY .

1
2 b
For a given initial condition p € E, let N* be the process corresponding to the number of all
particles that have been alive up to the present time, i.e.,

Nt=| U vy, for t >0 . (2.3)
s€[0,t]

Under the aforementioned assumption, we can establish exponential moment estimates for this
process as follows.

Proposition 2.2. Fir pu =3} ;.\ 6 ) € E and suppose that Assumptions cmd hold. Then,
we have

E [Kﬁﬂ < (KvDIVIET i > 0,K > 0.

Proof. We first suppose that K > 1 as the result is obvious for K < 1. Let (6,),>1 be the sequence



of stopping times defined by
9n:inf{520:]\7§‘2n}, form>1.

From the dynamics ({2.1]) of the process Z*, we have

NE =1V +/ Z Z(k - 1)]11k(X5,i)(z)Qi(dsdz) , fort > 0.

Ommndx0a] S5 (50

This equation yields that when we look at N*, we have

Nf =1V +/( Z Zk]l Xw 2)Q"(dsdz) , fort > 0.

O,Tn/\t] X [0,07} ’L’GVH k>0

Using It6’s formula for jump processes, we get
N2l = VI +/ >3 (yzvg_ R - |N5_|f) L, (xe) (2)Q(dsdz),
OmAx[0,a] S50 150 s

for £ > 1 and t > 0. Therefore, taking the expectation and using the definition of the intervals I,
we get

D /\t‘ ] |V|Z‘HE / Z Z <’N“—I—k‘ N“| )pk (Xé"i) ds

ieVt k>0

Using the inequality

/-1
at — b =(a —b) Zapb£1p<( —b)la* 1, fora>b>1,
p=0

we get

Tn/\

E[\Nﬁmﬂgw\fﬂa /0 ez (XED Sk [NE kT pr (X8) ds

zEV‘L k>0

Then using the inequality

(a+b)"<2™a"™+0b"), fora,be Ry, n>1,



and Assumption we get

Tn/\t
|:‘ /\t‘ i| < ’V|f +E / 62271 ‘N"su‘é_l Z O[(Xé"’z) Zké Pk (Xé"l) ds

0 eVl k>0

- ‘ Tn /At <1l g1

<|VI"+E C|NF|" a2 Myds
0

< viee | [ el

for t > 0. Using Gronwall’s lemma and sending n to oo, we get from the monotone convergence
theorem

E[\Nfﬂ <[Vl for >0, 6> 1,
We now have

E[K™]| = E [o(F)ts)] — Zzlog K)'E [N

>0
< Z log lv|€ taMt
>0
S Klvledﬂt
for ¢t > 0. ]

Time of deaths. Fix an initial configuration u = 37, 1, (i 4,) € E. Define inductively, from
parent to child, the death-times (S!),_; as

S“::inf{s>0 : i@éVﬁ}, for i such that ¢ < j for some j € V,

7

and
St :zinf{s>5§i C g géVé‘}, for others i € T .

From this definition, a particle ¢ that never borns, satisfies S = S . In particular, we have
two kinds of such particles : either the particle have a last ancestor k£ that have been alive and
we have by a backward induction S¥ = S,’: or all the ancestors have never been alive and we have
S = 0. Using the convention inf ) = +oo0, we see that the particles i that are never died have
automatically death-time equal to S!' := +oco P-a.s.

10



3 The optimal stopping problem

3.1 Stopping lines

We now consider a notion of stopping times tailored to the branching nature of the process Z.
This concept is known as stopping lines and has been introduced in (Chauvin (1986aljb). As the
branching structure depends on the process itself in our framework, we need to adapt the definition.

Definition 3.1. Fiz p € E. We say that a collection of maps (7;);c1 s a stopping line for initial
condition pu if

(i) T is an (F})i=0-stopping time for i € T with 7; > St
(ii) the random set LY, defined by
vi={ier . st<n<st}={ier . iew},
satisfies the following line property
j=<i and i€ Lt = j¢ L fori,jeT.
This property ensures that the random set LY cannot select two particles of the same lineage.

We denote by SLH* the set of stopping lines for the initial condition p. For 7 € SL#, define the set
D# as

D/;;:{iel:ajezs.t.j<iandjeL¢}u ieT ci¢ |Jwvey . (3.4)
seER

which corresponds to the set of particles that are either strict descendants of the line LY or never
appear in the population. As for stopping times on the real line, the o-algebra HY related to a
stopping line 7 is defined as

21 ::o<{¢ ¢ DYy N ieI) ,
and its completed o-algebra FF defined by
FH ::a({z’ ¢DMYNFL  ic z) VAP,

with AP the collection of all P-negligible sets of F. With respect to the filtration F, we see that
Fs corresponds to the filtration generated Fr, with 7°

{TS::S, if i € Vi,

75 :=5; else ,

11



for p € E, i.e.,

Fo=o| | 7~
nekr

3.2 Optimal stopping problem

To define the optimal stopping problem we introduce a family of reward functions ¢; : R? — R,
1 € Z, on which we make the following assumptions.

Assumption A3. (i) The functions g;, for i € I, are positive and bounded uniformly in i € T,
i.e., there exists a constant K, > 1 such that

0 <gi(zx) < Ky, forieT, xeRe.

(ii) The functions g;, for i € I, are Lipschitz continuous uniformly in i € I, i.e., there exists a
constant L > 0 such that

l9i(2) — gi(a")| < L|z — 2| , forieT, za' eR?.

To alleviate notations, we shall denote by

Z) = 5 <t

( )0 Z (G, X )

jevit® £>0

the solution to (2.1)) in the case where the initial condition is the measure d(; .y for (i,x) € T x R,
We also use the superscript (-)(*) to denote (-)°¢-*) in the rest of the paper.

Fix a constant v > 0. We define the reward function, starting from (i, z) € Z x R%, as follows

Ji(x,7) =E H e Mg, (X%,x),j> , foric T, zeR?, and 7€ SLEHD)
jer®®
Let v; : [0,7] x R? — R be the following value function

vi(x) = sup Ji(z, 1), foricZ,zcRe. (3.5)
reSLliz)

This framework can be extended to consider a general initial condition p € FE, allowing the
problem to be formulated with respect to this initial configuration. Specifically, using Theorem
a branching property similar to the one established in [Kharroubi and Ocello| (2024); Ocello
(2023ayb)) can be leveraged. This approach enables the reduction of the problem to the dynamics
of individual particles, providing a more granular perspective while maintaining consistency with
the overall population-level behavior.

12



Remark 3.1. It is worth noting that the problem considered in this paper is a generalization of

J(z,7)=E H e Mg (XS_Z’I)’]) , for zeRY, and 7€ SL@Y

J
jeLg—Q,z‘)

when all the g; are taken to be equal to g. In this setting, the system of cost functions (resp. value
functions) reduce to a single cost function J (resp. value function v). In Remar’k we explicitly
demonstrate how to go from the generalized problem to this specific case, providing a clear pathway
for understanding the relationship between these two formulations.

Furthermore, by utilizing the Mayer form of the optimal stopping problem—specifically, by
appropriately redefining the problem in R —it becomes possible to incorporate a running reward
into the framework. In this formulation, the additional dimension accounts for the accumulation
of the running reward, allowing the problem to extend beyond a purely terminal reward structure.
Additionally, one can naturally consider a weight function at each branching time, as in [Henry-
Labordere (2012), which leads to a more general nonlinearity in the PDE system. However, to
strike a balance between clarity and generality, we have chosen not to explore this extension within

the current work.

4 Regularity and dynamic programming principle
Our objective is to analytically characterize the family of functions (v;);ez, subject to the following
regularity assumptions on the branching coefficients.
Assumption A4. (i) The function « is uniformly continuous on RY.
(i) The functions py, k > 0, are uniformly continuous on R

We can now establish some fundamental properties of this family. This result leverages the Lipschitz
property of the function g; and the integrability assumptions on the functions (pg)ren stated in
Assumption These conditions play a crucial role in enabling us to effectively estimate the
number of particles in the system, ensuring the applicability and robustness of the derived bounds.

Proposition 4.3. Suppose that Assumptions [AF and[A] hold.

(i) The value functions v;, i € I, are uniformly bounded, i.e.,

ant
vi(x) < exp (log(Kg) K, > , forieT,zcRe.

(i) Under Assumption the value functions v;, i € I, are uniformly continuous on R?, uni-
formly ini € T.

Proof. We suppose i = @. The same argument can be applied for any i € Z.
(i) We first prove that the v; are uniformly bounded. Since the function g;, ¢ € Z take values
in [0, K], we have

e g (X9 <1

Ti

13



for any stopping line 7 € SL@*) and any i € ng’x) such that Sf’m) >T = %. Therefore,

we can restrict the supremum in the definition of vg(z) to the stopping lines 7 € SL£(?®) such that
=52 s>,
Therefore, applying Proposition we have

<Ke for z € R? .

vp(z) <E [KN(Q I)] e

(2,2)

(ii) We now turn to the uniform continuity property. Fix x,2’ € R?. For 7 € SL , we define

7' = (1])icT as

Ti/:Ti]l gz>+S(®x)

eV m )l igV{& ) 2

for i € Z. We obviously have 7/ € SL@%"). As in the previous step, we can restrict the supremum
in the definition of vy () to the stopping lines 7 € SL?*) such that

log(K,)|

7= 87" isP > 7=
,y

Denote Sﬁgg’x) the set of these stopping lines. Note that 7/ € Sﬁg?’m/), for T € SE%Q’Z).Moreover,
from the definition of vy, we have

vg(x) —vg(2) < sup  Jy(x,T) — Ju(2', 7).
resc™

We now prove that the r.h.s. of the previous inequality uniformly converges to 0 as |z — 2’| goes
to zero. We have that

sup  Jy(x,7) — Jy(2/, 7)< sup E H e g, (X(@IJ) H e g (Xifaw)J)
resc rescy® | jern jeLt,

Define now Fjr(x, ) as the following set
F(;,T(x,a?/) = {Véz,x) _ V‘g@’x/)

Xs(g7m)7i _ Xég’m/)zi <

and  sup
v

[O,T]}.

_ v (2,z)
E |1 @ | I e ( Z”) I] e ”w( (m)”) < 6LE [N}@“)K;VT } ,
jeLt ]ELﬁ

From |Claisse (Lemma 4.2, 2018b), conditionning on this set, we obtain
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Fix € > 0. From Proposition we can find . > 0 such that

T j ! a'),j €
E | 1r r@woy | [] ¢ 779 (Xga,x),y) ~ I e (X%-M)j) <<, (4.6)
JEL? jELY,

for any x,2’ € R% Moreover, conditionning on the complementary of Fs.r(x,2') and using
Cauchy—Schwarz’s inequality, we have

T . ! 2.2'),j
E 1F5€7T(x,z/)c H e ’Y‘rjgj (Xga,x),]) _ H e ig; (Xf_], x)])
jeLt jeLy,

N’;—‘@,.’L‘)
S E ]lFég,T(-raxl)CKg

< \/IP’(F557T(J?,$’)C) E [(KgQ)N;g’Z)} ;

since the functions g;, i € Z are valued in [0, K4|. Combining Proposition and |Claisse, (Propo-
sition 4.3, [2018b)), we get

- j B 7‘ —! (@, /)a' €
E N\ 1gs p(@ane H e Mg, (X%_@ a:)J) — H e g, (XT]{ r J) < 3 (4.7)

jeLk jeL*,

for all 2,2’ € R? such that |z — 2/| is small enough. Putting together (4.6) and , we finally
reach the desired uniform continuity property. O

We now derive the dynamic programming principle (DPP) for the previously introduced opti-
mization problem. This result leverages the previously established regularity of the value function
and approximate the value functions using e-optimal stopping lines. This technique is largely
employed in the stochastic control literature (see, e.g., Claisse, 2018a; |Bouchard) [2009), when min-
imal regularity conditions of the value function are known. It serves as an alternative approach,
circumventing the need for measurable selection results, often complex and intricate.

Theorem 4.1. Under Assumptions [43, [A3 and[A, we have

. . 1 <
vi(r) = sup E I1 (e_’Yejvj <X9(f,x),g)) 10,573}

i J
TeSLET) jeLéi’””)\Dﬁi'”

NN PR
< 1 (e_ng (X%I)]» A

o7 (62)\ ()
JELY\Dg""

(4.8)

for any (i,x) € T x R? and 6 € SLOG).

The proof of the DPP uses a branching property result for the processes along stopping lines.
This property together with the proof is presented in detail in Section [6]
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5 Dynamic programming equation

The value function in optimal stopping problems is known to solve an associated obstacle problem—
a variational inequality where the value function must satisfy a differential equation in a contin-
uation region and a complementary inequality in a stopping region. We refer to [Touzi (Theorem
4.5,12013) and Pham (Lemma 5.2.2, 2009) for the classical case where the dynamics of interest
is a diffusion process. This characterization provides a powerful analytical framework for solving
optimal stopping problems by reducing them to partial differential or integro-differential equations.

In this section, we aim to extend this framework to our specific value function, demonstrating
that it satisfies a similar obstacle problem. To this end, consider the operator £ as follows

L:RExRxR*xS*x RN 5 R

(%ﬂ%Ma(W)zeN)H%TY(UU() >+b Tgta(@)) pr(x HW— z) +)r,

k>0

with S? being the set of symmetric matrices of dimension d x d. We show in this section that the
problem of stopping lines can be characterized by the following PDE

min {—E (:U,vi(:v),Dvi(x), D?v;(z), (Uif(x))eel\]) ; vi() — gz(:c)} =0, (5.9)

for i € T and z € R% To simplify the notation, we write £(i,v)(x) for E(m,vi(m),Dvi(x),

DZUZ-(x), (vig(x))KN).

5.1 Verification theorem

We now provide a verification theorem in the case where the value functions are regular. This
result is a direct consequence of the dynamic programming principle and the dynamic programming
equation. It establishes that the value functions are indeed the solution to the optimal stopping
problem. Recall that, for an initial condition (i,z) € Z x R%, and a stopping line v = (Vj)iez, we
define the set Dl(,i’x) by , with initial measure d; ).

The proof of this result employs standard arguments, relying on the fact that the semi-linear
term diminishes to zero prior to reaching the candidate optimal stopping line.

Theorem 5.2. Assume that the value functions (vj)jcz satisfy (5.9), i.e.,
(i) v; > g;j on R for all j € Z;

(it) vj is twice continuously differentiable with uniformly bounded derivatives on the set {v; > g;}
and

L (.,vj(.),va(.),DQUj(.), (ng('))EEN) =0 on the set {v; > g;}, (5.10)

foralljeX.
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For an initial condition i € T, x € R™, define the stopping line 7" as

oy _ (i,z) _
T] = I/]]lngl(Jz,z) + Sj ]].jED,(,Z’Z) s
with

for 3 € Z. Then, 7" is an optimal stopping line, i.e.,

vi(x) =E H e gj (X%’z)’i) . (5.11)
ier ")

Proof. To simplify the presentation of the proof, we give the result for an initial label @. The
extension to any initial label ¢ € 7 is straightforward.
Step 1. We first assume that there exists some ¢ > 0 such that

gi(z) € [e, Ky, for z € RY (5.12)

for any i € Z. Define the process 7Z(?%) by

TZ§®7x) — Z 5(i’TiX§z,ac),i) )

ieTV{o®)
with
Y@ — P(Ew) \ @)
and
nxEDi = XTI for i e VO 5> 0.

We notice that the process 7Z(?%) satisfies (2.1)), with b’ (z) = l,<r,b(x) (resp. o%(z) = Ls<r,b(z)),
for (s,z) € Ry xR in place of b (resp. o), and Q*(ds, dz) = ]ligD(z,@ Q'(ds, dz) in place of Q?, for i €

Z. Using (5.12)), we apply apply Itd’s formula and ([2.1]) to the process HieTVﬁ.g’E) 6_7(5A7i*)vi(TiX§®’x)’i)
to get, from (5.10) and the definition of the stopping line 7,

Vg (IL’) =E H 677(3/\7'1‘*)1)7; (X(zvx):i)

A 7
Tk 9,z

Proceeding then as in the proof of Proposition (i), we are able to bound the process
Hig*v@,z) e~ VAT )y, (X(z’x)’l) by an integrable random variable that does not depend on the

*
SAT;

17



time s. Therefore, sending s to 400 and applying the dominated convergence theorem, we obtain

vg(xz) =E H e Ty, (X%gx)z>

. (2,x)
ZGLT*

Moreover, since v; meets g; at 7;, we get (5.11]).
Step 2. We now weaken ([5.12) assumming that g; € [0, K| for all i € Z. We next define for
e > 0 the value functions (vf),.; by (3.5) with g; + ¢ in place of g;. From Step 1, we get that the

i
stopping line 75*

(9,2)
igp@® T 5; ]lieD,E?”) '

E,%
7. =yl

with

v; :=inf {s > Sf’x) 05 (X (P20 = gy (X (@) 4 5} A Si(g’x) , forieZ,

)

is optimal for v (z). Using the same arguments as in the proof of Proposition we get that

g
Ui

a.s. to 7" for all « € Z. Using again the dominated convergence theorem, we get that 7* is optimal
for vy (x). O

(z) converges uniformly for (i,z) € Z x R? to the function v;(x). This gives that 7" converges

5.2 Viscosity solutions

The previously derived PDE reveals a deep interplay with the underlying tree structure, as it
couples the value function at node ¢ with those of its direct offspring i¢ for ¢ > 0. This coupling is
a fundamental aspect of the problem, as it captures how the hierarchical dependencies within the
tree influence the evolution of the value function.

We will prove that the value function is a viscosity solution of . This approach allows
us to characterize the value function through a PDE framework, which is particularly suitable
given the nature of the problem. It is well-known that solutions to optimal stopping problems
often lack strong differentiability properties, making classical solution methods inapplicable. To
address this, we adopt the notion of viscosity solutions specifically adapted to our setting, following
the framework outlined in Kharroubi and Ocello (2024, Definition 4.2).

Definition 5.2. Let u = (u;)ier such that u; : R? — R is a continuous function fori € T.
(i) w is a viscosity supersolution to (5.9) if, for (io,z0) € ZxR%, v; € C*(R?) fori € I, a constant
C >0, and a function @ € CO(R?) such that p; is nonnegative for i € T,

oi(x) <Cllp(x), forzeR?, iel, (5.13)
and

0 = (uiy — i) (z0) :anlﬁb (u. — ),
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we have
min{ — L{in, ) (w0) ; iol0) — gz'o(ito)} >0.

(ii) u is a viscosity subsolution to (5.9)) if, for (ig, z0) € Z xR?, ; € C2(RY), fori € I, a constant
C >0, and a function @ € CO(R?) such that p; is nonnegative, for i € I, (5.13) is satisfied, and

0 = (uip — pio) (z0) = max (u. —p.) ,

we have
min{ — L(io, ¢.)(20) 5 io(0) — gz‘o(%’o)} <0.

(i4i) u is a viscosity solution to (5.9)) if it is both a viscosity sub and supersolution to (5.9).

Theorem 5.3. Under Assumptions[A1},[A2,[A3, and[A] the value function v is a viscosity solution
to (5.9)-

The proof of this result is deferred to Section [7}

5.3 Comparison principle

We now provide a strong comparison principle for the obstacle problem ([5.9). To prove this results
we extend ideas of the usual comparison principle (see, e.g., [Pham and Wei, [2018} |Touzi, 2013)
with the use of (Claisse| (2018a).

Theorem 5.4. Let {u;}icz (resp. {vi}icz) be a bounded nonnegative continuous viscosity super-
solution (resp. subsolution) to (5.9)). Suppose that there exists a constant C > 1 such that

ui(z) < C and wvi(z) < C, (5.14)

for all (i,z) € T x R? and

v > a (MCC—1 - 1) : (5.15)

Then, under Assumptions cmd we have u; < v; for anyi € T on R%.

The proof of this result is deferred to Section [7]] As an immediate consequence of Theorems
and and Proposition (i) we have the following characterization of the value function v.

Corollary 5.1. Suppose that




Under Assumptions and v is the unique nonnegative viscosity solution to (5.9))
aM
bounded by exp <log(Kg) K,

We notice that the condition on v in Corollary is satisfied for v large enough.

Remark 5.2. In the case where the functions g; are the same, that is, g; = g, for i € Z, the same
property is inherited by the functions v;, i.e., v; = v, for i € I. We indeed have that (vij)jcz is a
viscosity solution to . Therefore, applying Thereom in the regular case, or Corollary
we have (vij)jer = (vj)jez, entailing v; = vy = v, for i € Z. In particular, we have that v is the
unique viscosity solution to

min{ —L (z,v(z), Dv(z), D2v(x)) ; v(x) — g(:p)} =0,

with

L(z,r,q, M) = %Tr (O’UT(QJ>M> +b(z) " q + afz) Zpk(x)rk — (a(z) +v)r,
k>0

for (xz,r,p, M) € RT x R x R% x 8¢,

6 Proof of DPP

6.1 Branching property

A key aspect for developing the optimal stopping problem we intend to study is understanding how
to condition with respect to the filtration generated by a stopping line. This what we present in
the following theorem, generalizing results such as those presented in Claisse (Lemma 3.7, 2018b)).

Theorem 6.5 (Branching property). Fiz an initial condition p € E and two stopping lines T =
(Ti)iez, v = (Vi)iez € SLM such that v; > 7; for all i € Z. Then, conditionally to the filtration F¥,
we have that the populations dev“ =5 0, X£) , fori € LY, satisfy

EITT IT #(xeh) 7| @

€LY kel k=i

=]IE 11 T <X2f<w>,wn(w)> )

i€Ly keL” ki

VT @)@ (@)’ T

(6.16)

“:6(1',X¢i<o>)
for P-a.a. @ € Q and any family (f;)icz of measurable functions from R® to R .

Proof. This proof is based on |Claisse| (Lemma 3.7, 2018b) that are generalizations to E-valued
processes of the pseudo-Markov property one provided in |Claisse et al.| (2016]).
Since T = (7;);c7 (vesp. v = (1;);c7) is a stopping line, 7; (vesp. v;) is a (F})¢>o-stopping time

for i € Z. This means that, for each i € Z, there exists an (), ,-optional time p; (resp. ;) such

t>0
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that
P(ri=p;)) =1 and .7:%. = Hﬁ,ﬁ vANE (6.17)

(see, e.g., Chapter II, Theorem 75.3, Rogers and Williams, [2000).
From (6.17), it is clear that p := (p;);c7 is a stopping line. Moreover, since 7 is a countable
set, we also have

P
LE=1, Pas., and FE = Hng VAN
with
i, =o({i¢ D} OH,,  i€T).
Since IP is a probability measure on the Borel o-algebra of a Polish space, there exists (Pg);cq
a family of regular conditional probabilties (r.c.p.) of P given Hﬁf + (see, e.g., Chapter 5 Section

3.C, [Karatzas and Shreve, [1991)). It follows from |Claisse et al. (Lemma 3.2, |2016)) that, for P-a.a.
w € Q,

Po (D4 = Dl (@) and
(6.18)
T =1 (@), Xi = = XM )((D), vj =v;(w), fori¢ DE, jii) =1,

7 (@

and

BT # ()| 7ol @) =% | T & (x| - (6.19)

jeLY jeLY

for any Borel functions f; : R — Ry, i € Z. From (6.18), v*(®) is a stopping line associated to the
initial condition § p
initial condition ( WX @ )>

Define Z* the sub-population generated by the branch i € LY, selected by the stopping line 7,

i.e.,

Zi= Y

'X#J
JEVE 1 i=] (j’ ”'“““rﬁ'))
k2

Since ZM satisfies the semi-martingale decomposition ([2.1), one get by following the same
arguments as in the proof of |Claisse| (Lemma 3.7,2018b)) that under Pg the process 7' satisfies the

semi-martingale decomposition ({2.1) with the initial condition § ( ) and drift and diffusion

Xt @)

73 (@)

coefficients of the branch j * ¢ vanishing after v;(w) — 7;(w), for any ¢ € L” @)

Using |Claisse| (Corollary 3.6, 2018b)), we get that the law under Py of Z' coincides with that of

the process solution to (2.1) with initial condition § ( XM (@ )) with drift and diffusion coefficients
(@)

of the branch j > i vanishing after v;(w) — 7;(w) for P-a.a. @ € Q. We deduce that the processes
7t i e L*, are independent under Py, for P-a.a. & € Q and, from (6.19), we get (6.16).
O
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This result resembles a branching property similar to the one studied in [Kharroubi and Ocello
(2024)). Such properties play a key role in understanding the probabilistic behavior of systems with
branching or splitting dynamics, as they allow the translation of the overall population behavior
from a macroscopic perspective to an individual-based, microscopic analysis.

6.2 Proof of Theorem [4.1]

Without loss of generality, we can suppose i = @. Fix a stopping line 8 € SL@%) and denote

v(z) on the r.h.s. of (4.8]).

Step 1. We first show that vy (z) < o(x). Fix 7 € SL?%). The idea to follow is to divide the
set L(Tg’x) between the particles that have already been stopped when looking at Lg,@’w) and the

ones that have not yet been stopped. It is clear that

1) — (1@ (pP u P ) u (L9 n (L uDP))

T T

We divide the branches of L(T@’m) between the ones belonging to D(gg’x) U L(g@’x) and the one in its

complementary to get

Jo(z,7)=E H e Mg, (Xga,a:),j)

jeri®®

—Tj ,x),J —YTj . ,x),J
_E 11 e TTig, (ng n) 11 e Vg, (ng )y)
jEL‘(rZ,z)\(DéZ,z)ULéZ,m)) jeLS_G,z)m(L(gZ,z)UDég,z))

(6.20)

By definition, we have 7; < 0, for j € ng’x) \ (Dég’x) U Lé@,z)). Therefore, taking the conditional

expectation given ]__e(ra,x)’ we get

1
—~7 @,x),j {05>75}
Jz(x,7)=E | | (e g, (X% x“))
jEL(TZ’x)\<Dég7$)UL(9g’x))

E H e Mg, (X%_@yx%]) Fy
@) (@) pee)
jer?n(LyMupi®™)
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Splitting the product on L(Tg’m) N L(g@’x) as

H e 1Tig (Xg?,x)yj>

jer®? L™

= H (e_VTJ'gj (X%_@vx)vj>)n{9j>ﬁ} H (e_VTJ'gj (X%_@vx%j))n{ejgj}

jeL?nLiP ™ jeL? L™

yields

AN Lo, >,
Jy(x,7) =E H <e—77jgj (X%?w)a)) {65>75}
jeL_(rZ,m)\DéZ,z)

Ao <r
E H (e_WTjgj <X7(_7_®7I)»])) (05575

jeL?nLP

- j Q7 7'
11 e g; (X%- ‘r)]) Fo
jer®*np{®)

As D(gg’x) is the set of all particles that belong to the direct descendants of particles in Lég’x), we

can decompose ng’m) N Dég’m) as

e apP? = ) {rerij<n}

jeLég,a:)\DS_G,z)

Combining this with Theorem we get that (6.20) can be rewritten as

ANLgr <o,
Jowr)=E| [ (e (x(0))
jert®*\ {7

o Trp. <o,
H <ef»yejjj (Xé]?,x)u’ﬂ,ej» {05<75} ’
jeL‘(QZ,z)\DS_Z,z)
with 77% the stopping line defined as

0.
77 () = (k= 05) Lry 29, + (+00) Ly <) (w Do, () *) »
for a fixed w € Q and for j € Z, s > 0. We see that 7% corresponds to a stopping line for the

initial value & ( from Theorem Therefore, from the definition of the value function v,

o (2,2),5
J,ng )
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we get

J@((L’, 7')
< E 777—]' X(gvx)d ]]-{Ti<9i} 7')/0]‘ X(@,I),] ]l{ezﬁﬂ,}
— H € g] Tj H (] Uj 0] R
jELS_Z,z)\DéZ,z) jELéZ,z)\DS_Q,z)
and

vg(z) <v(x) .

Step 2. We now turn to the reverse inequality. Fix an open ball B(z,r) centered in = € R4
and radius r > 0. Define the stopping line 6" as
07, :=inf {s >0: X2 ¢ B(:U,T)} NCERA Ség’x) ,

inf {s > Si(?’x) . x (P ¢ B(x, r)} AB; N Si(@’m) , if0) = S](.@’x) for any j < 1,
S‘(Z,x)

1 )

0"“ =

N

else.
Consider now the following function associated to the stopping line 6"

NN Lggr
- —vor {07 <)
Up(x) :== sup E | I (e 07y, (Xe(?’x)”)) =
TESL ieLgf’z)\D-(rQ’z)

Lir <or
— T 3 {"'i<9i }
I1 (e Vi g, (X;?x),z))
ieL\”"N\ D7)

By definition, for a fixed € € (0,1/2), we can find a stopping line 7¢ such that

T ; Tgor T&
'(_}r(l') S E H (e_wgi V; (Xé?’x)’z>> {913 1}

AR (6.21)

e A\ L{re<or
H (e—% i (Xgm,z)) tEeon | .

ieL\ 2"\ D7)

Consider now a partition { By}, of the closure of B(x,r) and a sequence {x, },, such that z,, € By,
for n > 0. We can find 74%» € SL£¥n) such that

vi(2n) < Ji(n, 7)) 4 £/3 (6.22)

for any ¢ € Z. Moreover, the proof of in Proposition shows that we can chose 70% € SL£(5%)
for each x € R? such that 79 = 74%n for 2 = x,, and J;(-, 7%") is a uniformly continuous function,
uniformly in the index ¢ € Z. Combining this with the uniform continuity of the value functions
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v;, uniformly in ¢ € Z, we get that the partition {B,}, and the points z, € B, can be chosen to
satisfy

max (Jvi(z) — vi(@n)| + | Ji(z, 757) = Ji(20, 7)) < /3, for z € B, . (6.23)

Define the following family of random variables 7 = (7;);ez by

Tit *= Tip forie LE.\ Dygr, L €T,
such that 77 < 07, and
X7 ,
To= 0+ 7, g, (Xg?““) . forleT,
n>0

for i € Lgf’x) \DS?’I), such that 0] < 77. Moreover, take 7; = Sj(.@’x) if j € 7 is not covered by the
previous cases.
Note that (7;)ier € SL?®) and, from (6.22) and (6.23)), we get

E H (e—w{w (Xg(m)l) ) Loy <rsy H (e—'yrfgi <X§‘“)’>) (<6}

€L\ D2 ieL 2"\ D§Z)
. Lrar o
— 0T )0 {07 <7}
<E H (e R [Ji (Xg(ir )  (Tie — 6:)€€I> +€D '

el N\ D)
v (.2)4) i<y
H e g (X5,
el N\ D7)

Following the same argument as in the proof of Proposition (i) and using Claisse| (Lemma 4.2
, 2018b), we get that there exists a constant C' > 0 such that

. Lsor— o
—~OT F,x)i - {07 <7}
T (o 5 (5 (e o) +]) 550

—67 2,2)i (= P<Ti NIl
= II (e (X577 (e = 0)eer ) ) < NpCVrLe,
ieLZ*N\ D7)
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with T := log(K)/~. Therefore, we obtain

r 1 Ligr<,e £ 1 Tirecpr
E H (e_»y@i Vi (Xo(?,:r)J,)) {67<78} H (6_77—1, gi <X7(-E®,w),z)) {re<ory

ieLl?*\DLZ) ieL!Z*\ D7)
_— (@.2)i (- r Loy <73
<E H e T i ( Xgr ™ (Tie — 07 )eex

ieL{7 N\ D)

- N\ N\ Lir<or _ S
I (o) | am o]
ieL "\ D7)
Using Theorem we get

) Lyor e
—~OT &,x),i - {07 <7}
E | | (e R Ji <X9(; ) 7(7_2'( - 0;)@61’))
ieL$7"\ D)

[T (o ()| =g | T oo (x57)

L@\ D7) ier@®
This yields that conclusion applying Proposition and sending ¢ to zero and 7 to +oc. O

7 Proof of viscosity solution properties

To prove the viscosity properties of the problem under consideration, we first understand how the
tree structure influences the evolution of the value function. This will yield to the characterization of
the value function. We begin by examining the following preliminary proposition. This result shows
that, under Assumption [A2] the operator £ is well-defined for bounded sequences of functions.
Additionally, it provides further insights into the behavior of the operator and its connection to
the tree structure.

Proposition 7.4. (i) Under Assumption the series y € R+ >, pk(@)|y* has infinite
radius of convergence for any x € RY.

(ii) Under Assumptions and[A]}, we have

Z|pk(y)—pk(ﬂf)\Rk —— 0, for R>0.

=0 |z—y|—0
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Proof. (i) Fix some R > 1. We then have

> pe(@)RE =) pr(x)el s

k>0 k>0

oa(R)
—Zpk(x)zklz(m

k>0 £>0

o L
= 3 P S o

>0 ’ k>0

log(R)" M,
=2
>0

<CVR

where the constant C' is such that C' > sup, 2°Mj.
(ii) Note that it is sufficient to prove the result for R > 1. Suppose then that R > 1 and let p
be the probability measure on N defined by

R—-1 1
p=—p5— D pEou
k>0

Therefore,

S 1pk(y) — pr(a)| RE = /N fry(k)dp(k)

k>0
where f,, (k) = 525 |pk(y) — pi(z)|R?, for k € N and z,y € R%. Assumption [A4|yields that

Joy(k) —— 0.
lz—y|—0

Moreover,

/ ey WPk = =2 S k() — pi(e) PR

k>0
< (zpk R4 S o).
k>0 k>0

Proceeding as in the first step, we get

/N\fw,y(k)ﬁdu(k) = 20VR

where the constant C' is such that C' > sup, 2°M,. Therefore, the family ( few)aye
integrable and we get the result from the dominated convergence theorem. O

rd is uniformly
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7.1 Proof of Theorem [5.3
Step 1: supersolution property. Fix (ig,z0) € Z x R? and let ¢ € C°(R?), C > 0, and
©; € C?(RY) satisfying (5.13)), for i € Z, and

0 = (viy — ¥io) (z0) = (ingleliznxw (vi — i) () (7.24)

Without loss of generality, we can assume i9 = @ and the minimum in ([7.24) to be strict in z. To

simplify notation and avoid unnecessary complexity, we omit the superscript {-}(g 20)

Consider, first, the following (trivial) stopping line 7%

7_giv =0, and T;riv = Sj, fOI'j S I\{Q} :

Combining it with (7.24), we get the inequality vz (x0) = @z (o) > ga(z0).
Fix h > 0. Define the stopping time 6" as follows

0" :=inf{t >0:X; ¢ B(xo,1), i€V} Ah.

We associated with the stopping time 6" the stopping line and define the following stopping line
" that gives either the exit time 6" or at the branching time Sy, in the case it arrives before this

exit time, 7.e.,

9;:: e_h/\Sg,
Sy, if " < Sy |
o = ¢ ' ? for { € N,
So else ,
o = S; for j € T\ ({2} UN) .

Therefore, from (#.8) w.r.t. the stopping lines §# = #* and 7 = 6", we have

|Vsz|71

_gh _
va(zg) > E e vy (Xgh) lghog, + H (e REL (ng)) Lgn>s,
£=0

Since we are considering a local branching, i.e., X ég =X g@_, we obtain

|V5@‘_1

_~gh _
vg(xg) > E |e 0" (X;) lgnog, + H (e 52y, (X?gf)) Lgnss,
/=0

V
=

_~ph _
e 0 Py <X§1> ]l§h<sz + H (e A/SZSOZ (ng_)) ]léhZSg

where in the last inequality we used ([7.24]), as the functions v; and ¢; are positive for j € Z. From
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the dynamics (2.1)) of the process Z, we get

vo(20)
[ k—1
) _
> E e g (th) Loncs, + ) _(apy) (Xé?,af) I1 (e 752 04 (nggf)) Lgn>s,
k>1 =0

= e (35,0, ¢ Xt (38 T (6% o0 (55 )) s,

k>1

=0
k—1
=k [y (X6, )+ X [ n) ) [[ e (o = o) (7) s

k>1

Applying It&’s formula, we get

0"nS,
z 1
/ e 7® <2Tr (UUTD290@) + (bTDQO@) - '79"@) (X7) ds
0

+Zjﬁwuﬁﬂﬁ€“m—w»mg®

k>1

0> E

Dividing by h > 0 both sides of previous inequality, from the mean value theorem and the domi-
nated convergence theorem, we have that —L (ig, ¢.) (zo) > 0.

Step 2: subsolution property. Fix (ig,z0) € Z x R? and let » € C°(R?), C > 0, and
©; € C?(RY) satisfying , for i € 7, and

0 = (vig — io) (w0) = A (vi — i) () - (7.25)

Without loss of generality, we suppose that igp = @ and take the maximum to be strict in  and
that

— =—0<0. 7.26
oo (ve — 0) () (7.26)

As for the previous step, we omit the superscript {-}(?:%0)
We argue by contradiction and assume that

2 i=min { ~ £(2,¢)(w0) 5 ¢a(w0) — galw0) } > 0.

From the continuity of the functions involved in the previous inequality, we may find ¢ > 0 such
that

—L(@,e (. —y))(x) > 0, (7.27)
(o — 92) (z) > 7, (7.28)
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for all s,y € [0,¢) and = € B(zg,¢). Note that

—( = — <0, 7.29
¢ agljié)(vz ¥)(r) ( )

as xo is a strict maximizer, where 0B.(z() denotes the boundary of B.(zp).

We now show that ([7.27)), (7.28]), and ((7.29)) lead to a contradiction of (4.8]). Define the stopping
time 0° as

G = inf{t >0: (t,X1) ¢ [0,€) x Be(xo) , i € Vt} .

As for the supersolution property, we consider the stopping line 6° as

9% = és/\S@,
Sy, if 0 < Sy ,
;= {7 ' @ for (€N,
So , else |
05 == S; for j e Z\ ({@} UN) .
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From and ( , we get
wm>E[n (e ()5 T (e (1)) )|

j€Lge\D~ JEL\Dge

a2 | L (0 ()"0 T ()0
J

j€Lge\ D+ JE€L-\Dge

= pg(zg) — E []1{9_5<Sz} ( ( >> {o=< g} e gy (X%))]l{‘rz<9%}:|

[Vsg |1
/=0

> polw) ~ & [y (7 (b0 (X2) = ) T pecry +¢ 700 (X2) 1oy )]
{{}
(n{m} (H (o (x2) - 5)) Flrp<sa)e g0 (X;v@)))]
> eo(a) B [ cspe ™ (o (X32) =€) Lgecray)

‘ng|—1
B {H{GOS@}H{T&S@} II e (W (ng) B 6)]
=0

—E [1{7@<55As@}e_w‘”g® (X%)} 7
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for any 7 € SL. Using ([7.28)), we get

va(zo) —E | ] (e*w?vj (ng.))IL =it ] (e—ng (ng))ﬂ{fa‘“?}

j€Lge\D~ JEL\Dge

> po(@) =B [Lggecs,yo " (00 (X7) =) Ljpcrny)]
Ve, -
—E | Ligesg, ) Lmozso) 11 e_%%(‘” (nga)_é)

~E [y cponsaye ™ (vo (X2) )]
> po(z) —E ﬂ{gsw<5g}e”(§5”@) (po (X2(0° N72)) = CANASA e)]

‘ng|—1

B Ltgenry>s0) H e_'ys‘z’(w(X?g)—cAnAé/\g)
/=0

= ou(z) — E H o= (°AToASg) (%‘ (ng) —CAQASA 5)
7’YEV@E/\Tg/\Sg

Applying Ito’s formula to the r.h.s. of the previous inequality, we have

$z(w0) — E H e 10 NTe e <<pi (ng) —CANASA 6)

i€Vge ATgASg

ég/\Tg/\Sg
=(AnANdNe+E / —E(@,e‘”s(go.—C/\n/\é/\e))(X?)ds] .
0

Therefore, since

v
o

0° ATz ASw
IE[/ e —L (2,67 (p. —(AnAS Ae)) (Xf)ds]
0

from ([7.27) and the definition of %, we can conclude that

. 1. 0
’U@(Qjo) —-E H (e_’yej ’Uj (ngg)) {ngTj} H (e—"{Tjgj (X?])) {Tj<9j}
jELZE \DT ’ jeLﬁ\Dge

> CAnASAe,

for any 7 € SL. However, since ( AnAd Ae > 0, we get a contradiction of (4.8]).
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7.2 Proof of Theorem [5.4]

Before establishing the comparison principle, we present the following preliminary lemma. In this
result, we examine the alterations in the PDE ([5.9) when a multiplicative penalization is applied
to the viscosity solutions. Take C' > 1 and s > 0, to be fixed later, and define ¢ : R x Z — R as

pi(z) = C(|z)? + 1)" (7.30)
together with the following operator

L:IxR*xRxRYxS8xRY 5 R

(z’,:c,r, q, M, (rg)geN) — %Tr (J(JE)JT(:B)M) + b(x)Tq
23yt L0 2(@) ‘W H e~ (a(a) + 3(@)r
k>0

with

ba) = b(z) + (““;D¢) () A= (b?’) (a) -

2¢1(z)Tr (O’O‘TD2¢) (x) .

We observe that the function b and 4 do not depend on the variable ¢ € Z, although the function
¢ does.

Lemma 7.1. Let {u;}icz (resp. {vitiez) be a bounded nonnegative continuous viscosity superso-

lution (resp. subsolution) to (5.9). Then, the functions {u;}icz (resp. {U;}iez) defined by

u;(x) = ui(2) resp. U;(x) = vi(7) x d
(o) = 2 (resp. i) = 20 s,

are bounded nonnegative viscosity supersolution (resp. subsolution) to

min {—Zi (:U,T)@'(:U),Dﬁi(x), D205(x), (i) ZGN)  bi(x) — f],-(:n)} —0, (7.31)

with §;(x) = gi(x)/é(x), for (i,z) € T x RY,

Proof. We prove the supersolution case, the subsolution case is proven with the same techniques.
Fix (i9, z9) € Z x R? and some test functions ¢; € C*(R?), for i € T, and ¢ € C(R?) satisfying

(-13) and

0 = (i, — $io) (wo )—IHXI}Rg(u - @) .

Therefore, for p; = ¢;p;, for i € Z, with ¢ as in (7.30]), we have

0= (uio - 901'0) (xo) - g%}i (u - ‘P~) .

Moreover, the condition (5.13) is satisfied with respect to the function @ = ¢p. Therefore, the
functions (g;);ez satisfy (5.9)). Dividing this equation by the positive function ¢ and applying the
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product rule, we get that the functions (@;);cz satisfy (7.31). O
Proof of Theorem[5.J} We assume to the contrary that there exists (2, j) € R? x Z such that
uj(z) —vj(z) > 0, (7.32)

for some § > 0. Take u; = u;/¢p; (resp. 0; = v;/¢p;), for i € Z, with ¢ as in (7.30). We take the
constant C' in ¢ satisfying C' > 1 and (5.14)-(5.15). We have in particular that

sup () <1, sup  U(z) <1.

(i,x) ETX R4 (i,x) ETX R

Since u; and v; are bounded and the constant x in the definition of ¢ is strictly positive, we have

lim (@ + :)(z) =0 . (7.33)

Combining this with (7.32), together with the fact that ¢ > 0, there exists (ig, z¢) € Z x R? such
that

Moy = sup  4;(x) — 0(x) =ty (20) — Viy(z0) > > 0. (7.34)
(i,7)ETx R4 ¢j(z)
For n > 1, consider
_ 5 5 n 9
M, = sup ui(z) — vi(y) — §]w —y*.
(i,z,y) ETx R4 xR

From ([7.33)), there exists (in, Tn, yn) such that
_ 5 B n 9
My, =i, (zn) — Ui, (yn) — §‘xn — Ynl”

From the definition of M,,, taking = y in the previous supremum, we obtain

< Moy < M, < 2. (7.35)
¢ (2)
This yields

g\xn — 2 <2. (7.36)

Using (7.35)) and ([7.33)), up to a sub-sequence, we can take i,, = i*, for some i* € Z and all n,
and (xn,yn) — (2*,y*), as n — oo. Therefore, ([7.36|) yields

lim |z, —y,|= 0 and z* =y*.
n—oo
Moreover, from ([7.35]), we obtain

n
lim —|z, — yn|® =0 .
n—oo 2
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Without loss of generality, we can take the maximization point in (7.34)) to be (i*, 2*), i.e., (ig, x0) =
(i*,2*). Therefore, as (z,,yn) € R? x R? is a maximizer of M, we may apply Ishii’s lemma (see,
e.g., Theorem 8.3, |Crandall et al., |1992)) and Lemma Therefore, there exist A, B, € S% such
that

<0

)

min {—ENZ-O (:En, Uig (Tn), n(Tr, — Yn), An, (ﬂioe(ﬁﬂn))geN) P Ui (Tn) — Gig (xn)}
min { Ly (3. i (U (0 = 9). By (e ) ) 5 o) = Gio ) | = 0.

A, 0 I, -I,
3 Ty < < .
3 laa < (0 —Bn> < 3n <—11d I )

If there exists a subsequence of {zy, }n, still denoted {xy, }», such that @;,(z,) — Gi, (zn) < 0, we

and

would get

[ttiq (1) = Gio ()] = [Uig (yn) = Gio (yn)] < 0,

for any n. This is, however, in contradiction with (7.35)), the fact that (z,,yn) — (x0,x0) and the
definition of (ig, x¢). Therefore, we must have

_Zio <$na ﬂio (fEn), n(xn - yn): An7 (ﬂioe(l‘n))geN) S 0 ) (737)

_£i0 (ym ’Dio (yn), n(wn - yn)a B, (6io£(yn))eeN> >0, (7.38)

for n large enough. Using a telescopic sum and the fact that the functions u; and v; are positive
and bounded by C, we have

> prlan) Hf ° W n) H tige(n) = Y Pr(yn) Hz 0 Gitly H Bige(yn)

= = Gilyn) -
k-1 ¢€(l‘n) /-1 k-1
= Aa+ > pulan) Y | T i) | Gieen) = Bioewa)) | TT vielwn) |
k>0 =0 TV \ = I=0+1

with

A=Y (or(zn) — pi(yn)) i ol Zf Hvzoz Yn) -
k>0
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Using that (i, 2, yn) is a maximizer of M,, and (7.35)), we have

E—1
Zpk(xn ]._[E 0 ¢1E wn Huzof xn Zpk yn H (bzf HU'LQE yn

k>0 k>0
k—1 (Z)

é

S An + Zpk($n Z z Hume :L'n uzo(l‘n) ’Ulo yn H ’UZOE yTL
h20 =R i=t+1
On the one hand, since
An] <3 Ipr(zn) = pr(yn)|C*,  forn>1,
k>0

applying Proposition (ii), we have A,, — 0 as n — +oo. We get

Zpk xn HE O wa xn H mZ $n Zpk yn HZ 0 ¢z£ H’Uloﬁ yn

k>0 k>0 ¢”L yn

k _
<A+ (men)c’f% - 11) (i (0) — g (4) -

k>0

Since C' > 1, from Assumption we have

—1 2%
Zpk xn -1 < Cilzpk xn C > Cilzpk Ln exp(Zklog(C))
k>0 k>0 k>0
1 (2klog(C))*
< -1 Zpk(xn) Z o
k>0 >0
1 (log(C))" ., c
< < _—
Seoi o YMesME—.
£>0
Note that
D¢(xz)  2kx
o(x)  |zP+17
2 T
D*¢(x) ~ k(s —1) xx Iy

o) P+ D2 T aEr 1

for © € R Therefore, b is locally Lipschitz and 4 — v is equal to a bounded function in R¢
multiplied by . This means that there exists x small enough such that

F(x) — oz )<MC€11> ;(fyd<]\_46€11>> >0,
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for all x in the neighbourhood of xg. Applying then ([7.37)-(7.38]), we get, for n large enough,

(30 = )V = D)y ) = (30) = alen) (3155 =1) ) i) <

- . T 1
() = b)) 7 (@0 =) + 5T (00" (@) Aw = 00" () B ) -
Sending n to infinity, we obtain

0> (3an) — atan) (3155 ~1) ) (o) — i)

However, from ([5.15) and for x small enough, the previous equation is in contradiction to ([7.32]).
]
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