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Abstract

This article explores an optimal stopping problem for branching diffusion processes.
It consists in looking for optimal stopping lines, a type of stopping time that maintains
the branching structure of the processes under analysis. By using a dynamic pro-
gramming approach, we characterize the value function for a multiplicative cost that
depends on the particle’s label. We reduce the problem’s dimensionality by setting a
branching property and defining the problem in a finite-dimensional context. Within
this framework, we focus on the value function, establishing polynomial growth and
local Lipschitz properties, together with an innovative dynamic programming princi-
ple. This outcome leads to an analytical characterization with the help of a nonlinear
elliptic PDE. We conclude by showing that the value function serves as the unique
viscosity solution for this PDE, generalizing the comparison principle to this setting.

MSC Classification- 60G40, 60J80, 35J60, 49120, 491.25
Keywords— Optimal stopping, branching diffusion process, dynamic programming principle,
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1 Introduction

Since its introduction in the late sixties in [16], [14], [I5] 28], the class of branching diffusion processes
received a great deal of interest. This object is used to describe the evolution of a population where
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we are interested in a special feature, e.g., the spatial motion, of identical particles that reproduce
at random times.

These processes are well-suited in capturing a dual level of interaction. A macroscopic dynamics,
marked by the branching aspect, is connected to a microscopic one, characterized by a stochastic
differential equation. By establishing a link between macroscopic and microscopic facets, these
dynamics prove applicable in a wide array of domains, from biology to finance. In the realm
of biology, they prove invaluable for modeling phenomena such as parasite infection within cell
populations (see, e.g., [2, 20} 21]). Conversely, in the financial domain, these processes are used to
characterize options related to cryptocurrencies (see, e.g., [17]).

In the study of branching diffusion processes, a fundamental question emerges: at what juncture
does it become optimal to halt such a process? This question delves into the determination of an
opportune point in time to stop the evolution of a branching diffusion. This research line echoes
the optimization of a given functional to trade-off between the diffusion and reproduction of these
processes and a possible degradation of the reward. By investigating the optimal stopping time
for branching diffusion processes, we aim to shed light on the decision-making process involved in
terminating these dynamical systems, thereby enhancing our understanding of their behaviour and
enabling more effective applications in various fields of study.

One possible approach to consider is looking at the entire branching diffusion process as a
whole, as done in [25], and finding a universal stopping time that applies to all active branches
simultaneously. This global stopping time serves as a comprehensive decision rule, enabling a
synchronized halt to the progression of each branch in the system, regardless of their characteristics
or temporal disparities.

Although the aforementioned approach has its appeal, it may not fully align with the intrinsic
structure of such processes. Indeed, the fundamental nature of a branching process, even when
studied as a collective entity, is fundamentally rooted in its ability to portray the trajectory and
dynamics of a singular individual. Therefore, while a global perspective may offer valuable insights
and provide a comprehensive overview of the system, it may inadvertently disregard the inherent
individuality of the branches.

This dual mode between the individuality of the single component as opposed to the wholeness
of the population is a key concept in cooperative game theory. For example, mean-field control
literature (see, e.g., [0, [7]) deals with the control of large-scale systems involving a multitude
of interacting agents, assumed to be rational decision-makers who aim to optimize their objective
functions. The goal is to find control strategies that maximize a specific objective at the population
level, which aligns with the optimal behaviour of each agent, influenced by the collective behaviours
of the entire population. An additional example illustrating the transformation of global behaviour
into individual optimization can be observed in [I1], [I7, 24, 25]. These studies prove how control
strategies are contingent upon the decisions made by each participant. Moreover, the concept of
the branching property emerges as a means to reduce the complexity of the problem, consequently
shifting the focus toward analyzing the dynamics of the individual agents.

To capture the decision-making process of individuals within a collective framework, we adopt
the concept of stopping lines. This mathematical object, introduced in [8, 9], serves as the coun-
terpart to stopping times in branching dynamics. Stopping lines are characterized by a subset of
the process’s genealogy, where no member can be traced back to another member, and we can see
their use in applications such as [19].



Although stopping lines have been used in previous studies, the exploration of optimal stopping
lines based on specific criteria remains, to the best of our knowledge, an open problem. This article
aims to address this research gap by directing our attention to this exact issue.

An application of this optimal stopping problem is possible in the field of finance, specifically
in the valuation of American options tied to cryptocurrencies (see, e.g., [13]). This modeling is the
one discussed in [17], in the case of super-replication. In the realm of biology, another pertinent
utilization arises in the optimization of halting infections caused by parasites, a model explored by
[2, 20, 21]. This application gains significance as the initial stage of a mutant invasion closely aligns
with the characteristics of a branching process, as expounded in works like [4, 3, [1]. In this phase,
critical stopping criteria become imperative, especially in the context of identifying the emergence
and detection of cancer.

Within a branching diffusion process framework, we look for the characterization of the value
function linked to an infinite horizon optimal stopping problem. Optimization is done over the set
of stopping lines, where each branch becomes eligible for halting only if no preceding ancestor has
been stopped before. We narrow our investigation to multiplicative rewards, similar to the approach
taken in [IT], 23]. Drawing inspiration from [I0], we prove a fundamental branching property. This
property provides conditional independence among the offspring branches subsequent to a given
conditioning time. This allows working within a finite-dimensional setting, distinguishing it from
the traditional approach that treats branching diffusion dynamics as measure-valued processes.
This framework, additionally, yields polynomial growth and local Lipschitz properties for the value
function.

We employ a dynamic programming approach to characterize the value function as a solution
to a specific Partial Differential Equation (PDE). Establishing an original Dynamic Programming
Principle (DPP), we extend the framework of the classical optimal stopping problem to our branch-
ing context. This outcome paves the way for an analytical characterization of the value function.

The corresponding PDE takes the form of an obstacle problem with a semilinear term, which
involves a polynomial series associated with the branching mechanism and value functions related
to offspring labels. Under the assumption that this series has an infinite radius of convergence, we
show that the value function is a solution in the sense of viscosity to this PDE. It is worth noting
that a global bound on the label for the test functions is needed within the viscosity properties.
This condition serves to retrieve the martingale property for the compensated jump component of
the branching diffusion dynamics.

To conclude the PDE characterization, we present a comparison theorem. The presence of
the semilinear term, tied to the value functions associated with offspring labels, introduces a
non-classical aspect to this PDE. We explore a multiplicative penalization, making the viscosity
solutions go towards zero in the spatial variable as a result of the previously demonstrated poly-
nomial growth. Then, using the assumption of vanishing rewards as the label goes to infinity, we
establish the comparison principle for value functions related to sufficiently large starting labels.
We finally extend this analysis to cover the remaining functions through a backward induction on
the size of the label.

The remainder of the paper is structured as follows. Section [2| presents a detailed description of
the model under examination, focusing on the characteristics of branching diffusion processes and
stopping lines. Additionally, we discuss the continuity of these processes’ trajectories and highlight
a crucial branching property that will play a significant role in subsequent sections. In Section



we introduce the optimal stopping problem and establish the regularity of the corresponding value
function. Section {4] is dedicated to proving the dynamic programming principle, while Section
provides the characterization of the value function as the unique viscosity solution to an obstacle
problem.

2 Branching diffusion processes formulation

Label set We start by introducing the Ulam-Harris notation. This is key in the description of
the tree structure of the problem, identifying immediately the genealogy of a particle. For n > 1,
we write i = i1 ..., for the multi-integer i = (i1,...,7,) € N". For n,m > 1 and two multi-integers
i=141...i, €EN" and j = j1...5m € N™, we define their concatenation ij € N*"*™ as

o= A indl e m - (2.1)

The evolution of the particle population can now be described with the help of the set of labels 7
defined as follows

+00o
7 = {ejulJN",
n=1

where the label @ corresponds to the mother particle. We extend the concatenation to the
whole set Z with @i = i@ = i, for all i € Z. For a particle i € 7T\ {&}, i = i1---i, with
i1,...,i, € N, we denote by i— its parent defined by ¢t— =41 ---ip_1.

When the particle ¢ = ¢;...4, € N" gives birth to k particles, the off-springs are labelled
i0,...,i(k — 1). By employing this method of generating the genealogy, we can establish a partial
ordering < (resp. <) by

i) & eI i=jt (resp. i < j= H e IT\{2} : i=j0),

for all 4,7 € Z. We say that ¢ € T is the parent of j € Z if j = i/ with £ € N. Moreover, if
i =11...1,, We say that ¢ belongs to the n-th generation of the population.
We endow Z with the discrete topology, which is generated by the following distance dz

dH(i,g) = Y Ge+1)+ Y. (Go+1),
l=p+1 '=p+1

fort =411, € N*,j =71 jm € N where p is the generation of the greatest common ancestor,
ie., p=max{f >1:1i, = j,}. We next write |i| := d(i,2) for i € Z. We define the following
generation function g : Z — N by g(&) := 0 and

g(i) == n, (2.2)

fori =414, € L with iq,...,7, € N.



Set of marked trees In the following, we will denote as tree the family tree of the population.
A tree ¥ is a subset of Z that satisfies the following properties: @ € WP,

ijew’ = iew’ for i,jeT,
and, for any i € w?, there exists v;(w”) € N such that
ilcw® = 0<<yW) -1, (2.3)

with the convention that v;(w®) = 0, when if ¢ w for all £ € N.
We denote QU the set of trees. We say that i € Z is a node of w° € Q° if i € wW?. For i € T, let
Q? be the subset of trees having ¢ as a node, i.e.,

Q) = {wOEQO : iEwO}.

3 .

We notice that Q? is the domain of the map v; introduced in (2.3)) for i € Z.
For m € N*, let Q! := C°(R,,R™) x Ry be the space of marked paths. We denote B (resp. p)
the projection map from Q! to its first (resp. second) component, that is

B(w!, s) := w!(s), p(wh) == wil,

for w! = (W% w!h) € Q! with W' € 010 and wW!! € QL.

The set of marked trees 2 is now defined as
Q = {w: (wo,(wil, Z'Gwo)) , W el wl 691},

and we denote 7° the canonical projection from Q to Q°. For i € Z, we set Q; = (7°)~1(Q?) and
still denote v; the map induced on €2; by 7° and (2.3)). For i € Z, we define the canonical projection
772-1 from €; to Q' by

0

F forw:(w,(w;,jEwO))GQi.

We can now extend B and p to €);, obtaining the map B; and p; as follows
B; := Bom}, pi = pom},

fori e 7.

One key property of trees that will be of se in the following is their self-similarity. This means
that, when we zoom on a node and look at its offspring, we still have a tree, up to re-indexation of
the labels. Therefore, we define the shift operator T; s, for 7 € Z and s € Ry, from €); to Q. This
operator is such that T; s(w) is the subtree of w starting from a particle ¢ alive at time s. More



precisely, we have

T (Tisw) = {§€T :ijer’(w)},
po(Tis(W)) = pi(w) —sApi(w),
B@( is(w),t) = Bi(w,(sApi(w))+1t) — Bi(w, s Api(w)) , for t € [s A pi(w), pi(w)] ,
B;(Tis(w)) = Bij(w), forweQy;, j#@,
pi(Tis(w)) = pijw), forwe Qy;, j#2.

Lifetime, birthtime and position. When dealing with processes indexed on a tree, we
have two notions of time to take into consideration. On one hand, the age of the particle, and
consequently its time of death/reproduction. On the other hand, the calendar time expresses a
notion of time for all the particles. Let S; be the birthtime of a particle ¢ € Z such that Sg = 0

and, inductively on the generations,
S = Si—+pi.

With this notion, which encodes the calendar time for the population, we write V; for the set of

alive particles at time t € R, defined by
Vi = {iEZ:Si§t<S¢+pi}. (2.4)

o-algebrae and filtrations. As o-algebrae describe the information we can access, we need
to define filtration that will match the tree structure. First, on Q', let H' = (%'(t))icr, be the
right-continuous filtration generated by marginal projection B and progressively enlarged by p

H'(t) == [)o(Bolpcs, s<t+e), t>0.
e>0

Then, on €, take H; = (H;(t))ier, to be the filtration associated with the evolution of the branch
with label ¢, i.e.,

Hi(t) = () ' (H' () fort € R, .

As done for the birthtime, we consider the o-algebrae associated with the ancestors of a particle
i. Let Gy be the completed trivial o-algebra on ). For ¢ € Z, we consider the o-algebra G; on §2;
defined inductively by

Gi = 0(Gi—, Hi—(pi=)) N .

Finally, we introduce the filtration that stores all the information of the ancestors up to calendar
time ¢ € Ry. Let A; = (A;(t))icr, on Q; be

Ai(t) = o(Gi, Hi(t)), forteRy,ieT.

We observe that B; and Z; are A;-adapted for i € Z. We endow {2 with the o-algebra F generated



by G; for i € T.
Finally, we consider the filtration F = {F;};cr, generated by all the particles alive, with respect
to the calendar time ¢ € Ry

Fr=0(Ai(t—S;):1€V) .
Stopping lines A stopping line is a collection of maps (7;, i € Z) such that
(i) 7 : Q; — Ry is a A;-stopping time for all i € Z,
(ii) the random set L, defined by
L;(w) = {z cm(w) : 0< m(w) < pi(w)} , weN,
satisfies the so-called line property, i.e.,

j<iand i€L, = j¢L; fori,jeT.

This last property tells that the set L, cannot select two particles if one is the ancestor of the
other.
We denote the set of stopping lines SL. For 7 € SL, we define the set D, as

D, = {i€eT :3jel,j=<i,jeLl},

which corresponds to the set of strict descendants of the line L,. As for stopping times on the real
line, the o-algebra F. related to a stopping line 7 is defined as

Fr o= U({i ¢ Dy N Ai() . ieI) :

With respect to the filtration F, we see that JF; corresponds to the filtration generated by the

stopping line 7

Tt = t—Si if’iEVt,

T = p, else.
Moreover, we have L.+ = V.

Probability law and branching property We turn to the definition of the probability
measure P on (2, F). We follow the construction of [22] for Galton Watson Processes and extend
to Brownian branching processes as done in [I0]. Consider the auxiliary space

I
O = (CO(R+,R’") Ry X N) ,
endowed with the o-algebra

Fo= (B(CO(R+,R"Z))®B(R+))®N)®I.



Then, define on (2*, 7*) the probability measure P* by

P = (IP’O ®E(a)® an&{n})@I ;

neN

where P stands for the Wiener measure on C°(R, R™), £(«) is the exponential law with parameter
«, and py,, with n € N, is such that p, € [0,1], for n € N, and ) _ypn = 1. For i € Z, define on
Q* the projections v}, B and p; as follows

Bi(w") = ]! € C'(R4,R™),
piw) = w? e Ry,
vi(w*) = w:’?’ € N,

for w* = (w:’l,w:’2,w;’3)iez e 0.

Let @ : Q* — Q be the map such that ®(w*) is the tree of 2 starting from Bg(w*), for
w* € QF and each node i € Z has v (w*) offspring with B;O,...,B;‘(V;(w*)_l) trajectories and
Pigs -+ p;‘(y_*(w*)_l) respective extinction times. We endow (€2, F) with the probability measure P,
which is defined as the image measure of P* by .

We have the following result on the laws of B; and p; for i € Z.

Proposition 2.1. Given Q;, v;, Bj and p;, j =i are independent and follow respectively the laws
> Pndinys PO and £(a) for any i € T.

Proof. Fix i =iy ...i, € T with iy,...,i, € N, Aj x B; € B(CO(Ry,R™)) x B(Ry) for j <4 and
k € N. We then have

P((Bj,pj) € Aj x Bj, j 2i,vi=k|[Q) =
P((Bj,pj) c Aj X Bj ] R, v = k, vg>i1+1,..., Viy . ip_1 > Zn—{—l)
Plvg >i1+1,..., Vi, =in+1)

P*((B},p5) € Aj x By ,j =i, v =k, v >in+1,..., v, >in+1)
Py >ir+1,..., v5 ;| >in+1) B
Dk H]P’O(Aj) / ae” ““du
PRY B;
where the last equality comes from the definition of P*. O

Branching diffusion processes We can now define the object of diffusion processes on trees.
Let b: RY - R?% and o : RY — R¥™ be measurable functions and z € R? a starting point. Let
X4 be defined on 2 by

Xz0) = =z (2.5)
dXZ(s) = b(X5(s))ds+ o(XZ(s))dBg(s), s>0, (2.6)



and X7, i € Z\ {@}, defined on §; by

X7(0) = X (pi-)
dX (s) = b(X (s))ds+ (X (s))dBi(s), s>0.
The branching diffusion process starting from z is a map X% :  — € such that
w0 (X*(w)) = W) = °
and
pio X*(w) = pi(w),
Bijo X*(w) = X{(w),

for i € Z and w € ;.
We make the following assumptions on the coefficients b and o and on the law p = (pg)r>0-

Assumption A1l. (i) The functions b and o are Lipschitz continuous, i.e., there exists a constant
L > 0 such that

[b(z) = b(a)| + |o(z) — o(2')] < Ll -4, (2.9)

for all z,2' € RY.
(11) The coefficients (px)r>0 satisfy

M = kak < +o0.
k>0

We recall that the generation function g is given by (2.2]).
Proposition 2.2. Suppose that Assumption holds.
(i) There exists a unique process (X7)ier solution to ([2.5)-(2.6])-(2.7)-(2.8)).

(i1) For p > 1, there exists two constants oy, > 0 and Cp > 0 such that

7 g(i)+1
E| sup [X7(s)P|| < | D (C)F ) (1+]al) (2.10)
s€[0,p4] ] k=1
E| sup |X[(s) = X7 (s)P|u] < (Cp)* Dz — a7 (2.11)
SE[Ovpi] i

forz,a’ €RY, i €T, and a > a.

Proof. (i) Since B; follows P? given 2;, Assumption (1) gives the existence and uniqueness of a
process X; defined on €; satisfying — for all i € Z (see, e.g., [18, Theorem 2.5.7]). This
ensures the good definition of the map X*.

(ii) We prove — by induction on the generation. Fix x,2’ € R%. From [I8, Corollary
10, Section 5, Chapter 2| and [I8, Theorem 9, Section 5, Chapter 2], we have that there exists a

9



constant C'p > 0, which depends only on ¢ and L from the growth condition consequence of (2.9)),
such that

E

sup ‘Xg(s)‘Qp] < C'ptp_leépt (1 + \:U]2p> ,
s€[0,¢]

E [sup \Xz,<s>—xg<s>\2p] < Gt (lo—a'|”)
s€[0,t]

for t > 0. Since By and pg are independent and pg is distributed as an exponential random
variable with parameter «,, we have that

oo —
E| sup |XZ(s)|*’| < Cp/ tP~LeCrt et (1 + |:E]2p) ,
SE[O,pg] 0
/ = x5 2
E| sup |XZ(s)— XZ (s)|*"| < Cp/ e“rlae Mt |:U - x" v
SG[OJ)Z} 0

Therefore, define oy, := Cp, + § for § > 0, from comparing the previous expression with the gamma
distribution with parameters p and 6, we get (2.10)-(2.11), with C, := %F(q) for a > ay.
Therefore, the property holds for the label @.

Suppose that (2.10)-(2.11) hold for all labels up to generation n — 1 with n > 1. Fixi € Z
with g(i) = n. We notice that, given ;, the process (Xf(s))szo (resp. (Xf/(s))szo) is a diffusion
process starting from X7 (p;—) (resp. X7 (pi—)) and driven by B;. From Proposition H X¥ (pin)
(resp. Xf_/(pi_)), B; and p; are independent. We can therefore apply the arguments used for the
label @ and get

[ s IxiG7j0] < o (1rE[IxEGojal)
E| sup [X7(s) = X7 ()| < GE|IXE(pim) = XE(pim) |

5€[0,p4]

Using the identity ©; = Q;— N {v;— > i, }, together with Proposition we obtain
x 2 - 2
E[IXE(o)]0u] = E[IXE(i)]]

E ||X7(pim) = X (pim) | X (pim) = X (pic) 2P| i

Q] _ &

Finally, combining this with the induction assumption, we entail the result.
O

We shall assume in the sequel that o > a4. We now study the law of the shifted diffusion trees.
The following result provides a conditional independence property also called branching property.

Theorem 2.1 (Branching property). For a stopping line T = (7;)icz, given Fr, the shifted diffusion
trees Ty -, 0 X*, i € L., are independent and follow the law of a diffusion tree starting from X (7;).

10



Moreover, we have

H fZ [ sTq © XI ] H ]E sz Y (2'12)
i€Lr icL, zi=X7(7i)
for any family (fi)iez of non-negative F-measurable functions.
Proof. Let (X*);cz be the process such that X3 is defined on Q* by
Xz 0) = =z, (2.13)
dX;*(s) = b(X;*(s))ds+o(X;"(s))dB;(s), s>0, (2.14)
and X%, i € T\ {@}, is defined on Q* by
XF(0) = XF(oi), (2.15)
dX;*(s) = b(X;*(s))ds+ o(X;*(s))dB;(s), s>0. (2.16)

We have X*(®(w*)) = ®(X;*(w*)) for all w* € QO as P = P* o 1. Applying [27, Theorem
10.4], X} can be written as

Xi(s) = WX (pi-),Bi)(s), s=0,

for some progressive function ¥ : R? x CO(R,,R™) — CO(R,, R?). Still using [27, Theorem 10.4],
we get that W(X(p}_), B}) is also solution to (2.15)-(2.16). We therefore get by an induction
that X* = (X (o), BY).

For i € T and s € R, we define the translation map T : Q" N {p; > s} — Q" by

By (T} (w*),t) = Bj(w* t+s)—Bf(w",s), (2.17)
B} (T}, (w"),t) = Bjj(wt). j#9, (2.18)
Po(Th (W) = piw) —s, (2.19)
p5(Tr(wh) = piw"), j# 2, (2.20)
Vi (T7 (W) = v(w*), (2.21)
for j € 7 and t € Ry. Then, the operators T; s and T}, are related by
Tiso® = ®oTy, on &' (Un{s<p}), (2.22)

for i € Z and s € R;..
Fix now a stopping line 7 = (7;) ez and define the map 7* = (7");ez by
75 = 10® on ®N(Q).

)

Also take the random set LY. as follows

L (W) = {iewo@(w*)) : OSTi*(w*)<p2‘(w*)}
= L (®w)),

11



for w* € Q*. In view of (2.17) to (2.21) , the maps 7 . o X**, ¢ € L}. are mutually independent
given F. = ®1(F,;) and the law of T} . o X** given F. is given by

L(T . 0 X*|FL) = L(X™)

1, T

z=XT
T T;k

Since L}. € F}., we have

Frl = TTE ™)

i€B

E' [H filTE e 0 X°0)

i€B

x;=X"(1})

on {B C L.} for any finite subset B of Z. Using ([2.22)), we get

i€B i€EB v
on {B C L;} for any finite subset B of Z. Since L. is F,-measurable, we get the result. O

3 The optimal stopping problem

Prior to delving into the optimal stopping problem, we consider a modified version of the preceding
scenario. Specifically, akin to the standard context, we incorporate an actualization component.
This discount is applied to each branch, aligning with the type of cost function observed in [11]
within the context of the optimal control setting. This augmentation involves the introduction of
an extra temporal dimension into the previously introduced framework.

Let us now extend the dimension of the problem to R%*! instead of R?. We consider elements
of this space to be denoted as & = (3 ), with x € R? and y € R. We define now each particle

Xf = (;ig) to satisfy -, with respect to (l;, 5) defined as follows
b@) = ("), a@=("%) .

with b and o satisfying ([2.9)). It is clear that under these assumptions, we have that Y (s) = S;+s.
Fix now the functions g; : R* — R, for i € T satisfying the following assumption.

Assumption A2. (i) The functions g;, for i € I, are non-negative and vanish uniformly in x
as i goes to o0, i.e.,

lim sup gi(z) = 0. (3.23)

[i] =400 pcRrd

(i) The functions g;, for i € I, are Lipschitz continuous uniformly in i € Z, i.e., there exists a
constant L > 0 such that

l9i(z) — gi(2")] < Llz—a'l, (3.24)

for alli €T and x,2’ € RY.

12



Remark 3.1. The initial assumption captures a degradation in reward as we extend farther from
the parent particle, considering both the generation and the number of offspring. This setup enables
the formulation of a system of differential equations indexed on a tree, similar to the approach in
[17]. This kind of assumption can be also seen in biological applications like [20, [21], where repro-
duction is associated with the transmission of parasites from mother to daughter cells. Consider a
binary division scenario, i.e., po,p2 € (0,1), and po + p2 = 1. The parasites’ partitioning kernel
at division can be modeled in two way: either by a discontinuation of the starting condition
by a factor 6 taking values in [0,1], as in [20, [21], or by considering a discontinuity of the reward
function from mother to daughter.

In particular, set this discount from parent to child to be deterministic and, for example, equal
to % If g € CO(R%; R ) represents the infectiousness rate for the cell labeled @, we define g;, for
1€, as

This different point of view could correspond to a deterministic parasites’ partitioning kernel at
division.

Fix now a constant v > 0. For the label @, we define the reward function Jgz by
Jolw,7) = E|[[ e Wg(x7m)| = E|J] e g (x7(m)] .
JEL~ JEL~

for z € R? and 7 € SL. Consequently, using the symmetry highlighted in Theorem we define
the reward function, starting at ¢ € Z, as follows

Ji(x,7) = E H e_VYJ'O(TJ')gij (ij(Tj)) = E H 6_7(51+Tj)g¢j (X;-C(Tj)) , (3.25)
JEL+ JEL:
fori € T, r € R% and 7 € SL. Let v; : [0,7] x R? — R be the following value function

vi(x) = sup Ji(x, 1), (3.26)
TESL

for i € Z and z € R%. Our goal is to provide an analytic characterization of the family of functions
(vi)iez. We first state the basic properties of this family.

Proposition 3.3. Suppose that Assumptions and hold. There existy > 0 such that for any
v > 7, we have the following.

(i) The functions v; are well defined, nonnegative and there exists p > 1 and a constant C > 0 such
that

0 < wv(x) < C(1+1zlP), foriel, zeR?. (3.27)
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(ii) There exists a constant L > 0 such that
vi(x) —vi(2))| < Lz —a| (L+|2fP +|2'|F), fori€Z, z,2" € R% . (3.28)
(iii) The functions v; vanish uniformly in x as i goes to oo, i.e.,

lim sup v;(z) = 0. (3.29)
il =00 zeRrd
Proof. We suppose ¢ = @&. The general case for i € 7 is proven by renaming the functions g; with
gij for any j € I.
(i) Fix z € R% and a stopping line 7. Let N be an integer such that

1
sup gi(z) < 5, (3.30)
z€R4 2
for |i| > N. Then, we have
E H e (SitTi) g, (XF(m))| < E H eV (SitT) g (X7 (7))
€L, 1€ L. |i|<N
We notice that
#{ie L., Jil <N} < #{ieZ|ii<N}:=N<cx, (3.31)
where # stands for the cardinality of the set. Therefore, using the inequality
P P
Hai < Zaf, for p e N\ {0}, a1,...,ap € Ry, (3.32)
i=1 i=1

we get,

E

HN(Sﬁmgi(Xg(ﬂ))] < ¥ E“gi(Xf(Ti))‘N}Qi}P(Qi).

i€L, i€T,|i|<N

Using Assumption (ii), we get a constant C' such that

E

Hgi(ng(n-))] <c Y (t+E[xrm)Me] ) re) .

i€L, 1€T,)i|<N

From ([2.10]), there exists a constant C’ such that

E

I1 e—“&“ﬂgi(xsfm))] < O(veleY).

€L,

for all z € R%. Therefore, Jy(z,7) is well defined for any € R? and 7 € SL and we get (3.27)
with p = N.

14



(ii) Fix 2,2’ € R? and a stopping line 7. We have

H 6*7(Si+ﬂ) (X*(1)) H e~V (Sit7i) (Xf'(n)>u .

|J®(x77)_*]®(xl77-)‘ < E[
iEL-r ’LGLT

Consider |7| = sup{|i| : ¢ € L;}. From Assumption (i), we have
Jo(z,7) = Jzy(a',7) = 0 on {|7] =+oc}.

We now work on {|7| < +o0}. Using the inequality

P P

Hai_Hbi < Z\az b\Ha] H b;

i=1 1=1 = j=i+1
< Z\al—b|Ha]\/bJ,

Jsﬁz

for p € N\ {0} and ay,b,...,ap, b, € Ry, we have that

I =5 0576 - TT 57 o)

€L, €L,

< S| I e (a(X5m) v ai(XF () | e g (XE(m) = gl XE ()]

i€L, | j€Lr,
#i,|jI<N

with IV as in (3.30).

Taking expectation in the previous equation and applying Cauchy-Schwarz inequality, we get

1/2

| Jo(z,7) = Jo (', 7) ZE H o—27(Si+7)) <}g( (75 )’ v gz(Xf/(Tj))r)

i€ | jelr,
#i,|7|<N

E [6—27(5#77)

, 2 1/2
s (XE ) - (X ) e, |

Let C' denote a positive constant which may change from line to line in the next computations.
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Using (3.32)) we have

, 2
E H o—27(S;+75) <‘gi(Xf(Tj))|2 v g,-(Xf (T]))’ ) <
JjeL~,
j#4,|j| <N -
(St N 2N / 2N 2N 12N

j€L~,
70,4 |<N

where the last inequality comes from Assumption (ii) and (2.10)). We therefore get

|J®<m77> B J@(x/’T)‘ = C (1 + ‘x’N + ’$/’N> ZE [6_27(51‘4-77)
1€T

Therefore, we obtain (3.28)) if we prove that there exists v such

Z e~ 2v(SitTi)

1€l

E

9: (X7 (3)) — gi (Xf/(Tz‘))r] < Clz—a). (3.33)

for any v > v and 7 € SL.
Using (3.24)), the Lh.s. in (3.33]) can be written as

E| Y e g, (XE (7)) — g: (X7 (7)) ‘2]
€L
< CZE [e—zv(SiJm) X5 () — XF (%) ? L‘eLT]
€T
1/2 4 1/2
< CY E [e‘% Q] E [’X}(Ti) — X¥ (73) Q} P (%) ,
€L

where, in the last inequality, we applied again Cauchy-Schwarz inequality and used {i € L} C ;.
For i =41 ---i,, we have that

P(Q) =P (vp > i1, Vigiyy Zn) = [ D o | | D Pk | =Pir - Pis,
k>iy k>in

with py := Zkz ¢ Pk for £ > 0. Moreover, since S; is the sum of n independent exponential random
variables with parameter «, S; is gamma-distributed with shape n and scale a. This means that
its exponential moment is given by

16
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Combining these two results with (2.11f) for p = 4, we get for a constant C' > 0

E [ Z 6727(514’7‘1‘)

1€l

’ ’ 2

9i(X{ (1)) — 9: (X7 ()

< CZ a+4’7n/2 Zp“ Zﬁi" n—H/Q‘x /|2

31>0 in >0

n/2 prnom/2
< C Z% lz —2')? .
n>0 (Oé + 47)”/
Therefore, for v = % + 6 for § > 0, we get (3.33) and, a fortiori, (3.28)).

(i4i) The condition (3.29) is a direct consequence of Assumption (A2]).
O

We shall assume in the sequel that v > v and we denote B = e~ 75i+s) for s > 0 and i € Z.

4 Dynamic programming principle

In this section, we aim at showing the dynamic programming principle for the previously introduced
optimization problem. To attain this objective, we will leverage the established regularity of the
value function as proved in Proposition and approximate the value functions using e-optimal
stopping lines. This technique is widely employed in the stochastic control literature (see, e.g.,
[11, B]) when minimal regularity conditions of the value function are known. It serves as an
alternative approach, circumventing the need for measurable selection results, which can often be

intricate and complex.

Theorem 4.2. Under Assumptions[Ad], [A2, we have
vi(r) = sup E H <ﬂgjvij (Xf(@))) = H (BTngJ (X (T]))> T (4.34)
TESL | ieL,\D; JE€L\Dg

for any x € R* and § € SL.

Proof. Without loss of generality, we can suppose i = &. Fix a stopping line 6 and denote v(z) on
the r.h.s. of ([£.34). We first show that vy(z) < 9(z). Fix 7 € SL. The idea to follow is to divide
the set L, between the particles that have already been stopped when looking at Ly and the ones
that have not yet been stopped. It is clear that

L= (LT \ (Dg U L@)) @] (LT N (Lg U Dg)) .
Separating the stopping line 7 between the branches that are stopped before and after 6, we get
[H Br.9i (X7 (7 )] = E I seaxi@) ] 290 (X7 (1)) | (4.35)
i€L 1€L-\(DpULyp) 1€L-N(LeUDyg)
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Taking the conditional expectation given Fy, we get

Fo

E| ][] Arg: (XP(m ] = E I[I sLaxim)E II 701 (X7 (1))

i€l iGLT\(DQULg) iELTﬂ(LQUDQ)

We have by definitions that 7; < 0; for i € L; \ (Dg U Ly). Therefore, we get

E[Hﬂ;gmﬂn))] - | [ Gacre)'eerel [ e (xEe)

i€Lr 1€L-\(DpULyp) 1€LN(LyUDy)

We split the product on L, N Ly as follows

H Bl gz z)) = H (B,Zrzgz (ch(Ti)))]l{GPTi} H ( %92’ (Xlgv(n)))]l{é)ién} )

i€L,NLg i€LrNLg i€LrNLg

This gives

E| ] 8.9 (X7 (7)

i€L J

E H (5%91‘(Xf(n)))1{9i>”}1€ H (5iigi(Xix(Ti>))1{9igTi} H BLgi (X7 (7))

€L \Dy i€LrNLy i€L,NDyg

Fo

Notice that

L.nDy = |J {jeLlr:i=<j}.
iELg\D-r

Combining this with Theorem we get that (4.35) can be rewritten as

[IIﬁZ% Ti)

i€l

i€L.\Dg i€Lg\Dr
with 75% the stopping line defined on QN {7; > s} as
Tés = (Ti = 8)Ls<ri<p + (pi = 5)Lr=p,
and T;’S =T, for j € 7\ {@}. From the definition of the value function v, we get

< E| ] (hoxr@n) o=t T (8o (X7 6:) o=

i€L-\Dy i€Lo\D,

[IIﬂnw 7i)

ZELT

and

IN
1

—
8

~—

vy ()
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We now turn to the reverse inequality. Fix an open ball B(x,r) for » > 0 . Define the stopping
line 6" by

0, = inf{s>0:X3(s) ¢ B(z,7)} Nz A po,
oo {inf {s>0:X7"(s) ¢ B(z,7)} NO; A pi, if 0% = pj for any j <1,

' 0! = pi, else.

With this stopping line, consider the following function
B ; Loy <m} ; Liri<or
o(z) = swE| [] (,@;{vi (X;f(eg“))) [T (8o (xp(my) o=
TESL | icL\Ds i€L\Dor
Fix some ¢ € (07 %) By definition, we can find a stopping line 7¢ such that
_ ; Loy <rsy ; Irs<ory
@ < E| T (Bhodxren)) [I (Beaxie) e (4:36)
iELg'r\D.,-E iELTs\DgT

Consider now a partition { By}, of the closure of B(z,r) and a sequence {z,}, such that z,, € B,
for any n > 0. It is clear that we can find 75" € SL such that

vi(zn) < Ji(Tn, T™) + /3, (4.37)

for any i € Z. Moreover, the proof of (ii) in Proposition shows that J;(-,7) is a continuous
function for any i € Z and any 7 € SL, and, from , have that J; vanishes for ¢ that tends to
infinity. Combining this with the continuity of the value functions v; for ¢ € Z, we have that the
couple (x,, By,) can be chosen to satisfy the following

max (Jvi(x) — vi(zn)| + | i (2, 7™) = Ji(20, 7°)]) < /3, for x € By, . (4.38)

Define the following family of random variables 7 = {7;(2)},crd icz Dy
Tu(r) = T,
for x € R% and i € L,- \ Dgr such that 77 < 0] and ¢ € Z, and

#(z) = 00+ 75"p, (z), forzeR?,
n>0

Tie(x) = TZ’"]IBn(x) , for z € Rd, e \{o},
n>0

for i € Lgr \ Dre such that 6] < 77. We observe that (7;);ez, defined by

T o= T(XE), i€l

19



is a stopping line and, from (4.37)) and (4.38)), we get

Bl I (o) ™ I (#eweie)

i€ Lgr \D.,-E i€L. e \Dgr

IN

Bl T (8120, Gader) +2)) 5 T (Bl (XER))

i€Lgr \D;— iEL;—\Dgr

From Assumption [A2] (i), there exists N € N such that

1
sup |gi(z)| < 3
z€RC
for i ¢ Iy where Iy :={j € Z : |j| < N}. We then
Lo
i) < Sl ¢ T

for any € R% and 7 € S, where N = #Zx. Moreover, from Proposition there exist C > 0
and p > 1 such that

iz, )| < CA+|zP) i€ Iy,
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for any € R? and 7 € SL. We therefore get from the inclusion—exclusion principle

II sl (7@ 7 +e) < I B (XPOD, 70+ 2 (HﬁégJi(Xf(GZ),ﬂ)) g#bor\

i€ Lgr i€ Lor ACLgr \i€A
< 1 867 (XF65),7)
i€Lgr
1\ ##
Y MMaspepers(y) et
ACLygrNIyn , i€EA

BCLyr ﬁZICV , AUB# Lgr

11 B Ji (X7 (67),7:)

i€ Lgr

+TLa+Ixz@nP) ((0 + et (D)

1€IN

otz (LY
2

11 e i (XF07),7)

i€Lgr

I 7 1 #LQTmI]cV 1 #LQ’I‘HIJCV
s [Tasixenm( o ((G+e) = (5)

i€LN

1\ #Lor TS, -
; <2) ((C +ey#tonty — c#torran) )

IN

#Lor NI,

IN

Since € € ( 7) and #Zn = N, we get
IT 0 (s xz@, 7 +2) < T B (X2 7) + ((C+ )N+ N©+ 1Y) TT (1 +1x70)1P) |
i€ Lgr i€ Lgr i€ln

This means that the previous computation, together with (4.36)), (4.37)), and (4.38]), implies that

B TT (8 xzo) 7 T (8o GGen)

i€ Lgr i€l

IT (8 xz@p.z)) =TT (Baxen) o

i€Lgr i€LF

IN
&=

+((C + 1)V L N+ 1)1%)1@ T 1+ 1x700)1P)

1€LN

Using Theorem we obtain

i Trgr<z ) o
2| IT (B xeen,n) " IT (8 0 o=

i€ Lgr i€Llx

Hﬁ gz Xsz ] .

icLz
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From Proposition (ii) and the definition of the stopping line 6", there exists a constant still
denoted by C and an integer ¢ such that

E|[Ja+xPEDP)| < cl+lal?,

i€LN

for all z € R?. Therefore, we achieve

B T (B xze) 7 T (8o (i) 0| <

iELgT iEL‘r
E [T Bho (X)) | + ((C+ )Y+ N(C+1)e) O+ [af?).
i€Lz

and

o.(z) < v@(x)—i—a—l—((C—I—I)Na—i—N(C—i—l)NE)C(l—i—]ac]q).

Since ¢ is arbitrarily chosen in (0,1/2), we have o,(x) < vg(x). Letting r go to infinity, from

Assumption Proposition and (3.27)), we deduce that v(x) < vg(x).
O

5 Dynamic programming equation

The value function associated with an optimal stopping problem is known to be the solution to an
obstacle problem (see, e.g., [29, Theorem 4.5] and [26, Lemma 5.2.2]). We prove in this section a
similar result for our value function. To this purpose, we consider the following operator £

L RIXxRxRIxSExRY 5 R

k-1
1
(@, 7,0, M, (ro)een) = §T1" (UUT(l‘)M) +b(z) p+ aZpk H re — (a+~)r,
k>0 (=0

with S? being the set of symmetric matrices of dimension d x d. We show in this section that the
problem of stopping lines can be characterized by the following PDE

min {—E (x, vi(z), Dvg(x), D*v;(z), (vig(:n))eeN> ; vi(r) — gz(x)} =0, (5.39)

for i € T and 2 € R% To simplify the notation, we write £(i,v)(x) for L’(m,vi(m),Dvi(aﬂ),
D%v;(x), (vif(x))EEN)

The previous PDE shows a close connection to the underlying tree structure, having a coupling
between the value function valued in ¢ and in its direct offspring if for ¢ > 0. Furthermore,

when 7y = r holds for all ¢ € N, the convergence of the operator L is connected with the radius of
convergence of the power series ) ;- pr|z|¥. This consideration leads us to introduce the following
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assumption.
Assumption A3. The series )~ pr|z|¥ has infinite radius of convergence.

We will prove that the value function (3.26|) is a viscosity solution for (5.39). We therefore
introduce a definition of viscosity solution adapted to our framework, as in [I7, Definition 4.2].

Definition 5.1. Let u = (u;);ez such that u; : RS — Ry is a continuous function for i € T.
(i) u is a viscosity supersolution to (5.39) if, for (ig,x0) € Z x R%, ; € C?(RY) for i € T, and
@ € CO(RY) such that @; is nonnegative for i € T,

suppi(z) < @(z), forzeR?, (5.40)
€L
and
0 = (uiy — pip) (v0) = nin, (w. =),
we have

min{ — L(io, ¢-)(%0) 5 ig(20) — gio(l‘o)} >0.

(i4) w is a viscosity subsolution to (5.39) if, for (io,z0) € T x R%, ¢; € C*(R?) fori € T, and
@ € CO(RY) such that @; is nonnegative for i € T, (5.40)) is satisfied, and

0 = (uiy — @ip) (x0) = max (u. —¢.),
IxR4

we have

min{ — L{io, ) (20) 5 io(20) — gig (900)} <0.

(i4i) w is a viscosity solution to (5.39)) if it is both a viscosity sub and supersolution to (5.39)).

Theorem 5.3. Under Assumptions [A3, and[A3, the value function v is a viscosity solution
to (5.39).

Proof. We begin by proving the supersolution property. Fix (ig, z¢) € Z x R? and let ¢ € CO(R?)
and ¢; € C?(RY) for i € T be such that

sup ;] < ¢ (5.41)
and
0 = (vig = i) (x0) = omn (vi — i) () - (5.42)

Without loss of generality, we can assume this minimum to be strict in « once fixed 4.
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Consider, first, the following (trivial) stopping line 7

tr1v =0, and T}riv = pj, for j € I\{@} :

Combining it with (5.42), we get the inequality v, (x0) = @i, (x0) > gi,(T0)-
Consider, now, the following stopping time

6" :=inf {t > 0: X2°(t) ¢ By(x0)} A b,

where Bj(xg) is the unit ball of R? centred at zg. Fix h > 0 and define the following stopping line
6" by

‘9% = éh/\pg,
if 0" <
g = {0 Pe forteN,
0 else
9;’ = pj, forjeI\({@}UN) .

This stopping line stops at the exit time 6" or at the branching time pg if it arrives before 6. It
follows from (.34)), applied with the stopping lines # = #* and 7 = 6", that

Uio (.Z'o) Z E

vg—1
(8500 (X2 () 191+ TT (B0 (X2 ) ﬂethg] -
=0

From the definition of X,°(0) we get

Vig (.%'0) > E

(350 (52 (7)) g + T (320 (X2 () ﬂ] -

=0
Using ([5.42)), since the functions v; and ¢; are positive for j € Z, we have

vg—1

Pio(w0) 2 E[(ﬂ(‘fmo (X20M)) 1oy, + I (B2 10t (X2 (p2)) 115%] -

From Proposition [2.1] we get

@ip(T0) >

k—1
(8200 (X220) ) Tgcp + D2 T (850000 (X2 (2)) ﬂgthz] (5.43)

k>1 =0

(8.0 010 (X220 7 p2)) )

+ Zpk <H By wiot (X5° (p2)) — By, wie (X5° (P@))) ]19_h>pg] :

k>1
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Still using Proposition [2.1] we have

cinlzo) = E| (85, v (X2 A po)))

+> R

k>1

gh [k—1
/ <H BS it (X2 (8)) — B pio (XZ° (S))) ae_“sd«S] :
0 \r=0
Applying Ito’s formula and Proposition [2.1] we get

0 > E

/OehApz B2 (;Tr (O’UTD2SO7jO> + (bTDg%) - ’ygoz-()) (X2° (s)) ds]

+ZpkE

k>1

gh (k-1
/0 (H BSpie (X5 () — B iy (X5° (8))) Oée““dSI - (544)
=0

We divide by h > 0 both sides of ([5.44]) and we get from the mean value theorem and the dominated
convergence theorem that —L (ig, ¢.) (z9) > 0.

We turn now to the proof of the subsolution property. Fix (ig, z9) € Z x R% and let ¢ € C°(R?)
and ¢; € C?(R?) for i € Z be such that sup, |¢;] < ¢ and

0 = (vig — i) (x0) = (X (vi — i) () - (5.45)

Without loss of generality, we suppose that ig = @ and we take the maximum to be strict in  and
that

— = -6 < 0. 5.46
e (=) (2) (5.46)

We argue by contradiction and assume that

2 = min{ — L(2,¢.)(20) ; po(z0) — g@(wo)} >0.
Since all the functions in the previous inequality are continuous, we may find £ > 0 such that

—L(@,e (. —y))(@) > 7, (5.47)
(po —9g2) (®) > n, (5.48)

for all s,y € [0,¢) and = € B.(x9), with B:(xo) the open ball centred at xy with radius €. Observe
that, since x( is a strict maximizer, we have

—¢ = — <0, 5.49
¢ 8%15(1;(0)(”@ vo)(T) ( )

where 0B:(z() denotes the boundary of B.(zp). We now show that (5.47), (5.48)), and ([5.49) lead
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to a contradiction with (#.34)). Define the stopping time 6° by
0° :=inf {t > 0: (t,X2°(t)) ¢ [0,¢) x Be(x0)} .

As for the supersolution property, we consider the stopping line 8¢ defined by

98@ = é& /\p@,
if 9° <
0; = pet be , for £ €N,
0 else
0; = p;, forjeI\({@}UN) .

This stopping line stops at the exit time §° or at the branching event pg if it arrives before #%. We

next have from (5.46) and (5.49) that

. " ﬂ{gE_ST.} . T IL{""<0E'}

vl ~E| T (B () T (80 () | =
| j€Loe\Dr JEL\Do: Z
) . Tipe<r ) ) . Tir <2y

eote) ~E | TT (g (x@))"™ T (80 (xp0)) 7| =
_jeLGE\DT jeLT\DGE i

o (o) —E [1{95<pz} (59’%“@ (Xgo(éa)» = (87,92 (Xéo(m)))]l{wd%}

vo—1
-E []]'{e_sng}]]‘{ﬂzng} (Zl_[ ﬁfgw (XgO(Pz))>] _E[ {98>pg}]l{m<pe}57g9® (X5 (Tg) - >
=0
po(ro) — E [ﬂ{és@@} (ﬁ(? (por (X2°(0°)) = Q) Lige<rpy + 57,92 (X5 (72)) L7, <0, )
vo—1
—E []I{QEZPZ}]I{WZPZ} < H )
—E [ (020} Lro<pa} B 92 (X5 T@)) >

90@(‘7;0) —E |:]1{§5<pz}6§5 (90@ (Xéo (05)) - C) ]l{éagﬂa}_

ve—1 T
_E []1{95>pg}]]-{7®>pz} H B/?z (SDZ (Xgo(pg)) - 5)

_E |: {T@<05/\pg}ﬁ‘r@g® (X (T@))_ Y
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for any 7 € SL. Using ([5.48)), we get

. Lige<r. . Tir <pe
vs(z) — E H (,35]51)3 (X]:E()w]a))) {05 <75} H ( %gj (Xf%Tj))) {rj<65) >
j€Lge\D~ JEL\Dge i
po(@) = B [Lige e 52 (90 (XE(F)) = Q) Ligecryy
ve—1 T
—E [ﬂ{éwpz}]lmng} 11 5. (w (X2 (pa)) — 5)
=0 J
~E |1yt np) 55, (90 (XE (7)) = )| 2

00(2) = E (1 (5 nra <o) By (90 (XE(F A7) = C A AGAE)]

l/g—l

Lgenrospot 11 B (w (X2°(p2)) —CARAGA 6) =
=0

—-E

eol@) ~E | TI B an (0 (X2 (e) ~CAnnne)|

zevée/\fg/\pg

with V defined as in (2.4]). Applying Ito’s formula we have

o) —E | ] 5§EAT@A,}@(%<X£°(,0@))fCAnAMe) =

levgs/\.,.g APy

éEATg/\pz
CAnANONe+E /0 —E(@,Bf(gp.—(/\77/\5/\6))()(;‘)(8))

From (5.47) and the definition of #°, we have

E

éE/\TQ/\pg
/ —£(®,g0.—C/\n/\éAe)(XgO(s))] > 0.
0

Therefore,

. Lige<riy - Lirj<o5y
voleo) B | TT (8w (x09)) " T (B0 (x16)) ™| =
jELgE\DT jELT\Dgs
CANANONE

for any 7 € SL. Since ( An A d Ae >0, this contradicts (4.34)).

O

We provide a strong comparison principle for the obstacle problem (5.39)). The proof of this
result is an extension of the usual comparison principle (see, e.g., [20, 29]) with the use of some
ideas from [I1]. We consider an additional assumption and, for the sake of completeness, provide
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the complete proof. We recall that M is the mean of the branching mechanism, and is defined in
Assumption [AT(i).

Assumption A4. (i) We have v > a(M — 1).
(i) The functions g;, for i € Z, are uniformly bounded, i.e.,

sup sup |gi(z)| < +oo. (5.50)
1€L xeRd

Mimicking the proof of point (i) of Proposition we have that the value function is bounded as
a consequence of the previous assumption. Therefore, we restrict to prove the following comparison
theorem within the set of bounded viscosity solutions.

Prior to establishing the comparison principle, we present the subsequent preliminary lemma.
We examine the alterations in the PDE (/5.39)) when a multiplicative penalization is applied to the
viscosity solutions. In particular, take £ > 0, which will be fixed later, and define ¢ : R — R as
#(x) = (|z|> + 1)%, together with the following operator

L REXRxRIxS*xRY — R

k-1
(z,7,p, M, (r¢)een) — %Tr (O'UT(ZL')M) +b(z)Tp+a Zpkqﬁk_l(x) H re — (o +5(z))r,
=0

k>0
with
b(z) = b(x) + (JU;D¢> (z) Y(x) =~ — (T) (x) — 2¢1($) Tr (UUTD2¢) (z) .

Lemma 5.1. Let {u;}iez (resp. {vi}iez) be a nonnegative continuous viscosity supersolution (resp.
subsolution) to (5.39), satisfying (3.27))-(3.29). Then, the functions {u;}icz (resp. {U;}icz) defined
by

u;(x) = ui(z) resp. v;(x :vi(x) x d
(o) = S (e w0y = 2 | e,

are nonnegative lsc (resp. usc) viscosity supersolution (resp. subsolution) to
min {—r: <x,z7i(x),D17¢(:L'),D2f),;(:r), (@w(x))geN) L Bi(x) — gz-(x)} ~0, (5.51)

with §;(x) = gi(x)/é(x), for (i,z) € T x RY,

Proof. We prove the supersolution case, the subsolution case is proven with the same techniques.
Fix (ig, z0) € Z x R? and some test functions @; € C?(R?), for i € Z, and ¢ € C°(RY) satisfying

(5.40) and
0 = (@i, = Pig) (w0) = min (@.—¢.) .
Therefore, for ¢; = ¢pp; for i € I, we have

0 = (uip = ¥ip) (o) = min (u. —¢.) .
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Moreover, the condition ((5.40|) is satisfied with respect to the function ¢ = ¢@. Therefore, the
functions (p;);e7 satisfy (5.39). Dividing this equation by the positive function ¢ and applying the
product rule, we get that the functions (@;);c7 satisty (5.51)). O

Theorem 5.4. Let {u;}icz (resp. {vi}iez) be a bounded nonnegative continuous viscosity super-

solution (resp. subsolution) to (5.39), satisfying (3.27)-(3.29). Then, under Assumptions[Ad],
and we have u; < v; for any i € T on RZ.

Proof. From ([3.29)), there exists N € N such that

sup us(z) V sup vi(e) < 1.
zER4 reRd

for i € T such that |i| > N. We proceed in two steps. We first show that u; < v; on R for any
i € Z such that |[¢| > N. Then, show this result for |i| < N.

Step 1. Denote by Zy the set {i € Z : |i| > N}. We now prove that u; < v; on RY for i € Zy.
We assume to the contrary that there exists (2, j) € R? x Zy such that

u(2) —vi(z) = 6, (5.52)
for some § > 0. Take @; = u;/¢ (resp. v; = v;/$) for i € Z. Since u; and v; are bounded, we have

lim (@; +0;)(z) = 0. (5.53)

(3,2)—00

This, together with ((5.52)), , and the fact that ¢ > 0, implies that there exists (ig,xg) €
Iy x R% such that

MO—I— = sup ﬁz(l') — TN)Z(l') = ﬁio (wo) — ”DZ‘O (wo) > > 0. (554)
(i,2)EZn xR P(2)
For n > 1, consider the following quantity
_ - N n 2
M, = sup () = Oily) = Sle —yl” .
(i,z,y)ETN xRIxRE
From ([5.53)), there exists (i, Zn,yn) such that
_ . N n
Mn = uin (xn) - vin (yn) - 5’.’1:71 - yn|2 .
From the definition of N, taking x = y in the previous supremum, we obtain
0 < O < M, < 2 (5.55)
< 0+ = < . .
() "
This yields
gm —yl? < 2. (5.56)
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From (5.55) and (b.53|), we have, up to a sub-sequence, i,, = i*, for some i* € Z and all n,
and, (Tn,yn) — (z*,y*) as n — oco. From (5.56)), we have

lim |2, —ys| = 0 and z*=y".
n—oo

Moreover, from (5.55]), we obtain
. n 9
gl el = 0

Without loss of generality, we can take the maximization point in (5.54) to be (i*, 2*), i.e., (ig, z9) =
(i*,2*). Since (z,,y,) € R? x R? is a maximizer of M, from Assumption we may apply Ishii’s
lemma (see, e.g., [12, Theorem 8.3]) and Lemma Therefore, there exist A, B, € S such that

IN

min{ (xn, Uig (Tn), — Yn), An, (aioﬁ(xn))£€N> P Ui (Tn) — Gig (l"n)} 0,
—L

min { - (yn,vz()(yn) n(n = yn). Bur (Bt (0n)) )+ Biolm) =G (wn)} = 0.

A, 0 I, -I,
C3nly, < < .
Snlaa - = (0 —Bn> s 3n (—]Id ]Id>

If there exists a subsequence of {zy, }, still denoted {xy, }», such that @;,(zy) — Gi, (zn) <0, we

and

get

[aio (wn) — Yio (xn)] - [51'0 (yn) — Gig (yn)] < 0,

for any n. This is, however, in contradiction with (5.55)), the fact that (z,,yn) — (20, x0) and the
definition of (ig, o). Therefore, we must have

IN
L

_E (Ina ﬂio (JUn)) n($n - yn)a Am (ﬂioé(xn))g€N> (557)

-L (ym i (Yn), (Tn — Yn), Bn, (6iof(yn))geN) (5.58)

v
o

for n large enough.
Since ig € Zn, we have
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for all £ > 0. This implies that

k—1 k—1
> ped™ @) [ tioe(n) =D ped™ (@) [ ] ioeym)
k>0 £=0 E>0 £=0
k—1 k—1
< Z Z Huzog zn) | |ige(zn) — Vige(Yn)| H ;07(Yn)
E>0 =0 \7—0 (=0+1
—1
< ok Y itige(mn) — Bige(yn)| < M (ihig (2n) — i ()
Z /=0

where in the last inequality we used that (x,,y,) is a maximizer of M,, and (5.55). Since

Dé(x)  2kzx
¢x) |z +17

b is locally Lipschitz. Moreover, since

D*¢(z) zx’ Iy
o) - e Ve PR

we get that 4 — v is equal to a bounded function in R? multiplied by x. Then, there exists x small

enough such that

y—a(M-1)

i@)—a(M—1) = ;

0,
for all z € R?. This means that, from —, we get
(Y(zn) — a(M = 1))ty (xn) = (Y(yn) — a(M = 1))0i(yn) <
(B(an) ~ B(yn))T n(n — yn) + %Tr (00T (@) An = 00" (yn) By,
Sending n to infinity we obtain
0> ((zo) — a(M —1)) (@i, (o) — vig(z0)) -

From Assumption and for k small enough, the previous equation is in contradiction to (5.52)).

Step 2. We now prove that u; < v; on R? for |i| < N, by a backward induction on |i|. From
Step 1, the result holds for ¢ € Z such that |i| < N. Fix ¢ € {0,..., N — 1} and suppose that
u; < v; on RY for li| =q+ 1.

Fix ig € Z such that |ig| = ¢. As in Step 1, we argue by contradiction and suppose that there
exists z € R? such that

Uip(2) —vipg(2) > 0, (5.59)

for some § > 0. Consider @; and ¥; as before, which still satisfy (5.53) from Assumption [A4](ii).
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This assumption also entails that there exists a constant C' > 0 such that @;(x) + 0;(z) < C for
any i € I,z € R%. As in (5.55), we get

0<0p(z) < Moy <M, <C, (5.60)
with My, and M, defined as in Step 1. This yields

n
ol = w2 < C. (5.61)

Proceeding as in Step 1, we get (5.57)-(5.58) for n large enough. Since |igl| > g + 1, we
have from the inductive hypothesis u;,r < vj,¢ (therefore u;,, < ¥;,¢) for any ¢ > 0. Combining
(5.57))-(5.58) with the nonnegativity of the functions @; and v;, and the previous inequalities, we
have

(wn) + )i (xn) = (Y(yn) + @)Vig(yn) <

< yn))T n( ) + Tr ( T(zn)Ap — UUT(yn)Bn> +

k—1
azpk <¢ (k=1) xn H uzoﬁ xn ¢_(k_1)(yn) H ﬁiof(yn)) <

£>0 £=0

( )T n(x, —yn) + Tr (0’0’ (xn)Apn — O'O'T(yn)Bn) +
k—1

a Zpk ( (k= 1) H uzof yn - (k_l)(yn) H '[}ioﬂ(yn))
k>0 =0

Therefore, we get a contradiction to ((5.59)), as in Step 1, sending n to infinity. The results hold for
ip and by induction, the results hold for all i € Z.
O

As an immediate consequence of Theorems and we have the following characterization
of the value function v.

Corollary 5.1. Under Assumptions [A3, [A3 and [A], v is the unique nonnegative bounded
viscosity solution to (5.39)), satisfying (3.29)).
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