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In situations involving the introduction of mathematical modelling, students must employ specific strategies, such as interpreting the problem, identifying and organising relevant information, and engaging in ongoing validation processes when solving modelling tasks. However, when this is not enough, the teacher's intervention is required. This paper presents a case study involving a 15-yearold Honduran student who had no prior experience in mathematical modelling. The results showed that specific interventions to address identified blockages enable students to perform better in modelling tasks.

Introduction

In Honduras, mathematics teaching relies on mathematics problem-solving, but current trends suggest a move towards mathematical modelling. In anticipation of this transition, we developed a research project to identify the elements that could be helpful to introduce mathematical modelling in Honduras. [START_REF] Aguilar | Transition from problem solving to modeling in students in Honduras[END_REF] identified some of the skills that would potentially need to be present in the work of Honduran students:

1. The detection of the aspects that are relevant to the task, 2. The approach and identification of the adequate strategies for solving the problems, 3. The organization of the information, and 4. To a lesser extent, the acquisition of tools related to the processes of validation and generalization. (p. 764) To make the introduction to modelling feasible, we set ourselves the following objectives: 1. To identify the blockages faced by students when solving the modelling task called "Driving for gas" and 2. To propose specific interventions to foster a student's reflection process.

Conceptual framework

According to [START_REF] Niss | Introduction[END_REF] modelling competence stands for the "ability to identify relevant questions, variables, relations or assumptions in a given real-world situation, to translate these into mathematics and to interpret and validate the solution of the resulting mathematical problem in relation to the given situation" (p. 12). We can recognise that skills such as interpreting the problem, identifying variables, and establishing a mathematical relationship between them are necessary to engage in and conduct a modelling activity.

However, solving modelling activities can represent a challenge for students. [START_REF] Wendt | Teachers' perspectives on students' metacognitive strategies during mathematical modelling processes -A case study[END_REF] commented that "every step of the modelling cycle can contain cognitive barriers" (p. 336). Similarly, [START_REF] Blum | How do students and teachers deal with modelling problems?[END_REF] stated "that reading a text and understanding both situation and problem is a considerable cognitive barrier for students. " (p. 228).

In this paper, we will use the framework proposed by [START_REF] Galbraith | A framework for identifying student blockages during transitions in the modelling process[END_REF] for identifying student blockages during transitions in the modelling process. We will analyse the modelling process based on the following cycle (see Figure 1). We can see that this cycle is made up of stages (A-G) and transitions between stages (1-7). The thick arrows indicate the direction in which the modelling process would ideally develop; however, we note that "individual modelling routes of learners differ because of the influence of mathematical thinking styles" (Borromeo Ferri, 2007, p. 269). In addition, each transition requires specific skills as shown on Figure 1, suggesting a source of possible blockages if students still need to develop these skills.

Another aspect we consider is the theoretical-practical model for cultivating mathematicalmetacognitive discourse [START_REF] Shilo | Mathematical-metacognitive discourse: How can it be developed among teachers and their students? Empirical evidence from a videotaped lesson and two case studies[END_REF]. In the case of metacognitive discourse cultivation, this is based on three phases: planning, monitoring, and reflection, which in a general way, can be guided by the questions (what, how/when, and why). In our work, we will focus on the reflection phase, where "learners use the information gained from the completed task to improve their understanding, explanations, and discussion for the next task" (Shilo & Kramarski, 2019, p. 627).

Hypothesis and research question

By applying a strategy that stimulates metacognitive reflection, we expect students to establish the key elements that contribute to solving the problem and overcoming of the identified blockages.

We thus formulated the following research question: How can the use of targeted interventions fostering metacognitive reflection contribute to overcome various blockages when solving a modelling task?

Methods

We designed a qualitative research to explore how the development of a reflection process, provoked by targeted interventions, could contribute to overcoming of the identified blockages and succeeding in an approach to mathematical modelling.

Next, we present the case study of Abril, a 15-year-old ninth-grade student who studied in a public school in Honduras, and who had never done mathematical modelling before. The data for this work was generated within a broader project, which was developed in an extracurricular environment (see [START_REF] Aguilar | Transition from problem solving to modeling in students in Honduras[END_REF].

The data used in this report were collected through two sources: 1. Abril's individual online solution to the "Driving for gas" activity, and 2. A Zoom interview conducted with Abril three days after she completed the activity, consisting of two 40-minute sessions.

About the "Driving for gas" activity

This activity consisted of 12 questions that required completing tables, reading graphs, validating responses, and answering follow-up questions related to the problem. 

About the data selection process

After Abril solved the activity, her work was reviewed and the answers that did not match the expected results were selected. The framework proposed by [START_REF] Galbraith | A framework for identifying student blockages during transitions in the modelling process[END_REF] was adapted (see Figure 3) and used to identify student blockages during transitions in the phases of the modelling process. Additionally, we were interested in identifying the level of intensity of the blockages, namely "the robustness of a blockage -that is how difficult it is to remove" (Stillman et al., 2013, p. 393).

In Abril's work, we identified several blockages, showed their relationship with each transition, and explained the steps taken to overcome them. In Figure 3, we show that "key (generic) categories at transitions between phases of the modelling cycle are indicated (in normal font), and those that refer to the task are illustrated (in capitals)" (Galbraith & Stillman, 2006, p. 146). In the presentation of the results, the number of the key category will be written in brackets next to the identified blockage.

MESSY REAL WORLD SITUATION → REAL WORLD PROBLEM

About the interview

Based on the identified blockages obtained from the solution of the "Driving for gas" activity, the researcher prepared a script to carry out an interview in order to engage the student in a process of reflection that would require the following skills: to interpret the problem, identify and organise relevant information and carry out continuous validation processes to establish the key elements that solve the problem and thus be able to have another look at the solution process.

Fragments of the interview are presented in which Abril and the researcher developed a process of reflection to overcome the blockages, which is of great importance for our study.

Analysis of the interview

In this part, we will present the analysis of the interview using targeted interventions designed to engage the student in a metacognitive reflection and to identify the level of intensity of the identified blockages.

Messy real-world situation → real-world problem statement

In this transition, students must clarify the context of the problem (1.1), identify strategic entity (1.2) and specify the correct elements of strategic entity (1.3). This relates to the interpretation of the problem and the detection of relevant information. The key element to overcome this stage was to consider doubling the distance to each station (1.2) because there is a round trip.

In order to calculate the fuel expenditure and the cost per journey, it was necessary to identify the key element (double the distance to each station), which Abril failed to recognise when solving the task individually. In Figure 4, we show her answers on the task related to specifying the correct elements of strategic entity (1.3), which consisted of establishing relationships between relevant information to obtain new information. Imagining the route allowed her to consider the omitted elements in calculating the fuel expenditure. This suggestion helped the learner to reinterpret the problem.

For calculating the fuel expenditure (red box in Figure 4), we show how to overcome this blockage related to the processing of the problem data to obtain new information (1.3).

123 The questions, "how did you get them?" and "is the result 6?" allowed the student to explain her operations, recognising that her results were not correct, and achieve the unblocking of the aspects related to the processing of relevant information.

We observed that the identified blockages presented a low level of intensity. These were solved through a process of reflection based on the relevant information and its processing. [START_REF] Stillman | Identifying challenges within transition phases of mathematical modeling activities at Year 9[END_REF] identified genuine reflection as "a potential means to overcome blockages of low intensity […] This reflection would include the potential to recognise and hence rectify the application of incorrect or incomplete knowledge" (p. 396).

Real world problem statement → mathematical model

At this stage of the modelling process, Abril was asked to complete a table for each fuel station as shown in the figure below: It was expected that, by completing the table, she would identify dependent and independent variables for inclusion in algebraic model (2.1), realising that independent variable must be uniquely defined (2.2) and representing elements mathematically so formulae can be applied (2.3). This process was not developed because Abril needed to overcome the blockages presented in the previous transition.

In the interview, a process of reflection related to the organisation of the information that had been obtained was developed, which is shown below:

199 Researcher How much did you pay if you bought x litres of fuel? What would you do? What are we doing to find the amount of money paid? 200 Abril

We are multiplying the expense ... which ... What the fuel cost to us by the amount we want to buy of it. 201 Researcher So, here [in the row corresponding to x litres] how many dollars would we pay to buy x litres of fuel?

202 Abril

1𝑥𝑥 dollars

In explaining her procedures, Abril established the relevant elements of the problem. The kind of details she suggested served as a pointer for the researcher to take up the general case where x litres of fuel are purchased. The modelling process was based on considering the particular cases to construct the final expressions for the total fuel expenditure.

Similarly, the models for the total expenditure of the other fuel stations were found. The following figure shows the models she proposed: By overcoming these blockages, Abril was able to establish the relationship between the variables and formulate the expressions that describe the behaviour of the total expenditure for each fuel station.

Mathematical model → mathematical solution

For this transition, two possible sources of blockages were identified: applying appropriate formulae (3.1) and using technology to produce graphical representations (3.2). In Abril's work, we did not observe any blockages concerning this stage, as she already had experience using GeoGebra. In the following, we present the process of interpreting the information that the graphs could provide.

Mathematical solution → real world meaning of solution

In this section, the process of interpreting the graphs to obtain the information that would allow the student to establish the optimal conditions for purchasing fuel was developed.

308 Researcher In this region [0 to 4], at which station is it most convenient to buy, and at which station is it least convenient to buy? 309 Abril I'm not sure, but I think in this case ... the more ... if we put points the more the points go up, the higher the points go up the less it costs.

The student compared the y-values of two points with the same x-value, which suggests a comparison between costs, but she interpreted that the fuel costed less if the value obtained is higher. In order to unblock this interpretation and detect the relevant aspects, the researcher proposed to analyse particular cases, which allowed her to detect that at the intersections of the straight lines, there is a change in the trend between the values and that the position "higher up" means more expensive, thus concluding session 1.

Real world meaning of solution→ revise model or accept solution

In session 2, a process of reflection was developed on the elements that allowed Abril to establish the most and least favourable conditions for fuel purchase at each station. The question asked by the researcher allowed Abril to explain her results, describing the procedures she carried out to answer question 11 (What is the amount of fuel that can be bought at each station to make it the cheapest option?) and 12 (What is the amount of fuel that can be bought at each station to make it the least economical option?) of the questionnaire. She showed evidence of the reflection process that allowed her to establish two important characteristics for the analysis of the graphs: 1. The change in the trend of total expenditure happened around the intersections and 2. The line at the bottom represented the most economical option. The reflection helped overcome the observed blockages and allowed to establish the key elements that solve the problem jointly.

Conclusions

The results of this case study show that if the blockages that may arise when solving a modelling task are well identified, specific interventions can be designed to help students overcome them, contributing thus to their better understanding of the task.

The intervention considered the questions (What, how/when and why) to promote student reflection. We know that appropriating metacognitive resources is not a task that happens automatically. Still, this approach is promising to help students when they find themselves in blocked situations. Furthermore, promoting a reflection process that emphasises the identification of transversal aspects in the analysis of the problem outcomes would allow for cohesion between the problem, the strategies and the data represented, and the integration of mathematical arguments in the decision-making process.

This case study was carried out under what we can call "clinical" conditions, which implies that we need to further investigate the role of metacognitive reflection when blockages are identified in the solution of modelling tasks.

Figure 1 :

 1 Figure 1: Modelling process (Stillman, 2011, p. 167)
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 2 Figure 2: "Driving for gas" activity, adapted from (Bliss et al., 2016, p.56)
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 3 Figure 3: Framework for identifying student blockages in transitions, adapted from (Galbraith & Stillman, 2006, p. 147) for "Driving for gas" activity
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 4 Figure 4: Abril's answers related to the treatment of relevant information In the following dialogue, we show how the researcher allows Abril to clarify the context of the problem in order to overcome the blockage (1.1).
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 5 Figure 5: Example of a table to study particular cases

Figure 6 :

 6 Figure 6: Expressions describing the case where x litres of fuel were purchased
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 5 Figure 5: Graphs of the models

REAL WORLD PROBLEM STATEMENT → MATHEMATICAL MODEL: 2

  .1. Identifying dependent and independent variables for inclusion in algebraic model [TOTAL EXPENDITURE DEPENDS ON THE COST PER TRIP AND THE FUEL PURCHASED]. 2.2. Realising independent variable must be uniquely defined [AMOUNT OF FUEL AND COST PER TRIP] 2.3. Representing elements mathematically so formulae can be applied [TOTAL EXPENDITURE IN TERMS OF COST PER TRIP PLUS THE AMOUNT OF FUEL PURCHASED].

	3. MATHEMATICAL MODEL → MATHEMATICAL SOLUTION:
	3.1. Applying appropriate formulae [TOTAL EXPENDITURE = (MONEY PAID TO BUY FUEL) + (COST PER TRIP)].
	3.2. Using technology to produce graphical representations [USING GEOGEBRA].
	4. MATHEMATICAL SOLUTION → REAL WORLD MEANING OF SOLUTION:
	4.1. Identifying mathematical results with their real world counterparts [IDENTIFY THE POINTS OF INTERSECTION OF
	STRAIGHT LINES AND THEIR POSITION BY INTERVALS].

STATEMENT: 1.1. Clarifying context of problem [INTERPRET THE CONTEXT, IMAGINE THE SITUATION, AND ESTABLISH THE RELEVANT INFORMATION: DISTANCE TO THE REGULAR ROUTE, PERFORMANCE OF THE TEACHER'S VEHICLE, AND FUEL PRICE]. 1.2. Identifying strategic entit(ies) [CONSIDER OUTWARD AND RETURN JOURNEYS]. 1.3. Specifying the correct elements of strategic entit(ies) [RECOGNISE THAT "FUEL EXPENDITURE=(TOTAL DISTANCE)/(VEHICLE CONSUMPTION)" AND "COST PER TRIP=(FUEL EXPENDITURE)×(FUEL COST)"]. 2. 4.2. Integrating arguments to justify interpretations [SHOW THAT THE OPTIMAL CONDITIONS FOR PURCHASING FUEL AT EACH STATION WERE ESTABLISHED AND MAKE DECISIONS BASED ON THESE CONDITIONS]. 4.3. Realising the need to involve mathematics before addressing an interpretive question [THE CHOICE OF A STATION DEPENDS ON THE AMOUNT OF FUEL PURCHASED]. 5.

REAL WORLD MEANING OF SOLUTION→ REVISE MODEL OR ACCEPT SOLUTION: 5

  .1. Considering real world adequacy of model output globally [THE MODEL MAKES IT POSSIBLE TO SUGGEST IN AN INFORMED WAY IN WHICH CASES IT IS CONVENIENT TO BUY FUEL AT EACH STATION].

  OK. I think ... now that I look at it would be double, right, because you would have to go back ... I mean ... from the house you deviate 6 km, but those 6 km you would have to go back again to get back to the normal route.

121 Researcher What happens when you go to buy fuel at each station? For example, you went to station B, what happened?

  I looked mostly at the position of the lines, in this case the distance between them, the lower place [the line graph] is, cheaper, the higher [the line graph] is more expensive. Then we have that [station] A is from 14, which would be point B[(13.5, 13.5)] to 40 ... it is in its part the least economical option between those litres, but it is between an intermediate level.

	1	Researcher Where did you get the information to be able to answer each of these
			[Questions 11 and 12] questions?
	2	Abril	...And then, after that I just had to ... analyse them where ... where those
			intersections went from where to where they went to answer the questions in
			the tables below [Question 11].
	4	Abril	What I was doing was moving the graph from ... from the beginning, which
			would be ... zero, in this case ... Ehh ... I was moving up and I was seeing at
			what point the lines crossed.
	9	Researcher So what did you look at to be able to say from 0 to 14 [station A is
			cheaper]?
	10 Abril	Yes,