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On germs of constriction curves in model of
overdamped Josephson junction, dynamical
isomonodromic foliation and Painlevé 3 equation

Alexey Glutsyuk*™

October 9, 2023

To my dear teacher Yu.S.Ilyashenko on the occasion of his 80-th birthday

Abstract

B.Josephson (Nobel Prize, 1973) predicted a tunnelling effect for a
system of two superconductors separated by a narrow dielectric (such
a system is called Josephson junction): existence of a supercurrent
through it and equations governing it. The overdamped Josephson
junction is modeled by a family of differential equations on 2-torus
depending on 3 parameters: B (abscissa), A (ordinate), w (frequency).
We study its rotation number p(B, A;w) as a function of parameters.
The three-dimensional phase-lock areas are the level sets L, := {p =
r} € R?® with non-empty interiors; they exist for » € Z (Buchstaber,
Karpov, Tertychnyi). For every fixed w > 0 and r € Z the planar slice
L.N (R% 4 x{w}) is a garland of domains going vertically to infinity and
separated by points; those separating points for which A # 0 are called
constrictions. In a joint paper by Yu.Bibilo and the author, it was
shown that 1) at each constriction the rescaled abscissa ¢ := g is inte-
ger and £ = p; 2) the family Constry of constrictions with given £ € Z
is an analytic submanifold in (Rf_)a,s, a=wl s= %. In the present
paper we show that 1) the limit points of Constr, are By, = (0, s.1),
where s;, are the positive zeros of the ¢-th Bessel function Jy(s); 2)
to each (¢ accumulates exactly one its component Cy (constriction
curve), and it lands at 5y ; regularly. Known numerical phase-lock area
pictures show that high components of interior of each phase-lock area
L, look similar. In his paper with Bibilo, the author introduced a can-
didate to the self-similarity map between neighbor components: the
Poincaré map of the dynamical isomonodromic foliation governed by
Painlevé 3 equation. Whenever well-defined, it preserves the rotation
number function. We show that the Poincaré map is well-defined on a
neighborhood of the plane {a = 0} C Ria x (R4)s, and it sends each
constriction curve germ (Cy, Be.k) t0 (Coket1, Bek+1)-
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1 Introduction and main results

1.1 Model of Josephson junction. Introduction and brief de-

scription of main results

The tunnelling effect predicted by B.Josephson in 1962 [35] (Nobel Prize
1973) deals with a Josephson junction: a system of two superconductors sep-
arated by a narrow dielectric. It states existence of a supercurrent through
it and yields equations governing it (discovered by Josephson). It was con-
firmed experimentally by P.W.Anderson and J.M.Rowell in 1963 [I].

The model of the so-called overdamped Josephson junction, see [54, 46,
39, 511, [7, p. 306], [40, pp. 337-340], [41l p.193], [42, p. 88] is described by



the family of nonlinear differential equations

%:—sin¢+B+Acoswt, w>0, B>0. (1.1)
Here ¢ is the difference of phases (arguments) of the complex-valued wave
functions describing the quantum mechanic states of the two superconduc-
tors. Its derivative is equal to the voltage up to known constant factor.
Equations also arise in several models in physics, mechanics and
geometry, e.g., in planimeters, see [23] 24].
The variable and parameter changes

B 1 A
T::wt,H::(;H—E,E::—,a:—,s::—, (1.2)
2 w w w

transform (|1.1)) to a non-autonomous ordinary differential equation on the
two-torus T? = S x St with coordinates (0, 7) € R?/27Z2:

db
%:acose—kﬂ—i-scosr. (1.3)

The graphs of its solutions are the orbits of the vector field

{ézacos@+€+scosr (1.4)

F=1

on T2. The rotation number of its flow, see [3, p. 104], is a function p(B, A)
of parameterﬂ

. 0(27k)
P(B, Ajw) = kginoo 2k
Here 0(7) is a general R-valued solution of the first equation in (|1.4) whose
parameter is the initial condition for 7 = 0. Recall that the rotation number
exists and is independent on the choice of the initial condition, see [3], p.104].
The parameter B is called abscissa, A is called the ordinate, w is called
frequency. Recall the following well-known definition.

Definition 1.1 (cf. [25, definition 1.1]) The r-th planar phase-lock area is
the level set

Ly(w) ={(B,A) e R* | p(B, A;w) =1} C RE 4,

provided that it has a non-empty interior.

!There is a misprint, missing 27 in the denominator, in analogous formulas in previous
papers of the author with co-authors: [25] formula (2.2)], [13, the formula after (1.16)].



The planar phase-lock areas were studied by V.M.Buchstaber, O.V.Karpov,
S.L.Tertychnyi, Yu.P.Bibilo, the author et al, see [8, 9], [12]-[20], [25]-[27],
129, 31, 37, B8], [55, 56] and references therein. The following results are
known and proved mathematically:

1) Planar phase-lock areas exist only for integer rotation number values
(the rotation number quantization effect discovered and proved by V.M.Buchstaber,
O.V.Karpov and S.I.Tertychnyi in [I7], later also proved in [29, B31]).

2) The boundary of each L,(w) consists of two analytic curves, which are
the graphs of two functions B = G, 4(A), a = 0,7, (see [I8]; this fact was
later explained by A.V.Klimenko via symmetry, see [3§]).

3) The latter functions have Bessel asymptotics

Gro(A) =rw — J(
Grr(A) =rw+ Jp(

)+ 0

)—I—O(mILA') , a8 A — 00 (1.5)

_A
w

_A
w

(observed and proved on physics level in [52], see also [40, p. 338], [7, section
11.1], [16]; proved mathematically in [38]); J, is the r-th Bessel function.

4) Each planar phase-lock area is a garland of infinitely many bounded
domains going to infinity in the vertical direction. In this chain each two
subsequent domains are separated by one point. This was proved in [3§]
using the above statement 3). Those separation points that lie on the hor-
izontal B-axis, namely A = 0, were calculated explicitly, and we call them
the growth points, see [I8, corollary 3]. The other separation points, which
lie outside the horizontal B-axis, are called the constrictions.

5) For every r € Z and w > 0 the r-th planar phase-lock area L,(w) is
symmetric to the —r-th one with respect to the vertical A-axis.

6) Every planar phase-lock area is symmetric with respect to the hori-
zontal B-axis. See Figures 1-3 below.

7) In each planar phase-lock area L,(w) all its constrictions lie in the
same vertical line A, := {B = rw}, see [8, theorem 1.4].

8) Each constriction X € L,(w) is positive: the intersection of the interior
of the area L, (w) with the vertical line A, contains a punctured neighborhood
of the point X in A,, see [8 theorem 1.7].

9) For every fixed ¢ € 7Z the set of constrictions (B, A;w) with ab-
scissa B = fw (i.e., constrictions in L;(w)), with variable (A4,w), is a one-
dimensional analytic submanifold in (R )4, [8, theorem 1.12]. We will
denote it Constry and represent it in the coordinates (a, s):

1
a:= — :
w w

1
Constry :== {(a, s) € Ri | <a’ 2; a_1> is a constriction} C (Ri)a,s'
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Figure 1: Phase-lock areas and their constrictions for w = 1. The abscissa
is B, the ordinate is A. Figure taken from paper [13, fig. 1b)] with authors’
permission, with coordinate axes added.

See Figures 1-3 of planar phase-lock areas and their constrictions for
w=1,0.5,0.3.

For a survey of other results on model of overdamped Josephson
junction and related topics see paper [§] and its bibliography.

Definition 1.2 A constriction curve is a connected component of the above
constriction submanifold Constry C (Ri)@ s- The corresponding curve in the
parameters (B, A;w), B = lw = g, A=2 w= a~!) (which is a family of
constrictions lying in Ly(w)) will be also called a constriction curve.

It would be interesting to study the three-dimensional phase-lock areas:
those level sets

L, ={(B,Aw) € R2B,A X (Ry)w | p(B, A;w) =1}
for which Int(L,) # 0.

Remark 1.3 The Buchstaber—-Karpov—Tertychnyi rotation number quanti-
zation effect also holds for the above three-dimensional areas L,: they exist
only for integer values of the rotation number r. This follows immediately
from their analogous result and its proof in two dimensions [I7]. One has

Ly = Upso(Lr(w) x {w}), (1.6)
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Figure 2: Phase-lock areas and their constrictions for w = 0.5. Figure
taken from papers [13] fig. 1d)], [20, p. 331] with authors’ permission, with
coordinate axes added.

where L,(w) are the planar phase-lock areas for given w. The boundary
OL, is the union of graphs {B = g¢,(A,w)}, of functions g, , a € {0, 7},
analytic on R x R, whose restrictions to each line w = const coincide with
the corresponding functions G, . The proof of this fact repeats the proof of
the analogous statement for planar phase-lock areas, see [18, [38]. Thus,

Int(Ly) = UysoInt(Ly(w)) x {w}. (1.7)

This implies that the interior of each three-dimensional phase-lock area L,
is a union of domains separated by constriction curves or the growth point

curves {A =0, B=+vriw?+1}.
Problem 1.4 Describe the asymptotic behavior of the constriction curves.

It follows from [8, lemma 4.14 and arguments on pp. 5459-5460] that
the constriction submanifold Constry accumulates to no point of the a-axis.

One of the main results of the present paper is Theorem (Subsection
1.2). It states that the limit set of the constriction submanifold Constry
is the infinite sequence of the points B, = (0,s¢x) of the s-axis, where
801,502, ... are the positive zeros of the Bessel function .J;; exactly one
constriction curve, denoted by Cyj, accumulates to each [y (which is its
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Figure 3: Phase-lock areas and their constrictions for w = 0.3. Figure taken
from paper [I3, fig. 1le)] with authors’ permission, with coordinate axes
added.

unique limit point); each Cy j has unique limit point £, and it lands at B
regularly. Using Theorem [I.17], we deduce the following theorem.

Theorem 1.5 The interior of each three-dimensional phase-lock area has
infinitely many components.

Conjecture 1.6 Each constriction curve lands at some Sy, i.e., coincides
with some Cy .

Conjecture 1.7 [8, conjecture 6.8] Each constriction curve is bijectively
analytically projected onto the a-axis (R;), (or equivalently, onto (R}),,).
The corresponding conjectural arrangement of constriction curves and com-
ponents of the phase-lock areas Ly is presented at Fig. {4h).

Definition 1.8 A constriction curve different from Cyj, (if any) is called a
queer constriction curve.

We prove Proposition (Subsection 1.2), which states that a con-
striction curve is queer, if and only if the restriction to it of the coordinate
a is unbounded on both its sides. This will show that Conjecture would
imply Conjecture [L.6]



We deduce Corollary (of Proposition , which states that for
every queer constriction curve C in Ly (if any) there exists a connected com-
ponent of the interior Int(Ly) that is adjacent to C and is adjancent to no
curve Cgp. This shows that Conjecture is equivalent to the statement
saying that each component of Int(L,) is adjacent to some Cy .

Remark 1.9 Conjecture implies that as w varies, in the corresponding
planar phase-lock areas L, (w) constrictions can neither be born, nor disap-
pear, as w crosses a value wg for which the boundary curves of L,(wp) are
tangent to each other at a constriction. Conjectural picture of the three-
dimensional phase-lock areas and conjecturally impossible picture, with a
queer constriction curve and the corresponding component of Int(L,) (called
a queer component), are presented at Fig. 4a) and 4b) respectively.

queer consiriclion curve

A

a) AA . . b) A

0

1
\ i L, queer
4 componeni
4 w
" w
- —

—=1% - —B —15 — B

Figure 4: Three-dimensional phase-lock areas and constriction curves:
a) the conjectural picture, without queer constriction curves;
b) a priori possible picture with a queer curve and a queer component.

FEach three-dimensional phase-lock area has a kind of self-similarity struc-
ture: any two its components lying high enough look similarly. It would be
interesting to find and study a self-similarity map of the parameter space
that sends one component to the next one, adjacent to it from above. In
his paper with Yu.Bibilo, see [8, subsection 6.2], the author suggested a
candidate to such a self-similarity map: the Poincaré map of the so-called
dynamical isomonodromic foliation G. Namely, he introduced the following
four-dimensional extension of the three-dimensional family of dynami-
cal systems on torus modeling overdamped Josephson junction:

df
— =v+4acosf+scosT+cos(0—71); v,a,p €R, s>0, (a,v) # (0,0).

dr
(1.8)



Family (1.3) is embedded to ([1.8)) by the mapping
(4, s,w) = (v,a,8,9) = (L,w 1, 5,0). (1.9)
In the new coordinates (¢, x, a, s) on the parameter space of family (1.8]),

Xzﬂ, E:ZV—@:V—QXCL,
2s S
consider the line field given by the following system of non-autonomous dif-
ferential equations introduced in [§, formula (6.4)]:

=0
X, = a=2xrxa) . (1.10)
aly = —2sx + $({ + 2xa)

The foliation of the four-dimensional parameter space by its phase curves,
which are graphs of solutions of system , is called the dynamical isomon-
odromic foliation and denoted by G. (This name comes from relation to
isomonodromic families of linear systems; see explanation below, in Remark
1.16) The author has shown in [8, subsection 6.2] that each its leaf is a
family of flows on T? that are conjugated to each other by diffeomorphisms
isotopic to the identity. Thus, the rotation number and the number £ are
constant along each leaf of the foliation G. For every £ € R the function

a(s) _ a(s)

w(s) := = 1.11
)= 2ax(s) (o) ()
satisfies Painlevé 3 equation
N2 / 2 1 1
A CO R Y VP AL S S (1.12)
w S s s w

along solutions of (1.10)), see [8), theorem 6.6].

Consider family modeling Josephson junction as the subfamily in
(L.8): the hyperplane {x = 0}, see (1.9). A solution (¢, x(s),a(s)) with
initial condition (¢,0,ap) in the latter hyperplane at s = sp may return
back to the hyperplane at its another point (¢,0,a1) at some next moment
s1 > sg. If it happens, then this induces the Poincaré first return map
P : (L, ap,s0) — (¢,a1,s1) defined on some subset of the hyperplane {x = 0}.

Problem 1.10 (see [8, problems 6.11-6.13]) Study the action of the Poincaré
map P on the three-dimensional phase-lock area portrait of family . Is
it true that it sends each interior component of every phase-lock area (start-
ing from the second component) to its next component, adjacent to it from
above? Is it true that it sends each constriction curve Cyj to Cypi1?



Problem 1.11 Describe the subset where the Poincaré map P is well-
defined. Describe the subset where all its iterates are well-defined.

Remark 1.12 The second part of the latter problem is closely related to
the description of those solutions of Painlevé 3 equation that have an
infinite lattice of residue one poles in R;. See Subsection 1.5, where relation
to poles of solutions of Painlevé 3 equation will be presented together with
a brief survey of results on poles.

Our second main result is Theorem (Subsection 1.3). It states that

- the Poincaré map P is well-defined on a neighborhood of the plane
{a =0} CRy x (R)q,s;

- its restriction to the latter plane sends a point (4,0, s) to (¢,0, s*), s* >
0, where s, s* are neighbor zeros of a solution of the ¢-th Bessel equation.

To study the domain of the map P, it is important to study analytic
extensions of solutions of system and of the Painlevé 3 equation .

Remark 1.13 It is well-known that solutions w(s) of Painlevé 3 equation
are meromorphic on the universal cover of the punctured line C; =
C\ {0} (classical result coming from the Painlevé property), and all their
poles are simple with residues +1 [28, theorem 31.1]. But a generic solution
of has a nontrivial monodromy and is not single-valued on C*.

Our third main result is Theorem (Subsection 1.4) classifying singu-
larities so € C; of solutions (x(s),a(s)) of system (L.10)). It states that each
solution is meromorphic on the universal cover over C}, and each its pole s
is either a zero of the corresponding solution w(s) of the Painlevé 3 equation
with unit derivative, or its pole with residue -1. Theorem also
states that for each initial condition lying in the constriction submanifold
Constry the corresponding solution (x(s), a(s)) is meromorphic either on C*,
or on its double cover, and w(s) is meromorphic on C*. In the case, when
the initial condition lies on a constriction curve Cyj, Theorem states
that the solution (x(s),a(s)) is meromorphic single-valued on CZ.

Let us note the Hamiltonian nature of non-autonomous system .

Proposition 1.14 For every fized £ € R the corresponding differential equa-
tion on vector function (x(s), a(s)) is Hamiltonian with time s-depending
Hamiltonian function

202 a? Ixa
H(y,a,s) ::—XS +4*$+5X2*%- (1.13)

In particular, for every positive s1, s, s1 < S2, the non-autonomous flow
map of equation from time s; to time sy (on a domain in (C?m where
it is well-defined) preserves the standard symplectic form dx A da.

10



The proposition follows by straightforward calculation.

Remark 1.15 Representations of Painlevé equations as a Hamiltonian sys-
tems were found by J.Malmquist [45] (for all of them except for Painlevé 3
equations). For Painlevé 3 equations this was done by K.Okamoto [50, p.
265]. His result implies that our Painlevé 3 equation is equivalent to
the Hamiltonian system with the Okamoto Hamiltonian

1
Hog(w, p; s) == ;(UJQPQ — (s — (20 = Dw + s)p).

It appears that system ([1.10]) is equivalent to the Hamiltonian equation with
the Okamoto Hamiltonian function Hgoy via the variable change
a
=G = (=—, 4sx?).
(w,p) = G(x;a) (2xs s$X°)
For fixed s, the G-pullback of the symplectic form dw A dp is —4dx A da, and
one has

1

w 1 2xa
H =—-
(X? a7s) 4 s

(HOk(w,p) + —p) =-1 (HOk oG(x,a)+ S) .
Family of dynamical systems modeling Josephson junction can be
equivalently described by a family of two-dimensional linear systems of dif-
ferential equations on the Riemann sphere, see [15] [17, 20, 23], 29] 31], [12,
subsection 3.2]. This is also true for the extended family . Namely, in
the complex variables
o= €i9, g = e’iT

equations ([1.8)) can be equivalently written as Riccati equations
dd 1 /s U, 1 a, 9 s Y
e (serta) - (et i@ )+ (e+t). (L4
dz z2<2 Ty >+z”+2( D)+ {5213 (1.14)
A function ®(z) is a solution of the latter Riccati equation, if and only if

D(2) = %gzg, where Y = (Y1, Y2)(2) is a solution of the linear system

K R
Y = (—32 +—=+ sN) Y, (1.15)
z z

(b x) (e 5y N (b0, L@
k(o) m- () =) s

Given a zy € C* = C\ {0}, say, zo = 1, the space of germs of solutions
of linear system at zo is identified with the vector space C? of initial
conditions at zg. Analytic extension along a counterclockwise circuit around
the origin is a linear operator acting on the latter local solution space, called
the monodromy operator.

O o=

11



Remark 1.16 Solutions of correspond to isomonodromic families of
linear systems [8, theorem 6.6]. (This explains the name ”isomon-
odromic foliation” for the foliation by graphs of solutions of ) The lat-
ter isomonodromic families are induced from classical Jimbo isomonodromic
deformations given in [33], governed by Painlevé 3 equation [33, pp. 1156—
1157], which implies equation . It is known that linear systems
corresponding to constrictions in subfamily of @ have trivial mon-
odromy, see [8, proposition 4.1]. For a necessary background on linear sys-
tems with irregular singularities and isomonodromic families see, for exam-
ple, [8, sections 2 and 3.1] and Subsection 2.7 below.

The plan of proofs of main results is presented in Subsection 1.6.

1.2 The constriction manifold: limit points and landing com-
ponents

Theorem 1.17 1) The limit points of the constriction submanifold Constry C
(R%),s are the points

Bek = (0,80%), ser >0 isthe k— th positive zero of the Bessel function

s
Jo(s) = 717/ cos({T — ssinT)dr. (1.16)
0

2) For every By, there exists a unique connected component Cyy, of the
manifold Constry landing at B¢y, and Cyj accumulates to no other By ;.

3) The union of the closure Constry in R>o x Ry and its image under
the_symmetry with respect to the s-awis is a regular analytic submanifold
Constry C Rg’s. It intersects the s-axis orthogonally at the points (.

4) The image of each curve Cyy, under the projection to the a-coordinate
is the whole a-semiazis R.

Proposition 1.18 Let C C Constry be a constriction curve. Let the restric-
tion to C of the coordinate function a be bounded on at least one its side: we
split C into two semi-curves separated by a point, and we require that a be
bounded on at least one of them. Then C coincides with some of Cyy.

Corollary 1.19 Conjecture[1.7 implies Conjecture [1.6.

For a given ¢ € R and a subset V C (R?),,s, by V; we denote the subset
of those parameters (B, A;w) for which (a,s) = (w™!, %) €V and g =/

Vii={(B,A;w) = (=, ~;a7 ) | (a,8) €V} CRp x (R )a,.  (1.17)

)

Q>

SIS

12



Corollary 1.20 Let ¢ € Z. Every queer constriction curve C C Constry (a
component different from Cyy’s, if any) satisfies the following statements:

(i) The coordinate function a is unbounded from above on both sides of
C (i.e. on both semicurves in C separated by one point);

(ii) Let Ue C (R?)q,s denote the connected component of the complement
Ri\c lying on the right from C. There exists a domain V C Ue adjacent to C
such that the two-dimensional domain Vy C {B = (w} C R3, see , lies
i a connected component of the interior of the three-dimensional phase-lock
area Ly. The latter component of Int(Ly) is called a queer component
adjacent to C from the right. This queer component is adjacent to no curve
Ce i (but a priori, may be adjacent to some other queer constriction curves).
See Fig. 4b).

1.3 The Poincaré map of the isomonodromic foliation G

Recall that the foliation G is the foliation by graphs of solutions of system
(1.10). The initial 3-parametric family of dynamical systems on T?
modeling Josephson junction is a cross-section to G (see ) In the pa-
rameters (¢, x, a, s), this is the hyperplane {x = 0} with the plane {a = 0}
deleted. We denote it by Jos® and its closure by Jos:

Jos:={x=0,5s>0} C RZ{X%S, Jos? :=Jos \ {a = 0}.
The foliation G is tangent to Jos at points of its proper hyperplane {a = 0}.

Definition 1.21 Consider the solution (¢, x(s), a(s)) of equation whose
graph passes through a given point (4,0, ag, sg) € Jos® (initial condition).
Let s1 > sp be the next point where x(s1) = 0, and let the vector function
(x(s),a(s)) be well-defined on the segment [sg, s1]; a(sg) = ap. The map
P (¢,a0,50) — (£,a(s1),s1) of the first return to Jos® will be called the
Poincaré map of the isomonodromic foliation G.

Remark 1.22 The Poincaré map P, wherever defined, preserves the rota-
tion number function, and hence, the phase-lock area portrait. This follows
from constance of the rotation number along leaves of the foliation G.

The next theorem is our second main result.

Theorem 1.23 1) The Poincaré map P is well-defined and analytic on a
neighborhood of the hyperplane {a = 0} in Jos, including this hyperplane.
2) Given an £ € R and an s > 0, let s* > s be the next zero after s of
the solution of the £-th Bessel equation vanishing at s. The Poincaré
map P sends the point (£,0,0,s) to the point (£,0,0,s*). In particular, it
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sends each P = (¢,0,0,501) € Jos to By pi1. Here sgy is the k-th positive
zero of the Bessel function Jy(s).

3) For l € Z let Cpy, and By, be the constriction curves and their landing
points from Theorem [1.17. The Poincaré map P sends each constriction
curve germ (Co, Bek) to the next germ (Co 1, Bek+1)-

1.4 Analytic extension and singularities of solutions of ((1.10)
and the Painlevé 3 equation (|1.12))

It is well-known that each solution of Painlevé 3 equation extends ana-
lytically to a meromorphic function on the universal cover over C* (Painlevé
property), and its singular points in the universal cover are simple poles with
residues +1 [28, theorem 31.1]. Our third main result is the following slightly
stronger theorem, on analytic extension of vector solutions (x(s),a(s)) of

system ((1.10)).

Theorem 1.24 1) For every given { € C each solution (x(s), a(s)) of system
1.10) extends to a meromorphic vector function on the universal cover of
punctured complex line C; = C\ {0}.

2) Each its pole sy € C* (i.e., a point sg that is a pole of some its
component and either a pole, or a reqular point of the other component) is

- either a zero with derivative one of the corresponding solution w(s) =
oo
a(sg) = +so, and x(s) has a simple pole at sy with residue :I:%;

- or a pole of w(s) with residue -1; in this case a(s) has simple pole with
residue +£sg at so, and x(s) is holomorphic at sy and x(sg) = :F%.

3) For every initial condition (x*,a*,s*), s* # 0, corresponding to a lin-
ear system with trivial monodromy the corresponding solution (x(s), a(s))
of system is meromorphic either on C*, or on its double cover C} given
byt — s = t2. More precisely, it remains unchanged up to sign after ana-
lytic extension along a simple circuit around the origin. The corresponding
solution w(s) of Painlevé 3 equation is always meromorphic on C*.

4) Statement 3) hold for every initial condition (0,a*, s*), where (a*,s*)
lies in the constriction submanifold Constry.

5) For every (0,a*,s*) such that (a*,s*) lies in a constriction curve Cy
the corresponding solution (x(s),a(s)) of is meromorphic on C*.

of Painlevé 3 equation (1.12); in this case a(s) is holomorphic at s,

1.5 The Poincaré map P and poles of Painlevé 3 solutions

Lemma 1.25 [8, lemma 6.7, p.5475]. The graph of a non-identically-zero

solution (x(s),a(s)) of system crosses the hyperplane {x = 0} exactly

at points corresponding to those s = sq # 0 where the corresponding solution
w(s) = 2?)((‘2) of Painlevé 3 equation (1.14) has a pole with residue one.
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Our main results imply the following new result.

Proposition 1.26 The Poincaré map P : Jos® — Jos® is well—de{lned
at a point (£,0,a9,S0), if and only if the corresponding solution 2;15(5(8) of
Painlevé equation defined by the solution (x(s),a(s)) of with
(x(s0),a(s0)) = (0,a9) is holomorphic on a finite interval (so,s1), has pole
with residue one at s1 and has no zeros with unit derivative in the interval

(s0,51).

Proof The proposition follows from Lemma and Theorem O

Corollary 1.27 All the iterates of the Poincaré map P are defined at a
given point (¢,0, a9, 80), if and only if the corresponding solution w(s) of
Painlevé 8 equation has an infinite sequence of real positive poles with
residue 1 going to +00, no pole § > sqg with residue —1 and no zero s* > sg
with unit derivative.

Problem 1.28 Describe those (¢,0,ag, so) € Jos® for which w(s) has an
infinite sequence of real positive poles with residue 1 going to +oo and no
zero s* > sg with unit derivative.

Remark 1.29 Existence of an open subset of initial conditions for Painlevé
3 equation for which w(s) has an infinite sequence of real positive
poles with residue 1 going to +oo follows from [2, theorem 3.1] (implying
an analogous statement on zeros of solutions of Painlevé 5 equations) and

Novokshenov’s Backlund transformation argument [49]. This holds, for ex-
d(stu(s
ample, for the real Bessel type solutions, which have the type w(s) = :@%((S;),
where v(s) is a solution of the /-th Bessel equation (2.11)); see Subsection
2.2 and statements 1), 2) of Theorem Indeed, each solution v(s) of
the Bessel equation has an infinite sequence of real positive zeros, and they
are poles of w(s) with residue 1. Novokshenov’s numerical experience (2020)
has shown that small real deformations of the real Bessel type solutions also
have infinite sequence of positive poles with residue 1. Each transcendental
meromorphic on C* solution of Painlevé 3 equation has infinite number of
complez poles with residue one; under an additional genericity assumption,
it has infinite number of complez poles with both residues +1 [28, theorem
31.1]. Existence of one-dimensional family of tronquée solutions, which have
no poles in a sector containing the real positive semiaxis, was proved in [43].

1.6 Plan of the proof of main results

The proof of main results is based on the following characterization of the
constrictions.
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Proposition 1.30 [2], proposition 2.2] Consider the period 27 flow map
h = h2 of system acting on the transversal coordinate 0-circle {T = 0}.
(1t is also the Poincaré map of the latter cross-section.) A point (B, A;w)
s a constriction, if and only if w,A # 0 and h = Id.

Proposition 1.31 In the coordinates (¢,a,s) on the parameter space of
family the Poincaré map h = hpq : 5’91 — 591 is analytic as func-
R

. 1
tion on las X 5’9.

The proposition follows from the classical theorem on analytic dependence of
solution of analytic differential equation on parameters and initial condition.

First in Subsection 2.1 we prove a part of Theorem Namely, we
show that accumulation points in the s-axis (if any) of the manifold Constr,
have ordinates that are zeros of the Bessel function J,. We show that the
germ of Constry at each intersection point lies in a regular germ of analytic
curve. Then we deduce that the union of the closure Constr; C R, x (Ry)s
and its image under the symmetry with respect to the s-axis is an analytic
submanifold.

In Subsection 2.3 we prove Statements 1) and 2) of Theorem [1.23] To
do this, we blow up the space ]R;}%M \ {s = 0} along the plane {a = x = 0}.
The complexified blown up manifold will be denoted by C*. Tts exceptional
divisor is ¥ := (CZS X (CIP’[QX:G \ {s = 0}. By II ¢ C* we denote the strict
transform of the hyperplane {JX = 0}, which corresponds to model of Joseph-
son junction. The line field given by induces a holomorphic line field
on the complexified blown-up manifold C* that is tangent to the exceptional
divisor . The hypersurface II appears to be its global cross-section. The
restriction to X of the line field appears to be given by the Riccati equation
equivalent to the projectivization of the /-th Bessel equation. This yields
a geometric interpretation of the well-known fact that Painlevé equation
has a one-dimensional family of the so-called Bessel type solutions

du(s

w(s) = %, where u(s) is s times a solution of the /-th Bessel equation.
See [21], Section 10 in Chapter 12] and Theorem [2.5/in Subsection 2.2 below.

It will be deduced from the above statements that the first return Poincaré
map P : II — II is well-defined on a neighborhood of the intersection 11N 3,
and its restriction to IIN' Y is the map (¢, s) — (¢, s*), where s* > s is the
next (after s) zero of a solution of the Bessel equation vanishing at s.

Next, in Subsection 2.4 we show that each zero sy > 0 of Bessel function
Jy corresponds to an accumulation point £y, = (0, s¢ ;) of some constriction
curve: a component of the manifold Constr,. To do this, we first show
that at least some f3,, is an accumulation point. This is done by using
the above-mentioned part of Theorem (already proved in Subsection
2.1) and results of Klimenko and Romaskevich [38] on Bessel asymptotics
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of boundaries of the phase-lock areas. Then we deduce that each sy corre-
sponds to a constriction curve. This is done by using Statements 1) and 2)
of Theorem (already proved in Subsection 2.3) and applying iterates of
the Poincaré map P (and its inverse) sending the above accumulation point
Be.m to any other By . This will finish the proofs of Theorems and

In Subsection 2.5 we prove Proposition [1.18

In Subsection 2.6 we prove Theorem [I.5] and Corollary

In Subsection 2.8 we prove Theorem The proof uses Stokes phe-
nomena theory and isomonodromicity of family of linear systems along
solutions of system . The corresponding background material on Stokes
phenomena and isomonodromic families is briefly recalled in Subsection 2.7.

1.7 Brief historical remarks

Hereby we present a very brief survey of results that were not mentioned in
the introduction. See [§] for a more complete survey.

I.A .Bizyaev, A.V.Borisov, and I.S.Mamaev [10] noticed that a big family
of dynamical systems on torus in which the rotation number quantization ef-
fect realizes was introduced by W.Hess (1890). Such systems were studied in
classical mechanics in problems on rigid body movement with fixed point in
works by W.Hess, P.A.Nekrassov, A.M.Lyapunov, B.K.Mlodzejewski, N.E.Zhukovsky
and others. See [10] 44}, [47, [48], 58] and references therein. P.A.Nekrasov ob-
served in [48] that the above-mentioned big family of systems considered
by Hess can be equivalently described by a Riccati equation (or by a linear
second order differential equation).

Numerical experiences of V.M.Buchstaber, O.V.Karpov, S.I.Tertychnyi,
D.A .Filimonov, V.A.Kleptsyn, I.V.Schurov have shown that as w — 0, the
"upper” part of the phase-lock area portrait converges to a kind of parquet
in the renormalized coordinates (¢, p): the renormalized phase-lock areas
tend to unions of pieces of parquet, and gaps between the phase-lock areas
tend to zero. See Fig. 3 and the paper [37]. This is an open problem. In
[37] V.A.Kleptsyn, O.L.Romaskevich, and I.V.Schurov proved some results
on smallness of gaps and their rate of convergence to zero, as w — 0, using
methods of slow-fast systems.

A subfamily of family of dynamical systems on 2-torus was studied
by J.Guckenheimer and Yu.S.Ilyashenko in [30] from the slow-fast system
point of view. They obtained results on its limit cycles, as w — 0.
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2 Proof of main results

2.1 Intersection points of Constr, with the s-axis: their reg-
ularity and landing components

Here we prove the following lemma.

Lemma 2.1 1) For every { € Z each finite accumulation point of the sub-
manifold Constry, C R%— (if any) lies in the s-axis and has the type 5 = (0,y),
where y > 0 is a zero_of the Bessel function J.

2) The subset Constr, C R?, which is the union of the closure Constry C
R? and its symmetric with respect to the s-axis, is a one-dimensional analytic
submanifold intersecting the s-axis orthogonally at the above points 3.

3) Each connected component of the submanifold Constry landing at
some point B of the s-axis accumulates to no other point of the s-axis.

4) Each above landing component is projected onto the whole a-axis R .

The first step of the proof of Lemma [2.1]is the following proposition.

Proposition 2.2 Letl € Z. Let a sequence of points in Constr, accumulate
to a point (0,y) of the s-axis. Then Jy(y) = 0.

Proof The submanifold Constry is the intersection of the positive quadrant
Ri with the analytic subset

My = {hpas=1d} C wa, (2.1)

see Propositions and The germ at (0,y) of the analytic subset M,
is one-dimensional, by assumption. Therefore, it is a finite union of germs of
analytically parametrized curves. Let us calculate the derivative of the time
7 flow maps h™ : St — S! (and in particular, of the map h = h?7) in the
parameters (a, s) from the equation in variations corresponding to . Set
0(r,00,a,s) = h™(0y) to be the solution of differential equation (1.3|) with
the initial condition 8 = 6y at 7 = 0. One has

0la=0 = 0(7,00,0,5) = f(7) := 0o + {1 + ssinT, h|q=0 = Id, (2.2)
. d 00
r_ 4oV _ o /
0, = 790 cos ) — asin 64,,. (2.3)

Substituting a = 0 and 0 = f(7), see (2.2)), to (2.3) and integrating ({2.3))

with the initial condition 6/ |,—o = 0 yields
0 (1) :/ cos f(7)dr,
0

2w
gh(eoﬂa:o = / cos(0y + ¢t + ssinT)dr. (2.4)
a 0

18



Claim 1. If (0,y) is an accumulation point of the set Constry, then

Oy ay
da
Proof Suppose the contrary: there exists a sequence of points (ag,si) €

Constry converging to (0,y), as k — oo, but the derivative ({2.5|) is non-zero
at some 6. One has

(60)|a=0 = 0 for every 6y € St (2.5)

Ohy g5
hé,ak,sk (90) =00 + ak%(go)’aio + O(ai)a

since hyos = Id, see (2.2). Therefore, the latter right-hand side cannot be
equal to 6y for all k, since a;, > 0. But hy,, = Id for all (a,s) € Constry,
by Proposition [1.30 The contradiction thus obtained proves the claim. O

System of identities (2.5)) for all 6 is equivalent to the system of equalities

2m 2w
/ cos({T + ysinT)dr = 0; / sin(/T 4+ ysin7)dr = 0, (2.6)
0 0

by (2.4) and cosine addition formula. The second identity in ([2.6)) holds
automatically, since the function sin(z) is odd and 27-periodic. The first

integral in (2.6) is equal to
2 s
/ cos(f1T + ysinT)dr = 2/ cos(f1 + ysinT)dr = 2w Jy(—y),
0 0

see (L.16]), since the function cos(z) is even and 2m-periodic. One has
Jo(—x) = (=1)'J(z), see [57, section 2.1, formula (2)]. Thus, is equiva-
lent to the equality Jy(y) = 0. This together with Claim 1 proves Proposition
O

Proposition 2.3 Let y € Ry be such that B = (0,y) is an accumulation

point of the submanifold Constry. Then the germ at 3 of the subset mrg
is a germ of regqular curve orthogonal to the s-axis.

Proof The submanifold Constr, consists of those (a,s) € RZ for which the
difference A(a, s;60) := hy 4 s(0) — 0 vanishes identically in # € R. The Taylor
series in (a, s) of the latter difference is divisible by a, since it vanishes for
a = 0. Therefore, the function

£(a,5:0) = a” Aa, 5;0)
is analytic. One has J;(y) = 0 (Claim 1) and
€(0,y;6p) = 0 for every 0o, (2.7)

by the equality %A(O, y;00) = 0, see 1)
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Proposition 2.4 For every y > 0 such that Jy(y) = 0 one has

0
a—i(o,y; 6o) #0  for every 6y ¢ g + 7. (2.8)

Proof Inequality (2.8]) is equivalent to the inequality

0?A T

—(0,y;46 0 for 6y ¢ -+ 7Z. 2.9

995 0¥ o) # rbod o+ (2.9)
Let us prove (2.9). Equations in variations on the similar derivative of a
solution 6(7, 6y, a, s) is obtained by differentiation of equation (2.3 in s and
subsequent substitution a = 0 and 6.|,—0 = sin7 (which is also found from
the equation in variation on 67):

d 0%

T Ba9s = —sin 00, = —sin(fp + 47 + ssin7)sinT

= %(008(90 + (£ +1)7 + ssinT) — cos(fp + (£ — 1)7 + ssinT)).

Integrating the latter differential equation with zero initial condition at 7 =0
and substituting 7 = 27 yields
0?0 0%A

7 (9 _
5‘a85( ™00, 0,y) 0alds

1 2
=35 / (cos(6p + (£ + 1)T +ysinT) — cos(6p + (£ — 1)7 + ysinT))dr
0

=7 cosOo(Jor1(—y) — Jo—1(—y)), (2.10)

by , the addition formula for cosine and the second equality in ([2.6))
(which holds for every integer number ¢). The Bessel function difference
in the latter right-hand side is equal to —2.J;(—y), by well-known formula,
see [57, p. 17, formula (2)]. The latter derivative is non-zero, since Jy is
a solution of the second order differential equation (Bessel equation) and
Jo(—y) = (=1)*Jy(y) = 0. Finally, the right-hand side in is non-zero.
This together with implies . Proposition is proved. O

The analytic subset M, C R? is symmetric with respect to the s-axis.
This follows from the fact that changing sing of w is equivalent to applying
the variable change 6 +— 6 + 7 to dynamical system , which does not
change triviality of the Poincaré map (the time 27 flow map of the zero fiber
Sg x {0}). The subset M, \ {a = 0} C R2, coincides with the union of
the subset Constry and its image under the symmetry with respect to the
s-axis. Both latter subsets are contained in the analytic subset

Ag, = {€(a,s;00) = 0} C R2,
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for every fixed g € R. For 0y ¢ § + 7Z, the germ of the subset Ag, at an
accumulation point 5 = (0,y) of the set Constr, is a germ (v, §) of regular
analytic curve transversal to the s-axis, since Jy(y) = 0 (Proposition
and by Proposition It is orthogonal to the s-axis, by symmetry. The
punctured germ v\ {8} coincides with the germ at S of the set My\ {a = 0},
since the latter is a one-dimensional submanifold in R ¢ R?\ {a = 0} whose
germ at 3 lies in . This implies the statements of Proposition [2.3 O

Proof of Lemma The submanifold Constry accumulates to no point
of the a-axis. For non-accumulation to the origin see [8, lemma 4.14]. Non-
accumulation to points (a,0) with a > 0 is proved in [8, pp. 5459-5460, Case
(1)]. (Formally speaking, the argument in loc. cit. proves non-accumulation
to (a,0) of sequence of points lying in the same component in Constry.
But in fact, the argument is valid for every sequence in Constry.) The
germs of the set My \ {a = 0} at points of its accumulation to the s-axis
coincide with those of the analytic subset Ag,, 6o ¢ § + 7Z, punctured
at the latter accumulation points: see the above proof of Proposition
They are regular at the base (accumulation) points, as is Ag,, which was
proved above. The intersection of the set M, \ {a = 0} with the positive
quadrant coincides with Constry. This implies that the union of the closure
Constry and its symmetric image with respect to the s-axis is an analytic
submanifold in R? (symmetry of the set M,). Its orthogonality to the s-axis
at their intersection points is obvious. The coordinate a is unbounded from
above on each connected component of the submanifold Constr, C Ri, by
[8, theorem 1.12]. This implies that each component landing at some point
in the s-axis is projected to the whole a-axis Ry and cannot start and end
at points of the s-axis. This implies Statements 3) and 4) of Lemma [2.1] and
finishes the proof of the lemma. O

2.2 Bessel type solutions of Painlevé 3 equation

Theorem 2.5 [21], Section 10, Chapter 12] For every £ € R the correspond-
ing Painlevé 3 equation admits a one-parameter family of solutions

of type du(s)
w(s) = U‘ZSS) o u(s) = sH(C1Jo(s) + CaYo(s)).

Here Jy(s) and Yy(s) are linearly independent solutions of Bessel equation

—+-——+(1—-=5)v=0. (2.11)
Namely, Jy is the £-th Bessel function

B > (—1)P T\ 2pHL
Je(w) _pgo Tp+ DI(p+l+1) (5) '
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(1t is well-known that for ¢ € Z, Jy is also given by formula ) The
above solutions w(s) of are called the Bessel type solutions.

Proposition 2.6 A function v(s) satisfies Bessel equation , if and

only if the function u(s) = s‘v(s) satisfies the equation

u1/+1_2€ /

W +u=0 (2.12)
S
In this case the function
du(s)
ds
= 2.13
w(s) = (2.13)
satisfies the Riccati equation
20 -1
w' = w—w? — 1. (2.14)
s

Each solution of satisfies Painlevé 3 equation (1.19).

Proof Writing v = us™ and substituting this to Bessel equation ([2.11))
yields

1 s
s7" — 2057 00+ 1) s  2u 4 = (sT — 0T u) 4+ (1 — —Q)S_Eu =0,
s s

which is equivalent to (2.12)). Differentiating (2.13)) and substituting (2.12)
yields

" 20 —1
u’(s) = —w?+

'(s) = —w?
wi(s) = + u(s) s

w(s) — 1.

Thus, Riccati equation is the projectivization of a linear system equiv-
alent to . This implies that each its solution is of type with
u(s) = s‘v(s), where v satisfies Bessel equation (2.11)). Hence, each its solu-
tion is a solution of Painlevé 3 equation , by Theorem O

2.3 Blow up and domain of the Poincaré map P

Convention 2.7 We will be dealing with the plane Ci’a blown up at the

origin. The blown up plane will be denoted by C2. The exceptional divisor
(the pasted projective line) is naturally identified with the projectivization
of the space (C?(,a: the projective line CP' equipped with homogeneous coor-
dinates [y : a]. Since formally speaking, the functions y and a on C? vanish
on the exceptional divisor CP' @2, we rename its canonical homogeneous
coordinates [x : a] by [y1 : y2], in order to avoid confusion. Similarly, the
space (ijya’s blown up along the (¢, s)-space {x = a = 0} will be denoted
by C4. Tts exceptional divisor will be denoted by

— Pl 2
2 :=CPp . x Cps
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Proposition 2.8 Let II C C* denote the strict transform of the hyperplane
{x = 0} (which corresponds to complexified model of Josephson junction)
under the above blow up.

1) System lifts to a well-defined line field V on
CH.=C*'\ {s=0}:

a non-autonomous ordinary differential equation on Cyp x C2-valued function
i s with constant £-component. The exceptional divisor 3 is tangent to the
line field V. Its intersection with I1 is the plane C7, = {[0: 1]} x (Cl%s.

2) The restriction to ¥ of the line field V is givén by the Riccati equation

on the function V(s) = zig that is the projectivization of linear system

(Zi) B <—_2§5 22) (3;) : (2.15)

Namely, V(s) is a solution of the above-mentioned Riccali equation, if and

only if ¥(s) = yQES; where y = (y1(s),y2(s)) is a solution of system (2.15).
3) Along each solution y(s) of system (m the corresponding function

_ ya(s)
wls) = 2sy1(s)

satisfies Riccati equation and Painlevé 3 equation (1.19).
4) The line field V restricted to ¥ is transversal to the hypersurface I1 at

their intersection points.

(2.16)

Proof System (1.10]) considered as a differential equation on vector function
(x(s),a(s)) with constant parameter ¢ has right hand side that vanished for
X = a = 0. This implies that system (|1.10) lifts to a holomorphic line field
V on C* that is tangent to the except10nal divisor ¥ = {x = a = 0} =

CP} Y1) X (Ce Its restriction to E is glven by the prOJect1V1zed linear part

1:Y2 Eh

in é a) of the right-hand side of (1.10)): linear system ({2 , whose matrix
in the right-hand side coincides Wlth the Jacobian matrlx in (x,a) at (0,0, s)

of the (x, a)-component of system ((1.10). The ratio w(s), see (2.16), satisfies
Riccati equation ([2.14)):

1 —2sy; + £ —yo(—Ly1 + = 20— 1
w = —Zw+ ( U1 syz)yl 2y2( syl 25@/2) _ w—1— w?
S 2sy7 s

Painlevé 3 equation (|1.12) on w(s) can be proved in two possible ways:
a) It follows from Proposition

b) Take a solution (¢, x(s), a(s)) of system ([1.10]) with the initial condition

( )
2sx(s)

(¢, x0,a0) at s = sg. The corresponding Solutlon of Painlevé 3 equation
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EI} converges to w(s), as (xo,a0) — (0,0) so that 50— — wp := w(so).
erefore, the limit w(s) also satisfies Painlevé 3 equation .
Statements 1) — 3) of Proposition are proved. Transversality state-
ment 3) follows immediately from the fact that linear system has
matrix with off-diagonal elements being non-zero for every s # 0. O

Consider the standard vector field directing V:

=0
X/ _ a—2x(¢+2xa)
} = . (2.17)
a' = —=2sx + ¢({ +2xa)
§=1

Set
I1; := the real part of IIN{s >0}, X4 :=1I; NX.

Proposition 2.9 1) For every initial condition xo = [0 : 1] x (¢,s0) € X4
the real forward orbit of field starting at xo meets X at some point
x1 =1[0:1] x (¢,51), s1 > so (take x1 to be the first point of return to X, ).

2) The same holds for every xg € 111 lying in some neighborhood of X,
and the map xg — x1 is a well-defined germ of analytic Poincaré first return
map P: (I, X1) — (I1, X4 ).

3) In the case, when the above g, x1 lie in X4, one has x1 = P(xg), if
and only if 0 < sg < s1 and sg, s1 are neighbor zeros of a solution of Bessel

equation .

Proof The flow of field on X is given by solutions w(s) of the Riccati
equation . Intersections of its orbit with II are poles of the solution
w(s). Recall that w = %, see , where u(s) = s‘v(s), v(s) is a solution
of Bessel equation (2.11)). Therefore poles of w are exactly zeros of v(s).
The Bessel function Jy(s) has infinite sequence of positive zeros. For every
other solution v(s) of Bessel equation its zeros are intermittent with those
of Jy, by Sturm Separation Theorem. Therefore, each its solution v has also
infinite sequence of positive zeros. The map sending one zero of a solution to
the next one depends analytically on the parameter of solution, since no two
zeros can collide: a non-trivial solution of a second order differential equation
cannot have multiple zeros. This proves Statements 1) and 3). Statement
2) follows from transversality statement 4) of Proposition O

2.4 The Poincaré map on constriction curves. Proofs of The-

orems and [1.23

Proposition 2.10 The submanifold @m C R? intersects the s-axis in
at least one point (in fact, at an infinite number of points) with positive
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ordinate.

Proof The proof is analogous to the discussion in [8, subsection 4.3]. It is
based on the Bessel asymptotics of the boundary curves of phase-lock areas
proved by A.Klimenko and O.Romaskevich [38]. Let us recall their result.
The boundary of the phase-lock area L, consists of two curves 0Ly, OLg r,
corresponding to those parameter values, for which the Poincaré map of the
corresponding dynamical system acting on the circle {7 = 0} (i.e., the
time 27 flow map) has fixed points 0 and 7 respectively. These are graphs

0L, o ={B =G,q(A)}, Gy q are analytic functions on R; a =0, 7.

Theorem 2.11 [38, theorem 2]. There exist positive constants &1, &2, K1,
Ky, K3 such that the following statement holds. Letr € Z, A, w > 0 be such
that

rw| +1 < &VAw, A > &uw. (2.18)

Let J, denote the r-th Bessel function. Then

1 1 A 1 K A
- =g (-Z) <= + 224 -z ,
' GT,O(A) r Jr ( >‘ (K1 3 Ksln < >> R (2 19)

1 1 A 1 Ky A
- —r—=J (=) <= — ~). .
’me(A) r er< w)‘ <7 <K1 + 3 + K31ln <w>) (2.20)

Let u1 < ug < ... denote the sequence of points of local maxima of the
modulus |Jy(—u)|: up — 400, as k — oo.

Proposition 2.12 For every € Z, ag > 0 and every k large enough depen-
dently on l, ag, for every a € (0,ap] there exists a wi = wg(a) € (ug, ugs1)
such that (a,wy) € Constry.

Proof In the coordinates (a, s) inequalities (2.18)), (2.19)) and (2.20]) can be

rewritten for r = ¢ respectively as

Lr1<85 526 2.21)
a a
‘QGM(Z) Sy an(—s)‘ < % (K1 + Kad® + Ksln(s)) (2.22)
‘aah(z) . an(—s)’ < 2 (Ky + Kyd® + K3In(s)) . (2.23)

For every k large enough the value s = wy satisfies inequality (2.21]) for
all a € (0,ap]. Substituting s = uy to the right-hand side in (2.22)) trans-
forms it to a sequence of functions of a € (0, ag] with uniform asymptotics
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a(O(i) + O(qul;:’“)), as k — oo. The values |Jy(—ug)| are known to behave
asymptotically as \f% up to a known constant factor, see asymptotic formula

k
for Jy(s), as s — +o0, in [57, section 7.1, p. 195]. Therefore, they dominate
the right-hand sides in (2.22)) and (2.23). This together with (2.22), (2.23])
implies that for every k large enough, set Aj = %, w = al,

Gro(Ag) = tw — Jo(—up)(1 + 0o(1)), G r(Ar) = lw + Jo(—ur)(1 + o(1)),

as k — oo, uniformly in w > ag ! ie., uniformly in a € (0, ap]. This implies
that the difference

A(A) :== Gy r(A) — Gro(A) has the same sign, as Jy(—uy), at A= Ay,

whenever k is large enough, for every a € (0,a0]. The extrema uy are
intermittent maxima and minima of the function Jy(—u), and the values
Jo(—uy) have intermittent signs. Therefore, the same holds for the above
differences A(Ag). Thus, for every k large enough the function A(A) has at
least one zero Wy, lying between Ay and Agy1. The latter zero corresponds to
an intersection point of the boundaries 0L, 0Ly . The latter intersection
point is a constriction of the phase-lock area L,. Hence, its abscissa is equal
to fw, by [8, theorem 1.4]. Finally, we have shown that for every k large

enough for every a € (0,a9], set wy, = wi(a) := aWy, the corresponding
point (a,wy) lies in the constriction submanifold Constry. One has wy €
(ug, uk11), by construction. Proposition is proved. O

The family of points (a,wg(a)) from Proposition with a € (0, ag]
accumulates to a point (0,w}), wj € [ug, ug41]. Thus, the manifold Constr,
has infinitely many limit points (0,w}). This proves Proposition O

Proposition 2.13 Let ;1 = (0,s0%) lie in @m C RZ’S. Then B g1 =
(0, 8¢ 4+1) also lies in the manifold @w, and the germ of @re at
Bek+1 15 the image of its germ at By under the Poincaré map P. If in
addition, k > 2, then [y r—1 also lies in Constry, and its germ at 31 is
the image of its germ at B¢ under the inverse Pl

Proof The Poincaré map P sends 3y to B¢ 1, by Proposition State-

ment 3). It sends the germ of the manifold Cﬂw at [ to its germ at
Bek+1- Indeed, it preserves £ and the conjugacy class of the underlying dy-
namical system on torus, and hence, property of dynamical system to have
identity Poincaré map. Therefore, it preserves the property to be a constric-
tion, by Proposition[1.30l This implies the first statement of the proposition,
on the map P. Its second statement, on P!, is proved analogously. O

Proof of Theorems[1.17|and [1.23] An intersection point from Proposi-
tion is some of the £y 1 = (0, s,%) (Proposition. It is a regular point
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of the submanifold @m, and it is unique intersection point of its compo-
nent passing through 3y with the s-axis. Their intersection is orthogonal.
The component is projected to the whole a-axis. These statements follow
from Lemma All the (3, are intersection points. This follows from
Proposition [2.13] Theorem [1.17]is proved. Theorem follows from The-

orem and Propositions O

2.5 Conjectures and Proof of Proposition [1.18

Proof of Proposition Let C be a connected component of the
submanifold Constr, C (Ri)w. The coordinate ¢ = w™! is unbounded
from above on C, see [8, theorem 1.12]. Therefore, its projection to the a-
semiaxis is a semi-infinite interval (ag,+00). Let now a be bounded on a
semicurve C_ of the curve C. The semicurve C_ should tend to ”infinity” in
Ri, since C is a submanifold in Ri: a closed subset in Ri that is locally a
submanifold. Therefore, either C_ has a limit point in the positive s-axis, or
s tends to infinity along the semicurve C_ (Theorem . In the first case
one has C = Cy, for some k, by Theorem The second case is impossible,
by [8, proposition 4.13]. Finally, C = C¢ . This proves Proposition m O

Suppose now that the statement of Conjecture is true for a given £ €
Z: each component C of the constriction submanifold Constry is bijectively
projected onto the a-semiaxis. Then C is continuously parametrized by a €
R, and hence, a is bounded on at least one side of the curve C. Therefore,
C = Cy, for some k, by Proposition Hence, the statement of Conjecture
holds. Thus, Conjecture |1.7] implies Conjecture |1.6]

2.6 Constriction curves and components of three-dimensional
phase-lock areas. Proof of Theorem and Corollary
1.20

In the proof of Theorem [1.5|and Corollary we use the following theorem

and lemma.

Theorem 2.14 [8, theorem 1.7] For every w > 0 and r € Z each constric-
tion (By, Ag) in the corresponding two-dimensional phase-lock area L,(w) is
positive, that is, there exists a neighborhood U = U(Ap) C R such that the
punctured interval By x (U \ {Ao}) lies in Int(L,(w)).

Proof of Theorem/[1.5l Fix somer € Z and w > 0. Consider the line A :=
{a =w™'} C RZ,. We will identify its points with their s-coordinates. For
every point x = (By, Ag;w) € Int(L,) consider those constrictions in L, (w)
that lie below z, i.e., with A < Ag. Let us denote their subset by Constr; ;.
Let Cpaz € Constr,, denote the upper of them; set Spaz = $(Cmaz) =
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W. The constrictions in Constr,. , correspond to intersection points of

the segment [0, Spmaz] C A with constriction curves (treated as components of
the constriction submanifold Constr,). To each constriction n € Constry ,
we assign its multiplicity, which is equal to the index of the intersection
Constr, N A at n. For each constriction curve C let n(C,z) € {0,1} denote
the sum of multiplicities of those constrictions in Constr, , (taken modulo
two) that lie in C. To each point z € Int(L,) we put into correspondence its
code:
code(x) := the collection of those constriction curves C

for which n(C,z) =1,

i.e., the collection of those constriction curves that contain odd number of
constrictions (with multiplicities) lying in Constr, ;.

Proposition 2.15 For every r € Z the code is constant on each connected
component of the three-dimensional phase-lock area L.

Proof As a point x moves continuously inside Int(L,), the constrictions of
the two-dimensional phase-lock area L,(w(z)) lying below x either remain
the same, or some new constrictions are born, or some of them disappealﬂ A
birth of constrictions comes from a tangency point of the line {a = w=!(z)} C
R?L’ s With a constriction curve C. The number of new constrictions born from
a tangency point is obviously even, and all of them lie in C. Therefore, birth
of new constrictions does not change the code. The case of disappearance of
constrictions is treated analogously. O

Proposition 2.16 1) For every r € Z, N € N there exists a small € > 0
such that for every ag € (0,¢) the line A = {a = ag} C R2, intersects each

a,s
one of the curves Cpp, k = 1,..., N, transversally at a point x = x1(ao)
close to By so that x1,...,xN are the only points of intersection of the

segment I := {ap} x [0,z + €] with the constriction manifold Constr,.

2) For every k =1,..., N let us identify x) with the corresponding con-
striction of the two-dimensional phase-lock area L,(w), w = aal. On the
component of Int(L,(w)) adjacent to xj from above the code is identically
equal to (Cy,...,Cg).

The proposition follows immediately from Theorem [I.17} It implies that
for every r € Z infinitely many different codes are realized by points of
the interior of the three-dimensional phase-lock area L,. Therefore, Int(L,)
consists of infinitely many components. Theorem is proved. O

2Conjectureirnplies that as w varies continuously, birth (disappearance) of constric-
tions is impossible.
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Proof of Corollary Statement (i) of Corollary follows from
Proposition [1.18} There exists a domain V' C Ug_adjacent to C such that
the corresponding subset V;, C {B = (w}, see EI;, lies in a connected
component of Int(Ly). Indeed, take an arbitrary ag > 0 such that the line
A = {a = ap} intersects C transversally in at least one point x. There exists
a semi-interval J(z) C A adjacent to x such that J(x) lies both in Ue and
in the two-dimensional phase-lock area Ly(w()), w(z) = ag’ (positivity of
constrictions, see Theorem and transversality). We take the above
interval J to be the maximal one. The domain V we are looking for is the
union of the intervals J(z) for all the points z of transversal intersection ANC.
The corresponding subset V; C {B = fw} lies in a connected component of
the three-dimensional phase-lock area Int(Ly). Let us denote the latter
component by Comp(V'). Let us show that it is adjacent to no curve Cy.

Making the intersection C N A transversal (by choosing a generic ag) and
taking the above x to be the lower point of the latter intersection, we get
that Jy(z) is a vertical line interval adjacent to x from above. The code of
every its point contains the curve C, by construction. Thus, the code of each
point in V; contains C. On the other hand, we have the following

Proposition 2.17 On each component in Int(Ly) adjacent to a constriction
curve Cyp,, the code can contain no queer constriction curve C.

Proof Fix a component W adjacent to Cyj, of the interior Int(L;). There
exists a domain S C R%S adjacent to Cyj, such that the corresponding subset

Sy C {B =wl} C R} A S€e 1) lies in W. This is proved analogously
to the above proof of a similar statement on the subset V C Uc, see the

beginning of the Froof of Corollary [1.20] For every x € S the corresponding

(z)) € Sg C W will be identified with z and also
denoted by z. le a queer constriction curve C (if any). We have to show
that the code of every x € W does not contain C. It suffices to prove
this statement just for some x € W. Taking x € S to be close enough to
the endpoint 3y of the curve Cyj, we can achieve that the segment in the
vertical line A = {a = a(x)} connecting = with its projection to the a-axis
does not intersect C. This follows from the assumption that C is queer (hence,
accumulates to no point of the s-axis, by Theorem . Then the code of
the point x does not contain C, which follows from definition. Proposition
2.17|is proved. g

point (fa~!(x

The component in Int(L;) containing 17g is adjacent to no curve Cyp,
since its code contains C (Proposition [2.17). This proves Corollary O
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2.7 Background material. Linear systems with irregular sin-
gularities: Stokes phenomena and isomonodromic defor-
mations

2.7.1 Irregular singularities and Stokes phenomena

The following material on irregular singularities of linear systems and Stokes
phenomena is contained in [4} [ [6] [32], 36], 53].
Consider a two-dimensional linear system

K
Y = (22 + § + 0(1)) Y, Y =(Y,Y) €C? (2.24)

on a neighborhood of 0. Here K and R are complex 2 x 2-matrices, K
has distinct eigenvalues A1 # Ao, and O(1) is a holomorphic matrix-valued
function on a neighborhood of 0. Then we say that the singular point 0
of system is irregular non-resonant of Poincaré rank 1. The matrix
K is conjugate to K = diag(\1,A2), K = H'KH, H € GLy(C), and one
can achieve that K = K by applying the constant linear change (gauge
transformation) ¥ = HY.

Recall that two systems of type are analytically equivalent near
the origin, if one can be transformed to the other by linear space coordinate
change Y = H(2)Y, where H(z) is a holomorphic GLy(C)-valued function
on a neighborhood of the origin. Two systems are formally equivalent,
if the above H(z) exists in the class of invertible formal power series with
matrix coefficients.

System is formally equivalent to a unique formal normal form

- K R\~ ~ ~
- <z2 + f) V. K = diag(\, o), Bt = diag(bi,by),  (2.25)
R is the diagonal part of the matrix H™'RH. (2.26)

The matrix coefficient K in system and the corresponding matrix K
in are called the main term matrices, and R, R are residue matrices.
However the normalizing series H(z) generically diverges. At the same time,
there exists a covering of a punctured neighborhood of zero by two sectors
So and S7 with vertex at 0 in which there exist holomorphic G La(C)-valued
matrix functions H,(z), j = 0,1, that are C*> smooth on S; N D, for some
r > 0, and such that the variable changes Y = Hj(z)f/ transform to
(2.25). This Sectorial Normalization Theorem holds for the so-called Stokes
sectors. Namely, consider the rays issued from 0 and forming the set

A1 — A2

z

{Re =0}. (2.27)
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They are called imaginary dividing rays or Stokes rays. A sector S; is called
a Stokes sector, if it contains one imaginary dividing ray and its closure does
not contain the other one. N

Let W (z) = diag(e™ = 2", e~ 2b2) denote the canonical diagonal fun-
damental matrix solution of the formal normal form . The matrices
XI(z) := H;(2)W(z) are fundamental matrix solutions of the initial equa-
tion defining solution bases in S; called the canonical sectorial so-
lution bases. Here we choose the branches W(z) = WJ(z) of the matrix
function W (z) in S; so that W1(z) is obtained from W?(z) by counterclock-
wise analytic extension from Sy to S;. And we define the branch W?(z)
of W(z) in Sy := Sy obtained from W'(z) by counterclockwise analytic
extension from S; to Sg. This yields another canonical matrix solution
X2(z) := Ho(2)W?(2) of system in Sp, which is obtained from X°(z)
by multiplication from the right by the monodromy matrix exp(27iR) of the
formal normal form . Let S; ;11 denote the connected component of
intersection Sj41 N S;, j = 0,1, that is crossed when one moves from S; to
Sjy1 counterclockwise, see Fig. 5. The transition matrices Cp, C7 between
thus defined canonical solution bases X7,

X'(2) = X°2)Co on Sp1; X?(2) = X'(2)C1 on Sy, (2.28)
are called the Stokes matrices.

Remark 2.18 A priori, the canonical fundamental matrix solution W (z)
of the formal normal form does not necessary have a single-valued branch,
since the exponents by may be non-integer. A diagonal fundamental matrix
solution W (z) is uniquely defined up to multiplication by diagonal matrix.
This renormalization of the matrix W(z) in the above construction trans-
forms the initial Stokes matrix pair to a new Stokes matrix pair obtained
from the initial one by conjugation by one and the same diagonal matrix. It
is well-known that two germs of linear systems of type are analytically
equivalent, if and only if they have the same formal normal form and their
Stokes matriz pairs are conjugated by the same diagonal matriz (i.e., can be
normalized to be the same).

Example 2.19 Let K = diag(A1, A2), and let Ay — A\; > 0. Then the imag-
inary dividing rays are the positive and negative imaginary semiaxes. The
Stokes sectors Sy and S covering C* satisfy the following conditions:

- the sector Sy contains the positive imaginary semiaxis, and its closure
does not contain the negative one;

- the sector S satisfies the opposite condition. See Fig. 5.
The Stokes matrices Cy and C are unipotent upper and lower triangular
respectively.
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Figure 5: Stokes sectors in the case, when A\; — Ay € R.

Remark 2.20 Let My denote the formal monodromy of system (2.24): the
monodromy matrix diag(e?™®1, e2™2) of its formal normal form (2.25)) with
respect to a diagonal fundamental matrix solution W(z). Let M denote
the monodromy matrix of system written in the basis given by the
fundamental matrix solution X°(z). It is well-known, see [32, p.35], that

M = M;Crtept (2.29)

2.7.2 Isomonodromic deformations

We will deal with linear systems on C of the type
K R
Y = <Z2—|—Z+N> Y, Y eC? (2.30)

where K, R, N are complex 2 x 2-matrices such that each one of the matrices
K, N has distinct eigenvalues. Let Ay 1, A2 denote the eigenvalues of the
matrix V. System has two nonresonant irregular singular points of
Poincaré rank 1: at the origin and at infinity. Namely, the variable change
Z = % transforms the infinity in z-coordinate to the origin in Zz-coordinate,
and system is transformed to a linear system with irregular singular
point at the origin in the z-coordinate. The corresponding Stokes rays, i.e.,
Stokes rays ”at infinity” of initial system , are given by the equation

Re(()\oog — )\001)2’) =0 (2.31)
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For every p = 0,00 let Spo, Sp1 be Stokes sectors of system at the
singular point p. Fix a point zp € C* = C\ {0} and paths «;, going from
the point 29 to some point in Spp. Let X?°(z) be the canonical sectorial
fundamental matrix solutions of system in sectors Spp. Consider their
analytic extensions to zo along the paths a; L. Thus obtained germs of
fundamental matrix solutions X?°(z) at zp depend only on the homotopy
classes of the paths a, in the class of paths with fixed starting point zp and
free endpoint lying in Spo. Let ) denote the transition matrix between the

fundamental matrix solutions XY, p = 0, 0o, near zo:
X*0z) = X9(2)Q. (2.32)

Let Cpo, Cp1 denote the Stokes matrices at p defined by the sectorial matrix
solutions X79(2).

Remark 2.21 When we renormalize X?°(z) by multiplication from the
right by diagonal matrix D), (which means similar renormalization of the cor-
responding branch of diagonal fundamental matrix solution W(z) = WP(z)
(defining XPY) of formal normal form at p), this transforms the initial Stokes
matrix collections and transition matrix () to

Cpj = D, CyiDy, Q = Dy' QD

Definition 2.22 [22] definition 4.2]. A continuous family of linear systems
of type is isomonodromic, if one can choose a continuous family of
canonical fundamental matrix solutions X?%(z) at 2o defined by continuous
families of Stokes sectors Sy and paths «a; so that the monodromy matrix
in the basis given by X%, the Stokes matrices Cp; and the transition matrix
() remain the same.

Remark 2.23 Isomonodromicity is equivalent to the condition saying that
the formal monodromies My, at singular points p, the Stokes matrices and
the transition matrix remain the same: see . In a continuous family
of linear systems constance of formal monodromies is equivalent to
constance of residue matrices of formal normal forms. It is well-known that
if an isomonodromic family of linear systems depends analytically on a pa-
rameter lying in a simply connected domain in a complex manifold, then the
corresponding fundamental matrix solutions from the above definition can
be normalized to depend analytically on the parameter. See [I1, theorem
13.1 and its proof] for the Fuchsian case; in the case of irregular singularities
the proof is analogous.
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2.8 Extension of solutions. Proof of Theorem [1.24]
The first step of the proof of Theorem [1.24]is the following proposition.

Proposition 2.24 Fiz an ¢ € C and a path o : [0,1] — C* from a point s*
to a point so; s*,s0 € C*. Let a solution (x(s),a(s)) of system extend
holomorphically to every a(t), t € [0,1), along the path « : [0,t] — C*,
but do not extend to sp = «(1) along the path o. Let w(s) = 2‘;((2) be the
corresponding solution of Painlevé 3 equation . Then one of the two
following statements holds:

(i) either w(sg) = 0 and w'(sg) = 1; in this case a(s) is holomorphic at
s0, a(sp) = £so, and x(s) has a simple pole at sy with residue i%;

(ii) or w(s) has a simple pole at sy with residue —1; in this case a(s) is
meromorphic near sy and has a simple pole with residue +so at so; x(s) is
holomorphic near sy and x(so) = F5.

Proof The variable change u = ™! transforms system ((1.10) to

/ 1 2
=35.(— 20u + 4
o 228( gt 2 (2.33)
s = (0 —s%) + %
Therefore, differentiating the formula
w(s) = a(s) _ a(s)u(s) (2.34)
2sx(s) 2s
yields
1.1 2 lau au
= 2,2 2 2 2
w —%(%(—a u” + 20au + 4a )—l—;(a —s )4_7)_@
2a? 20— 1
:iz—Hu—w? (2.35)
S S

Proposition 2.25 Let «, sg and (x(s),a(s)) be the same, as in the condi-
tions of Proposition|2.24. Then both x*(s) and a*(s) are meromorphic on a
neighborhood of the point sg.

Proof Meromorphicity of the function a?(s) near sy follows from equation
(2.35) and meromorphicity of the function w(s) on the universal cover over
C* (Painlevé property). This together with (2.34) implies meromorphicity

of the function x2(s) = 4;;15325)- .

At least one of the values x(sp), a(so) should be infinite: otherwise, the
solution (x(s), a(s)) would be holomorphic at sg, by Existence and Unique-
ness Theorem for ODEs.
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Case 1): w(s) is holomorphic at so. This together with implies
that a?(s) is holomorphic at sg. Thus, a(sg) is finite, hence x(so) = oo,
see the above discussion. Therefore, u(s) and w(s) = % vanish at
s = sp. Every solution of Painlevé 3 equation has derivative 1 at

each its zero. This is well-known and follows directly from (1.12)): the polar
part of its right-hand side at a zero of w(s) comes from % — L and it

should cancel out. Now equalities w(sg) = 0, w'(sg) = *+1 toge’éuher with
(2.35) imply that either a(sg) = £so if w'(so) = 1, or a(sg) = 0 if w'(sg) =
—1. In the second case the functions a?(s), u?(s) are both holomorphic
(Proposition [2.25) and both vanish at sg. One has a(s) = cy/s — so(1+0(1)),
u(s) = —2sc1y/s — s0(1 + 0(1)), as s — sg, due to the latter statement
and the asymptotics w(s) = %ﬁ:(s) = —(s —50)(1 + o(1)). But the above
asymptotics of the function u(s) contradicts the first equation in ([2.33)): the
left-hand side should tend to infinity, as s — sg, while the right-hand side
doesn’t. Thus, the second case is impossible. Hence, w(sg) = 0, w’(sg) = 1,
a(so) = £s0 # 0, and a?(s) is holomorphic at sy (Proposition . Hence,
a(s) is holomorphic at sg. This together with holomorphicity of w(s) and
equality w(s) = % = (s — 50)(1 + o(1)) implies holomorphicity of the
function u(s), the equalities u(sg) = 0, u/(s9) = £2 and Statement (i) of
Proposition [2.24]

Case 2): w(s) has a pole at sp. Then this pole is simple with residue +1,
see [28, p.158]. In the case, when the sign is +, one has

1 20 —1
_l’_
s — 8o 250

w(s) = + O(s — s0), (2.36)
see |28, p.158]. This together with equation implies that the Laurent
series polar parts at sg of the w-terms in its left- and right-hand sides are
equal, and hence, a?(s) is holomorphic at so. This together with
implies that u(s) — oo, hence, x(s) — 0, as s — sp. Finally, the point
(x(s0),a(sp)) is finite, — a contradiction. Thus, the residue of the function
w(s) at sg is equal to —1. This together with implies that the function
a’(s) is meromorphic near so with order two pole at so and asymptotics

2
50

(s —s0)?

Hence, a(s) is meromorphic near sp and has simple pole with residue +sg at
sp. Together with (2.34)), this implies that y(s) is holomorphic near sy and
X(s0) = F3. Statement (ii) of Proposition is proved. O

Proof of Theorem Statements 1) and 2) of Theorem follow
from Proposition Let us prove its Statement 3). A solution (x(s), a(s))

of (1.10) yields an isomonodromic family of linear systems (1.15)), see [8,

a’(s) = (I1+0(1)), as s — so.
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theorem 6.6]. Therefore, there exist analytic families X%(z,s), X°(z, s) of
sectorial matrix solutions in Stokes sectors Spg, Soco Of systems with
X = x(5), a=a(s) (Spo = Spo(s) depend on s for p = 0, 00) such that

- the Stokes matrices at the origin and at infinity defined by X?°(z, s),
p = 0,00, remain constant (independent on s);

- the transition matrix Q, X°(z,s) = X%(z,5)Q, see , between
analytic extensions to zg = 1 of the fundamental matrix solutions X?° along
paths a,, L oz;sl C C* (depending continuously on s) is also constant.

As s is changed, the Stokes sectors turn and the paths oy defining the
above analytic extension are deformed continuously (homotopied with fixed
starting point zg and free endpoints lying in variable sectors Sy, Soco). As s
makes complete tour around the origin, both sectors Sy, Seog make complete
tours, but in opposite directions: see , (2.31]). The system correspond-
ing to the analytic extension of the solution (x(s),a(s)) along the circuit in
question has the same formal normal forms and Stokes matrices at zero and
at infinity (for appropriately normalized canonical sectorial solutions in Spy).
But the homotopy classes of the paths defining the (unchanged) transition
matrix are changed.

Proposition 2.26 Let a system have trivial monodromy. Then the
corresponding transition matriz Q given by 1s path-independent: it
depends only on the normalization of canonical sectorial fundamental matriz
solutions in Spo by multiplication by diagonal matrices.

Proof Each solution of system in question is holomorphic on C*,
by triviality of monodromy. This implies that the result of its analytic
continuation along a path « from some point to zy is independent on its
homotopy class in the class of paths in C* with fixed endpoints. Therefore
analytic extension of each matrix solution X?° to zy, and thus, the transition
matrix @), are path-independent. O

Remark 2.27 As was shown in [§, proposition 4.6], triviality of monodromy

of a system ([2.30) (in particular, of a system ([1.15])) implies triviality of its
Stokes matrices and formal monodromies at both singular points 0 and co.

Let the initial condition (x*,a*, s*) correspond to a system ([1.15) with
trivial monodromy. Consider the corresponding solution (x(s),a(s)) of sys-
tem , which yields an isomonodromic deformation of linear system
in question. As s makes a circuit around the origin, the initial condition
(x*,a*, s*) is transformed to another triple (X, a, s*) corresponding to a sys-
tem ([1.15)) with trivial monodromy, the same Stokes sectors S,;, p = 0, 00,
j = 0,1 (they are completely defined by s*, which remains the same) and
the same transition matrix ), which is path-independent (Proposition.
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Proposition 2.28 Systems corresponding to the above (x*,a*,s*)
and (X, a,s*) either coincide, or differ by sign of the two first cordinates:
X = —x*, a =—a*. Or equivalently, the corresponding systems either
are the same, or are transformed one to the other by the constant diagonal
gauge transformation Y — diag(1l,—1)Y.

Proof The paths defining the transition matrix @) for the new system can
be chosen the same, as for the initial system (Proposition . Therefore,
taking appropriate normalization of the sectorial matrix solutions X0, X°0
for each system one can achieve equality of the transition matrices. The
Stokes matrices are trivial (Remark . The formal normal forms of both
systems at each singular point are the same. Indeed, they are completely
defined by s and the residue matrix eigenvalue ¢, which are the same for
both systems, since ¢ is independent on s (see also Remark. Therefore,
the formal normal forms, the Stokes and transition matrices of both systems
are the same for appropriate normalizations of the sectorial matrix solutions
XP0(2), p = 0,00. This together with [34, proposition 2.5, p.319] implies
that the systems are gauge equivalent: this means that there exists a matrix
H € GL3(C) such that the variable change Y — HY transforms one linear
system to the other. Conjugation by the matrix H should preserve the
opposite triangular forms of the matrices K and N. Therefore, H is diagonal,
since each one of the latter matrices has distinct eigenvalues. Moreover,
conjugation by H should preserve equality of opposite off-diagonal terms
of the matrices K and N. This implies that the ratio of its eigenvalues is a
square root of unity, and H = diag(1,+1) up to scalar factor. Then one has
(X,a) = (£x*, £a*). This proves Proposition m O

Proposition implies (together with Statement 1) of Theorem
that the solution (x(s),a(s)) of with initial conditions corresponding
to a system with trivial monodromy either is meromorphic on C*,
or changes sign after analytic extension along a simple circuit around the
origin. Therefore, the latter analytic extension does not change the ratio
w = 5¢- Thus, w(s) is meromorphic on C*. Statement 3) of Theorem m
is proved.

Statement 3) holds for every initial condition (0, a*, s*) such that (a*, s*) €
Constry, since it corresponds to a linear system with trivial monodromy:
for every constriction (B, A;w) the corresponding linear system with
x=0,/¢= g, s = g, a = w™! has trivial monodromy, see [8, proposition
4.1]. This proves Statement 4).

Let us now prove Statement 5). Let (0,a*,s*) be an initial condition
with (a*, s*) € Cy, for some k € N. The corresponding solution (x(s), a(s)) is
either meromorphic single-valued on C*, or meromorphic double-valued with

sign-reversing monodromy. This means that it changes sign after analytic
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extension along a simple counterclockwise circuit in C¥ around the origin.
This follows from Statement 4). It remains to show that the solution is single-
valued. Indeed, suppose the contrary: it has sign-reversing monodromy for
certain (a*,s*) € Cgi. Then it has sign-reversing monodromy for every
(a*,s*) € Cy, by continuity and connectivity of the curve Cy . In particular,
this holds for (a*,s*) € Cypj arbitrarily close to 8 = (0,s,). Passing to
the rescaled coordinates (y1,92), (x,a) := (a*y1,a*y2), and taking the limit
of thus rescaled system and the solution in question with y(s*) = 0,
a(s*) = a*, as (a*,s*) = (0, s¢x), we get linear system and its solution
y = (y1,y2)(s) with y(s¢ ) = (0,1). The limit solution y(s) should also have
sign-reversing monodromy, by construction. Hence, -1 is an eigenvalue of
the monodromy operator of system . But its monodromy operator is
unipotent: its eigenvalues are equal to exponent of (27i times the eigenvalues
of its residue matrix at the origin); the residue eigenvalues are +¢ € Z. The
contradiction thus obtained finishes the proof of Theorem O
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