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The study is part of design research on the teaching of combinatorics. Its main focus is the students' use of isomorphism when solving combinatorial problems before and after the intervention. The data come from a pilot intervention in one secondary school class and consist of students' written solutions to problems and interviews with selected students. We have distinguished three qualitatively different strategies based on isomorphism: re-coding, solving an isomorphic combinatorial problem and solving an isomorphic problem from a different area of mathematics. These strategies are illustrated by students' solutions and excerpts from the interviews. There was an increase in the use of the strategies based on isomorphism after the intervention, but it remained relatively low. After a time delay, the number of such strategies decreased. Possible implications for the new rounds of intervention are discussed.

Introduction

"Just tell me which formula to use (don't ask me to think)" [START_REF] Whitney | Taking responsibility in school mathematics education[END_REF][START_REF] English | Young children's combinatoric strategies[END_REF]. We hear similar statements from students who are often convinced that combinatorics equals formulas [START_REF] Vondrová | Didaktika matematiky jako nástroj zvládání kritických míst v matematice[END_REF].

Formula-reliant students solve problems by deciding whether the order of the elements matters and whether they can repeat. They place too much trust in algorithmic procedures [START_REF] Batanero | Effect of the implicit combinatorial model on combinatorial reasoning in secondary school pupils[END_REF][START_REF] English | Young children's combinatoric strategies[END_REF][START_REF] Fischbein | The combinatorial solving capacity in children and adolescents[END_REF]. After learning combinatorics, formulas can lead to other errors compared to the pre-training state (e.g., [START_REF] Batanero | Effect of the implicit combinatorial model on combinatorial reasoning in secondary school pupils[END_REF]. Conversely, students guided to use strategies other than formula-based ones may be more successful [START_REF] Roa | Razonamiento combinatorio en estudiantes con preparación matemática avanzada[END_REF][START_REF] Godino | An onto-semiotic analysis of combinatorial problems and the solving processes by university students[END_REF]. Students' performance in solving combinatorial problems is enhanced by leading them to enumeration [START_REF] Lockwood | Combinatorial tasks and outcome listing: Examining productive listing among undergraduate students[END_REF] and flexible work with visual representations [START_REF] English | Combinatorics and the development of children's combinatorial reasoning[END_REF][START_REF] Uptegrove | Shared communication in building mathematical ideas: A longitudinal study[END_REF][START_REF] Zahner | The process of probability problem solving: Use of external visual representations[END_REF]. However, research on teaching combinatorics is rare (e.g., [START_REF] Kafková | Interaktivní metody ve výuce matematiky[END_REF][START_REF] Uptegrove | Shared communication in building mathematical ideas: A longitudinal study[END_REF].

This study is part of design research aimed at teaching combinatorics, with the goal that students learn to solve combinatorial problems with understanding, use various solving strategies, including visual ones, and understand and use the formulas purposefully. Our teaching is based, among others, on the principle of isomorphism (e.g., [START_REF] Uptegrove | Shared communication in building mathematical ideas: A longitudinal study[END_REF]. The study aims to describe, classify and analyse the use of isomorphism in solving combinatorial problems.

Theoretical background

The strategies used in combinatorial problems involve enumeration, sum or product rule, formula, sub-problem decomposition, or tree diagram [START_REF] Batanero | Effect of the implicit combinatorial model on combinatorial reasoning in secondary school pupils[END_REF][START_REF] Fischbein | The combinatorial solving capacity in children and adolescents[END_REF][START_REF] Godino | An onto-semiotic analysis of combinatorial problems and the solving processes by university students[END_REF][START_REF] Lamanna | Do Secondary School Students' Strategies in Solving Permutation and Combination Problems Change with Instruction?[END_REF]. [START_REF] Lamanna | Do Secondary School Students' Strategies in Solving Permutation and Combination Problems Change with Instruction?[END_REF] add 'reference to another problem' in which students identify an equivalent (isomorphic) problem whose solution they already know and use it to solve the problem in question.

In line with [START_REF] Siegler | The twenty questions game as a form of problem solving[END_REF] and [START_REF] Uptegrove | Shared communication in building mathematical ideas: A longitudinal study[END_REF], we consider isomorphic problems as having the same mathematical structure and only differing superficially, e.g., in their context. Two problems may be isomorphic even if one is a word problem and the other is not. Recognising isomorphism or "transforming a problem into another equivalent situation that is used to obtain a solution" [START_REF] Roa | Razonamiento combinatorio en estudiantes con preparación matemática avanzada[END_REF]in Lamanna et al., 2022, p. 605) can be a successful solving strategy. This article will call it 'strategy based on isomorphism' or 'IS strategy'. [START_REF] Lamanna | Do Secondary School Students' Strategies in Solving Permutation and Combination Problems Change with Instruction?[END_REF] showed that students rarely used such effective strategies as isomorphism or tree diagrams. [START_REF] Krpec | Konstruktivistický přístup k výuce kombinatoriky[END_REF] explored the power of isomorphism with 11-13-year-old students who solved isomorphic problems based on the combinatorial number principle "5 over 2" and discovered that the problems were "the same". This idea was the first step towards a general relationship. Solving isomorphic problems helped students discover Pascal's identity [START_REF] Uptegrove | Shared communication in building mathematical ideas: A longitudinal study[END_REF]. Recognising isomorphic situations is at the heart of an approach to combinatorics suggested by [START_REF] Hejný | Vyučování matematice orientované na budování schémat: aritmetika 1. stupně[END_REF], according to whom one of the most important mathematical abilities "is to find common ground in seemingly disparate situations" (Hejný, 2014, p. 151). Thus, one of the goals of learning combinatorics is to learn to see the connections among isomorphic situations.

Design research on combinatorics and research questions

Students' problems in combinatorics can be partially attributed to teaching overemphasising formulae [START_REF] Batanero | Effect of the implicit combinatorial model on combinatorial reasoning in secondary school pupils[END_REF][START_REF] Fischbein | The combinatorial solving capacity in children and adolescents[END_REF][START_REF] Godino | An onto-semiotic analysis of combinatorial problems and the solving processes by university students[END_REF]. Such teaching is also present in Czech schools, where teachers usually present formulae through example problems [START_REF] Vondrová | Didaktika matematiky jako nástroj zvládání kritických míst v matematice[END_REF]. However, some research suggests that teaching without formulae may be more appropriate [START_REF] Roa | Razonamiento combinatorio en estudiantes con preparación matemática avanzada[END_REF][START_REF] Godino | An onto-semiotic analysis of combinatorial problems and the solving processes by university students[END_REF][START_REF] Kafková | Interaktivní metody ve výuce matematiky[END_REF].

Our approach to teaching combinatorics is based on the fact that memorising information does not lead to the development of hierarchical mental schemas [START_REF] Fischbein | Schemata and intuitions in combinatorial reasoning[END_REF][START_REF] Hejný | Vyučování matematice orientované na budování schémat: aritmetika 1. stupně[END_REF] and that instruction based on appropriately selected problems with little teacher intervention and maximum attention to students' reasoning leads to high-level mathematical skills (Maher et al., 2010). Our intervention emphasises generalising students' experiences with solving combinatorial problems [START_REF] Hejný | Vyučování matematice orientované na budování schémat: aritmetika 1. stupně[END_REF][START_REF] Krpec | Konstruktivistický přístup k výuce kombinatoriky[END_REF][START_REF] Uptegrove | Shared communication in building mathematical ideas: A longitudinal study[END_REF] by using isomorphic problems and encouraging students to use strategies such as visual ones. The formulae are not formally presented to students. They should come to see them by solving isomorphic problems. The discovery of combinatorial types is grounded in problem-solving.

We use a design research methodology to explore the effect of such teaching combinatorics. Trained cooperating teachers do the teaching. Four iterations of intervention, including the pilot one, are planned. The data we gather consist of pre-, post-and delayed post-tests, postinterviews with students and teachers, observations, reflective teacher's notes on each lesson, audio recordings of teaching and students' artefacts. In this study, we only focus on the data collected before and after the pilot intervention and explore two research questions: What types of IS strategy can be distinguished in students' solutions? Is there a change in the use of IS strategy before and after teaching combinatorics?

Methods

The study involves 18 girls and 12 boys, aged 17 to 18, from a Prague secondary school. They completed a pre-test before the intervention, an immediate post-test and after eight months, a delayed post-test. Interviews with selected students were conducted about their solutions to the tests they had written one day after the delayed post-test took place.

All three tests are the same and have two variants (I, II). Students solving variant I in the pretest had variant II in the post-test and variant I in the delayed post-test and vice versa. The order of the problems varied in the three tests. The tests included six problems. We will present three of them in whose solution an IS strategy appeared.

"Candy/Equation." Choose one the tasks A, B.

A. Distribute 3 equal candies among 4 children: Adam, Bara, Cecilia and Dan. Identify all the ways this division can be done. (For example, we can give Adam 1 candy, Bara gets nothing, Cecilia gets 2 candies, and Dan gets nothing.)

B. Determine all non-negative integer solutions to the equation: 𝑥 1 + 𝑥 2 + 𝑥 3 + 𝑥 4 = 3. (For example, one solution to the equation is 𝑥 1 = 1, 𝑥 2 = 0, 𝑥 3 = 2, 𝑥 4 = 0, and the other solution is 𝑥 1 = 0, 𝑥 2 = 1, 𝑥 3 = 2, 𝑥 4 = 0.)

The expected solution for both variants was enumeration. Students could notice that problems A and B were isomorphic (based on the combinatorial number "6 over 3").

"Obraz" (Picture). The letters of the word OBRAZ can be rearranged in five different positions. It can create, e.g., the "words" BAZOR, AZORB or ZOBRA. Order all these rearrangements of letters alphabetically. What word will be in position 103?

An expected strategy was sub-problems decomposition: 24 of the 120 permutations start with A, the other 24 with B, and so on, i.e., the 97 th to 120 th permutations start with Z. The first six (97 th to 102 nd ) start with ZA, so the 103 rd is the first to start with ZB. The other positions are taken by the remaining letters: ZBAOR. An IS strategy consists in coding the letters into digits.

"Dogs."

A shelter employee wants to place 2 dogs (a dachshund and a cocker spaniel) in 3 kennels: left, middle, or right. How many options does he have to place both dogs? Justify which of the results corresponds to the correct solution (the kennel can be empty):

a) 2 + 3, b) 2 • 3, c) 3 2 , d) 2 3 , e) 3 •2 2 , f
) any other number.

There are three choices for each dog; thus, c) is correct. Students could use a list of options in the solution, possibly supplemented by a picture. An IS strategy was not expected.

Data analysis

The data in this article consist of students' solutions to the tests and transcripts of interviews.

The analysis was qualitative (Saldana, 2015).

First, only the solutions that mentioned isomorphism or with an indicator that the student noticed or used isomorphism were selected. In "Candy/Equation", an indicator was when both variants were solved or an explicit comment such as "it's the same thing" was present. In "Obraz", it was rewriting the original letters into the letters from the beginning of the alphabet or using digits instead of letters. These indicators gave rise to the first version of the coding manual, complemented with codes originating inductively. They were merged into three categories (Saldana, 2015) describing isomorphism types (see below).

Seven students whose solutions were seen as examples of each isomorphism type were selected for an interview. Semi-structured interviews took part the day after the delayed post-test and were conducted by the first author. They were recorded and transcribed. The transcriptions were searched for statements explaining students' reasoning when solving the problems.

Results

We analysed 420 students' solutions (six problems in 70 tests). The IS strategy was used in 28 solutions. They can be roughly divided into three types.

Re-coding

The student uses numbers, colours, or other representations instead of letters from the assignment and vice versa or uses letters from the beginning of the alphabet instead of other letters. If a student shortens a word to its first letter (D instead of Dan), it is not re-coding.

In "Obraz" in the pre-test, Betty (pseudonym) encoded the letters with numbers (see the numerals above the letters OBRAZ in Figure 1): "Well, I sorted the numbers in alphabetical order, like, whatever's first in the alphabet is going to have the smallest number." She used this strategy in all three tests, and the sophistication of her notation grew (it was more structured and with no strikethrough). Similarly, Alex explained that he re-coded the original letters with the letters from the beginning of the alphabet to "more easily compare which letter was earlier". He found the EBACD string at position 103 and, after back-coding, found the correct answer ZBAOR. Alex used the same strategy in all the tests, and his solution record grew in sophistication.

Solving an isomorphic combinatorial task

In this type of IS strategy, the student uses the solution to an isomorphic combinatorial problem because it is familiar to them or because of a more familiar context.

For "Candy/Equation", Elisabeth wrote: 'The problems are both the same → they have the same solution'. In her written solution, only "Candy" was solved (Figure 2, A-D are abbreviations of the names), which might have helped her to see the isomorphism of the two problems. In the delayed post-test, she again chose a word problem, solved it by dividing it into subproblems and connected the two variants, writing "same problem" and drawing a smiley.

Elisabeth: I looked at the first one and found it too hard because of the x's, so then I did the second one. Then I realised it was the same thing, I guess?" [...] Interviewer: How are they the same, like, where in the equation? Elisabeth:

There're five of those figs, which is the five here, and the orangutans […] are these three x's. When asked how she found out in the post-test that the two variants were the same, Elisabeth replied: "Well, I guess I did the same thing as I did before; I wrote down all the options. Because that's probably the easiest for me than using a pattern with it. (pause) Well, I don't really remember, but I think I picked this one again (points to word problem), and then I figured it was the same thing too." In both tests, Elisabeth chose the word problem and used the strategy of decomposing a number into a sum of natural numbers (splitting it into subproblems), e.g.

3 + 0 + 0 = 2 + 1 + 0 = 1 + 1.

Solving an isomorphic problem from a different area of mathematics

This IS strategy only appeared twice. For "Dogs", Cyril circled the correct answer (c) in the pre-test and justified it by comparing the situation to ternary and binary systems (Figure 3). During the interview, he explained: "I'm quite interested in computers, so I'm familiar with the concept of the binary system, and I work with it quite a bit. [...] So, in this case, we have two dogs that the shelter owner can put in three kennels; the dogs are not interchangeable, which I think is important. And so actually, each of those two dogs can be in three, three states because they can be in one kennel together, so it's not mutually exclusive. And maybe this reasoning reminded me of the binary system where each bit can be in two states, and so I, so I actually drew it like this, that we have one dog here that can be in kennel zero, one or two."

Cyril explained the conditions that would entitle him to use the threefold system: dogs are distinguishable and can be placed in distinguishable kennels by putting both in the same kennel. above: ternary system, two orders;

left: as binary system;

bottom: 2 possibilities (kennels)

He explained using the 'reference to another problem strategy' by saying that the three "states" for a given dog reminded him of the two states for a bit in a computer.

Cyril solved a similar problem in the post-test (three distinguishable rabbits should be placed into two cabinets; one could remain empty), drew the cabinets and wrote: "Each rabbit can be in two cabinets ⇒ can be written as a binary system". The interview revealed that the binary system was a more lucid model for him: "So there it is actually the binary system straight away, and therefore, it reminded me of a concept I already knew and was simple for me."

IS strategy before and after the intervention

Table 1 shows the number of solutions with an IS strategy. There were only 28 cases in all. However, during the interviews, it transpired that it did not mean that the students did not use the idea of isomorphism in other cases. They might not have recorded it on paper. For example, Cyril explained that recording the similarity of the two situations in writing was unnecessary.

The number of solutions with an IS strategy doubled after the intervention, which tentatively points to a positive influence of the intervention. However, students do not seem to retain this strategy after a time delay. We will return to possible reasons for this result in the discussion. 

Discussion and conclusions

The first research question focused on a strategy 'reference to another problem' [START_REF] Lamanna | Do Secondary School Students' Strategies in Solving Permutation and Combination Problems Change with Instruction?[END_REF], which we called IS strategy. The analysis of students' solutions to problems in the tests and interviews revealed that they used the IS strategy in qualitatively different ways: a) Re-coding: When solving the problem, the student uses numbers or other symbols instead of letters from the problem assignment and vice versa [START_REF] Siegler | The twenty questions game as a form of problem solving[END_REF] or letters from the beginning of the alphabet instead of the given letters. b) Solving an isomorphic combinatorial task: When solving the problem, the student uses the solution to the isomorphic combinatorial problem because it is familiar or because of a more familiar context [START_REF] Hejný | Vyučování matematice orientované na budování schémat: aritmetika 1. stupně[END_REF]. c) Solving an isomorphic problem from a different area of mathematics: The student applies knowledge or skill from another area of mathematics that goes beyond combinatorics to solve the problem.

Due to a small sample, this categorisation is by no means complete. However, it shows that the idea of isomorphism can manifest itself differently. More students' solutions to combinatorial problems are needed to explore this idea further.

Second, we focused on the use of IS strategy before and after the teaching of combinatorics.

Table 1 shows that half of the occurrences of IS strategy appeared in the post-tests. The relative frequencies suggest that students used this strategy most frequently immediately after the intervention, indicating that the instruction positively affected students' realising its utility for combinatorial problems. The relative frequency of the IS strategy in the delayed post-test is lower even compared to the pre-test. However, it does not mean that students have stopped using this strategy. They might have internalised this strategy to the extent that they no longer felt the need to record itthe realisation that the problems are isomorphic ceased to be a discovery and became routine. Some students stated during the interviews that they did not record the IS strategy in writing, even though they used it.

In this study, we complemented the analysis of written solutions with interviews, which, we believe, add more validity to our interpretation of students' reasoning. The sample is small, and results particular to the occurrence of the IS strategies in pre-, post-and delayed post-tests cannot be generalised. More robust results will originate in the other rounds of intervention.

The study has implications for the new iterations of intervention. Even though the use of IS strategies increased after the pilot intervention, it remained relatively small. More emphasis on isomorphism during the intervention is needed. More problems must be prepared to reinforce the importance of fundamental ideas of combinatorics such as isomorphism, recursion, Pascal's triangle, etc. Another possibility is to divide the teaching of combinatorics into parts, separated by the teaching of other topics. It would repeatedly bring the idea of isomorphism into the classroom discourse and might lead to its better understanding and interiorisation.
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 1 Figure 1: Betty's solution of "Obraz" in the pre-test
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 2 Figure 2: Elisabeth´s solution to "Candy/Equation" in the post-test
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 3 Figure 3. Cyril's solution to "Dogs" in the pre-test

Table 1 : Numbers and percentages of test problems in which IS strategy was used
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		number of	number of occurrences of	number of analysed	share of IS strategy in
		students	IS strategy	solutions	the solution
	pre-test	19	7	114	6,1%
	post-test	28	14	168	8,3%
	delayed	23	7	138	5,1%
	post-test				
	Total	70	28	420	
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