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This article proposes inferentialism and the Webs of reasons and Actions (WRA) as valuable theories to understand students' informal statistical inference. To accomplish this, data was collected from an experimental teaching study conducted with a fifth-grade primary school in Sweden. Two distinct scenes were analyzed, comprising of a group work activity and a whole class discussion. The study demonstrates that the coordination of reasons and actions in the process of drawing inference can vary among individuals. The study highlights the importance of understanding students' actions and reasons during the data collection process or the narrative in which the data originates for a deeper understanding of student's informal inference. The illustration suggest that students can be better supported in connecting task narrative, involvement in data collection, and measures of central tendency while learning statistical inference.

Introduction

 [START_REF] Moore | Statistics among the Liberal Arts[END_REF]argues, statistics should be considered as one of the liberal arts due to its unique and impactful methodologies. One crucial aspect of utilizing statistics is the ability to generalize and make predictions from a sample to a population. Even individuals without formal inferential techniques may need to make statistical inferences in their daily lives or in their profession. Given the significance of drawing data-based inferences while acknowledging uncertainty and variability, informal statistical inference (ISI) has become a major area of focus in statistics education research. ISI can be defined as a probabilistic generalization based on the evidence provided by data.

Scholars have reported students' difficulties in generalizing [START_REF] Ben-Zvi | Junior high school students' construction of global views of data and data representations[END_REF]. Additionally, there has been a growing demand for statistics education to consider informal inference [START_REF] Bakker | Lessons from inferentialism for statistics education[END_REF] as an informal approach to statistical inference is necessary in the early years when formal inferential concepts and techniques are beyond the grasp of young learners [START_REF] Meletiou-Mavrotheris | Developing students' reasoning about samples and sampling in the context of informal inferences[END_REF]. Informal inference considers factors such as students' prior experiences and their understanding of real-world contexts. This prior statistical knowledge creates a platform for students to reason and make sense of data, drawing inferences [START_REF] Gil | Explanations and context in the emergence of students' informal inferential reasoning[END_REF].

The field of statistics education research has made significant strides in understanding the concept of ISI and how to promote it in education. However, according to Makar et al., (2011), while recent studies have focused on the importance of data in the generalization process and informal inference, it is important to consider the social context in which the reasoning leading to inferences takes place alongside whatever the students bring to reason. Further, the focus is on understanding the situation rather than examining decontextualized data, and the focus on an interesting problem and engaging the social context may influence students' inclination to look beyond the data they have. Therefore, to fully understand students' ISI it is crucial to investigate the social context and how ISI emerges in social situations. This can provide insight into the social nature of students' generalizations from data and beyond data. With this regard, we believe that the field of ISI could benefit from a stronger theoretical foundation rooted in an inferentialist view on knowledge and reasoning as social. The purpose of this paper is, thus, to illustrate how ideas from inferentialism can inform our understanding of the challenges faced in fostering ISI at the school level and to provide a theoretical underpinning for current research on ISI.

Theoretical Background

Statistical inference refers to drawing conclusions about a larger universe based on data in hand, considering the uncertain nature of conclusions due to variation. [START_REF] Garfield | Developing students' statistical reasoning: Connecting research and teaching[END_REF] differentiate two major themes in statistical inference, parameter estimation and hypothesis testing, and two kinds of inference questions, generalization, and comparison/determination of cause. The first theme focuses on generalizing from a sample to a larger population, while the second involves determining the validity of patterns in the data. There are several difficulties in making statistical inferences, including the logic of statistical inference [START_REF] Thompson | Why statistical inference is hard to understand[END_REF], students' incomplete understanding of foundational concepts such as distribution, and sampling distributions [START_REF] Lipson | The role of the sampling distribution in understanding statistical inference[END_REF] can also play a role. Alongside, several studies have found that students have difficulty understanding the relationship between outcomes and samples. They may mistakenly believe that a sample represents the entire population, without considering measurement error or sampling variability [START_REF] Ben-Zvi | Students' emergent articulations of uncertainty while making informal statistical inferences[END_REF]. On the other hand, if variation is overemphasized, students may conclude that the sample provides no information about the population, ignoring the underlying signal [START_REF] Ben-Zvi | Students' emergent articulations of uncertainty while making informal statistical inferences[END_REF]. Thus, drawing inference on a larger universe based on limited sample, is intricate and required an account and coordination of multiple aspects of the data (sample) at hand.

Informal knowledge refers to the different types of understanding that students bring to a new learning task and may involve a combination of real-world experience and prior instruction. It has been suggested and demonstrated that social interaction that requires negotiation of meaning, under the direction of shared social norms for communication helps support the transformation of informal knowledge to culturally shared formal understanding. In this context, informal statistical inference has been suggested as a transition to understand formal statistical inferences. Informal statistical inference is a reasoned but informal process of creating or testing generalizations from data, that is, not necessarily through standard statistical procedures. They propose three essential key principles to informal inferential inference: "(1) generalization, including predictions, parameter estimates, and conclusions, that extend beyond describing the given data; (2) the use of data as evidence for those generalizations; and (3) employment of probabilistic language in describing the generalization, including informal reference to levels of certainty about the conclusions drawn." (p. 86) [START_REF] Friel | Making sense of graphs: Critical factors influencing comprehension and instructional implications[END_REF] help explain the first principle by discussing "Read beyond the data". This requires students to delve deeper into the data, making them face challenges such as comparing multiple datasets, predicting outcomes for unknown cases, generalizing findings to a broader population, and spotting underlying trends.

It is contended that such a description does not explicitly account for the social nature of students' generalizations from data and beyond data and propose inferentialism as a theoretical background to fill that gap.

Inferentialism is a term used by [START_REF] Brandom | Articulating reasons: An introduction to inferential-ism[END_REF] to label his very distinctive new philosophical theory. It is a philosophy of language that describes languages as a "tool for social interaction" (Peregrin, 2012, p.7). Brandom rejects the idea that a concept or a word" stands forrepresents, expresses -its meaning" (Peregrin, 2014, p. 1). Instead Brandom proposes that the meaning of a concept should be explained in terms of inferences one makes in social practices when words connected to a concept are used. The meaning of a concept is hence constituted by how and what happens when one makes inferences in social practices. An inference is a rational connection between concepts (Noorloos et al., 2017), made by individuals in various forms of social interactions (mostly linguistic) with other peers. In other words, an inference is a connection between linguistic expressions such as words, claims, utterances and so forth. For Brandom the term inference has a much broader sense than the one usually accepted in philosophy (relation between a premise and a conclusion). [START_REF] Bakker | An inferentialist perspective on the coordination of actions and reasons involved in making a statis-tical inference[END_REF] propose, based on inferentialist ideas, the concept of a "web of reasons and actions" to get insight into how statistical, and other types of reasoning are coordinated to reduce uncertainty in the process of statistical inferences. They define the WRA as "complexes of interconnected reasons for facts and actions; these reasons include premises and conclusions, inferential relations, implications, motives for action, and utility of tools for specific purposes in a particular context" (p. 455). The concepts of (WRA) helps to explore "knowledge and action in relation to each other while avoiding a dichotomy between them" (p. 468). This study builds on the concept of WRA and propose Brandom's types of reasoning to illustrate how ideas from inferentialism can inform our understanding of the challenges faced in fostering ISI at the school level and to provide a theoretical underpinning for current research on ISI.

With this theoretical background in mind, and having explained the main concepts in this study the following research question is formulated: How are reasons and actions coordinated to draw statistical inference, and in what ways can inferentialist ideas inform our understanding of difficulties in promoting Informal Statistical Inference (ISI)?

Method

The present study draws on teaching experiments conducted in a Grade 5 (age 11) primary school in the Mideast of Sweden as a part of a larger research project aiming at advancing the pedagogy of probability and statistics education by incorporating a greater emphasis on experimentation. The main data sources in this analysis are video recordings of three group-work sessions and one whole-class discussion. Two scenes, including a group work activity and a whole-class discussion led by the teacher were selected (Patton, 2000) to illustrate the inferentialist approach. The transcripts were taken from previously translated material, which was reviewed and approved by the author's thesis supervisors. The students were familiar with group work; however, they lacked practical experience in conducting experiments. According to the teacher, the students' mathematical and statistical abilities were comparable to the national average. They had previously received instruction in descriptive statistics, and the calculation of mean and median.

In this collaborative experiment, students were handed a measurement tape, a box containing the three frogs, and a protocol sheet to record the jumps. They were tasked with assessing three distinct paper frog models, each varying in both size and color (yellow, green, and purple), to determine which frog exhibited the highest jumping ability. The aim was to identify the "best frog," defined as the one achieving the greatest jumping distance. To carry out this task, students applied pressure to each frog model and released it, prompting the frog to leap. They were instructed to work together in their groups (three groups: Group A, Group B and group C), performing a series of five trials for each of the three frogs. By measuring and comparing the jumps, students effectively evaluate each frog's performance. By measuring and comparing the jumps, students could effectively evaluate each frog's performance. The experiment's context required students to assume the role of experts, called upon to help a company identify the "best-selling frog." Within this narrative, the most marketable frog was characterized as the one capable of jumping the farthest. Based on their experimental findings to provide a well-founded recommendation to the company, ultimately assisting them in selecting the most attractive frog product for potential customers. The task aimed to challenge students to think critically about the results of their measurements and make inferences about the data, and to encourage them to apply the statistical concepts of mean and median to decide about the best frog.

The aim of the analysis was to identify the reasons and actions involved in comparing samples and deciding on the best frog. This involved determining which frog the company will produce, beyond the sample. The analysis consisted of three steps. Firstly, each participant's decision on the best frog was recorded. Secondly, the reasons and actions connected to this decision were identified, including any deterministic, personal, or other types of reasons or actions. Lastly, the coordination of reasons and actions that led to agreement on the best frog in the group was examined. We have to do it now because (…) 12 Bertil:

Results

All

No, just look here, here and here, the green won 3 times. 13 Daniel:

Yes, and the yellow to lose many times.

The discussion among the group focused on the selection between the purple and green frog. Several reasons and actions were put forward to support the decision-making process. Daniel, in [1], used a single value to support his choice. At this stage, it is unclear if Daniel's decision is based on the two last values of the green frog. However, Daniel's action in [13] supported the interpretation. Bertil, in [6], backed the selection of the green frog by presenting deterministic reasons. His claim could be seen as the students acting in a specific manner to achieve the furthest jump. On the other hand, Andre in [7] suggested an alternative approach for comparing the frogs based on calculating the mean value, with the highest mean being the best frog. However, Bertil promptly dismissed Andre's proposal and recorded the green frog as the best. Surprisingly, Andre seemed to agree with this decision, but he still emphasized the importance of calculating the mean value. It was unclear if Andre believed that the calculation of the mean would change the group's decision or if it was just a formal way to support an already obvious decision. To address Andre's insistence on calculating the mean, Bertil provided additional reasons by comparing three jumps from the green frog to three jumps from the purple frog [8] Similarly, Daniel in [13] compared the green frog to the yellow frog and thereby legitimized Bertil's reasons. The group eventually agreed on the green frog as the best choice, with Cody supporting the decision without offering any reasons. It can be assumed that Cody supported Bertil's and Daniel's reasons.

In conclusion, the decision-making process involved the coordination of actions and reasons. The first action, "We made it jump and it jumped the furthest," was connected to deterministic reasons, where the action leads to a deterministic outcome. The second action, jump-to-jump comparison, provided additional reasons to support the previous claim. Two other similar actions, such as Cody's non-involvement and Andre's agreement, were also observed. This illustration highlights that the process of drawing informal inferences involves purposeful actions and proto-statistical reasons [START_REF] Gal | Which Group is Better? The Development of Statistical Reasoning in Elementary School Children[END_REF]. Additionally, the statement "We made it jump and it jumped the furthest" implicitly indicated the possibility to produce the same result beyond the trials (data), which can be seen as "beyond the data." Thus, "beyond the data" can be articulated in deterministic actions-reasons

Second Scene: Whole class discussion

14 Bertil:

We had the green one. 15 St. B:

We got the purple. 16 St. C:

We have the purple as well. 17 we count them all and divided by 5, the mean value. You can see…the green is too big…and the yellow too small, the purple is the best when you make it jump well. The purple is not too big, and it is not too small, you just need to make it jump well. The purple will win …we want to decide ourselves how to compare. The text say we are the experts.

24 Andre:

But look at the mean value…look at the mean value (showing his calculation to Bertil). 25 Daniel:

It is not possible…show me. How is this possible…. But you are right…

The whole class discussion was led by the teacher and begun with the teacher asking each group their recommendation to the company. Group A went for the green frog whereas the other two groups proposed the purple frog. At this stage, there was no discussion regarding the yellow frog. The decision of groups B and C was based on the mean value, together with other reasons and actions. In [19], St. B, explained the calculation of the mean value. Additionally, he provided other deterministic reasons. According to him, the size of the frog has an impact on the jump, as the green was too small and the yellow too big. He also indicated that their actions also have an impact on the result, stating, "you just need to make it jump well." These reasons and actions were also evoked by a St. C. However, the order of the explanation was different; first, the focus was on making the frog jump well, and then the calculation of the mean. In St. B's case, the actions and deterministic reasons were recalled to support the results. One unanswered question was whether the deterministic reason and action would have been the same if the mean value of the purple frog was not the highest one. In St. C's case, the action preceded the calculation, first making the frog jump well, giving all the frogs the same opportunity, and then calculating the mean value, which was the instance of decision. In summary, it can be said that St. B and St. C drew the same inference, although the coordination of reasons and actions differed.

At this stage, the members of Group A seemed confused and started to look at each other. Andre, in [20], turned to Cody and explained that he calculated the mean value, and that the purple was the best frog. Cody then challenged Andre by showing the jump-to-jump comparisons presented by Bertil previously. The teacher then challenged the other members of Group A by changing the jump-tojump pairwise comparison. Bertil, in [23], acknowledged the purple, but provided context related to his previous choice, claiming that, as experts (in the narrative of the task), they should be free to decide how to compare the frogs. The context seemed to influence the way Bertil perceived the task and subsequently his reasoning. The result was a surprise for Daniel, but he acknowledged the purple frog as the best frog based on the calculation of the mean value.

In relation to the research question, it can be said that different reasons and actions were coordinated in the process of drawing inference. Similar to all groups, actions during the data collection were taken into consideration, as the manipulation of the frog had an impact on the jump. Further, a perceived causality was put forward as support in the process of drawing inference, specifically that frog size impacts the jump. Crucial to the task was the role of the mean value, as the results indicated that the mean value conferred legitimacy to the students' decision. As shown in the analysis, in the process of drawing statistical inference, reasons and actions are coordinated differently, and reasons can support actions and vice versa.

Discussion and Concluding Remarks

This research article explores the theoretical frameworks of inferentialism and the WRA to gain a deeper understanding of students' informal statistical inference (ISI) in statistics education. The investigation uncovers significant variations in how individuals coordinate reasons and actions when making inferences, and the WRA provides a holistic perspective on informal inferences by considering the multitude of factors that influence our actions, reasons, and decisions [START_REF] Gal | Which Group is Better? The Development of Statistical Reasoning in Elementary School Children[END_REF]. The significance of ISI has made it a major focus in statistics education research, with the ability to draw data-based inferences and recognize uncertainty and variability being crucial skills for students (Ben-Zvi, 2006). However, Makar et al. (2011) stress that examining the social context of reasoning leading to inferences is vital. An inferentialist view of knowledge and reasoning as social phenomena offers a strong theoretical foundation for understanding the challenges in fostering ISI at the school level.

This study contributes to the theoretical underpinnings of ISI, inferentialism, and the WRA, highlighting the crucial roles of actions and proto-statistical reasons in making informal inferences, as proposed by [START_REF] Gal | Which Group is Better? The Development of Statistical Reasoning in Elementary School Children[END_REF]. The value of inferentialism as a background theory for deepening our comprehension of the "beyond the data" notion in terms of replicability and deterministic reasons (cause-effect relationships) is demonstrated. Furthermore, the need to examine students' actions and reasons during data collection or the data's originating narrative to better understand their informal inference processes and learning experiences is stressed. Based on the findings, two potential research avenues are proposed. The first involves investigating the impact of cultural, social, and individual differences on students' informal inference processes to gain a more nuanced understanding of how diverse backgrounds and experiences affect students' learning in statistics education. The second avenue involves analyzing the interaction between formal and informal inference processes to identify potential synergies and conflicts that can guide the development of effective instructional materials and teaching strategies.

In conclusion, the study's findings have significant implications for the field of statistics education.

To create effective learning experiences bridging the divide between formal and informal inferences, it is crucial to comprehend the complex coordination of reasons and actions involved in making informal inferences. By exploring the proposed future research directions, the understanding of students' informal statistical inference processes can be enhanced, ultimately contributing to the progress of statistics education. Incorporating inferentialism into the study allows for a deeper understanding of the social context in which reasoning leading to inferences takes place, filling the existing gap in understanding and contributing substantially to the field of statistics education.

  Teacher: mm okay yes. (Talking to a St. B), your group where you figured out which frog you should choose, how…what…how did you figure that out? 18 St. B:

  names are pseudonyms and St. B and St. C are respectively student in group B and in group C.

	First Scene: Group A-work
	1	Daniel:	The green one, it jumps 38,3 cm. (the last two measurements were 38,3)
	2	Bertil:	Yes, it's the green one.
	3	Cody:	Yes.
	4	Bertil:	Then let's write, the green one jumps the furthest.
	5	Daniel:	How did you come up with that conclusion?
	6	Bertil:	Because we made it jump. We made it jump and it jumped the furthest.
	7	Andre:	Average value, let's use the average value. And then we can look at which
			one jumped the furthest. Yes?
	8	Bertil:	No… the green one (…) jumped the furthest (writes on her paper)
	9	Andre:	Yes, but we must use the average value on it.
	10 Bertil:	But you do that later.
	11 Andre:	

  You can, the best biggest numbers in the purple.

	19 St. C:	Yes! Very good. In our group…we are expert we make the frog jump well
		and we calculate the mean value.
	20 Andre:	I told you (addressing the other member of his group). I calculate the
		mean…the purple won.
	21 Cody:	But look here and here, and here…the green won.
	22 Teacher:	what happens if you change the order of caparison? (Showing different
		comparison)
	23 Bertil: