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In this paper, I discuss the challenges and affordances of assessing students' possession of mathematical competencies. It is argued that using a set of mathematical competencies as learning goals for mathematics education challenges the reliability of the assessment schema, but also holds potential in raising the validity. The latter is evidenced by a case study of oral exams following experimental competency oriented mathematics education in grades 7-9 in Denmark.

Introduction

In the course of the latest decades, mathematics teaching in many parts of the world has been subject to curriculum reforms representing a shift from subject matter learning goals related to mathematical concepts and procedures towards learning goals described as combinations of mathematical subject matter and more mastery-oriented ambitions. This overall development in the conceptualisation of learning goals for mathematics education is well covered in the research literature. Many reports focusing on specific countries document this shift [START_REF] Niss | Survey team on: Conceptualization of the role of competencies, knowing and knowledge in mathematics education research[END_REF].

Such curriculum reforms create a need for reconsidering many other issues related to educational development; teaching methods, teacher training, etc. Assessment is probably the most politically hot and didactically challenging of these issues in Denmark and elsewhere. The research literature offer suggestions of concrete approaches to assessment within the framing of a mastery-oriented curriculum (e.g., [START_REF] Burkhardt | Formative assessment in mathematics[END_REF][START_REF] O'reilly | Cognitively based assessment of, for, and as learning: A framework for assessing reading competency[END_REF], but to the best of my knowledge only with empirical evidence from formative assessment in the classroom.

In this paper, I focus on summative assessment guided by the following research question: From a conceptual perspective, what are the challenges and affordances of assessing students' possession of mathematical competencies, and how might these affordances be materialised and challenges be met in a naturalistic exam setting? I address this question by providing and discussing an example of how one can approach the competency-oriented national oral exam in mathematics following compulsory schooling -grades k-9 -in Denmark. The design of this approach is naturally based on the chosen conceptualisation of "competence" and "assessment", and on how I consider assessment in general and assessment of competencies in particular as an educational challenge, which I begin by laying out.

Conceptual framework

A competency perspective

The curricular focus on student mastery mentioned above has been conceptualised in different ways, for example by means of terms like mathematical proficiency, mathematical practices, fundamental mathematical capabilities, mathematical literacy, quantitative literacy, and numeracy (cf., e.g., National Research Council, 2001;[START_REF] Lew | New challenges in the 2011 revised middle school curriculum of South Korea: Mathematical process and mathematical attitude[END_REF]. In Denmark, we have spent the last two decades developing and implementing an approach, where the mastery-oriented curricular ambitions are described by means of a set of mathematical competencies [START_REF] Højgaard | Fostering competence: A narrative case study of developing a two-dimensional curriculum in Denmark[END_REF]. This process was initiated by the so-called KOM Project, conducted in the years [START_REF] Barnes | Assessment: The engine of systemic curricular reform[END_REF]-2002[START_REF] Niss | Mathematical competencies revisited[END_REF]. The key steps in the project's analysis were to

• move from a general understanding of the concept competence, conceptualised as someone's insightful readiness to act appropriately in response to the challenges of given situations [START_REF] Niss | Mathematical competencies revisited[END_REF], • to a focus on a mathematical competency, conceptualised as someone's insightful readiness to act appropriately in response to a specific sort of mathematical challenge in given situations (Ibid.), • and then identify, explicitly formulate and exemplify a set of mathematical competencies that can be agreed upon as independent dimensions spanning what it means to master mathematics.

Modelling assessment as an educational challenge

Inspired by [START_REF] Clarke | Assessment[END_REF], I work with assessment as a process that involves more or less explicitly conducting three sub-processes:

• Characterising what you are looking for.

• Identifying the extent to which what you are looking for is present in the situations involved in the assessment. • Portraying the identified.

Hence, assessment is about taking a systematic approach to the question "How are you doing?" That calls for the counter question "Regarding what?", which is a shorter way of asking for a characterisation of what one is focusing on and hence looking for. If that is not clear (possibly implicitly) to the persons involved, it will be an unfocused discussion with nothing common to refer to. Then one can seek an answer to the question "To what extent?", that is, start searchingmeasure/sense/see/hear -in whatever is being assessed for signs that it contains (elements of) what by choice of perspective has been appointed as being good. Only then will it make sense to plunge into portraying by making a description of the quality of what was measured/sensed/seen/heard.

Competency goals and the quality of assessment

When analysing and discussing assessment, I find it useful to work with the commonly used quality criteria (cf., e.g., [START_REF] Wiliam | Assessing authentic tasks: Alternatives to mark-schemes[END_REF] validity (does the assessment highlight what it is supposed to highlight?) and reliability (is the assessment reliable, that is, independent of who is doing it?). Both these quality criteria relate to assessment as a whole, but they emphasise different parts of the process. Validity is about maintaining focus on what one is essentially attempting to assess, implying an emphasis on the characterisation part of the process when discussing the quality of an assessment according to this criterion. Reliability is about making the portraying as transparent and impersonal as possible, thereby naturally emphasising this part of the assessment process.

When designing a specific assessment it is natural to strive for a combination of high validity and high reliability if they seem to be within reach. That will be the case if the things one is looking for can be characterised and challenged in such a straightforward way that the identification and portraying part of the assessment become simple to carry out ("What is 100 times 8 times 35?").

Working with competency goals demonstratively pulls in the opposite direction. "Use mathematical modelling to investigate the number of books at the school library." By posing such a challenge one is using the potential of descriptions of competencies in terms of making explicit some non-trivial ambitions for a given unit of teaching. Thus, competency goals strengthen the characterisation part of an assessment and thereby directly contribute to raising the validity.

However, because they express non-trivial ambitions for learning, competency goals also make the identification and portraying part of the assessment process anything but simple to carry out. It is therefore to expect that a combination of high validity and high reliability becomes difficult if not impossible to realise, calling for a balanced and pragmatic approach.

The importance of high validity

When attempting to design and carry out a non-trivial assessment one can approach the challenge of not being able to claim both high validity and high reliability from two opposite directions: Making a demand for high validity the point of departure when attempting to raise the reliability as much as possible, or vice versa. My focus when I work with assessment is to ensure high validity, because of the widely recognised heavy impact from assessment on teaching and learning: If the validity of an assessment is high it can be used to keep the teaching and learning process on the right track, whereas an assessment with low validity easily pulls you off that track. When designing assessment, a more procedural version of this point of departure can be to answer questions such as these: a) Which (competency) learning goals exist for the unit of teaching I am about to assess? b) How do I understand these goals? c) Which kind of prompts to guide student activity -tasks, presentation of cases, oral and/or written stories, questions for discussion, etc. -can I find or develop? d) What signs in terms of certain kinds of student activity should I pay special attention to in order to identify the extent to which our goals are present in the situations assessed? e) How do I portray what I have identified?

Method: Naturalistic, ethnographic, longitudinal intervention studies I have worked with this approach in many different research and development projects in Denmark, all conducted as naturalistic inquiries [START_REF] Lincoln | Naturalistic inquiry[END_REF]. One important characteristic of such an approach is the choice to "carry out research in the natural setting or context of the entity for which study is proposed" (p. 39). In my case, the natural context is ordinary mathematics classrooms (one teacher, 20-25 students) at ordinary public k-9 schools in Denmark.

The project KOMPIS involved experimenting with and documenting oral exams following competency-oriented mathematics teaching. A mathematics teacher educator and I supported three mathematics teachers in explicitly striving for developing the students' mathematical competencies [START_REF] Højgaard | Competencies and curricula: Two case stories of two-dimensional curriculum development[END_REF]. The project lasted three years (2009)(2010)(2011)(2012), following the mathematics teaching in the last three years of compulsory schooling in Denmark, grades 7-9, and the final oral exam.

A central part of this longitudinal intervention study was organised as project work. In one of the KOMPIS classrooms, these processes were followed particularly closely. Following an ethnographic approach to case studies of classroom interactions and development of classroom cultures [START_REF] Kullberg | Etnografi i klassrummet[END_REF][START_REF] Yazan | Three approaches to case study methods in education: Yin, Merriam, and Stake[END_REF], I joined the teacher in planning, organising, and evaluating the teaching, and observed, video-recorded and analysed selected parts of it, as well as carried out assessment interviews with the teacher and a group of students, respectively.

The data from the project consists of a logbook from the KOMPIS Project (in Danish) with links to video shots and interviews. Large matrix-organised schemas in the beginning of these logbooks illustrate the analysis method: The teacher and I planned and organised periods of teaching guided by the ambition of supporting the students in developing a particular appointed mathematical competency. To guide this process, we agreed on a model of the crux of that competency, cf. the example provided in Figure 1. The core competency elements conveyed in that model were then used as analytic codes when observing the teaching and analysing the video recordings of it, cf. the headings of the rows in the matrix-organised schemas in the logbook, exemplified in Figure 2. 

Results: An example of oral summative competency assessment in mathematics

The mathematics part of the KOMPIS Project was rounded off by an experimental oral exam with the assessment process from a) to e) described above as the developmental spine. The following is a description of what was both designed to and turned out to be the three defining phases of the assessment process, exemplified with the process of assessing the students' possession of mathematical reasoning competency.

This exemplifying case is extensively described and documented by video shots in excerpts from the KOMPIS logbook translated into English [START_REF] Højgaard | Logbook and link to video shots from observing experimental mathematics teaching in the KOMPIS Project: Module 5 on mathematical reasoning competency[END_REF][START_REF] Højgaard | Logbook and link to video shots from observing experimental mathematics teaching in the KOMPIS Project: Preparing for the oral exams[END_REF][START_REF] Højgaard | Logbook and link to video shots from observing experimental mathematics teaching in the KOMPIS Project: Oral exams, group 5 and 6[END_REF]. The password -which is only to be shared with relevant colleagues and students -is Tomas. The focus of the analysis is the constructed alignment process that was a pivotal element in the mathematics part of the KOMPIS Project. Hence, the logbook excerpts and the video shots only exemplify and concretise the approach taken, and can therefore be paid attention or not as preferred by the reader.

Phase 1: Competency-oriented, student-guided project work

As a general approach to teaching, the three KOMPIS mathematics teachers worked with the a-e assessment process described above recurrent during grade 8 and 9, often organised as project work following the same organisational template [START_REF] Højgaard | Competencies and curricula: Two case stories of two-dimensional curriculum development[END_REF]:

Choosing a mathematical competency: The teacher decided on a given mathematical competency to focus on for the project module. In the fifth module, the focus was on mathematical reasoning competency for the first time.

Understanding the competency: Approximately one week was spent on helping students develop an understanding of the crux of the given mathematical competency. The students were alternating between working with tasks that required them to use aspects of the competency (MMM110516-B) and plenary discussions about what the tasks has to do with the competency (MMM110516-D). This process was summed up by institutionalising the chosen conceptualisation of the chosen competency by means of a visual model (MMM110516-F).

Enacting the competency: The remaining couple of weeks of the project period was spent working with the competency development and writing a report about it. In the first reasoning project, a group of students chose to work with the solution and construction of Sudoku puzzles (MMM110530-D).

Formatively assessing the competency development: At a rounding off session, each group, the teacher and another sparring group assessed the project work. MMM110620-A shows the initiation of the assessment process in the first reasoning project.

Phase 2: Strengthening the competency-foci of the various pieces of project work

The explicit product of the recurrent work processes in phase 1 was eight project reports per student, each explicitly focusing on either mathematical modelling or reasoning competency. By the end of grade 9, about six weeks before the oral exams, the teacher orchestrated a process where the students chose four of the eight project reports to constitute an exam portfolio. The students then returned to the groups they were in when conduction each of the four modules of project work behind the chosen reports, and in turn worked on further developing them, supervised by the teacher. The foci of this process were the same as for the ongoing summative assessment of each project module, cf. the description above.

MMM120524-A shows the initiation of the re-assessment process for the first reasoning project.

Phase 3: Documenting competency possession with reference to a selected piece of project work

One of the four project reports in the exam portfolio and the accompanying mathematical competency goal were then randomly picked by the headmaster to be defended, criticised and elaborated on during a two-hour long oral exam for each group of 3-5 students, allowing the teacher and an external examiner to work with point d and e from the assessment process description above. The course of the exams were as follows:

Initiation of the exam by the teacher, telling the group which project report has been picked out for them and reminding them of what competency that establishes as the explicit objective for the exam (MMM120625-5A).

Group-wise preparation for 15 minutes, allowing the group to discuss and support each other in their understanding of the crux of the competency and how the project report documents -or could be developed to document -that (MMM120625-B).

Rounds of competency-oriented dialogue with the individual students one by one, typically resulting in 3-4 dialogues of 2-7 minutes with each student (MMM120625-5C, MMM120625-5F, and MMM120625-5I).

Portraying the identified signs of competency possession and deciding on a grade resulting from that, in a dialogue between the teacher and the external examiner (not allowed to be video recorded).

Communicating and justifying the portraying and the grade for the group of students (not allowed to be video recorded).

Discussion

In the introduction, I posed the following research questions: From a conceptual perspective, what are the challenges and affordances of assessing students' possession of mathematical competencies, and how might these challenges be met and affordances be materialised in a naturalistic exam setting?

Since then, I have introduced a conceptual framework for and approach to discussing assessment of competency-oriented mathematics education, and I have described a case study using this approach to conduct oral exams. I believe that justifies the following answers to the research questions:

Conceptually, on the one hand, competency goals challenge the reliability of an assessment process, because the complexity and situational judgement inherent in competency possession make its assessment an interpretative, qualitative endeavour. On the other hand, competency goals potentially raise the validity of an assessment process, because they offer the affordance of making mastery ambitions explicit.

In a naturalistic exam setting, this affordance can be materialised by carefully and constructively aligning the competency learning goals, teaching approaches, and exam mode (Biggs & Tang, 2011), cf. the interrelation between the three phases described in the results section above. This is in accordance with much mathematics education research literature stressing that teaching approaches are often heavily influenced by the approaches taken in high-stakes summative assessment (e.g., [START_REF] Barnes | Assessment: The engine of systemic curricular reform[END_REF].

In the case described above, a main challenge for such a competency-aligned approach turned out to be the complexity experienced by the teachers involved. Developing a sound understanding of the crux of each of the competencies turned out to be vital for the success of the rest of the assessment process.

In the attempt to facilitate such understanding, the use of visual models of the individual competencies was an effective way to exploit the communicative affordances of working with explicit competency goals. This is in accordance with similar experiences from other research and development projects (e.g., Højgaard & Winther, 2021) and with a general emphasis in the mathematics education research literature on the fruitfulness of working with visual models of the mathematical modelling process (e.g., [START_REF] Perrenet | The many faces of the mathematical modeling cycle[END_REF][START_REF] Højgaard | Teaching for mathematical competence: The different foci of modelling competency and problem solving competency[END_REF].
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 1 Figure 1. A model of an act of reasoning, conceptualised as a particular way of arguing where logical arguments are used to show how one's conclusions rely on certain premises (Højgaard & Sølberg, 2023)
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 2 Figure 2. The structure of the schemas in the logbook from the KOMPIS Project (my translation), exemplifying the approach to analysing the video-documented classroom observations taken in this project