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Article history: In the present paper, we are interested in developing iterative Krylov subspace methods
Received 21 December 2021 in tensor structure to solve a class of multilinear systems via the Einstein product. In

Received in revised form 13 June 2022
Accepted 16 June 2022
Available online 22 June 2022

particular, we develop tensor variants of the GMRES and Golub-Kahan bidiagonalization
processes in tensor framework. We further consider the case that mentioned equation
may be possibly corresponds to a discrete ill-posed multidimensional problem. Applications
Keywords: arising from color image and video restoration are included.
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1. Introduction

In this paper, we are interested in approximating the solution of the following linear tensor equation

min || ®(X) — C||F, (1)

where @ is a linear tensor mapping with C € Rl xInxJix..xJmu apd x ¢ RI>--xInxJix-xJM js an unknown tensor to be
determined. The linear mapping @ should be

d(X)=Axny X, or ¢(X) = Axy X xy B,

where A € RIt<-xInxhix..xIn g e RJ1x-xJuxJix..xJm the notations #y and ) represent the Einstein product along N
and M modes which be defined later.

Tensor equations arise in many applications of modern sciences, e.g., engineering [27], signal processing [24], data mining
[26], tensor complementarity problems, computer vision, see [10,23,28] for more details. The most recent tensor approaches
used for numerically solving PDEs have been investigated in [11]. For those applications, one has to take advantage of the
multidimensional structure to build rapid and robust methods for solving the related problems. For an extensive literature
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on tensors, one can see for example the papers in [21,22]. Over the last years, many specialized methods for solving tensor
problems of type (1) have been developed, see e.g. [19] for tensor forms of the Arnoldi and Lanczos processes for well-posed
problems. Huang et al. [19] pointed out that tensor equations of the form (1) appear in continuum physics, engineering,
isotropic and anisotropic elastic models. Multilinear systems of the form (1) may also arise from discretization of the high-
dimensional Poisson problem using finite difference approximations [3,19].

In the current paper, we are interested in developing robust and fast iterative Krylov subspace methods via the Einstein
product to solve ill-posed problems originating from color image and video processing applications. Standard and global
Krylov subspace methods are suitable when dealing with grayscale images, e.g., [1,2,8,9], while Krylov subspace methods
can handle similar applications when the blurring linear operator can be decomposed into a Kronecker product of two
matrices; see [1,2]. However, much work has to be done to numerically solve problems related to multichannel images (e.g.
color images, hyper-spectral images and videos). We show that modeling these problems in the form of tensor equations
(1) makes it possible to develop tensor iterative Krylov subspace methods and allows to significantly reduce the overall
computational cost. We find that solving this kind of problems with the Einstein product can keep the computational cost
low and the iterative methods based on this product are better than the matrix-based iterative methods. This is because,
first, without vectorization, the solution and the different types of point spread function (PSF) have a one-to-one correspon-
dence so that sophisticated and complicated boundary conditions are easily integrated in the multilinear system. Second,
the tensor structure allows the application of tensor Krylov subspace methods. This method replaces the evaluation of the
matrix-vector products of the standard Krylov subspace methods by evaluation of tensor-tensor products, which can be ex-
ecuted efficiently on many modern computers. It is also worth noting that tensor iterative Krylov subspace methods, based
on T-product, have been proposed to solve large multilinear tensor equations, e.g., [12,13,8,9]. There are some advantages in
computing in a Einstein tensor structured domain rather than the T-product. The PSF tensor preserves the low bandwidth
since the main nodal points sit on the tensor diagonal entries and the rest of the stencil points lie on the off-diagonal
positions. Although the PSF matrices used in [12,13] to build the blurring tensor model are banded, the blurring matrices
in higher dimensions have larger bandwidths.

The remainder of paper is organized as follows: In Section 2, we present some symbols and notations used throughout
the paper. Section 3 includes reviewing the implementation of Tikhonov regularization for tensor equation (1). Furthermore,
we apply the global forms of GMRES and Golub-Kahan methods via the Einstein product in conjunction with Tikhonov
regularization. We present the block tensor version of the algorithms in Section 4. Basically, the block tensor forms of the
Arnoldi process, the GMRES and the Golub-Kahan algorithms are developed and their properties are studied. Section 5 deals
with reporting the results corresponding to the proposed algorithms for solving numerical examples on restoring blurred
and noisy color images and videos. Concluding remarks can be found in section 6.

2. Definitions and notations

In this section, we give a brief overview of some basic concepts and present some notions being exploited in the rest of
the paper. A tensor is a multidimensional array of data and the order is the number of its indices, which is called modes
or ways. Tensors can be seen as a natural extension of scalars, vectors and matrices to the higher order. Indeed, a scalar
is a zero order tensor, a vector is a first order tensor and a matrix can be regarded as a tensor of order two. Throughout
this work, vectors and matrices are respectively denoted by lowercase and capital letters, and tensors of higher order are
represented by calligraphic letters. We first recall the definition of the n-mode tensor product with a matrix; for more
details, see [22].

Definition 1. The n-mode product of the tensor A = [aj,i,. ;,] € R"">+*IN and the matrix U = [uj;,] € R/*n denoted by
A x, U, is a tensor of order I1 x ... X In—1 X J X Iny1 x ... x Iy with entries defined by

In
(A Xn U)i1l'2...in,1jin+1...iN = Z ai]iz...iNujin~
in=1

The n-mode product of the tensor A € RI1*-xIN with the vector v = [vi,le R!" is an (N — 1)-mode tensor denoted by
Axv whose elements are given by

(AXV)i; ip_tingoiy = E Xitig...in Vin-
in

In what follows, we recall the definition and some properties of the tensor Einstein product which is an extension of the
matrix product; for more details see [3]

Definition 2. Let A € RI1x--xIixKix..xKy =13 ¢ REKix..xKnxJix..xJu  the Einstein product of the tensors .A and B is the
tensor of size Rt xILxJix..xJu whose elements are defined by
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(A*N B)h...ilj]...jM = Z ai]‘..iqu..‘kokL..kNj]..‘jM-
Here we comment that for a given tensor A € RI1*--xInxJix.x]Ju the transpose of A, denoted by AT, is the tensor
whose elements are bi, iy jy...jm = Qjy...jNi1.in-

Definition 3. The definition of the scalar product between two tensors and its induced norm are given as follows. In partic-
ular, we state the inner product and norms with respect to the Einstein product.

1. The inner product of two same size tensors X, ) € RI**IN is defined by

L I In
(X, )= Z Z T Z XiyigewinYigip-in-
i1=1i=1 in=1

Notice that for even order tensors X', € Rl x--xInxJix..xJu we have

(X, V) =tr(XT xy V)

where YT € RJ1xx--xJuxhix..xIN denote the transpose of ). The corresponding Frobenius norm X is given by

[1X[|F = (X, X) = Vir(XT xy X), (2)

where the trace of an even-order tensor Z € RI1*--xInxlix..xIN ig gjven by

tr(2) =) Ziy _iir..in-
i..0N

Notice that the two tensors X', ) € Rf1>--xInxJix-xJu are orthogonal if and only if (X, ) =0.
In [4], the XN product between the N-mode tensors X € RI1xxIN-1xIN apnd ) e RI1*xIN-1xIN has been defined as an
Iy x Iy matrix whose (i, j)-th entry is

RN V] =t BN L), N=3.4,..,
where
xR2y=xTy, xeR*2 ycRh*k

Basically, the product X XN ) is the contracted product of the N-mode tensors X and ) along the first N — 1 modes. It is
immediate to see that for X', ) € Rl >IN we have

(X)) =tr(x®"Y),  N=23,...,
and
12012 = tr(x &N x) = x VD

We end the current subsection by recalling the following useful proposition from [4].

Proposition 1. Suppose that B € R xINXM js qn (N 4 1)-mode tensor with the column tensors By, By, ..., Bm € RV xIN gnd
z=(z1,22,...,2zm)T € R™. For an arbitrary (N + 1)-mode tensor A with N-mode column tensors A1, Ay, ..., Am, the following
statement holds

ARND (B ,,2) = (ARNTD B)z, (3)

3. Krylov subspace methods via Einstein product and Tikhonov regularization
In this section, we define the tensor global Arnoldi generalizing the classical one [20] and propose iterative methods
based on Global Arnoldi and Global Golub-Kahan bidiagonalization (GGKB) combined with Tikhonov regularization that are

applied to the restoration of color images and videos from an available blur and noise-contaminated versions.
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3.1. Tikhonov regularization

Many applications require the solution of several ill-conditioning systems of equations of the form (1) with a right hand
side contaminated by an additive error,

P(X)=C+E, (4)

where £ is the tensor of error terms that may stem from measurement and discretization errors. An ill-posed tensor
equation may appear in color image restoration, video restoration, and when solving some partial differential equations in
several space dimensions. In order to diminish the effect of the noise in the data, we replace the original problem by a
regularized one. The most popular regularization method is due to Tikhonov [30] for which the original problem is replaced
by the new one

2, = argmin (110(X) — I + Il X11F) (5)

The choice of the parameter p affects how sensitive X, is to the error £ in the contaminated right-hand side. For the
vector and matrix cases, many techniques for choosing a suitable value of u were examined in the literature; for instance
see [7,9,31] and references therein.

3.2. The GMRES method via Einstein product

Let & be a linear mapping from the tensor space R!1X--xInxJix..xJu gpto RI1*--xINxJ1%..xIM The m-th tensor Krylov
subspace is defined by

Km(®, V) = span{V, ®(V), ..., ®" "1 (V)} € RI*-xInxJix..x]m (6)

where ®{(V) = &(@~1(V)) for i=1,2,3,..., where ®°(V) = V. The process for constructing an orthonormal basis of (6)
is given in Algorithm 1.

Algorithm 1 Global Arnoldi process.

1. Inputs: A linear mapping ®, and a tensor V € R/1>*-xInxJix-xJm and an integer m.
2. Set = V|r and Vi = V/B.
3. For j=1,..., m

(@) W=aW))

(b fori=1, ..., .
o hijj= Vi, W),
e W=W—hj;V;

(c) endfor
(d) hjt1,j=IWIlF. If hjy1j =0, stop; else
e) Vis1 =W/hj1j.

4. EndFor

Let H,, be the upper Hessenberg matrix of size ()m + 1) x m whose entries are the h;; from Algorithm 1 and let Hp be
the matrix obtained from H,, by deleting the last row. Then, it is not difficult to verify that V1, Vs, ...,V obtained from
Algorithm 1 form an orthonormal basis of the tensor Krylov subspace K (®, V). Analogous to [4,20], we can prove the
following proposition.

Proposition 2. Let V be the (M + N + 1)-mode tensor with frontal slices V1, Vs, ..., Vm and Wy, be the (M + N + 1)-mode tensor
with frontal slices ®(V1), ..., ®(Vn). Then
Win = Vins1 X mant1) HE (7
= Vin XMan+1) HL 4 hmtm Lm X N1y Ems
where E;, = [0,0,...,0, eny]. Here, the vector e, is the m-th column of the identity matrix I, and Ly, is the (M + N + 1)-mode

whose frontal slices are all zero except that last one being equal to Vi 41.

Let X € RIv<-xInxJix..xJu & 3 linear tensor mapping, C € RI1*--xInxJix..xJu and consider the following tensor
equation

(X)) =C. (8)

Using Algorithm 1, we can propose the tensor global GMRES method to solve the problem (8). As for the global GMRES,
we seek for an approximate solution Xy, starting from Ay such that X, € Xy + K (P, V) and by solving the minimization
problem
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IRmllF = min IC —P(X)IF, 9)
XeXo+Km(P,V)

where Ry, =C — ©(A},). Assume that m steps of Algorithm 1 have been performed. Given an initial guess Xy, we set

Xn = Xo + Vi X (M4+N+1) Y, (10)

which gives Rm = Ro — Wi X (M+N+1)Ym. In view of Proposition 1 and using the relations (7) from Proposition 2, it follows
that

IC = @ Xm)llF = | Vig ®MHNFD (€ — @ (i) 12
= || Vin ®VMHNHED (R — Wi X 541y V) 12
= [1Bef* ! — Vi RMFNED (W X vy yim) 2
= 1Bl — (Vig RMENHD W) yn) |12
which shows that the unknown vector yp, is determined as follows:

ym = argmin 18T — Hmy 2. (11)

The relations (10) and (11) define the tensor global GMRES (TG-GMRES). Setting Xy = 0 and using the relations (9),
(10) and (11) it follows that instead of solving the problem (5) we can consider the following low dimensional Tikhonov
regularization problem

18eS ! — Huyll5 + pllyl3- (12)
The solution of the problem (12) is given by

| ( Hn pet!
= — . 13
p—TCR ] =
The minimizer yp, , of the problem (13) is computed as the solution of the linear system of equations
Hp,y = HE gem ! (14)

where Iﬂ-im,u = (ITITT,IITIm + wI). However, solving (13) is numerically better than solving the (14).

Notice that the Tikhonov problem (12) is a matrix one with small dimension as m is generally small. Hence it can be
solved by some techniques such as the GCV method [15] or the L-curve criterion [16,17,8,9]. An appropriate selection of the
regularization parameter p is important in Tikhonov regularization. Here we can use the generalized cross-validation (GCV)
method [6,15,31]. For this method, the regularization parameter is chosen to minimize the GCV function

| Hmym— T3 110 = HuHyl Hi) el 113

[tr(d — HuHy W HD2 — [trd — HnHp H)T?

GCV (1) =

As the projected problem we are dealing with is of small size, we cane use the SVD decomposition of H to obtain a more
simple and computable expression of GCV (u). Consider the SVD decomposition of H,; = UXVT. Then the GCV function
can be expressed as (see [31])

P,
—~ 02+
v == T (15)

where o; is the ith singular value of the matrix Hpn and g= ﬁ1UTe’l”+1.
As the number of outer iterations increases, it is possible to compute the m-th residual without forming the solution.
This is described in the following theorem.

Proposition 3. At step m, the residual R;;; = C — ®(X}y,) produced by the tensor global GMRES method for solving (1) has the following
expression

Rm = Vi1 X M+N+1) Vm+1Qmem+1) (16)
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where Q, is the unitary matrix obtained by QR decomposition of the upper Hessenberg matrix Hm and Ym+1 1S the last component of
the vector ,BQ,LemH in which B = |Ro||r and e; € R is the last column of identity matrix. Furthermore,

IRmllf = [Vim+1] (17)
Proof. At step m, the residual Rpm = Ro — Wi X (M+N+1)Ym can be expressed as

Rin = Ro — (Vint1 X M4N-+1) HE) X M+-N+1) Y
=R0o — Vint1 X MN-+1) (HmYm)

by considering the QR decomposition ﬁm = QmUm of the (m + 1) x m matrix ﬁm, we get

Rin =Ro — Vi1 X M+N+1)(Qrm UmYm)-

Using Proposition 1 and straightforward computations show that

IRmlIF = R0 = Vint1 X mn+1) (QuUnym) I
= | Vin ®MNED (R — Vin g1 X M4 n41) (QuUmym)) 13
= 11Qm(Qn(Bel™) = Unym)l3
=11BQne!! = Unynl3
~ 2
= l1zm — Unymll3 + Vi1
where z, denotes vector obtained by deleting the last component of Qnﬁ(ﬂe'ln*l). Since y,, solves problem (11), it follows
that y,, is the solution of Upym =z, i.e.,
Iz — Umymll2 =0.

Note that Ry, can be written in the following form

Rin = BVms1 X mn+D€T " = Vi1 X mn4+1) (Hmym)
= Vi1 X mn+1) (BT — Hoyym)
= Vm41 X (MAN+1)(Qn(Qh (Be™ )~ T ym))
= Vint1 X (M4+-N+1) (Qm¥Ym+18m+1)-

Now the result follows immediately from the above computations. O

The tensor global GMRES algorithm with the Tikhonov regularization for the projected problem, is summarized as fol-
lows:

Algorithm 2 Global GMRES method via Einstein product.

1. Inputs A linear mapping @, initial guess Xj, a tolerance &, number of iterations between restarts m and Maxit a maximum number of outer iterations.
. Compute Rg =C — ®(Xp), set V=RRp and k=0
. Determine the orthonormal frontal slices V1, ..., Vy of Vi, and the upper Hessenberg matrix Hn by applying Algorithm 1 to the pair (®, V).
. Determine p; as the parameter minimizing the GCV function given by (15)
. Determine y; as the solution of low-dimensional Tikhonov regularization problem (12) and compute R
. If ||Rml|F <& or k> Maxit; Set Xy = Xo + Vi X (M+N+1)Ym and stop.
else: Set V="Rnu, k=k+1 and go to Step 3.

U WN

3.3. The Golub-Kahan method via the Einstein product

Instead of projecting orthogonally onto a Krylov subspace and using GMRES method for solving the obtained minimiza-
tion problem, one can apply others schemes based on the Krylov subspaces Cm(®, V) and K;n(®T, W).

Here, we exploit the tensor Golub-Kahan algorithm via the Einstein product. It should be commented here that the
Golub-Kahan algorithm has been already examined for solving ill-posed Sylvester and Lyapunov tensor equations with
applications to color image restoration [5] using the classical n-mode product.

Let C e RItx.-xInxJix..xJm be given tensor. Then, the global Golub-Kahan bidiagonalization (GGKB) algorithm associated
to the linear operator ® and the initial tensor C is summarized as follows.
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Algorithm 3 Global Golub-Kahan algorithm.

. Inputs A linear mapping ¢ and an integer £.
. Set 01 =||C||r, U1 =C/oy and Vo =0
. For j=1,2,....£ Do

V=0l U) —0jVj

. pj = IDNJIIF if pj =0 stop, else

. Vi=V/pj

L U=D(V)) - pjU;j

. 0j1 = UIF

. if pj =0 stop, else

. Ujr1=U/0j1

. EndDo

SOV UDU A WN

—_

Assume that ¢ steps of the GGKB process have been performed, we form the lower bidiagonal matrix C, € R¢*¢

£1
(< I %)
Cp= )
O¢—1 Pe—1
L O¢  Pr
and
Ez — Ce T] e RUADxE.
LOc+1€y

Proposition 4. Assume that ¢ steps of Algorithm 3 have performed and all non-trivial entries of the matrix Cy are positive. Let V; and
U; be (M + N + 1)-mode tensors whose frontal slices are given by V; and U; for j =1,2, ..., T, respectively. Furthermore, let W
and W; be the (M + N + 1)-mode tensors having frontal slices ®(V;) and be(Uj) for j=1,2,..., 1, respectively. The following
relations hold:

We = Ug1 X(M+N+1) PCVZT, (18)
W@ = Ve X(M+N+1) CZ. (19)

Proof. From Lines 7 and 10 of Algorithm 3, we have

S(Vj) = pjUj+ 0jr1lj+1 j=1,2...,¢

which conclude (18) from definition of n-mode product. Similarly, Eq. (19) follows from Lines 4 and 6 of Algorithm 3. O

Here, we apply the following Tikhonov regularization approach and solve the new problem

min (1 0(X) — CIF + 1M 1X1E) (20)
We comment on the use of ! in (20) instead of x below. As for the iterative tensor Global GMRES method discussed
in the previous subsection, the computation of an accurate approximation X}, requires that a suitable value of the regu-
larization parameter be used. In this subsection, we use the discrepancy principle to determine a suitable regularization
parameter assuming that an approximation of the norm of additive error is available, i.e., we have a bound ¢ for ||£||. This
priori information suggests that y has to be determined such that,

IC— (X IF =ne, (21)

where 1 > 1 is the safety factor for the discrepancy principle. A zero-finder method can be used to solve (21) in order to find
a suitable regularization parameter which also implies that ||C — ®(&X},)|F has to be evaluated for several j-values. When
the tensor A is of moderate size, the quantity [|C — ®(X),)||r can be easily evaluated. This computation becomes expensive
when A is a large tensor, which means that its evaluation by a zero-finder method can be very difficult and computationally
expensive. In what follows, it is shown that this difficulty can be remedied by using a connection between the Golub-Kahan
bidiagonalization (GGKB) and Gauss-type quadrature rules. This connection provides approximations of moderate sizes to
the quantity ||C — ®(X,)||r and therefore gives a solution method to inexpensively solve (21) by evaluating these small
quantities; see [1,2] for discussion on this method.
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Let us consider the following functions of ,

2
P(u) = C— 2X)||5 (22)
Gefu =lICI2e] (uCeCT + 10)2en, (23)
R fu = ICI2el (uCeCT + 1141)2eq; (24)

G f and Ry1 fy, are pairs of Gauss and Gauss-Radau quadrature rules, respectively, and they approximate ¢ () as follows

Gefu <o) =Reg1fu (25)
As shown in [1,2], for a given value of | > 2, we solve for w the nonlinear equation
Gefy =€? (26)

by using Newton’s method.
The use the parameter p in (20) instead of 1/u, implies that the left-hand side of (21) is a decreasing convex function
of . Therefore, there is a unique solution, denoted by u., of

o) = ¢*

for almost all values of € > 0 of practical interest and therefore also of (26) for ¢ sufficiently large; see [1,2] for analyses.
We accept ¢ that solve (21) as an approximation of i, whenever we have

Ret1fu <n°€>. (27)
If (27) does not hold for w;, we carry out one more GGKB steps, replacing £ by ¢ + 1 and solve the nonlinear equation
Gt fu = €% (28)

see [1,2] for more details. Assume now that (27) holds for some . The corresponding regularized solution is then com-
puted by

Xy = VeX MaN+1) Ve (29)
where y,,, solves

€/ Co+p; ' yy=01Cler,  ar=|Clr. (30)
The unknown vector y can also be computed by solving the least-squares problem

1/2 =
[““f C‘] y— o) %er

min
Iy

yeR¢

: (31)
2

which is numerically better than solving (30). The following result shows an important property of the approximate solution
(29). We include a proof for completeness.

Propesition 5. Under assumptions of Proposition 4, let ¢ solve (26) and let y,,, solve (31). Then the associated approximate solution
(29) of (20) satisfies

2
| (X = Cllz = Ret1 fiu,
Proof. By Eq. (18), we have ®(&),,) = Wli(MJrNH)ye =Uyq >_<(M+N+1)(@yg). Using the above expression, we obtain

| X)) — €2 = | Ut X1y Ceve) — outhi|
= | Ues1 X m4n+1)(Ceye) — Ugs1 X mn+1) (01€1) ||i

= | Ues1 X msn+1) (Ceye — U]ﬁ)Hi
- ~ 2
= HUZ-H RMHNED (U x vty (Ceye — 0161))HF
~ 2
= H (Ue+1 M+N+D U€+1> (Ceye — 0161))H2

= [Ceye — e
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recalling that o1 = ||C||[r. We now express y,, with the aid of (30) and apply the following identity
-1 -1
I—A(ATA+M_1I) AT=<MAAT—H)

with A replaced by Cy, to obtain
2

~ fara~ -1~
[ —clf =0 |er =T (EICe+n7'le)  Tles

F
~ ~ -2

=ote] (MQ&C[T +1z+1) el

:RZJrlfMe

which conclude the assertion. O

The following algorithm summarizes the main steps to compute a regularization parameter and a corresponding regular-
ized solution of (1) using GGKB and quadrature rules method for Tikhonov regularization.

Algorithm 4 GGKB and quadrature rules method for Tikhonov regularization.

1. Inputs A linear mapping ®, n <1 and e¢.

2. Determine the orthonormal bases U,;; and V; of tensors, and the bidiagonal matrices C, and Eg by implementing Algorithm 3.
3. Determine ;¢ that satisfies (26) with Newton’s method.

4. Determine y,, by solving (31) and then compute X,,, by (29).

4. Block Krylov subspace methods via Einstein

In this section the block generalizations of the GMRES and Golub-Kahan methods via Einstein product are theoretically
discussed. To this end, first, some required definitions and proprieties are given. Then, we present the block Arnoldi process
in tensor framework.

4.1. Basic concepts
In this part, we briefly recall some preliminaries which are used for deriving the block versions of the algorithms, for

more details see [3,25,29]. The unfolded tensor is given by the following definition which is refereed to a matrix obtained
by systematically reorganizing the tensor’s entries into a two-dimensional array.

Definition 4. The transformation ¥;; from the tensor space R'>-xInxJix..xJm into the matrix space RU1-I)xUJ1--Jm)
with ¥ (X) = X is defined component-wise as

Xiyintoim = Kivec, Divec, J))

where X e RIv<-xInxJix.xiu x ¢ RUi--InxUr--Jm) | jyec(i, 1) and ivec(j, J) are respectively two index functions corre-

sponding to the subscript set i:={iy,...,iy} and j:={j1,..., jm}, ie.,
N r—1
iveci, 1) =i1+ Y Gy =D [ ] - (32)
r=2 u=1
M s—1
ivecG, I)=j1+ Y (s—= D[] Jv, (33)
s=2 v=1
and I:={I1,...,In}, J :={J1,..., Ju} are respectively referred to the row mode and the column mode of X.

By Definition 4, the concepts of upper/lower triangular, sub-column and row/column block for matrices can be extended
for tensors using the following three definitions.

Definition 5. Let I/ and R belong to C1>X--xInxIix..xIN_

1. The tensor U is upper triangular if the entries u;, iy j;....jy =0 when ivec(i, I) > ivec(i, J).
2. The tensor R is lower triangular if the entries rj, iy j;,...jy =0 when ivec(i, I) <ivec(, J).
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Definition 6 (Sub-column tensor). Let A = (@i, iy.jr....jn) € C'1X-XIVJix>xJm_ The j-th sub-column of A is the tensor

M—1 M
Aot it = @y jyg) € CTO¥XIN where j= jy + ) |:(jr -0 ] ]Li|-

r=1 L=r+1

Definition 7. Let .A c (C11><A.4><IN><]1><A.4><]M‘ Be (C11><A..><IN><K] ><...><KM‘ Ce (lex‘..x]Mxllx...xlN and D e (CK1><...><KM><11><...><IN.
Then, the following block tensors can be defined analogous to block matrices.

1. Row block tensor: The row block tensor of A and B denoted by [A B] is the tensor of size ZN x g1 x ... x By where
IN=I1xIhx...xIy,and Bj=J; +K; fori=1,..., M.
2. Column block tensor: The column block tensor of C and D is defined as

Cl _ 71 nT]T _ ~BixoxBuxTy
[D]_[C D ] eC

where ZN =1y x I x ... x Iy, and Bj= Ji+ K; fori=1,..., M.
3. Let 71 =[A; Bil, T2=[Az Bz] be two row block tensors, where A; € Rt X xInxJix..xJm By g RIxInxKix...xKu
Ay e RbvcxIvxJix..xJm and B, € RLvx--xLvxKix..xKu e define the following block tensor accordingly,

ﬂ — A] B] eClO]X..,XpNXﬂ]X...X,BM
T2 Ay By

where pj=1I;+Lj,i=1,...,Nand 8j= J; +K;,j=1,...,M.

We end this subsection by the following useful proposition which provide properties of the Einstein product between
block tensor, see [29] for more details.

Proposition 6. Let the tensors A, B, C, D, A; and B; for i = 1, 2 are defined in the same way given by Definition 7 and F € CT ="
where ZN = I x I x ... x Iy as before. Then, the following statements hold:

o Fin[A Bl=[F sy A FxyBleCT xpre-xbu,

C _ C*N]: B1X..x By x|
o [E]onr=]E00 7] ccnmmeon,

o [A Blxum [%:| :A*MC-FB*M'DE(CINXIN.

A1 By C _ Arsm C+ By D 1% % pm x|
(a4 &l [p]-[amc ] eerm

4.2. Block Arnoldi process via the Einstein product

In this part, we present the block Arnoldi process for tensors via the Einstein product which can be seen a generalization
of the well-know block Arnoldi process for matrices.

Let A € RItx-xInxlix..xIN he 3 square tensor and V € RI1*-xINxJix..xJu The m-th tensor block Krylov subspace is
defined by

KHOH(A, V) = Range ([V, Axy V. ..., A" Ty V]) S RIxIn (34)

where Al = Axy A1 fori=1,...,m—1 where A° is the identity tensor and for any Z € Rl *--xInxJix.xJu the Range
of Z is defined by

Range(Z2) = {y e Ry |Y=Z%y X forsome X eth...x},\,,] .

To apply the block version of the Arnoldi process via the Einstein product, we need to present QR factorization via the
Einstein product in the following theorem.

Theorem 1. Let A € Rl InxJ1 x..x]m then there exists an orthogonal tensor Q € RIV<>-InxJix..xIm QT v\ Q = T)1) and the
upper triangular tensor R € RJ1<-JuxJixx.Im sych that

A=0xy R. (35)

The decomposition (35) is called the QR factorization of the tensor A.
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Proof. Let A ¢ RIP<InxJixxJm  assume that the QR factorization of the unfolding matrix A = ¥ ;(A) is: A= QR, we
have A = QR. Since ¥ is a bijection, we get

A=w (A =;@QR)
=0xyR O

The algorithm for constructing an orthonormal basis of the tensor block Krylov subspace (34) is given by Algorithm 5.
Notice that in the case N = M =1, Algorithm 5 reduces to the well known block Arnoldi process.

Algorithm 5 Bock Arnoldi process via the Einstein product.

1. Inputs: A tensor A € RIT<-xInxlix..xIn "3 tensor VY e RI1*-xInxJix-xJm and the integer m.

2.5et V=0Qxy R,V =0Qand Hio=R.
3. For j=1,..., m

4. W:A*ij?

5 fori=1,..., j.

e W=W -V sy Hyj
6. endfor
W=QuuR, Vl =Qand Hji1;=TR.
8. EndFor

~

For notational simplicity, we set

N
V= [V1 V4, v e RE e
b _ b b INx)qx...x)LM

Verl - Vm’ Vm+1 eR
M

El =[Om, Oum, ..., Ty] € RS >¥Vixxym
Hm — (Hi,j)lﬁi.jﬁm c R)/]X XYM XY X XYM

~ Hyp A XA
H,, = € RM X AMXY1%.. XYM
Hm+1,m *M E;

where ZN =1y x...xIyand JM= J; x...x Jy, yi=m]J; and A; = (m+1)J; fori=1,..., M. We end this section by the
following proposition which could be directly deduced from the steps of Algorithm 5.

Proposition 7. We can state now the following useful relations that could be easily proved.

AxN V;z = rl,)H.] *M ﬁma (36)

and
A xn V,Z:V,z *M Hm+Vﬁ1+] *M Hmt1,m *M E; (37)
4.3. Block GMRES via the Einstein product

Here, we consider the tensor equation A sy X =C where A e RI-xIvxlix..xIN and ¢ ¢ RIv<-xInxJix.xu  Let
V e RlvxxInxJixxJu 1f the sub-columns of a tensor I of size (I x ... x Iy x J1 x ... x Jy) are in KCBlo%k( A4, V), then
U can be expressed as

m
U= ATy Vay S
i=1
where S € R/ ImxJix..x]u et Xy e RIv<-xInxJix..xJm he an initial guess tensor and Rg =C — A %y Xy be the

corresponding residual. The m-th step of block GMRES method determines the approximation X, to the exact solution X*
of (1) such that

Xin — Xo € KBk (A, Rg) (38)
and
Rim L KBk (A, Axn Ro) (39)
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where R; , denote the i-th sub-column of Ry =C — A xn X Consider the block column tensor L, = [Ro, AxyRo, ...,
A= ey Ro] e RIvxxInxyix.xym and Wy, = A sy Ly, where y; =mJ;, i =1,..., M. The relation (38) can be expressed
as follows

Xm = X0+ L *m Y (40)
W
where Y, = : e RV < xvmxJi X xu Y e RIT X JuxJixex Ju |
Vi

The orthogonality condition (39) implies that

(W, 5§ Win) #m Yo = W, sy Ro (41)

Using the relations (40) and (41), it is not difficult to conclude the following theorem.

Theorem 2. Assuming that the tensor (an *N Wp,) is nonsingular, then the approximation X, and the corresponding residual R,
are expressed as follows

Xin = Xo + L #m (W, sy Win) ™1 sem (W] 5y Ro) (42)

and
Rim = Ro — Wi xm (W, sy Wo) ™y (W] 5y Ro) (43)

As we are dealing with an orthogonal projection, the residual norm of the iterates produced by the tensor block GMRES
satisfies the following minimization property.

Rmllp=_ min_ [IC—Axy Z|F (44)
ZeKm(A,Ro)

Notice that Z = Xy + L, x Y with Y € R~ wxyx M and then, by using the relation (36) and the fact that Rg =
Vf xM Hi0= VTZH *p Eq xp H1.0, We observe that

Rm=Ro—AxnLnxyY
= V,?H_l sy Eq %y 'H],o - Vnk;_i_] *M ]ﬁlm s Y
= Vb 4 wm (B1ku Hio — Him #m ).
Consequently, one can conclude that
IRmllp = min [Eq s H1.0 — i Yl (45)

As a result, the approximation X, is given by

Xm = Xo + Ly *p Y, (46)

where Y, solves the problem (45).
4.4. Block Golub-Kahan method

In this part, we briefly mention a possible implementation for the block version of Golub-Kahan algorithm using the
Einstein product. Consider the tensor equation

A*pX:C (47)

where A e RItx-xInxKix..xKp gnd ¢ g RIv<-xInxJix..xJu The block version of the Golub-Kahan bidiagonalization
method via Einstein product produces column block tensors Uy, yq € RITX-IN¥2ixxAm and V,, € RK1<-xKpxyix...xym
with orthonormal column tensors Uy, ...,Un+1 and Vi, ..., Vy, where A; =(m+1)J; and y;=m]J; fori=1,..., M.

The block Golub-Kahan bidiagonalization algorithm via Einstein product is summarized in Algorithm 6.
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Algorithm 6 Block Golub-Kahan algorithm via Einstein product.

1. Inputs The tensors A and C, and an integer m.
2.Set Vog=0and Ro=C—Axp Xo=Qxy R, U1 =Q, A1 =R.
3. For i:l,...,m

(a) V= .AT *N Mj — Vj71 *M .Aj

(b) ]:/ = Q#y R, (QR factorization); and set V; = Q, Bj =TR.

() U=AxpVj—Ujxy Bj.

(d) U= Q xm R, (QR factorization); and set Uj1 = Q, Aji 1 =R.
4. End for

Let Cp € RM1¥-MXV1XVM and @y, Dyy € RV YMXV1X VM 35 follows
B1

_ Az B
Cn = . G = Dy =
P .o

Am+1

The following proposition provides some relations that can be directly concluded from steps of Algorithm 6.

B1 B A
B

. T A
Am Bm Bm

Proposition 8. The tensors produced by the tensor block Golub-Kahan algorithm satisfy the following relations

Axp Vip = U1 #m Cm, (48)
= U #m Cm + Um+1 *m Ams1 #m E], (49)
AT %y Up = Vin %M1 i, (50)
Ro = Un+1 *m Eq *m A1, (51)
Im
where EI = [Oy, Oy, ..., Iy € RIVGXImxyixexm |y = D e RM>xtmxJixexIm gnd Up = [Us, ..., Un] €
Om
RInylx...xyM.
Proposition 9. Assume that Vy, is a column block tensor whose block columns V1, Vs, ..., Vq are computed by Algorithm 6. Let
X = Xo + Vi skt Vi with Y € RV xvuxJix.xIm pe an approximation for the exact solution X* of (47). Then
Xp = arg min |A*p X —C|F (52)
X=X+ VinxmY
where Y, solves the minimization problem
min [E1 #w A1 — G Vllr (53)

Proof. Using the results of Proposition 8, we get

1C — Asp Xmllp = Uit %nm E1 s A1 — Ut %n1 G s Yl F
= U1 #m (B1 #m A1 — Cr st Vi) lF = IE1 M A1 — Con st Vil

which ends the proof. _
The low dimensional minimization tensor problem (53) is then solved by a QR factorization of the tensor C,. O

5. Numerical results

This section provides some numerical results to show the performance of Algorithms 2 and 4 when applied to the
restoration of blurred and noisy color images and videos. For clarity and definiteness, we first focus on the formulation of a
tensor model, describing the blurring that is taking place in the process of going from the exact to the blurred RGB image
(or video). Notwithstanding what has just been said, recovering RGB (or video) from their blurry and noisy observations
can be seen as a tensor problem of the form (1). Therefore, it is very important to understand how the model (1) can be
constructed for RGB images and color video deblurring problems. In what follows, we concentrate only on the formulation
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of the tensor model for RGB image deblurring problems and comment at the end of this section how a similar one can be
formulated for color video deblurring problems. We recall that an RGB image is just multidimensional array of dimension
M x N x 3 whose entries are the light intensity. Throughout this paper, we assume that the original RGB image has the same
dimensions as the blurred one, and we refer to it as N x N x 3 tensor. Let C represent the available blurred RGB image, X’
denote the desired unknown blurred RGB, and A be the tensor describing the blurring that is taking place in the process of
going from X to C. It is well-known in the literature of image processing that all the blurring operators can be characterized
by a Point Spread Function (PSF) describing the blurring process and the boundary conditions outside the image, see [18].
Let P stand for the two-dimensional PSF array. Once the array P is specified, we can as well build the blurring tensor .A.
By using the fact that the blurring process of an RGB image is simply a multi-dimensional convolution operation of the
PSF array P and the original three-dimensional image X, the blurring tensor A can be easily constructed by placing the
elements of P in the appropriate positions. Note that the PSF is a two-dimensional array P describing the image of a single
white pixel, which makes its dimensions much smaller than N. Therefore, P contains all the required information about the
blurring throughout the RGB image C. To illustrate this, the discrete operation for multi-dimensional convolution using a
3 x 3 local and spatially invariant PSF array P with py; is its center, and assuming zero boundary conditions, is given by:

Cijk = p33Xi—1j—1k + P32Xi—1jk + P31 Xi—1j+1k + P23 Xij—1k + P22 Xjjk (54)
+ p21Xij1k + P13Xit1j—1k + P12 Xi+1jk + P11 X141k (55)

fori,j=1,...,N and k=1, 2, 3. Here the zero boundary conditions are imposed so the values of X’ are zero outside the RGB
image, i.e., Xjok = Xin+1k = Xojk = Xn+1jk =0 for 0 <i, j < N+1 and k= 1,2, 3. The fourth order tensor A € RN*NxNxN
assoc1ated with (54), with partition (1, N, 1, N), can be partitioned into matrix blocks of size N x N. Each block is denoted

A,ZZ 14) A, iy, 1, 14) € RN*N with iy,i4 = 1,2, ..., N. The nonzero entries of the matrix block Af,;‘l) € RN*N 3re given

by
(A( b Natb—1 = P33; (A((,21;4))ab+1 =p2
(A, A 4))a 1b = P32; (A( b Natib-1= P13
(Aa[, D)actb1 = P3t; (Aa,i, Nat1b = P12
(A, A 4))ab 1= D23; (Af[,‘l))aﬂbﬂ =pn
(A, (2 4))ab =pn

fora,b=2,...,N—1.

The first following examples apply Algorithms 2 and 4 to the restoration of blurred color image and video that have
been contaminated by Gaussian blur and by additive zero-mean white Gaussian noise. We consider the blurring to be local
and spatially invariant. In this the case the entries of the Gaussian PSF array P are given by

(i-k (G-0)\°
Pij =€exp 2 o 2 o ’

where o controls the width of the Gaussian PSF and (k, ¢) is its center, see [18]. Note that o controls the amount of
smoothing, i.e. the larger the o, the more ill posed the problem. The original tensor image is denoted by X in each example
and A represents the blurring tensor. The tensor C= A xy X represents the associated blurred and noise-free multichannel
image. We generated a blurred and noisy tensor image C = C + N, where \ is a noise tensor with normally distributed
random entries with zero mean and with variance chosen to correspond to a specific noise level v := ||N’||p/||5||p. To
determine the effectiveness of our solution methods, we evaluate

;

H)A( — Xrestored
I1X1¢
and the Signal-to-Noise Ratio (SNR) defined by

RE =

IX — EGOIIZ
SNR(Xtestored) = 1010g10—,\2
| Xrestored — X”p

where E(X) denotes the mean gray-level of the uncontaminated image X. All computations were carried out using the
MATLAB environment on an Intel(R) Core(TM) i7-8550U CPU @ 1.80 GHz (8 CPUs) computer with 12 GB of RAM. The
computations were done with approximately 15 decimal digits of relative accuracy.
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Fig. 1. Example 1: Original image (left), blurred and noisy image (right).

Table 1
Results for Example 1.
Noise level Method PSNR RE CPU-time (seconds)
1073 Algorithm 2 2176  6.09x 1072 828
Algorithm 4 2437  451x1072 729
GKB 2422  451x107% 1845
102 Algorithm 2 2060 6.96x 1072  3.31
Algorithm 4 2097 6.67x1072 158
GKB 2008 6.66x107% 552

Fig. 2. Example 1: Restored image by Algorithm 4 (left), and restored image by Algorithm 2 (right).

5.1. Example 1

This example illustrates the performance of Algorithms 2 and 4 when applied to the restoration of 3-channel RGB color
image that have been contaminated by Gaussian blur and additive noise. The original (unknown) RGB image X € R2°6x256x3
is the papav256 image from MATLAB. It is shown on the left-hand side of Fig. 1. For the blurring tensor A, we consider
a PSF array P with o =2 under zero boundary conditions. The associated blurred and noisy RGB image C = A xy X is
shown on the right-hand side of Fig. 1 with the noise level v = 1073, Given the contaminated RGB image C, we would like
to recover an approximation of the original RGB image X'. Table 1 compares, the computing time (in seconds), the relative
errors and the PSNR of the computed restorations. The restoration for noise level v =1073 is shown on the left-hand side
of Fig. 2 and it is obtained by applying Einstein tensor global GMRES method (Algorithm 2) with input A, C, Xy = O,
& =107% m =10 and Maxit = 10. Using GCV, the computed optimal value for the projected problem in Algorithm 2
was /4 =9.44 x 1074, The strategy of performing restarts with GCV is essentially based on restarting the global Arnoldi
algorithm: at each restart the regularization parameter, the initial guess are updated employing the last values computed
when m steps of global Arnoldi are used, where m is a chosen parameter; we keep restarting the global Arnoldi algorithm to
a certain number of outer iterations that guarantees that the obtained solution and the computed regularization parameter
satisfy the discrepancy principle. The restoration obtained with Algorithm 4 is shown on the right-hand side of Fig. 2.
The discrepancy principle with n = 1.1 is satisfied when ¢ = 61 steps of the method have been carried out, producing a
regularization parameter given by 11, = 2.95 x 10~4. For comparison with existing approaches in the literature, we report
in Table 1 the results obtained with the method proposed in [7] for solving the corresponding matrix form of (4). This
method utilizes the connection between (standard) Golub-Kahan bidiagonalization and Gauss quadrature rules for solving
large ill-conditioned linear systems of equations obtained by matricization of problem (4). We refer to this method as GKB.
It is a solution method based on first reducing the blurring matrix to a small bidiagonal matrix with the aid of Golub-Kahan
bidiagonalization (GKB) and then applying the connection between GKB and Gauss-type quadrature rules (the same as the
ones in (23)-(24) to determine an approximation of x, that satisfies the discrepancy principle associated to the matrix
problem. It determines the regularization parameter analogously to Algorithm 4, and uses a similar stopping criterion. The
results in Table 1 with GKB method have been obtained after having carried out ¢ = 61 steps of GKB algorithm. From
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Fig. 3. Frame no. 5: Original frame (left), blurred and noisy frame (right).

Table 2

Results for Example 2.
Noise level Method PSNR Relative error CPU-time (second)
103 Algorithm 2 1548  6.84 x 102 38.93

Algorithm 4 19.24 4.43 x 1072 27.37

102 Algorithm 2 1450  7.65 x 102 15.55
Algorithm 4 1513 7.11 x 1072 4.40

Table 1, we can state that tensor Krylov-based methods perform better than their matrix counterpart in terms of CPU-
time. The GKB method performs equally well as Algorithm 4 in terms of restorations quality, but Algorithm 4 is found to
require less CPU time than GKB, this is because the blurring tensor has a lower bandwidth than the blurring matrix. In fact,
reducing the bandwidth of these sparse blurring matrices directly and substantially improves the number of operations and
storage locations. The cost of this computation is dominated by the evaluation of one tensor-tensor product (TTP) with A
for Algorithm 2 and Algorithm 4. Table 1 shows that Algorithm 2 requires more CPU time than Algorithm 4. This is due to
the fact that Algorithm 4 performs less tensor-tensor products than Algorithm 2. About the number of iterations to carry out
when performing GCV for each restart, it is well-known that the approximate solutions computed by the Arnoldi-Tikhonov
method can very quickly fulfill the discrepancy principle and deliver a regularized solution belonging to a Krylov subspace
of dimension m. We can note that, for this example, the chosen m = 10 satisfies the discrepancy principle. As a consequence,
the generated Krylov subspaces tend to be the same and the discrepancy principle continues to be satisfied. In this situation,
although the quality of the reconstruction may not be substantially improved, performing additional restarts could still be
useful in order to keep updating the regularization parameter with slightly better approximations of the solution and, as a
consequence, obtain slightly more accurate reconstructions.

5.2. Example 2

In this example, we evaluate the effectiveness of Algorithms 2 and 4 when applied to the restoration of a color video
defined by a sequence of RGB images. Video restoration is the problem of restoring a sequence of k color images (frames).
Each frame is represented by a tensor of N x N x 3 pixels. In the present example, we are interested in restoring 10
consecutive frames of a contaminated video. We consider the xylophone video from MATLAB. The video clip is in MP4
format with each frame having 240 x 240 pixels. The (unknown) blur- and noise-free frames are stored in the tensor
C e RNxNx3x10_ Thegse frames are blurred by a blurring tensor A of the same kind and with the same parameters as in the
previous example. Fig. 3 shows the 5th exact (original) frame and the contaminated version, which is to be restored. Blurred
and n015y frames are generated by C=A *N X where the tensor £ represents white Gaussian noise of levels v = 1073 or
v = 1072, Table 2 displays the performance of algorithms. For Algorithm 2, we have used as an input A, C, Xy = O,
& =10"% m =10 and Maxit = 10. For the ten outer iterations, minimizing the GCV function produces 19 = 9.44 x 1074,
Using Algorithm 4, the discrepancy principle with 7 = 1.1 has been satisfied after ¢ =59 steps of the method, producing a
regularization parameter given by ¢ = 1.06 x 10~%. The restorations obtained with Algorithms 2 and 4 are shown on the
left-hand and right-hand sides of Fig. 4, respectively. Similar to Example 1, Table 2 also shows that Algorithm 2 requires
more CPU time than Algorithm 4. The primary reason is that factorization using Golub-Kahan bidiagonalization contains the
relevant desired (spectral) information. Precisely, we can get slightly better approximations of the solution whenever we
increase ¢. It is shown in [14] that for sufficiently many steps of GKB, the spaces range(U,1) and range(U,1) contain to
high accuracy the subspaces of s spectral vectors, for s > 1 fixed and not too large. Computed examples in [14] indicate that
it often suffices to choose ¢ < 3s. It is therefore unlikely that many steps of this bidiagonalization process have to be carried
out in order to be able to compute useful approximations of the columns of the desired solution. On the one hand, after
the first iterations of the Arnoldi algorithm, singular values of the Hessenberg matrices approximate the largest singular
values of the original tensor .A; by solving the projected problem using Tikhonov regularization. The computed relative
errors essentially depend on the decay of the singular values of the Hessenberg matrices, and therefore they tend to have a
similar behavior after a certain number of iterations have been completed.
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Fig. 4. Frame no. 5: Restored frame by Algorithm 4 (left), and restored frame by Algorithm 2 (right).
6. Conclusions

In this paper, we extended the GMRES and Golub-Kahan bidiagonalization in conjunction of Tikhonov regularization
for solving (possibly) ill-conditioned multilinear systems via Einstein product with perturbed right-hand side. We gave also
tensor block version of these processes and derive some theoretical results. Numerical experiments were disclosed for image
and video processing to demonstrate the feasibility of the proposed iterative algorithms.
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