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Introduction

In introductory university courses, proof teaching has a pivotal role in students' participation, as being able to prove may function as a step for participating in the mathematical community [START_REF] Karavi | Commognition as an approach to studying proof teaching in university mathematics lectures[END_REF]. When presenting a proof, the lecturer, first, introduces the new theorem that needs to be proven, followed by the formal proof of the theorem. Specific emphasis on the introduction of proof was given in [START_REF] Weber | Traditional instruction in advanced mathematics courses: A case study of one professor's lectures and proofs in an introductory real analysis course[END_REF] while discussing the semantic style focusing on students' development of intuition through the informal setting of proof. The semantic style is characterised by the extensive use of diagrams and explanations and has as a goal for the students to get insight into the production of proof.

A student, who is a newcomer to a mathematical discourse, participates in the discourse with ritual routines, focusing on the process and mimicking the performance of experienced participants in the discourse [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF]. Teaching aims to support first the participation in the discourse and then the process of de-ritualization, where the rituals are shifted into explorations where the focus is on the outcome. De-ritualization appears with changes in the performance of the participants that indicate the shift from rituals to explorations [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF]. In this study, we focus on the teaching characteristics of a lecturer's teaching that may potentially support these changes. Specifically, through the identification of proving routines in the introduction of proof, we operationalize characteristics that may support students' de-ritualization of proving routines. Thus, we ask: Which characteristics appear in the teaching of the introduction of proof of a lecturer that may support students' de-ritualization of proving routines?.

Methods

For this study, observational data from online lectures of an introductory real analysis course were analysed. 40 teaching episodes around the presentation of a theorem and its proof were analysed using thematic analysis (inductive and deductive) and constant comparisons. Preliminary themes of the characteristics based on the discursive actions of the lecturer emerged along with their operationalization. Then, we focused on the discursive actions in the introduction of the proof, searching for routines in the mathematical discourse for proof teaching the lecturer. Lastly, we related the emerged routines to the identified characteristics.

Findings

During the introduction of the proof, three characteristics emerged in the talk of the lecturer: bondedness, agentivity, and specification. Bondedness reflected the enactment of intended connections of the narratives that appear within the proofs. A related routine concerned the lecturer's attempts to connect narratives to one another. For example, the following excerpt from a lecture, "Okay, so how to prove this? Well, it works a little bit as in the previous proof: we need to make case distinctions.". Students may attend the change of bondedness by focusing on addressing the similarities between the proving techniques. Next, the specification was operationalized as decreasing the level of abstraction of a narrative. A related routine concerned with the lecturer's intuitive explanation of the statement of the theorem. For example, "A set 𝐴 is countable if and only if, so this is an equivalence, if and only if there exists a map from 𝐴 to ℕ which is injective. So what does it mean intuitively? Intuitively, this means that I have enough natural numbers to label the elements in 𝐴.". By emphasizing specification, the lecturer encouraged students to first look for an intuitive understanding of the statement to be proved before attempting a proof, in order to gain insight in the meaning of the theorem, which can help in facilitating the emergence of a proof. Last, agentivity was operationalized as the development of reasoned decisions for the emergence of the proof, while an emerged routine was about the emergence of a new narrative. For example, "So how to prove this? Well, the only thing that I have is a definition. So I need to work with the definition.". Here, the students were encouraged to search for available narratives related to the statement to be proved, which can be used for the emergence of new narratives in a proof.

Closing remarks

The identification of the characteristics in the mathematical discourse for teaching by the lecturer and the relation to the proving routines attempted to bridge the gap between the statement of the theorem and the beginning of the formal proof, highlighting how one can start the proving process. The proving routines have the potential to facilitate students to attend to the changes of bondedness, specification, and agentivity. All the instances discussed in the introduction of the proof and aimed to support students' de-ritualization of proving routines appeared mostly verbally by the lecturer, and not written formally, following a semantic style of proof teaching [START_REF] Weber | Traditional instruction in advanced mathematics courses: A case study of one professor's lectures and proofs in an introductory real analysis course[END_REF]. In our interpretation, the lecturer's emphasis on the beginning of the proving process aimed at students' explorative participation in the mathematical discourse, supporting them to focus on the outcome of the proving process. De-ritualization of proving routines for students newcomers to the mathematical discourse needs time to be developed in order for the students to become less dependent on the lecturer. The lecturer's tendency to inform students of his actions, making the decisions reasoned and explicit, may facilitate students' explorative participation in the discourse.