
HAL Id: hal-04412219
https://hal.science/hal-04412219v1

Submitted on 22 Jan 2025

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Twistor space of a generalized quaternionic manifold
Guillaume Deschamps

To cite this version:
Guillaume Deschamps. Twistor space of a generalized quaternionic manifold. Proceedings Mathemat-
ical Sciences, 2021, 131 (1), pp.1. �10.1007/s12044-020-00599-z�. �hal-04412219�

https://hal.science/hal-04412219v1
https://hal.archives-ouvertes.fr


ar
X

iv
:1

60
1.

03
88

2v
1 

 [
m

at
h.

D
G

] 
 1

5 
Ja

n 
20

16

Twistor space of a generalized quaternionic

manifold.

Guillaume Deschamps

October 15, 2018

Abstract

We first make a little survey of the twistor theory for hypercomplex, generalized
hypercomplex, quaternionic or generalized quaternionic manifolds. This last theory
was iniated by Pantilie [23], who shows that any generalized almost quaternionic
manifold equipped with an appropriate connection admit a twistor space with an
almost generalized complex structure.

The aim of this article is to give an integrability criterion for this generalized
almost complex structure and to give some examples especially in the case of gener-
alized hyperkähler manifolds using the generalized Bismut connection, introduced
by Gualtieri [13].
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1 Introduction

In this article we review some properties of KT and HKT-manifolds, which closely
resemble those of Kähler and hyperkähler ones respectively. In physics, KT and
HKT-manifolds arise as target spaces of two-dimensional supersymmetric sigma
models with Wess-Zumino term [9]. Another application of these geometries is in the
context of black-holes, where the moduli spaces of a class of black-hole supergravity
solutions are HKT-manifolds [11]. Homogeneous manifolds have been investigated,
and they have found many applications in physics in the context of sigma models
and supergravity theory [17]. In mathematics, these notions are closely related with
generalized geometry introduced by Hitchin [14] and clarified by Gualtieri [12]. In
section 3 and 5 we will recall these relations.

In section 6, we will make a little survey of twistor theory for hypercomplex
and almost quaternionic manifolds. The idea of a twistor space is to encode the
geometric properties of the target manifold M in term of holomorphic structure of
Z.

Theorem 1 [1, 26, 27, 2]. Let n ≥ 0 and let (M, Q) be an almost quaternionic
4n-manifold. If ∇ is a connection on T M compatible with Q then its twistor space
admit a natural almost complex structure J∇ which is integrable if and only if, with
respect to all local almost complex structures J leaving in Q and all sections X, Y
of T M :

(1) The torsion T of ∇ satisfies :

T (JX, JY ) − JT (JX, Y ) − JT (X, JY ) − T (X, Y ) = 0.

(2) The curvature R of ∇ satisfies :

(
R(X ∧ Y − JX ∧ JY ) + JR(JX ∧ Y + X ∧ JY )

)
.J = 0.

This theorem allows to give many examples of complex twistor space, in particular,
we have :

Theorem 2 [26, 27, 2]. Let n > 1 and let (M, Q) be an almost quaternionic
4n-manifold. If ∇ is a torsion free connection on T M compatible with Q then J∇

is integrable.

The purpose of this article is to extend these theorems in the context of generalized
geometry. Indeed, Pantilie [23] noticed that we can still defined a twistor space
for any generalized almost quaternionic manifold (M, Q), and when M admit a
connection ∇ on T M ⊕ T ⋆M compatible with Q then its twistor space admit a
natural generalized almost complex structure J∇. Theorem A, anwers the question
of the integrability of J∇ (see section 6 for precise definitions) :

Theorem A. Let n ≥ 0 and (M, Q, ∇) be a generalized almost quaternionic 4n-
manifold with a connection ∇ on TM compatible with Q. The generalized almost
complex structure J∇ on Z(Q) is integrable if and only if with respect to all local
generalized almost complex structures u leaving in Q and all sections X , Y, Z of
TM :

(C1) The generalized torsion T of ∇ satisfies:

T (X , Y, Z) − T (X , uY, uZ) − T (uX , Y, uZ) − T (uX , uY, Z) = 0.
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(C2) The generalized curvature R of ∇ satisfies:

(
R

(
X ∧ Y − uX ∧ uY

)
+ uR

(
uX ∧ Y + X ∧ uY

))
.u = 0.

This theorem enables us to give many new examples of generalized complex twistor
space. In particular,

Theorem B. Let n ≥ 0. If (M, G, I, J , K) is a twisted generalized hyperkähler 4n-
manifold and if D is the generalized Bismut connection introduced by Gualtieri [13],
then the generalized almost complex structure JD on its twistor space is integrable.

This result is motivated by the fact that generalized hyperkähler structures appear
in some branches of theoretical physics, such as string theory or in the context of
certain supersymmetric sigma models [9, 15, 16, 22].

2 KT-manifold

Let (M, I, g) be a complex hermitian manifold and let E −→ M be a fiber bundle.
We denote by Γ(E) the set of all smooth sections. A connection ∇ : Γ(T M) −→
Γ(T ⋆M ⊗ T M) is called Hermitian if ∇I = ∇g = 0. Let T (X, Y ) = ∇XY −
∇Y X − [X, Y ] be the torsion tensor of type (1, 2). We denote by the same letter
the torsion tensor of type (0, 3) given by T (X, Y, Z) = g(X, T (Y, Z)).

Definition. A hermitian connection is called a Bismut connection if T is skew-
symmetric. The 3-form T is then called the torsion form of the Bismut connection.

Proposition 1 [8]. Let (M, g, I) be a complex hermitian manifold and w ∈ ∧1,1(X)
the associated hermitian form. There exist a unique Bismut connection ∇B and
the torsion form is equal to Idw that is :

T (X, Y, Z) = dw(IX, IY, IZ).

If we denote by ∇g the Levi-Civita connection of g, we have ∇B = ∇g + 1
2 g−1H

that is :

g(∇B
XY, Z) = g(∇g

XY, Z) +
1

2
T (X, Y, Z),

for all vector fields X, Y, Z.

Clearly if dw = 0 then the Bismut connection is torsion-free and thus coincides with
the Levi-Civita connection : the manifold (M, g, I) is therefore Kähler.

Connection with skew-symmetric torsion play an important role in string physics.
In the physics literature, a complex hermitian manifold (M, g, I) with a Bismut con-
nection is called a KT-manifold (Kähler with torsion manifold). If in addition the
torsion 3-form is closed then (M, g, I) is said to be a strong KT-manifold. By
proposition 1, a manifold is therefore strong KT if and only if ∂∂̄w = 0. For a com-
plex surfaces, this is equivalent to Gauduchon metric. The strong KT-manifolds
have been recently studied by many authors and they have also applications in type
II string theory and in 2-dimensional supersymetric σ-models [9, 25, 18]. They also
have relations with twisted generalized Kähler geometry as we are now going to see.

3



3 Generalized complex structure

3.1 Courant bracket

Let X, Y ∈ Γ(T M) be two vector fields and ξ, η ∈ Γ(T ⋆M) be two 1-form. On
TM := T M ⊕ T ⋆M there is an inner product :

< X + ξ, Y + η >=
1

2

(
ξ(Y ) + η(X)

)
,

and a Courant bracket, which is a skew-symmetric bracket defined by

[X + ξ, Y + η] = [X, Y ] + LXη − LY ξ −
1

2
d(iXη − iY ξ),

where [X, Y ] is the Lie bracket. The Courant bracket on TM can be twisted by a
real closed 3-form h defining another bracket [12, 28]

[X + ξ, Y + η]h = [X + ξ, Y + η] + iY iXh.

In fact this bracket defined a Courant algebroïd structure on TM .

When b is a 2-form on M , we will denote by eb =

(
1 0
b 1

)
the transformation

sending X + ξ on X + ξ + iXb. This transformation is orthogonal for the inner
product and is an automorphism for the Courant bracket if and only if b is closed.

3.2 Generalized metric

Let M be a 2n-manifolds, since the bundle TM −→ M has a natural inner product,
it has structure group O(2n, 2n).

Definition. A generalized metric is a reduction of the structure group from
O(2n, 2n) to its maximal compact subgroup O(2n) × O(2n).

A generalized metric is equivalent to the choice of a 2n-dimensional subbundle C+

which is positive definite with respect to the inner product. Let C− be the (negative
definite) othogonal complement to C+. Note that the splitting

TM = C+ ⊕ C−

defines a positive definite metric on TM via :

G =< ., . > |C+− < ., . > |C− .

We denote by the same letter the isomorphism G : TM −→ TM with ±1 eigenspace
C±, which is symmetric G⋆ = G and square to the identity G2 = Id.

Proposition 2 [12]. A generalized metric is equivalent to specifying a riemannian
metric g and a 2-form b on T M such that :

i) G = eb

(
0 g−1

g 0

)
e−b

ii) C± = {X + (b ± g)X ∈ TM/X ∈ T M}.
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3.3 Generalized complex structure

A generalized almost complex structure on M is an endomorphism J of TM which
satisfies J 2 = −1 and J ⋆ = −J . That is a reduction of the structure group from
O(2n, 2n) to U(n, n).

Definition. A generalized almost complex structure J is said to be a twisted gen-
eralized complex structure with respect to a closed 3-form h when its i-eigenbundle
T1,0 ⊂ TM ⊗ C is involutive with respect to the h-twisted Courant bracket. We
also said that J is twisted integrable or simply integrable when h = 0.

Let Nh be the Nijenhuis tensor of J defined on sections of TM by :

Nh(X , Y) = [J X , J Y]h − J [J X , Y]h − J [X , J Y]h − [X , Y]h.

When h = 0 we simply note N .

Proposition 3 [12]. The twisted integrability of J is equivalent to the vanishing
of the Nijenhuis tensor Nh.

3.4 Generalized Kähler manifold

Suppose that we have a generalized almost complex structure J . To now reduce
the structure group from U(n, n) to U(n) × U(n) we need to choose a generalized
metric G which commutes with J . Note that since G2 = 1 and GJ = J G, the
map GJ squares to −1 and since G is symmetric and J is skew, GJ is also skew,
and therefore defines another generalized almost complex structure.

Definition [12]. A reduction to U(n) × U(n) is equivalent to the existence of
two commuting generalized almost complex structures J1 and J2 such that G =
−J1J2 is a generalized metric. We said that (G, J1) is an almost generalized Kähler
structure.

Since the bundle C+ is positive definite while T M is null, the projection π : T M ⊕
T ⋆M −→ T M induces an isomorphism :

π± : C± −→ T M.

We denote by P± the projection from TM to C±. Since J1 and G commute, J1

stabilise C±. By projection from C±, J1 induces two almost complex structures
on T M , which we denote J±. They are compatible with the induced riemannian
metric g and the associated 2-forms are noted w±. Note that J2 = GJ1 implies
that J1 = J2 on C+ and J1 = −J2 on C−.

Proposition 4 [12]. An almost generalized Kähler structure (G, J1) is equivalent
to the specification (g, b, J+, J−) that is a riemannian metric g, a 2-form b and two
hermitian almost complex structures J± such that :

i) G = eb

(
0 g−1

g 0

)
e−b

ii) J1 = π−1
+ J+πP + + π−1

− J−πP −,

iii) J2 = π−1
+ J+πP + − π−1

− J−πP −,

iv) J1/2 =
1

2
eb

(
J+ ± J− −(w−1

+ ∓ w−1
− )

w+ ∓ w− −(J⋆
+ ± J⋆

−)

)
e−b
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Definition [12]. Let (G, J ) be an almost generalized Kähler structure on M .
When J and GJ are both (twisted) generalized complex, we said that (G, J ) is a
(twisted) generalized Kähler structure on M .

3.5 Relation betwenn KT and generalized Kähler manifold

Let (M, G, J ) be an almost generalized Kähler structure corresponding to the
quadruple (g, b, J+, J−).

Proposition 5 [12]. (M, G, J ) is a twisted generalized Kähler structure if and
only if:

i) J± integrable, and

ii) h + db = −J−dw− = J+dw+.

This proposition shows that a twisted generalized Kähler structure on a riemannian
manifold (M, g) is the same that a bihermitian structure (J+, J−) such that the
corresponding Bismut connections has torsions 3-forms which satisfy T+ = −T−

and dT± = 0. In other words, a twisted generalized Kähler structure is a pair of
strong KT-structures (J+, J−) whose torsion satisfies T+ = −T−

Proposition 6 [12]. The torsion T = −J−dw− = J+dw+ of a twisted generalized
Kähler structure is of type (2, 1) + (1, 2) with respect to both complex structures
J±. Equivalently it satisfies the condition :

T (X, Y, Z) − T (X, J±Y, J±Z) − T (J±X, Y, J±Z) − T (J±X, J±Y, Z) = 0

for all vector fields X, Y, Z on M .

Example. By [29] any real compact Lie group G of even dimension has a natural
strong KT-metric and a twisted generalized Kähler structure [12].

Another notion due to physicists, is the notion of HKT-manifolds, which was sug-
gested by Howe and Papadopoulos [15] and has been much studied since then.

4 HKT-manifold

Definition. A riemannian 4n-manifold (M, g) admit a hypercomplex structure
if there exists a triple (I, J, K) of complex structures such that IJ = −JI = K.
When each complex structure is compatible with the metric, we speack about hy-
perhermitian structures.

Let H −→ M be the vector bundle defined by H = V ect(I, J, K). We said that a
connection ∇ on T M is compatible with the hypercomplex structure or preserves
the hypercomplex structure if ∇Xσ ∈ Γ(H) for all vector field X and all smooth
section σ ∈ Γ(H). On a hyperhermitian manifold, there are two natural torsion free
connections, namely the Levi-Civita and the Obata connection. However, in general
the Levi-Civita connection does not preserve the hypercomplex structure and the
Obata connection does not preserve the metric. That’s why we are interested in
the following type of connections.

Definition. A HKT-manifold is a hyperhermitian 4n-manifold (M, g, I, J, K)
with a connection ∇ such that :
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i) ∇g = 0

ii) ∇I = ∇J = ∇K = 0

iii) the torsion is totally skew-symmetric.

When the torsion is closed then (M, g, I, J, K) is said to be a strong HKT-
manifold.

In contrast to the case of hermitian structure, not every hyperhermitian structure on
a manifold admit a compatible HKT-connection but obviously, if such a connection
exists, it is unique. Note that a HKT-connection is also the Bismut connection for
each complex structure in the given hypercomplex structure. More generally we
have

Proposition 7 [4]. Let (M, g, I, J, K) be an almost hyperhermitian manifold. It
is an HKT-manifold if and only if :

IdwI = JdwJ = KdwK (1)

where wI , wJ , wK are the associated hermitian form of I, J and K. A holomorphic
characterization has been given in [10] where the autors proved that (1) is equivalent
to:

∂I(wJ + iwK) = 0.

Many examples of HKT-manifolds have been obtained [21, 10, 30]. For instance, it
has been shown that the geometry of the moduli space of a class of black holes in
five dimensions is a HKT-manifold [11].

We now consider (4,4)-supersymmetry structures on a riemannian manifold and see
the link with HKT-structures. These structures were also introduced by Gates,
Hull and Roc̆ek [9], and formulated in Hitchin and Gualtieri’s language as twisted
generalized hyperkähler structures.

5 Generalized hyperkähler manifold

5.1 Definition

Let (M, G) be a 4n-manifold with a generalized metric. A (twisted) generalized
hyperhermitian structure is a triple (I, J , K) of (twisted) generalized complex
structures such that

i) IJ = −J I = K

ii) I, J , K commute with G

Definition. A (twisted) generalized hyperkähler structure on M is a triple
(I, J , K) of (twisted) generalized complex structure each of which forms a general-
ized Kähler structure with the same generalized metric G and such that :

IJ = −J I = K.

Example 1 [19]. A quaternionic Hopf surface (H − {0})/ < q > where q ∈ R,
endowed with its two hypercomplex structures (left or right multiplication by i, j
or k) is an example of a twisted generalized hyperkähler manifold.
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Example 2 [19]. Let (M, g, I±, J±, K±) be a generalized hyperkähler manifold of
real dimension 4, and E −→ M be a smooth complex vector bundle. Denote by
M the moduli space of gauge-equivalence classes of anti-selfdual connections on E.
Then M is equipped with a natural generalized hyperkähler structure.

Example 3 [7]. The Neveu-Schwarz 5-branes solution provides an explicit example
of generalized hyperkähler manifold found in string theory.

5.2 Relation betwenn HKT and generalized hyperkähler struc-

ture

Let (M, G, I, J , K)) be an almost generalized hyperkähler structure corresponding
to (g, b, I+, J+, K,I−, J−, K−).

Proposition 8. (M, G, I, J , K) is a twisted generalized hyperkähler structure if
and only if:

i) (I±, J±, K±) is a pair of hyperhermitian complex structure on (M, g), and

ii)
h + db = I+dwI+

= J+dwJ+
= K+dwK+

= −I−dwI
−

= −J−dwJ
−

= −K−wK
−

.

In other words, a twisted generalized hyperkähler structure is a pair of strong HKT-
structure (I±, J±, K±) whose torsion satisfies T+ = −T−.

Corollary. Torsions T+ = −T− of a twisted generalized hyperkähler structure is
of type (2, 1) + (1, 2) with respect to each complex structure I±, J± or K±.

6 Twistor space

In this section, we define the twistor space of a twisted generalized hyperkähler
manifold (M, G, I, J , K) and more generally to a generalized almost quaternionic
manifold. Unlike the approach of Bredhauer [3], still generalized on [5]; in this
paper, the twistor space is not an S2 × S2-fiber bundle but a S2-bundle exactly has
in the original idea of Penrose [24] and Salamon [26, 27]. We first review the results
for a quaternionic manifold.

6.1 Twistor space of a quaternionic manifold

Let
(

M, (I, J, K)
)

be an hypercomplex 4n-manifold, a triple of such complex struc-

tures induces a 2-sphere of integrable complex structures :

{aI + bJ + cK/a2 + b2 + c2 = 1}.

So it is natural to define the twistor space associated to this hypercomplex structure
by:

Z = M × S2 = {(m, aI + bJ + cK)/(a, b, c) ∈ S2}.

The idea of a twistor space is to encode the geometric properties of the target
manifold M in the holomorphic structure of Z. Indeed, we are now going to define
a natural almost complex structure J∇ or simply J for any connection ∇ on M that
preserves the hypercomplex structure. Such a connection induces decomposition:

T Z = H ⊕ V

8



of the tangent space of Z into its vertical and horizontal component. Since S2 has
the natural complex structure of CP 1, we take J|V = JCP 1 . But H and T M are
isomorphic, so we may define J|H by letting J|H act at (m, u) ∈ Z like u on TmM .

The construction of a twistor space and its almost complex structure can be
easily extended to any almost quaternionic 4n-manifold (M, Q), that is manifold
with a rank three subbundle Q ⊂ End(T M) −→ M which is locally spanned by an
almost hypercomplex structure (I, J, K). Such a locally defined triple (I, J, K) will
be called an admissible basis of Q. A consequence of the definition of an almost
quaternionic manifold is that the bundle Q has structure group SO(3). We then
have a natural inner product on Q by taking each admissible basis (I, J, K) to be
an orthonormal basis. The twistor space Z(Q) of (M, Q) is defined to be the unit
sphere bundle of Q. This is a locally trivial bundle over M with fiber S2. A linear
connection ∇ on T M preserves Q means that ∇Xσ ∈ Γ(Q) for all vector field X
and smooth section σ ∈ Γ(Q). In this case, the same construction as before gives
us an almost complex structure J∇ on Z(Q) whose integrability depends on the
torsion T and the curvature R of ∇, defined by :

T (X, Y ) = ∇XY − ∇Y X − [X, Y ],
R(X, Y ) = ∇X∇Y − ∇Y ∇X − ∇[X,Y ].

By skew symmetry we note R(X ∧ Y ) rather than R(X, Y ).

Theorem 1 [1, 26, 27, 2]. Let n ≥ 0 and let (M, Q) be an almost quaternionic
4n-manifold. If ∇ is a connection on T M compatible with Q then its twistor space
admit a natural almost complex structure J∇ which is integrable if and only if, with
respect to all local almost complex structures J leaving in Q and all sections X, Y
of T M :

(1) The torsion T of ∇ satisfies :

T (JX, JY ) − JT (JX, Y ) − JT (X, JY ) − T (X, Y ) = 0.

(2) The curvature R of ∇ satisfies :

(
R(X ∧ Y − JX ∧ JY ) + JR(JX ∧ Y + X ∧ JY )

)
.J = 0.

In the particular case of a torsion free connection we have,

Theorem 2 [26, 27, 2]. Let n > 1 and let (M, Q) be an almost quaternionic
4n-manifold. If ∇ is a torsion free connection on T M compatible with Q, then J∇

is a complex structure on Z(Q).

Pantilie [23] extended this construction in the context of generalized geometry as
we are now going to see.

6.2 Twistor space of a generalized hypercomplex manifold

For a generalized hypercomplex manifold
(

M, (I, J , K)
)

we can still defined the

associated twistor space by :

Z = M × S2 = {(m, aI + bJ + cK)/(a, b, c) ∈ S2},

and we denote by πZ : Z −→ M , the first projection.

9



As in the classical case, any connection on TM compatible with the generalized
hypercomplex structure defined a natural generalized almost complex structure J∇

on Z and the construction is substantially the same. Indeed, since the connection
allows us to parallel transport element u of Z, there is an associated decomposition
T Z = H ⊕ V of the tangent space of Z into horizontal and vertical parts. If we
note H⋆ (resp. V⋆) the element of T ⋆Z null on V (resp. on H), it gives us a
decomposition TZ = (H ⊕ H⋆) ⊕ (V ⊕ V⋆). The function dπZ ⊕ dπ⋆

Z gives us an
isomorphism betwenn H ⊕ H⋆ and TM which preserves the inner product. So we
may define a bundle endomorphism :

J|H⊕H⋆ : H ⊕ H⋆ −→ H ⊕ H⋆, J|2H⊕H⋆ = −1

by setting J|H⊕H⋆ act at (m, u) ∈ Z by
(

dπZ ⊕ dπ⋆
Z

)⋆

u. On the other hand, V is

just the tangent space to the fibers and so admits the natural complex structure
J|V⊕V⋆ of CP 1. This gives us a natural generalized almost complex structure J∇

on Z namely J|H⊕H⋆ ⊕ J|V⊕V⋆.

6.3 Twistor space of a generalized quaternionic manifold

We say that M admit an generalized almost quaternionic structure if there
exists Q −→ M a rank three vector bundle Q ⊂ End(TM) which is locally spanned
by an almost generalized hypercomplex structure. The twistor space Z(Q) of (M, Q)
is still defined to be the unit sphere bundle of Q for the natural inner product in
Q such that any admissible basis is othonormal. The bundle πZ(Q) : Z(Q) −→ M
is a locally trivial bundle with fibre S2 and structure group SO(3). Moreover it is
not difficult to see that the former construction of the generalized almost complex
structure J∇ associated to any connection ∇ on TM preserving Q works yet.

Extension. To simplify the notations, we extend ∇ to TM asking ∇X = ∇π(X )

for all X ∈ Γ(TM).

In his article Pantilie does not study the integrability of J. In the next section we
will give a criterion of integrability for J. As in the usual case, it depend on the
generalized torsion T and the generalized curvature R of the connection ∇. Recall
that the generalized torsion T , is defined by Gualtieri [13], for all X , Y, Z ∈ Γ(TM),
by

T (X , Y, Z) =< ∇X Y − ∇YX − [X , Y], Z > +
1

2

(
< ∇ZX , Y > − < ∇ZY, X >

)
.

As ∇ preserves the inner product, then T is totally skew. On the other hand, the
generalized curvature is defined by

R(X , Y) = ∇X ∇Y − ∇Y∇X − ∇[X ,Y].

By skew symmetry, sometimes we will use the notation R(X ∧ Y) rather than
R(X , Y). Since ∇ is an usual connection on TM then R is tensorial.

6.4 Integrability of the generalized almost complex structure

Let (M, Q) be a generalized almost quaternionic manifold. The data of a gener-
alized almost hypercomplex structure (I, J , K) on an open set U of M defines a
trivialisation π−1

Z(Q)(U) ≃ U × S2. The local coordinates of a point in Z(Q) will be

denoted by (m, u). The central theorem of this article is the following.
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Theorem A. Let n ≥ 0 and (M, Q, ∇) be a generalized almost quaternionic 4n-
manifold with a connection ∇ on TM compatible with Q. The generalized almost
complex structure J∇ on the twistor space Z(Q) is integrable if and only if with
respect to all local generalized almost complex structures leaving in Q, the two
following conditions are satisfied:

(C1) The torsion T is of type (2, 1) + (1, 2). Equivalently it satisfies the local
condition:

T (X , Y, Z) − T (X , uY, uZ) − T (uX , Y, uZ) − T (uX , uY, Z) = 0

for all sections X , Y, Z of TM and all u = aI + bJ + cK with (a, b, c) ∈ S2.

(C2) The curvature form R(X , Y, Z, U) :=< R(X , Y)Z, U > has no component of
type (4, 0) + (0, 4). Equivalently it satisfies the local condition:

(
R

(
X ∧ Y − uX ∧ uY

)
+ uR

(
uX ∧ Y + X ∧ uY

))
.u = 0

for all sections X , Y of TM and all u = aI + bJ + cK with (a, b, c) ∈ S2.

6.5 Proof

We will used the notation X̂ ∈ H⊕H⋆ to denote the horizontal lift of a local smooth
section of TM , and we will speack about basic sections of H ⊕ H⋆.

Because the connection ∇ preserve Q, for all smooth sections X , Y ∈ TM , and
for all u ∈ Γ(Q), we have that R(X , Y).u ∈ Γ(Q) and more precisely it is a vertical
element. In order to prove the integrability of J, we consider its Nijenhuis tensor
N , and the various components of it in the splitting TZ = (H ⊕ H⋆) ⊕ (V ⊕ V⋆).
The computation of these components require the following proposition.

Proposition 9. For all vertical vector fieds A, B ∈ Γ(V) and all horizontal lift

X̂ + ξ ∈ Γ(H ⊕ H⋆) one has:

i) [A, B] ∈ Γ(V)

ii) [X̂, A] ∈ Γ(V)

iii) [X̂ + ξ̂, JA] = J[X̂ + ξ̂, A]

iv) [J(X̂ + ξ̂), JA] = J[J(X̂ + ξ̂), A]

Proof. The first point is a general fact for any vertical distribution, similarly the
second point is always true for any basic vector field X̂ and any vertical vector field
A [2].

The third formula follows from the parallel transport along horizontal directions
respect the canonical metric and the orientation of the fibres, hence the vertical
complex structure, so [X̂, JA] = J[X̂, A]. It remains to check that [ξ̂, A] = 0 =

[ξ̂, JA] which is an immediate consequence of the definition of the Courant bracket.
For the last formula, pick a local basis (X1, . . . , X8n) of Γ(TM) and note [Jij ]

the matrix of J in the basis (X̂1, . . . , X̂8n) of H ⊕ H⋆. Properties of the bracket and
the third point give us :
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J[JX̂j , A] = J[JijX̂i, A]

= J
(
Jij [X̂i, A] − AX̂j

)

= Jij [X̂i, JA] − JAX̂j

et [JX̂j , JA] = [JijX̂i, JA]

= Jij [X̂i, JA] − JAX̂j . �

Corollary 1. The component N (X , A) of the Nijenhuis tensor of J is null for all
X ∈ Γ(H ⊕ H⋆) and all A ∈ Γ(V).

Proof. By linearity, one can supposed that X is basic, the corollary is then an
immediate consequence of points 3 and 4 of proposition 9. �

Proposition 10. Let X , Y ∈ Γ(TM) be two local sections. According to horizontal
and vertical directions at a point p = (m, u) ∈ Z(Q), one has:

[X̂ , Ŷ] = [̂X , Y] + R(X , Y).u.

Proof. Identify Hn = R4n and let R4n⋆ be the dual of R4n. The group GL(2n,H)
(resp. Sp(1)) act on the right (resp. on the left) on R4n ⊕ R4n⋆. We note Sp(2n)
the subgroup :

Sp(2n) = GL(2n,H) ∩ O(2n, 2n).

Let G be the product Sp(2n)Sp(1) and P −→ M be the G-principal bundle. The
twistor space Z(Q) can be considered has the associated fiber bunble of P with
standard fiber S2. More precisely, the group G acts on the right on P × S2 by:

P × S2 × G −→ P × S2

(q, j, g) 7−→ (q.g, g−1.j) = (q.g, gjg−1)

and Z(Q) is the quotient of P × S2 by G. Note Π the projection

Π : P × S2 −→ Z(Q)
(q, j) 7−→ u = q−1jq.

Start by looking at the case where X, Y are two vector fields on M . As X̂, Ŷ are

basic, then [2] the horizontal part of [X̂, Ŷ ] is precisely [̂X, Y ]. We denote by θ be

the G-connection on P , kerθ the associated horizontal distribution and X̃, Ỹ the
horizontal lift of X, Y in P . The vertical part of [X̃, Ỹ ] is given by [20], [2] :

(θ|V )−1(R(X, Y )),

where by definition, (θ|V )−1(R(X, Y )) is the vertical field on P defined at the point
q ∈ P by:

d

dt
|t=0

(
q. exp(tR(X, Y ))

)
= p. R(X, Y ).

At q ∈ P we have dΠ
(

q.R(X, Y )
)

= uR(X, Y ) − R(X, Y )u = R(X, Y ).u. Then at

the point (m, u) ∈ Z(Q) we have

[X̂, Ŷ ] = [̂X, Y ] + R(X, Y ).u
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Now let X ∈ T M be a vector field and η ∈ T ⋆M be a 1-form on M . Using the

definition of the Courant bracket we see that [X̂, ξ̂] = [̂X, ξ] and from ∇ξ = 0 we
deduce that R(X, ξ) = 0 and so :

[X̂, ξ̂] = [̂X, ξ] + R(X, ξ).u

0 = [ξ̂, η̂] = [̂ξ, η] + R(ξ, η).u = 0 �

Corollary 2. For all vertical 1-form U ♯ and all X ∈ Γ(H ⊕ H⋆), the component
N (U ♯, X ) of the Nijenhuis tensor of J is the horizontal form defined for all Y ∈ Γ(H)
by :

< N (U ♯, X ), Y >= U ♯
((

R(X ∧ Y − uX ∧ uY) + uR(uX ∧ Y + X ∧ uY)
)
.u

)
.

Proof. We denote by
−→
X ,

−→
Y the projection of X , Y ∈ H ⊕ H⋆ over H. Using the

definition of the Courant bracket we know that [U ♯, X ] = [U ♯,
−→
X ] is a 1-form. More

precisely for two vector fields A ∈ Γ(V) and
−→
Y ∈ Γ(H), at the point p = (m, u) ∈

Z(Q) we have :

[U ♯, X ](A +
−→
Y ) = dU ♯(

−→
X ,

−→
Y + A)

=
−→
X .U ♯(A) − U ♯([

−→
X ,

−→
Y + A])

=
−→
X .U ♯(A) − U ♯([

−→
X , A]) − U ♯

(
R(X ∧ Y).u

)

The point 3 of proposition 9 gives us [JU ♯, X ](A) = J[U ♯, X ](A), and so N (U ♯, X )
is the horizontal 1-form defined by

< N (U ♯, X ), Y >= U ♯
((

R(X ∧ Y − uX ∧ uY) + uR(uX ∧ Y + X ∧ uY)
)
.u

)
�

Corollary 3. For all basic sections X̂ , Ŷ ∈ Γ(H ⊕ H⋆), at the point p = (m, u) ∈
Z(Q) :

i) the vertical part of N (X̂ , Ŷ) is the following vector field :

−
(

R
(
X ∧ Y − uX ∧ uY

)
+ uR

(
uX ∧ Y + X ∧ uY

))
.u

ii) the horizontal part of N (X̂ , Ŷ) is a 1-form defined for any Ẑ ∈ Γ(H) by :

< N (X̂ , Ŷ), Ẑ >= T (X , Y, Z)−T (X , uY, uZ)−T (uX , Y, uZ)−T (uX , uY, Z)

Proof. Pick an orthonormal basis (X1, . . . , X8n) of TM defined above U . The

distribution H⊕H⋆ is stable for J, we note [Jij ] his matrix in the basic (X̂1, . . . , X̂8n).
By definition

[
JX̂i, JX̂j

]
=

−→
JX̂i.(Jrj) X̂r −

−−→
JX̂j .(Jli) X̂l + JliJrj

[
X̂l, X̂r

]

−JridJrj + JljdJli[
JX̂i, X̂j

]
+

[
X̂i, JX̂j

]
= −

−→
X̂j .(Jli) X̂l + Jli

[
X̂l, X̂j

]
+

−→
X̂i.(Jrj) (X̂r) + Jrj

[
X̂i, X̂r

]

+dJji − dJij .

Using proposition 10, we deduce that at the point p = (m, u) , the vertical part of

N (X̂i, X̂j) is

−
(

R(Xi ∧ Xj − uXi ∧ uXj) + uR(uXi ∧ Xj + Xi ∧ uXj)
)

.u
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For the horizontal part, we consider a local section s of Z(Q) −→ M on U , such
that s(m) = u and (∇s)m = 0. This gives a local generalized almost complex

structure S on U . The horizontal part of N (X̂i, X̂j) restricted to s(M) is equal to
the horizontal lift of the Nijenhuis tensor of S. Since the connection ∇ has torsion
T and since ∇s = 0 at m we have, at the point (m, u) :

< N (X̂i, X̂j), X̂k > = T (Xi, Xj , Xk) − T (uXi, uXj , Xk)
−T (uXi, Xj , uXk) − T (Xi, uXj, uXk).

Proof of theorem A. Since fibers of Z(Q) has the complex structure of CP 1, we
get N (U , V) = 0 for all U , V basic sections of V ⊕ V⋆. The proof of theorem A is
then an immediate consequence of the corollaries 1, 2 and 3.

7 Applications

7.1 Generalized Bismut connection

Generalized hyperkähler structures are among the simplest examples of generalized
quaternionic structure Q. In that case there is a natural connection preserving Q.
this connection was introduced by Gualtieri [13] and is called generalized Bismut
connection. We start by recalling its construction. Let G = (g, b) be a generalized
metric and C+ the associated maximal-positive-definite subbundle of TM . Let
C : TM −→ TM be the automorphism defined by C(X + ξ) = X − ξ. Write
X = X + + X − for the orthogonal projection of X ∈ Γ(TM) to C± and let h be any
closed 3-form on M .

Proposition 11 [13]. The operator :

DX Y = [X −, Y+]+h + [X +, Y−]−h + [CX −, Y−]−h + [CX +, Y+]+h

defines a connection on TM , preserving both the inner product < ., . > and the
positive-definite metric G. So D preserved C± and if we note D± the restriction of
D to C±, then we have :

D± = π−1
± ∇±π±

where ∇± are the Bismut connection on (M, g) with torsion ±h. Denote by ∇g the
Levi-Civita connection of g. We may write D explicitly with respect to the splitting
TM = T M ⊕ T ⋆M , for all X ∈ T M , as follows :

DX =

(
∇g

X
1
2 ∧2 g−1(iXh)

1
2 iXh (∇g

X)⋆

)
.

Definition. This connection D is called by Gualtieri the generalized Bismut con-
nection associated to G.

This connection enable us to give a new carracterisation of twisted generalized
kähler manifold.

Proposition 12 [13]. If J be a G-orthogonal generalized almost complex struc-
ture, then (J , G) defines a twisted generalized Kähler structure if and only if :

1. DJ = 0 and,

2. the generalized torsion TD is of type (2, 1) + (1, 2) with respect to J .
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Theorem B. Let n ≥ 0. If (M, G, I, J , K) is a twisted generalized hyperkähler
4n-manifold and D the generalized Bismut connection, then the generalized almost
complex structure JD on Z is integrable.

Proof. Using proposition 12, we see that both integrability conditions of theorem
A are trivially true. �

7.2 Levi-Civita connection

Theroem C [6]. Let n > 0 and let (M, g, Q) be a riemannian 4n-manifold with
a generalized almost quaternionic structure such that the Levi-Civita connection
∇g preserve Q, then the generalized almost complex structure J∇g on Z(Q) is
integrable.

Remark. The case n = 0 is also treated in [6].

7.3 Generalized torsion free connection

Let Q be a generalized almost quaternionic structure on M locally spanned by a
generalized almost hypercomplex structure (I, J , K). Let G be any generalized
metric on M compatible with Q. In the basis TM = C+ ⊕ C−, an element u ∈ Q is

of the form

(
u+ 0
0 u−

)
. By projection from C± to T M , we can consider u± as an

almost complex struture on T M . Thus a generalized almost quaternionic structure
gives two almost quaternionic structures namely Q± = V ect(I±, J±, K±). We will
note

f : Q− −→ Q −→ Q+

u− 7−→ u =

(
u+ 0
0 u−

)
7−→ u+.

This map induces an algebra isomorphism from V ect(Id) ⊕ Q− to V ect(Id) ⊕ Q+.

Theorem D. Let n > 1 and let (M, Q, G) be a generalized almost quaternionic
4n-manifold with a generalized metric G compatible with Q such that Q+ = Q−.
For any generalized torsion free connection ∇ on TM compatible with Q, J∇ is
integrable if and only if locally :

there exists a generalized hypercomplex structure such that ∇I = ∇J =
∇K = 0

or f = Id.

Remark. From proposition 4 we see that f = Id correspond to e−bQeb is an almost
quaternionic structure; where b is the 2-form associated to G.

Proof of the theorem D. It is clear that if ∇I = ∇J = ∇K = 0 for a generalized
torsion free connection then both integrability conditions of theorem A are satisfied.
As b is not necessarily closed, the integrability of J∇ when f = Id is not so clear
and requires the following lemma.

Lemma. Let ∇ be a generalized torsion free connection on TM compatible with
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the pseudo-metric. On the basis T M ⊕ T ⋆M , it takes form:

∇ =

[
∇1 0
L ∇2

]

where :

i) ∇1 is a torsion free connection on T M : ∇1
XY − ∇1

Y X = [X, Y ].

ii) ∇2 is the connection on T ⋆M induce by ∇1 :

∀X, Y ∈ T M, ∀ξ ∈ T ⋆M, X. < ξ, Y >=< ∇2
Xξ, Y > + < ξ, ∇1

XY > .

Proof of the lemma. ∇ is a generalized torsion free connection so T (X , Y, Z) = 0
∀X , Y, Z ∈ Γ(TM). In particular for (X, ξ, η) ∈ Γ(T M) × Γ(T ⋆M) × Γ(T ⋆M) :

T (X, ξ, η) = 0 ⇐⇒ < ∇Xξ − [X, ξ], η >= 0
⇐⇒ ∇Xξ is a 1-form

On the basis T M ⊕ T ⋆M , a torsion free connection ∇ takes form:

∇ =

[
∇1 0
L ∇2

]
.

On the other hand ∀X, Y, ξ ∈ Γ(T M) × Γ(T M) × Γ(T ⋆M) we have :

T (X, Y, ξ) = 0 ⇐⇒ < ∇XY − ∇Y X − [X, Y ], ξ >= 0
⇐⇒ ∇1 is torsion free.

But ∇ is compatible with the pseudometric so :

X. < ξ, Y >=< ∇2
Xξ, Y > + < ξ, ∇1

XY > . �

When f = Id, any local generalized almost complex structure leaving in Q takes

form u = eb

[
J 0
0 −J⋆

]
e−b for some local almost complex structure J . Using the

lemma and the fact that ∇ preserve Q, a little computation shows that :

∇Xu = eb

[
∇1

XJ 0
0 −(∇1

XJ)⋆)

]
e−b.

In particular this means that ∇1 preserve the almost quaternionic structure Q =
e−bQeb. If we note R1 the curvature of the connection ∇1 and if we differentiate
one more time, we have that :

R(X, Y ).u = eb

[
R1(X, Y ).J 0

0 −(R1(X, Y ).J)⋆)

]
e−b.

Thus the integrability of J∇ on Z(Q) is a consequence of the integrability of J∇1

on Z(Q) (cf theorem 1 and 2).

It remains to prove the converse. In the basis C+ ⊕ C− the connection ∇ is parti-
tioned into four blocks:

∇ =

(
∇+ ∇+−

∇−+ ∇−

)
.
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Since ∇ is compatible with Q, for any vector field X , we have

∇XI = γ(X)J −β(X)K
∇XJ = −γ(X)I +α(X)K
∇XK = β(X)I −α(X)J

where α, β, γ are 1-form. Projecting on C± we get:




∇+I+ = γJ+ − βK+

∇+J+ = −γI+ + αK+

∇+K+ = βI+ − αJ+
et





∇−I− = γJ− − βK−

∇−J− = −γI− + αK−

∇−K− = βI− − αJ−

(2)

Let G = (g, b) be the generalized metric compatible with Q. Using the lemma and
the fact that C± = {X + (b ± g)X ∈ TM/X ∈ T M}, we find :

∇+ = (π+)−1
(

∇1 + g−1
(

∇2(b + g) + L − b(∇1)
))

π

∇− = (π−)−1
(

∇1 − g−1
(

∇2(b − g) + L − b(∇1)
))

π

∇−+ = (π+)−1
(

∇1 − g−1
(

∇2(b + g) + L − b(∇1)
))

π

∇+− = (π−)−1
(

∇1 + g−1
(

∇2(b − g) + L − b(∇1)
))

π

But f is an automorphism of S2, so it is a rotation. In a suitable basis we can write:




I+ = f(I−) = I−

J+ = f(J−) = cJ− + sK−

K+ = f(K−) = −sJ− + cK−

, with c2 + s2 = 1. (3)

On the other hand, from ∇I ∈ Q and I+ = I−, we deduce that ∇+−I+ = 0

and ∇−+I+ = 0, and so
(

∇2b + L − b(∇1)
)

I+ = 0. In particular we decuce that

∇+I+ = ∇−I−. Now using (2) and (3) we have:
{

cγ + sβ = γ
sγ − cβ = −β

⇐⇒

{
(c − 1)γ + sβ = 0
sγ + (1 − c)β = 0

On each point either f = Id or γ = β = 0. We suppose that f 6= Id and denote by
R+ the curvature of the connection ∇+. In this case we have





∇+
XI+ = 0

∇+
XJ+ = α(X) K+

∇+
XK+ = −α(X) J+

=⇒





R+(X, Y ).I+ = 0
R+(X, Y ).J+ = dα(X, Y ) K+

R+(X, Y ).K+ = −dα(X, Y ) J+

But if J∇ is integrable, then condition (C2) is true. In particular for X = π−1
+ (X)

and Y = π−1
− (Y ), the projection on C+ gives :

{
R+(J+X ∧ Y + X ∧ J−Y ).J+ = 0

R+(K+X ∧ Y + X ∧ K−Y ).K+ = 0
⇐⇒

{
dα(J+X, Y ) = −dα(X, J−Y )
dα(K+X, Y ) = −dα(X, K−Y )

so




dα
(

(cJ− + sK−)X, Y
)

= −dα(X, J−Y ) (L1)

dα
(

(−sJ− + cK−)X, Y
)

= −dα(X, K−Y ) (L2)

=⇒ dα(J−X, Y ) = −dα
(

X, (cJ− − sK−)Y
)

(L3) = (cL1 − sL2)

By symmetry we also have

dα(J−X, Y ) = −dα(X, J+Y )

=⇒ dα(J−X, Y ) = −dα
(

X, (cJ− + sK−)Y
)

(L4)
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Taking (L3) − (L4) we have :

0 = −2s dα(X, K−Y ) =⇒ 0 = dα(X, Y ) ∀X, Y ∈ T M.

Thus, α is closed so locally exact : α = dθ for some locally defined function θ on

M , and it is easy to check that
(

I, cos θJ −sin θK, sin θJ +cos θK
)

is a generalized

hypercomplex structure such that ∇I = ∇J = ∇K = 0. �
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