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In this paper we present some results emerging during a larger project, still in progress, about the phenomenon of early school leaving and how to face it through an in-service training project for mathematics and other discipline teachers. The aim of this study is to investigate how a codisciplinary educational path, co-designed and co-led by both mathematics teacher and vocational subject teacher, could bring out the existing link between vocational subject and Mathematics, with the involvement of the students most at risk of early school leaving. For this aim we developed Collaborative Settings in Mathematics Teacher Education (CSMTE) together with other subjects' teachers, in which teachers are involved. In this paper preliminary results are given.

Introduction

This paper is the next step of the research project [START_REF] Fiorentino | Mathematics in vocational school: a research to reduce early school leaving[END_REF] presented in TWG7 within the Yerme Summer School YESS12. The main aim of the research project study is to make sense of Mathematics [START_REF] Wake | Making sense of and with mathematics: The interface between academic mathematics and mathematics in practice[END_REF] with respect to the vocational subject and vice-versa to give meaning to the vocational subject through Mathematics by designing co-disciplinary educational paths, in order to face the early school leaving. The specific aim of the present study is to investigate how the proposal of educational paths co-designed and co-led in the classroom by mathematics teacher and vocational subject teacher can bring out the existing link between vocational subject and Mathematics, with the involvement of the students most at risk of early school leaving. Specifically, we present the preliminary results related to the realisation of a co-disciplinary intervention involving Mathematics and Chemistry, conducted in a class of a dental technician vocational school. 20 students were involved in experimentation and among them, five students were at risk of early school leaving. This phenomenon for secondary school is very widespread in Italy and in Europe, and it is very emphasised in vocational schools. In these schools, Mathematics curriculum is the same as other higher schools even if some specific vocational subjects need more specific studies in mathematics. Therefore, it seems to be necessary involve mathematics and other discipline teachers in an innovative service training, because we suppose that on the one hand Mathematics teachers don't know what specific mathematical contents are useful for vocational disciplines, on the other hand vocational subjects' teachers could need more specific information to address some of their discipline topics. In our larger study we developed Collaborative Settings in Mathematics Teacher Education (CSMTE) together with other subjects' teachers, in which teachers are involved in the co-design of codisciplinary educational paths. One of these co-disciplinary educational paths, experimented in a class, is analysed in the present work. Below, there is an outline of the conceptual background, , the general outline of the experimentation (research methodology), the analysis of some of the data collected during the class experimentation and the preliminary results obtained.

Conceptual background

According to [START_REF] Wake | Making sense of and with mathematics: The interface between academic mathematics and mathematics in practice[END_REF], it is important to "start [...] from the emerging understanding of mathematical activities in workplace settings that might inform future iterations of curriculum design." This seems particularly important to provide new insights into the role of mathematics and its dual nature as both, an area of study, and an increasingly diverse tool with application in and across many aspects of human life [START_REF] Wake | Making sense of and with mathematics: The interface between academic mathematics and mathematics in practice[END_REF]. Learning can be mediated in such cases by specially created Boundary Objects-Artefacts (BOAs) that are sufficiently robust to maintain meaning across school subjects, but also flexible enough to be used effectively in each of them [START_REF] Star | The politics of formal representations: Wizards, gurus, and organizational complexity[END_REF]. These BOAs have the function to coordinate the different disciplines involved, even if the professional practices which use these objects are different. Because of this, the BOA may be thought of as an entity that brings together members of different disciplines -communities of practice -for the purpose of realising a common object/task, which also is itself defined by that same device. In this research we use a concrete device BOA (an Erlenmeyer flask with colored balls), intended as a manipulative artefact, linked both with the mathematical meaning of ratio and the chemical meaning of solution's concentration. Moving in this direction, requires a co-learning inquiry approach, in which people learn together through inquiry, inquiry being a mediational tool. The term "co-learning" comes from Wagner (1997, p. 16). In a co-learning agreement, researchers and practitioners are both participants in processes of education and systems of schooling. Both are engaged in action and reflection. By working together, each might learn something about the world of the other. Of equal importance, however, each may learn something more about his or her own world and its connections to institutions and schooling.

An aim of this kind of approach, which brings together Learning Communities Mathematics was that researchers and teachers would work together to explore and develop mathematics learning and teaching in classrooms. In our case, using a professional artefact as a BOA, we aim at deepening and giving meaning to the mathematical concept with the help of the other discipline involved. The Teaching for Robust Understanding (TRU) framework proposes a conception of mathematics as "empirical" as an alternative to viewing mathematics as "given" or "fixed". As explained by [START_REF] Li | Problematizing teaching and learning mathematics as "given" in STEM education[END_REF], the TRU Framework guides needed reframing of the teaching and learning of mathematics in STEM education and in the co-disciplinary education in general. The TRU Framework comprises the following five dimensions: content; cognitive demand; equitable access to content; agency, ownership and identity; formative assessment [START_REF] Baccaglini-Frank | Doing well" in the Teaching for Robust Understanding approach revealed by the lens of the semiotic potential of tasks with the GGBot[END_REF]. [START_REF] Li | Problematizing teaching and learning mathematics as "given" in STEM education[END_REF] declare "the importance for students to experience mathematics through creating, designing, developing, and connecting mathematical ideas" (Li & Schoenfeld, 2019, p. 6). On the one hand the TRU framework seems quite appealing for framing mathematical experiences that strive to find a place and identity in co-disciplinaries scenarios. On the other hand, we find it too broad and general to help gain insight into how specific mathematical experiences are well-designed and, when carried out, help students become powerful mathematical thinkers. Moreover, the codisciplinary context we are interested in (percentage in strict connection with the chemical solution) involves an artefact. Therefore, an appropriate framework that specifies the generality of the TRU Framework and allows for more detailed analyses in this setting, is the Theory of Semiotic Mediation (TSM) [START_REF] Bartolini Bussi | Semiotic Mediation in the Mathematics Classroom: Artefacts and Signs after a Vygotskian Prospective[END_REF]. Indeed, the TSM has its roots in Vygotskian socio-constructivism, according to which students are guided by their teacher to construct mathematical knowledge by solving appropriately designed tasks with the use of appropriately designed and chosen artefacts. Students' activity with artefacts allows the unfolding of their semiotic potential leading the students to produce personal knowledge, which through mathematical discussions, orchestrated by the teacher, gradually transformed into shared knowledge. Focusing especially on the first four dimensions of the TRU Framework, we need to draw connections between such a broad framework and the TSM. The notion of semiotic potential expresses the relationship between the personal meanings emerging from the experience of acting with the artefact and the mathematical meanings recognizable by the expert in such actions; its strict dependency on the task to be accomplished by the students makes it the key tool for designing appropriate tasks. In doing so, it operationalizes a link between the dimension of mathematical content and the dimension of cognitive demand of the TRU Framework. While the TRU framework has been used by the researchers in the general project to frame the educational path in a co-disciplinary view, the TSM has been used both by the teachers during the co-design of the educational path and the analysis of artefacts' semiotic potential, and by the researchers to analyse the results of the experimental activity. The interactions between different disciplines, let emerge different approaches from the literature in relation to the possible interactions between them, on whose definition there is general agreement: multidisciplinarity, in which the relationship between the disciplines consists in the segmentation of the work without a real interaction [START_REF] Stokols | Cross-disciplinary team science initiatives: research, training and translation[END_REF]; trans-disciplinarity, in which the interaction between disciplines leads to the establishment of a new discipline with its own epistemology [START_REF] Aboelela | Defining interdisciplinary research: Conclusions from a critical review of the literature[END_REF]; interdisciplinarity, in which the encounter between disciplines takes place through the integration of some aspects of the research (content, theory, methods). Any interdisciplinary intention requires and implies some overcoming of disciplinary boundaries, i.e. the entry by researchers into unfamiliar fields of study [START_REF] Choi | Interdisciplinary Discourse[END_REF]. For this study, it seems to be necessary to go beyond these three approaches and sustain the co-disciplinary approach. According to Blanchard-Laville (2000) codisciplinarity is the way in which more researchers cooperate in a generative way about a specific project. For the common work there is the aim of co-thinking, in other words to design a space in which different researchers don't have the same idea about something, but something lets them cothink and let ideas emerge for giving solutions. The interaction between disciplines starts from the designing and then realises itself in the observation, in the monitoring and the reflection about specific educational paths. This approach seems to be appropriate since the dialogue in this study is between different discipline's teachers, in a co-disciplinary way.

The research methodology and experimental setting

This paper focuses on a specific experimental educational path of a general project that is designbased research [START_REF] Swan | Design Research in Mathematics Education[END_REF]. In particular, the three researchers, authors of this study, designed operational phases in which the solution of a problem represents the space where the co-disciplinarity between professional subject and mathematics subject takes place by the means of a BOA. In this study a 20 students' classroom has been involved, and a co-disciplinary educational path involving mathematics and chemistry has been conducted. The educational path consists in the proposing an initial problem involving the use of BOA, the subsequent collective discussion on first resolutions, subsequent problems to reinforce the evolution of mathematical concepts, final discussion. The mathematics teacher and the chemistry teacher involved in the experimentation had co-design the activity (the initial and subsequent problems and the questions of the collective discussion) with the researchers. They co-led the experimental activity and the mathematical discussions in the classroom, while the researchers observed and videotaped it. In the class five students were at risk of early school leaving, related to a negative evaluation in both the disciplines. In addition, we have registered truancy at school in a percentage of 70% in three months. To tackle our research aim, we analysed the Mathematical Discussions' transcriptions related to the solution of the proposed problem and to the artefact's use. To validate the educational path, a qualitative analysis of the transcriptions was carried out, according to the criteria of credibility, dependability, transferability and confirmability [START_REF] Guba | Criteria for Assessing the Trustworthiness of Naturalistic Inquiries[END_REF], to ensure trustworthiness. This study is part of the general project which has involved 5 vocational schools, 15 in-service teachers and about 300 students of the 9-10 grades of the involved schools. In this section we describe the general setting of the specific educational path in focus.

Experimental design

The main aim of the broader study we have focused on, is to make sense of Mathematics with respect to the vocational subject and vice-versa to give meaning to the vocational subject through Mathematics. The specific aim which we investigate in this study is to find how the proposal of codisciplinary educational paths co-designed and co-led in the classroom by both the mathematics teacher and the vocational subject teacher, can bring out the existing link between vocational subject and Mathematics, with the involvement of the students most at risk of early school leaving. The organisation of the teaching intervention is described below, involving several preparatory project phases (from phase 1 to 4) before starting the classroom experimentation (phase 5). It seems to us necessary to present the general project, because the teachers' training phases (from phase 1 to 4) are the unfolding of the design and the realisation of the teaching intervention in the classroom.

Phase 1: Enacting co-disciplinary work. The vocational and mathematics teachers involved in the project discussed the potential of synergetic work between mathematics and vocational disciplines.

Phase 2: Identification of artefacts from the vocational subject. Various artefacts specific to the vocational subject were identified, which also proved useful from the point of view of mathematics: the paper pattern, the price list, the flask with different coloured balls. In this article, we present just one of these artefacts with an analysis of its semiotic potential.

Phase 3: Analysis of the semiotic potentials of such artefacts from both a mathematical and a professional perspective. Teachers explored the semiotic potential of the artefacts identified.

Phase 4: Structuring educational paths to be experimented in classrooms. The analysis of the 'dual' semiotic potential, that linked to the mathematical concepts evoked and that linked to the professional subject, allowed the structuring of a co-disciplinary didactic design. [START_REF] Fiorentino | Mathematics in vocational school: a research to reduce early school leaving[END_REF].

Phase 5: The teaching intervention: it was proposed in a class grade 9 of the dental technician course at the I.I.S.S. 'Cosmai' in Bisceglie, in the subject area of chemistry. In this class, the Chemistry teacher had already addressed the concept of chemical solutions, the Mathematics teacher had addressed the concept of percentage. Students were asked to perform the following problem in the first activity: "Simulate a solution of 100 ml concentrated at 50 per cent". The students were provided with the artefact and worked in groups of 5 students. At the end of the activity, a collective discussion was held by both teachers, with the aim of bringing out the mathematical concept of percentage related to the chemical concept of concentration of a solution. The artefact used in phase 5 consists of a transparent Erlenmeyer flask and differently coloured balls (white and red). In the simulation of a solution, the total number of balls used represents the amount of solution in ml and each ball represents 1 ml. The red balls represent the solute, the white balls represent the solvent. The choice of two different ball colours evokes, from a chemical point of view, the idea of the difference between the molecules of two different substances and, from a mathematical point of view, the idea of the relationship between two different quantities. Placing the balls in an Erlenmeyer flask allows their subsequent mixing, which evokes from a chemical point of view the operation of mixing two different substances, from a mathematical point of view the idea of a rational number representing a percentage.

Data collection and analysis criteria

The analysis concerns the co-disciplinary discussion carried out in phase 5 after the group work in which different problem's solutions emerged. According to the specific hypothesis of this study, the following analysis attempts to highlight how this co-disciplinary educational path makes sense of Mathematics concept of percentage with respect to the chemistry concept of solution and vice-versa gives meaning to the concept of solution' concentration through the mathematics concept at stake.

Math. Teacher:

Does anyone want to tell me what you did? Morena:

We were asked to prepare a 100 ml solution concentrated at 50%. We had the white balls standing for solvent and the red balls standing for solute and an Erlenmeyer flask. We filled the flask with 50 red balls of solute and 50 white balls of solvent. Math. Teacher:

Therefore, you have all created a solution of 100 ml at 50%. Why is Enxy stirring? Francesca:

At the beginning, when we put the balls in the flask they were concentrated by colour and then we mixed them up to obtain the solution. Chem. Teacher:

And how were the solutions created? Enxy:

We counted the quantities of the molecules ... Morena:

We took 50-50 because the concentration the problem asked for, was 50%, that is 1/2.

In this excerpt, it seems to us that the students give meaning to the mathematical concept of 50% through the action of putting half balls of one colour and half of the other into the flask. As expected from a chemical point of view the ball evokes the idea of a molecule, as Enxy says, and the different colours highlight the two substances, solvent and solute. From a mathematical point of view, the possibility of having discrete objects such as balls makes it possible to realise the percentage and to establish how many balls of one colour and how many of the other you need to put in the flask to obtain a solution of 100 ml concentrated at 50%. The BOA seems to bring together the chemical concept of solution and the mathematical sense of percentage that make it possible to realise the solution requested and recall the second dimension of TRU framework.

The discussion proceeds and the mathematics teacher proposes a new problem linked to chemical concentration with the aim of bringing out the mathematical meaning of percentage for any reference quantity:

Math. Teacher:

Enxy says we made a 50% concentration of 100 ml because each ball represents 1 ml. Yes, I agree with Nicola, otherwise there would be no difference between concentration at 50% and 20%... But how many balls do we have to put in solute and how many in solvent? Francesca:

Ah yes, I got it! We must do 20 out of 100 and 80 out of 100… Carlotta:

Right! The solute is 20 ... Then 20 out of 100, so to get 100ml total, the solvent must be 80 balls. In other words, we did the ratio of 20 to 100, that is ⅕ of 100 balls. So, 20 red balls for the solute and ⅘ of 100 balls for the solvent, i.e. 80 white balls.

It seems to us that Nicola's statement reveals that the BOA is playing a fundamental role because it puts in evidence the mistake. Nicola draws a relationship between the balls, the number of the balls, as molecules, and the percentage. In the following words, he draws a relationship between the percentage (20%) and what he expected to find. The number of balls does not correspond to the ratio 20/100. Ginevra, in agreement with Nicola, goes further. Indeed, she shifted from what is evident by means of the BOA to the mathematical level, comparing the percentages 20% and 50%. The discussion based on the artefact's use linked to mathematical and chemical meanings, seems to lead Francesca to re-construct her solution. Indeed, her statement "we have to do 20 out of 100 and 80 out of 100" shows the evolution of her previous wrong idea. Carlotta offers a synthesis confirming what Francesca said. The TRU framework with the dimension of equitable content, together with the using of the artefact from the TSM, permits Ginevra, Francesca and Carlotta (these students have been declared at risk of early school living by the Class Council) to intervene and give sense to what they are saying.

In the following excerpt, it emerges that students use percentages to determine the ratio of solute, solvent and solution in a given concentration.

Math. Teacher: If instead of 100ml, the solution was 50 ml at 20%, how would you calculate the number of balls? Francesca:

It halved… Enxy:

Both the solute and the solvent have halved. Francesca:

The concentration, however, remains the same! Enxy:

Because they have the same quantities! Enxy: Now let's put 10 balls of solute and 40 balls of solvent, as it was 20 and 80. Chem. Teacher: So, the concentration is what? Enxy:

It is the percentage of the balls of solute in comparison with the solution. Math. Teacher:

The percentage always remains the same, but what is this percentage? Before we talked about concentration, now we are talking about percentage, is there any connection? Morena:

The concentration used to be 50% of 100 ml, i.e. the ratio of the number of solute balls to the number of total balls is ½. Now the concentration is 20%, i.e. the ratio of the number of solute balls to the number of total balls is ⅕. Whether we made 100ml at 20% or 50ml at 20%, the percentage is the same, that is the ratio between solute and solution remains the same, even if the amount of solution changes.

Once again, the BOA used probably played the role of a boundary element between the two disciplines: the use of the artefact brings out the link between the disciplines and the specific concepts of each discipline, the relationship between the balls of different colours from a mathematical point of view represented by the percentage and from the point of view of chemistry represented the concept of concentration. In addition, during all the activity we could observe the presence and the interventions of the students most at risk of early school leaving. Moreover, all of them participated in all the activities, actively participating in the discussions. As we already stated, these students are often truancy at school and, even when they are present, don't participate actively in the lesson. This phenomenon leads us to think that, involving students in co-disciplinary activities aiming at making sense of disciplines' theoretical concepts, could help to reduce the early school leaving.

Preliminary results and concluding remarks

The students show that they rediscover a sense of percentage precisely when they encounter the difficulty of establishing the correct number of balls to achieve a 20% concentration. It is also evident, in students' synthesis offer, the reference to the mathematical concept to interpret the chemical concept in itself and the chemical concept to explain the mathematics concept of percentage. This link emerges thanks to the use of the BOA and enables the achievement of the goals set by the teachers even by students at risk of dropping out. As expected, the experimentation of the educational path codesigned and co-led, developed in CSMTE together with other subjects' teachers, could be considered a best practice to reduce early leaving school.

  Francesca and Morena give a wrong solution, probably because they mechanically transfer the solution of the previous problem to the new one, highlighting a lack of sense. Francesca puts in discussion her solution because she observes the BOA and she finds something wrong. She did not think it through enough to give a correct solution. The following interventions of Nicola and Ginevra help Francesca to re-think her solution.

		If I asked you to make a 20% solution of 100 ml, what would
		you do?
	Francesca:	20 and 20.
	Morena:	Yes, 20 white balls and 20 red balls.
	Francesca:	But by making 20 red balls and 20 white balls we get 40 balls and not 100 we
		have 20% of 100ml…
	In this excerpt, Nicola:	Something doesn't add up... 20 balls of solute and 20 balls of solvent are
		always 50% concentrated. Whereas at 20% I expect to find far fewer balls of
		solute... At 20% the solution is less concentrated, i.e. there should be far more
		white balls.
	Ginevra:	
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