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This paper reports some results of studying Japanese resources or media available in lesson study, especially focusing on lower secondary school probability. The major finding is this: the "frequentist probability of urn systems" seems to be ignored. And, two generic conditions for that which I also identify (Euclideanism and astragalus), justify the possible universality of this phenomenon. The data sources are professional books and journals for teachers which are likely representative and accessible in the current Japanese teaching profession.

Introduction: On schoolteachers' knowledge and ignorance about probability

In this paper, I shall report the results of the survey of journals and books for Japan's schoolteachers, focusing on probability. This means that the object of study of this paper is professional documents available for lesson study, which are a crucial part of conditions for the professional development of teachers. On the one hand, there is a variety of professional journals and books. They are undoubtedly helpful for professional development. In fact, the high degree of professionalism of Japanese schoolteachers have been admired so far. However, on the other hand, their mathematical knowledge seems sometimes to be not so great as professional in some sense. We occasionally encounter their non-standard discourses from the viewpoint of (scholarly) mathematics. In my personal observation, this tendency is strongest in the area of probability. For instance, some schoolteachers seem not to understand the standard meaning, functionality, and weakness of the notion of equipossibility (cf. Hacking, 1975Hacking, /2006)), which is not included in modern scholarly probability but appears with the expression "equally-likely" or "equally-possible" in school probability. Indeed, school probability is not only pure-mathematical but also applied-mathematical even philosophical, whereby in all likelihood there exist epistemological obstacles to the sound understanding of it. This is why I strongly feel, as a teacher educator, that I have to teach additional knowledge about school probability to preservice teachers. So, what kind of knowledge does professional archives lack? What should I compensate in my courses? More scientifically speaking apart from the teaching problematic; what is the dominant epistemological model of probability prevailing in the teaching profession? These are the main part of my initial questions leading me to this study. Note that, in this paper, I use the word "probability" not only as a mathematical notion but also as an epistemological notion, that is, the name of a mathematical area.

A framework of modeling in school probability

In this paper, a minimalist framework is introduced and used. It is based on the two notions of system and model within the framework of the ATD, that is, the anthropological theory of the didactic (cf. [START_REF] Strømskag | Elementary algebra as a modelling tool: A plea for a new curriculum[END_REF]. In the ATD's terminology, a system 𝒮 is any entity governed by its own rules. This means that everything is a system in some sense. For instance, a population in statistics is a system, which submits itself to many rules like its size, mean, variance, etc. In the context of scholarly mathematics, a probability P(A) of an event A to be studied, too, can be a system, where the axioms of the probability determines its functioning. And then, a system 𝒮 can be described by another system 𝒮′, which is called a model of the system 𝒮. In this perspective, a model is any "modeling" system, whereas the word "system" occasionally has the narrow nuance of a "modeled" system. In this paper, I define the framework of modeling by the couple of systems (𝒮, 𝒮′), and call it the modeling couple. Let me highlight here that whether a given object is model or system is not the nature of the object but its function in the activity which it is activated. This means that a system in a context can be a model in another context. This is an important assumption of the ATD 1 .

In the cases of the study of school probability, a representative kind of systems 𝒮 is randomizer. Let me introduce here two ideal types of such randomizers. The first type is synecdochically called the dice system 𝒟 which represents a coin, a dice2 , a bottle cap and so on. And, the second type is what I call the urn system 𝒰 of which example is a lottery and a bundle of cards. In turn, about models 𝒮′ of randomizers, I want to focus on the taxonomy of meanings and/or interpretations of probability. There are many variations of them in the philosophy of science-we can easily find many transpositions of them into didactics-, but I use the simplest dichotomy prevailing into Japanese school probability, that is, the Laplacian probability and the frequentist probability3 . I represent them in this paper by ℒ and ℱ respectively. Based on the two dichotomies, we can get the following reference types of probabilistic modeling couples: (𝒟, ℒ), (𝒟, ℱ), (𝒰, ℒ), and (𝒰, ℱ). I guess that some readers would immediately notice other reference types of twofold modeling couples like (𝒟, [ℒ, ℱ]) for example, but I describe such cases as "(𝒟, ℒ) and (𝒟, ℱ)" simply. From now on, I call them the four couple types.

1 I provide some general information on the ATD for readers who are not familiar with it. The framework of the ATD is likely one of the most widespread theories in different research communities of the didactics of mathematics. It is rooted in the didactic transposition theory within the French paradigm of didactics, and now growing a relatively large theory consisting of some interrelated subtheories; e.g., the theory of praxeologies. Let me take only two instances of its characteristics out of many. The first characteristic is its fundamentality. The ATD conceptualizes the object of study in didactics staring with quite basic notions; e.g., person and object. The notions of model and system, which I use in this paper, are included into such basics, too. This exhaustive theorization allows us to represent our findings in an articulate manner. The second characteristic is its anthropologicalness, so to speak. The ATD emphasizes that every didactic phenomenon emerging in classroom is affected by a wide variety of conditions and constraints originated in more generic institutions; e.g., school system and society. This anthropological attitude leads the ATD-didacticians to conduct the socalled ecological analysis, which I will carry out at the last part of this paper. Chevallard ( 2019) is a good introduction to the current whole picture of the ATD.

Let me underline here that the framework of the couple types is not comprehensive. I want to give an example of the non-examples. It is related to the famous Monty Hall problem, which originally does not have any dice system 𝒟 nor any urn system 𝒰. There might be a type of randomizing systems which we can regard as the Monty's and participant's intuition, subjectivity or (un)consciousness. However, at the same time, the modeling situation of Monty Hall problem can, partially at least, fall into the range of our framework, when such situations were "translated" into other couple types, e.g., using a dice for alternating the choice of a door out of the three doors.

Data and methods

For studying Japanese teachers' epistemological model of probability, I draw on documents produced for the teaching profession. Especially, in this paper, I focus on officially published documents. There are two types of such documents. The first is periodical journal, while the second is book. Such materials do not usually attract researchers' interest in didactics, but they are important for studying the teaching profession. The reality of the teaching profession is becoming a full-fledged object of study in didactics. For example, within the framework of the ATD, the schoolteachers' documents are regarded as parts of paradidactic infrastructures, which are the systems of basic conditions for accomplishing professional activities of schoolteachers, e.g., lesson study [START_REF] Winsløw | A comparative perspective on teacher collaboration: The cases of lesson study in Japan and of multidisciplinary teaching in Denmark[END_REF].

In professional documents of Japanese schoolteachers, I focus on lesson plans-that often also work as lesson reports to some extent-, which are popular as a style for describing designed lessons (cf. [START_REF] Miyakawa | What is a good lesson in Japan? An analysis[END_REF]. Its main component is "ideal script" of the lesson, which includes the expected process of the lesson, and the possible gestures and/or lines of the "actors" who are students and a teacher. Usually, lesson plans are written in the form of a table, but this is a superficial property of them. The point of a lesson plan which I regard as crucial is that it include a whole process of the lesson to some extent. Let me emphasize here that a representative form of such lesson plans is a deformalized one. It is the lesson plan format of board writing (Bansho). The long-living and dominant teaching model at Japanese school regards the blackboard-and recently whiteboard-as a main element of its pedagogical infrastructure. And then, especially in elementary school and lower secondary school, to keep everything written in the board once is a popular technique, whereby every moment of the lesson is recorded to some extent. Due to this, Bansho can function as a simplified form of lesson plans. In fact, there are some media for sharing the function and structure of lessons through Bansho, not only books and journals but also social media.

I select a journal and two books as our data-sources as follows. The survey accomplished in this paper does not draw on any famous and strict methodology. But, I want to give three points about the method of the survey. The first point is that one lesson plan can have the both models of probability, Laplacian and frequentist. The second point is that I pick up the type of main randomizer in each lesson plan, although it can deal with different types through the socalled exercises. Usually, in the format of Japanese problem-solving (cf. Asami-Johansson, 2022), main randomizers appear in the initial questions. The third point is that I used some indicators for identifying the probability models in the lesson plans. For the frequentist model, the appearance of the notion of relative frequency is an indicator. And, the idea of equipossibility was useful for identifying the occurrence of the Laplacian model.

Results

Here is the result of the survey (Table 1). The conspicuous property of the result is straightforward: the couple type (𝒰, ℱ) is quite likely poorer than the others. There is also a property of the presence of the frequentist model ℱ , which is implicit in the quantitative perspective. The couple type (𝒰, ℱ) often appears together with the couple type (𝒰, ℒ), while playing the supplemental role for roughly checking the functionality of the spontaneous techniques for finding probabilities4 . In fact, there was, in this survey, no lesson plan which deals with (𝒰, ℱ) mainly. In this sense, (𝒰, ℱ) is even completely absent. We can identify here the phenomenon of the lack of the frequentist model of urn-type randomizers.

The finding abovementioned can be a circumstantial evidence of the disconnection between probability and statistics at school, which is a specific variant of the generic phenomenon of the disconnection of school mathematics (cf. [START_REF] García | Mathematical modelling as a tool for the connection of school mathematics[END_REF]. That is because (𝒰, ℱ) seems to be the most natural connector of probability and statistics-the probabilistic trial with the urn system is easy to evoke the statistical sampling, as well as sampling is easy to lead the frequentist probability based on the sequence of trials. Nevertheless, (𝒰, ℱ) is weak in school mathematics, thereby functioning as a "missing link" between probability and statistics.

Ecological analysis

The lack of the modeling couple of urn-type randomizers and frequentist models indicates a property of an epistemological model dominant in the teaching profession of the Japanese secondary schoolteachers, which is a crucial part of the prevailing didactic paradigm of probability (cf. [START_REF] Gascón | Paradigm crisis in the step from tertiary to secondary mathematics education[END_REF]). On the one hand, such a specific paradigm affects the functioning or economy of didactic systems around probability. On the other hand, it is influenced by more generic parameters. Within the framework of the ATD, this kind of analysis is called ecological analysis, while indicating by the notion of ecology any system of conditions and constraints, under which the economy of didactic systems functions. In this section, I want to identify possible, generic conditions for the property that we found out, which could play the role of constraint hindering its possibly upcoming improvement. There are, at least, two ways for explaining the shortage of (𝒰, ℱ). The first one is to indicate the greater legitimacy of 𝒟, and the second one is to do so about ℒ . For the sake of explicability, we begin with the second line.

Euclideanism: On the orthodoxy of the Laplacian model

A condition probably influential in school epistemological models of specific mathematical areas like probability is generic epistemological model of mathematics. About such models, [START_REF] Gascón | Incidencia del modelo epistemológico de las matemáticas sobre las prácticas docentes[END_REF] introduced three ideal types based on the epistemological theory of the Hungarian philosopher Imre Lakatos: Euclideanist model, quasi-empiricist model, and constructivist model. Roughly speaking, the first one prioritizes the product inferred deductively in mathematical activities, the second one underlines the activities themselves as mathematics, and the third one focuses on the genesis and growth of them, respectively. Being conditioned by the authorizing (even sanctifying) effect of historical legitimacy, Euclideanist model is being dominant in the scholarly institution of mathematics, thereby seeming to be transposed without doubt to the noosphere which subsumes the teaching profession as its subinstitution 5 . The (American) didactic campaign of constructivism is an indirect evidence of its predominance in the noosphere. That is because the constructivism in the educational context emerged as a kind of counterproposals to Euclideanism to some extent.

The Euclideanist model of mathematics could be quite compatible with the Laplacian model of probability due to a possible reason. Historically speaking, the Laplacian model is prior to not only the frequentist model but also the axiomatic model, which is the modern-mathematical variation of the deconstruction and reconstruction of the Laplacian model6 . The historical process of the mathematization of probability implies that the Laplacian model could function, didactically speaking, 5 Let me quote here one of the latest descriptions of the notion of noosphere from [START_REF] Strømskag | Elementary algebra as a modelling tool: A plea for a new curriculum[END_REF]: "In the anthropological theory of the didactic (ATD), the word noosphere designates the (fuzzy) set of persons and institutions that, be it on a part-time basis, "think"-the Greek word nóos (νόος) means "mind as used in resolving and purposing", and "thought" ("Νόος", 2020)-about the educational system (and here, more specifically, about the teaching of mathematics). Teachers, educators, researchers in education and in particular in didactics are thus (part-time)

"noospherians". In what follows, the meaning of words specific to the ATD will be clarified as we go along." (p. 373; the Italic expression is original.) In there, the insert "("Νόος", 2020)" signifies the entry of the ancient Greek noun "νόος" in Wiktionary: https://en.wiktionary.org/wiki/νόος. Besides, I also want to point out that this statement describes the external didactic transposition of the Euclideanist model (cf. [START_REF] Bosch | External didactic transposition in undergraduate mathematics[END_REF].

as an initial model preparing for the well-mathematized, axiomatic model of probability. In fact, in Japan's upper secondary school mathematics, the concept of probability is redefined by the Laplacian way within set-theoretic framework 7 , which is a possible moment of the mathematization process toward the scholarly definition of probability. As a result, the Laplacian model is more alive than the frequentist model.

Let me add some comments here about the superficial contradiction between the ecological analysis which we have done, and the counted number of the couple type (𝒟, ℱ) in the economic analysis at the previous section. Indeed, the frequentist model with the dice system is not short quantitatively, even if it is weak from the qualitative point of view. This counterfeit prosperity of the frequentist model can be understood by the idea of the hybridity of an actual epistemology. As we know, the realized mathematical curricula around the world have experienced, more or less, the curricular aging through several reform movements from modernization to problem-solving (in the international sense, not local sense in Japan), via the so-called back-to-basics. Each movement has each basic epistemological model. According to [START_REF] Gascón | Incidencia del modelo epistemológico de las matemáticas sobre las prácticas docentes[END_REF] argument, the modernization movement and the back-to-basics movement are based on the Euclideanist model, whereas the problem-solving movement possesses the quasi-empiricist model. The inclusion of the quasi-empiricist aspect into Euclideanist epistemology in the current mathematics curricula can explain the appearance of the frequentist model which is accompanied by experiment. However, the introducing of quasiempiricism is likely not enough for the frequentist model's getting of full legitimacy at the moment.

For understanding this, we need to take into account the hierarchy of randomizers.

Astragalus: On the orthodoxy of the dice system

Over different school systems, the principal type of randomizers in probabilistic activities generally seems to be the dice system 𝒟. That is clearly illustrated in the entry of the probability in Wikipedia (Probability, 2023, April). In there, the introductive description of the concept of probability is accomplished through the example of coin, and, as you can see in the webpage, the drawing of dice acts as an "emblem" of the concept and area of probability.

The dice system has quite long history, that can lead us to the (pre)history of a probable ancestor of it, that is, astragalus, which is heel-bone of ungulate animals like sheep with four relatively flat sides and the other two uselessly round sides (cf. [START_REF] David | Games, gods and gambling: The origins and history of probability and statistical ideas from the earliest times to the Newtonian era[END_REF].

The words astragalus, talus, huckle-bone and knuckle-bone appear to be used indiscriminately in both ancient and medieval literature. The astragalus is a bone in the heel lying above the talus, which latter, in strict anatomical sense, is the heel-bone. The huckle-bone is the astragalus, while the knuckle bone, strictly the bone in the hand, has been used to mean huckle-bone also since the 7 In the lower secondary school probability in Japan the concept of probability is officially defined as the frequentist probability, and the Laplacian model of probability is introduced for a technique for identifying the value of probability without experimentation. However, actually, there coexist the two definitions of probability implicitly, and the Laplacian unofficial definition is predominant.

sixteenth century. In the references in the literature to gaming, and indeed possibly in all cases unless specifically stated otherwise, it will be the astragalus which is meant. (ibid., p. 2)

And then, the initial dice were made of astragali.

The transition from the astragalus to the die probably took place over thousands of years, and it is possible that the first primitive dice were made by rubbing the round sides of the astragalus until they were approximately flat. There are many of these osselots in existence, and they cannot have been entirely satisfactory since the honeycomb tissue of the bone marrow has been exposed in some. Most of them have a letter or letters cut deeply on one side. There are also imitation osselots cut out of solid bone. These are roughly cubical, but the carver has cut out the hollows in similitude of the natural astragalus. (ibid., pp. 9-10; the word "osselot" means the dice made of astragalus.)

As seen above, humankind's encounter with artificial randomness began with the dice in the broader meaning. Or, at least, the theory of the history of probability has this phenomenological belief about the origin of randomizers: the dice system is much more archetypal and crucial than the urn system.

Final remarks: Do we have some alternative?

In this paper, we have identified the phenomenon of the lack of the frequentist model of urn-type randomizers in the dominant epistemological model of probability in the Japan's teaching profession of lower secondary school mathematics. That is, indeed, based on the Japanese restricted data, but the "probability" that it would be an international phenomenon could not so low, because the identified conditions for the phenomenon are quite generic. As we have already discussed, this situation is most likely a constraint on the proper relationship between probability and statistics in school mathematics. Now, we come to the place for considering the alternatives of the teaching of probability. What kind of didactic situations can bring about the couple type (𝒰, ℱ) for students naturally and interestingly? Actually, we have a probable answer to this question, which is a famous didactic proposal by [START_REF] Brousseau | An experiment on the teaching of statistics and probability[END_REF]. It is the bundle of didactic situations beginning with the task of identifying the proportions of the contents of urn systems consisting of the small number of contents with repeated trials. I cannot enter into the detail here, but, in my view, dealing with (𝒰, ℱ) is a remarkable characteristic of the proposal.

•

  DS1: Journal of Sūgaku-kyōiku(Meiji-tosho, 2012(Meiji-tosho, -2018;; No. 656-734): This journal is launched monthly. I analyze from the volume of June (2012) to December (2018) from the reasons of resources which I can use; e.g., human, time, and library. This means that I checked 79 volumes. There are many volumes which do not have the contents about lesson plans for the teaching of probability. • DS2: Nagata, J. [Ed.] (2021): This is a book including a set of lesson plans. • DS 3: Souma, K. & Yachimoto, N. [Eds.] (2021): This is also a book including a set of lesson plans.

Table 1 : The results of the survey

 1 

		(𝒟, ℒ)	(𝒟, ℱ)	(𝒰, ℒ)	(𝒰, ℱ)
	DS 1	14	12	11	3
	DS 2	4	4	3	0
	DS 3	2	3	3	0
	Total	20	19	17	3

I also use the noun "dice" as a singular.

The Laplacian probability is usually called classical probability or mathematical probability. In Japanese school context, teachers (not students) call it mathematical probability. In fact, the name of Laplacian probability is rather non-standard.Nevertheless I prefer it because it includes rich information than the others.

Within the framework of the ATD, this phenomenon can be described as follows: ℱ appears only in the moment of exploration of the type of tasks in the sequence of the didactic moments of the lessons (cf.[START_REF] García | Mathematical modelling as a tool for the connection of school mathematics[END_REF].

On the other hand, the frequentist model is a philosophical variation of the theoretical development (departing) from the Laplacian model. Besides, we can find other types of the philosophization of probability-which can be also originated from Laplace to some extent (cf.[START_REF] Gillies | Philosophical theories of probability[END_REF].
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