Kinga Szűcs 
email: kinga.szuecs@uni-erfurt.de
  
Changing the significance of proof-related reasoning in uppersecondary school textbooks -a comparison between different German federal states and Hungary related to the law of sines

Keywords: Secondary school mathematics, textbook research, trigonometry, law of sines, proof

, to investigate the way the law of sines, as one of the central theorems in trigonometry, is presented in textbooks in four educational administrations. It also compares the volume and content of proof-related tasks in those textbooks.

Introduction

Due to the unique position of proofs within mathematics, there is a consensus among mathematicseducation researchers that proofs should play a central role both in mathematics classrooms and curricula (e.g., [START_REF] Hanna | Proof, Explanation and Exploration: An Overview[END_REF][START_REF] Harel | DNR perspective on mathematics curriculum and instruction, Part I: focus on proving[END_REF][START_REF] Nardi | Changing classroom culture, curricula, and instruction for proof and proving: how amenable to scaling up, practicable for curricular integration, and capable of producing long-lasting effects are current interventions[END_REF]. Admittedly, proofs can be treated in different ways in mathematics classrooms; their purpose, role, and extent can vary, not only from place to place but also over time. Regarding purpose, [START_REF] Harel | DNR perspective on mathematics curriculum and instruction, Part I: focus on proving[END_REF] foregrounds the way of thinking, which is revealed in proofs; while citing, for example, [START_REF] Hanna | Proof, Explanation and Exploration: An Overview[END_REF], who points out that proofs can promote mathematical understanding. Moreover, [START_REF] Nardi | Changing classroom culture, curricula, and instruction for proof and proving: how amenable to scaling up, practicable for curricular integration, and capable of producing long-lasting effects are current interventions[END_REF] emphasize that proof and proving is an area of mathematics that is critically important for knowing and doing mathematics. Different reasons for teaching proofs influence not only the pursued aims but also the way and extent of implementation when doing so.

Because of the specific role of mathematics textbooks as being mediators between the teacher and the learners and, therefore, as a part of the implemented curriculum, research on textbooks can give an insight into the actual opportunities for students to improve their reasoning and proving competences [START_REF] Stylianides | Reasoning-and-Proving in School Mathematics Textbooks[END_REF]. There is a wide range of national and cross-national research on how reasoning and proving are implemented in mathematics textbooks. The results of that research will be summarized in the following section.

The former eastern German federal states of Thuringia and Saxony-Anhalt share a very similar recent history with Hungary because of the analogous political, economic, and social structures that prevailed before the political changes in 1989. Similarly, they all experienced democratization to their political, economic, social, and educational systems post-1989. Meanwhile, the former western German federal state of Bavaria has not experienced those changes in the last decades, but today it shares economic, political, social, and educational structures with Thuringia and Saxony-Anhalt. Although nowadays all German federal states control their own educational system, they are all obliged to implement national documents such as the Standards for the General Certificate of Secondary Education in Mathematics (KMK, 2022) in their curricula. However, even if, during the last decades, foci have been revised multiple times in mathematics education, reasoningincluding proofsstill plays a main role in all these four places. Based on these facts, similarities can be assumed between the classrooms in Thuringia, Saxony-Anhalt, and Hungary at the beginning of the 2000s on the one hand and between the classrooms in Thuringia, Saxony-Anhalt, and Bavaria more recently on the other. Despite that, differences between Thuringia and Hungary have already been detected regarding to reasoning-and-proving tasks in final secondary school examinations [START_REF] Szűcs | Changing the significance of argumentation and proof in final secondary school examinationsa comparison between Hungary and Thuringia[END_REF].

Theoretical background

Reasoning and proving in school mathematics textbooks

According to the review chapters in the work of [START_REF] Wong | Reasoning-and-Proving in Algebra in School Mathematics Textbooks in Hong Kong[END_REF], research on textbooks analysing students' opportunities to learn reasoning and proving has not only become more extensive in recent years but in the development of this research, three different phases can be identified: In the first phase between 1999 and 2009, analytical frameworks were used quite intuitively. [START_REF] Stacey | Modes of reasoning in explanations in Australian eight-grade mathematics textbooks[END_REF], for instance, identified seven modes of reasoning in Australian textbooks for 8 thgrade students in the subtopics of algebra, geometry, and number theory by using the method of content analysis. Similar approaches have been taken in Sweden and Canada [START_REF] Wong | Reasoning-and-Proving in Algebra in School Mathematics Textbooks in Hong Kong[END_REF]. The second phase is marked by the development of two different, sophisticated frameworks by [START_REF] Stylianides | Reasoning-and-Proving in School Mathematics Textbooks[END_REF] on the one hand and by [START_REF] Thompson | Opportunities to Learn Reasoning and Proof in High School Mathematics Textbooks[END_REF] on the other.

In order to examine students' reasoning-and-proving opportunities in the topics of algebra, number theory and geometry, [START_REF] Stylianides | Reasoning-and-Proving in School Mathematics Textbooks[END_REF] applied his framework to grades 6-8 mathematics textbook exercises. His data suggest that about 40% of the tasks provided in textbooks offer opportunities to promote reasoning-and-proving skills, however, only about 5% of the tasks require learners to provide proof. In addition, [START_REF] Thompson | Opportunities to Learn Reasoning and Proof in High School Mathematics Textbooks[END_REF] developed a framework for conceptualizing proofrelated reasoning in textbooks and applied it to 20 high school textbooks in a few selected topics of algebra. Contrary to the framework of [START_REF] Stylianides | Reasoning-and-Proving in School Mathematics Textbooks[END_REF], the framework of [START_REF] Thompson | Opportunities to Learn Reasoning and Proof in High School Mathematics Textbooks[END_REF] encompasses the analysis of the narrative part of the textbooks as well as the categorising of the exercises in those textbooks. Therefore, their framework includes the following four categories for analysing the narrative: general justification (GJ), specific justification (SJ), left to the student (LT) and no justification (NJ), as well as the following seven categories for analysing the exercises: (1) make a conjecture, (2) investigate a conjecture, (3) develop an argument, (4) evaluate an argument, (5) counterexample, (6) correct or identify a mistake and (7) principles of proof. Moreover, there is a possibility to distinguish between a general and a specific case within the categories (1), (2), (3), ( 4) and ( 6). In contrast to the findings of [START_REF] Stylianides | Reasoning-and-Proving in School Mathematics Textbooks[END_REF], in the study of [START_REF] Thompson | Opportunities to Learn Reasoning and Proof in High School Mathematics Textbooks[END_REF] only 5.4% of the tasks were considered to be proof-related tasks.

In the third phase of the development, the two above-described analytical frameworks, were adapted to textbook analysis to detect students' reasoning and proving opportunities in mathematics classrooms [START_REF] Wong | Reasoning-and-Proving in Algebra in School Mathematics Textbooks in Hong Kong[END_REF]. However, the findings cannot be considered consistent, not only because the ratio of exercises related to reasoning and proving varies between 3.7% and 77% from study to study but also because, based on the data, the topic of geometry offers more opportunities than algebra [START_REF] Wong | Reasoning-and-Proving in Algebra in School Mathematics Textbooks in Hong Kong[END_REF]. In fact, algebra and geometry are the most frequently analysed topics, when investigating reasoning and proving in textbooks. Admittedly, trigonometry connects algebraic, geometric, and graphical ways of thinking [START_REF] Kamber | On problematic aspects in learning trigonometry[END_REF], thus, it can offer students complex opportunities to improve their reasoning and proving mathematical skills. However, there is a lack of textbook-based research on the topic of trigonometry.

The law of sines

In trigonometry, the law of sines is one of the most important theorems students must face in upper secondary mathematics: It not only allows learners to calculate unknown sides lengths and angles, but it also connects different topics of geometry, such as the area of a triangle, the radius of the circumcircle, the law of cosines and the theorem about the ratio the angle bisector divides the opposite side. The law of sines can be proven in different ways: Geometric approaches have in common that they all require the distinction of cases (acute, obtuse, and right-angled triangle), whereas algebraic approaches require algebraic transformations of previously proven theorems which are expressed by algebraic equations.

A widespread geometric approach (proof A) uses the strategy of dissecting an acute triangle into right-angled triangles as well as complementing an obtuse triangle to a right-angled triangle. This approach was taken by [START_REF] Gelfand | Trigonometry[END_REF], for instance. Admittedly, even if this approach gives a geometric explanationwhy the ratios of sides and of sines of opposite angles are equal in a triangle there are some difficulties with it from the didactic viewpoint. First, even if students find or comprehend how to find an auxiliary line in the acute triangle case, it is not necessarily obvious to them that this line should be the height. Second, dissecting and complementing are contrary and not analogous geometric operations, therefore, the proof of the obtuse triangle case can be more challenging to them after providing a proof for the acute case.

Another approach (proof B) was taken by [START_REF] Coxeter | Geometry Revisited[END_REF], who by using the circumcircle and an appropriate auxiliary line, showed that the length of the diameter of the circumcircle equals the ratio of an arbitrary side and the sine of the opposite angle. Given that, the law of sines follows by a simple algebraic transformation. In contrast to proof A, proof B explains that if a triangle is given, the diameter of its circumcircle is determined, and the ratio of sides and sines of opposite sides are constant (= law of sines). An alternative to proof B (Proof C) uses the circumcircle, the perpendicular bisectors of the triangle and the inscribed angle theorem.

The law of sines can be derived from the law of cosines by using algebraic transformations (proof D). This approach was taken by [START_REF] Nystedt | A Proof of the Law of Sines Using the Law of Cosines[END_REF], for instance. Furthermore, a proof for the law of sines can be also provided by using a few algebraic transformations on the trigonometric formula for the area of a triangle [START_REF] Schönwald | Miniaturen[END_REF]. This approach (proof E) makes a direct connection between the area of a triangle and the ratio of sides and of sines of opposite sides. Therefore, like proof B, proof E makes it clear that if a triangle is given, its area is determined and the ratio of sides and of sines of opposite sides are constant.

Not only because of the above-mentioned lack in the textbook analysis related to trigonometry, but also because of the specific role the law of sines plays within trigonometry, this theorem was chosen to be the object of investigation in the current study.

Research Questions

Because of the high significance of proofs in mathematics as a science as well as in mathematics education, this paper aims to give insight into the objectives implemented in mathematics education and addressed to the learners in upper secondary school. To capture different foundational aspects of activities related to proof, in this paper, the term "proof-related reasoning" will be used based on the work of [START_REF] Thompson | Opportunities to Learn Reasoning and Proof in High School Mathematics Textbooks[END_REF]. Therefore, proof-related reasoning is understood as a bundle of activities (GJ), (SJ) and ( 1)-( 7). The research presented in this paper was led by the following questions: To what extent have the nature and extent of reasoning and proof related to the law of sines in German and Hungarian textbooks been changed in the last two decades? How does the treatment of reasoning and proof related to the law of sines vary across German federal states and Hungary? To which conclusions about the role of proofs in those places do the identified tendencies lead?

Methods

The sample of the analysis includes 21 mathematics textbooks that contain the law of sines, which are, or have been, accredited for the use in grammar schools between 2000 and 2022 in one of the following places: Thuringia, Saxony-Anhalt, Bavaria, or Hungary. When collecting the sample, care was taken that both the places and the time period under investigation were evenly represented. Most of the chosen German textbooks (11 out of 16) were published by one of the three major publishing houses (Klett, Cornelsen, Westermann) and the publication of most of the chosen Hungarian textbooks (4 out of 5) were supported by the Hungarian Government. Therefore, one can assume that the majority of the sample represents the majority of the students' learning opportunities in those places. A full list of the textbooks chosen for the sample can be found here: https://www.unierfurt.de/fileadmin/fakultaet/erziehungswissenschaftliche/Mathematikdidaktik/list_of_analysed_tex tbooks.pdf. In the following discussion, the textbooks are labelled as follows: five textbooks each from Thuringia by TH1-TH5, from Saxony-Anhalt by SA1-SA5 and from Hungary by HU1-HU5, six textbooks from Bavaria by BA1-BA6. Note that the numbers indicate a chronological order.

According to [START_REF] Thompson | Opportunities to Learn Reasoning and Proof in High School Mathematics Textbooks[END_REF], in each lesson that addressed the law of sines, the lesson's narrative was coded by using the categories (GJ), (SJ), (LT) and (NJ). The type of the proof provided (proofs A-E) and the type of triangle the proof has been applied to were recorded, too. Likewise, according to [START_REF] Thompson | Opportunities to Learn Reasoning and Proof in High School Mathematics Textbooks[END_REF], all the exercises at the end of the lesson excluding review exercises were analysed based on the categories (1)-( 7). For this, the number of exercises were counted, those that involved proof-related reasoning were noted and categorised. Although the categories (1)-( 7), which were developed on the topic of algebra, were found to be suitable for categorising proof-related exercises on the topic of the law of sinesthus in trigonometry -, during the coding process an additional category was identified. Some of the textbooks ask the learners to identify, for example, what changes about the law of sines if some premises are changed. Exercises like this were coded as investigating a premise [START_REF]TH1 TH2 TH3 TH4 TH5 SA1 SA2 SA3 SA4 SA5 BA[END_REF]. Table 1 shows excerpts from the encoding manual, the tasks have been translated into English by the author of this paper. Is there a triangle with a = 6 cm, b = 4.5 cm and α = 45°? If there is, how many are there and how large are its angles? (HU3, p. 17, exercise 3a)

(2) investigate a conjecture in a general/specific case A conjecture or assertion is stated. Learner is asked to determine if it is true or false and provide a rationale. The question does not necessarily use the word conjecture.

Reason with the help of a sketch, why one cannot calculate missing sides and angles based on the laws of sines in the following triangles: a) Two sides and the angle between them are given. b) Three sides are given. (BA6, p. 199, exercise 7)

(3) develop an argument in a general/specific case

Learner is asked to provide a proof of a statement, either about a general case (e. g. about an arbitrary triangle) or about a specific case (e. g. about a concrete triangle).

Show with the help of the law of sines the following: In an isosceles triangle ABC with basis c there is

𝑎 𝑐 = sin 𝛼 sin(2𝛼) . (BA5, p. 203, exercise 5b) (4) evaluate an argument in a general/specific case
Learner is asked to determine whether an argument that is stated is valid or not.

Confirm all steps in the following derivation:

cos(2𝛾) = 𝑀𝐹 ̅̅̅̅̅ = ℎ 𝑐 -1 = 𝑎 • cos 𝛾 -1 = 2 cos 𝛾 • cos 𝛾 -1 = 2 𝑐𝑜𝑠 2 𝛾 -1 (SA2, p. 100, exercise 9c) (5) counterexample
Learner is expected to find a counterexample to a given statement, or to prove that a statement is false.

Justify or refute the following: "If all side lengths in a triangle are given, one can determine the interior angles with the help of the law of sines. (BA4, p. 227)

Results

Comparison of textbook narratives

Tendencies related to the preferred type of proof; the type of triangle the proof has been applied to as well as the type of justification in those proofs are shown in Table 2. The data suggest that in all German federal states a geometrical approach (proof A) is preferred, whereas an algebraic approach (proof E) dominates in Hungarian textbooks. General justifications dominate in all four places under investigation. However, Hungarian textbooks tend, in recent years, to offer specific justifications, too, similar opportunities were only sporadically found in textbooks from Thuringia and Saxony-Anhalt. Additionally, recent textbooks from Bavaria offer students the opportunity to provide a proof themselves. None of the proofs was coded as NJ (no justification). In terms of covering all types of triangles, all textbooks discuss the acute-angled case. Nevertheless, the presented proofs are not complete in German textbooks: The discussion of the right-angled triangle is missing in general, the discussion of the obtuse-angled case a few times. However, [START_REF] Brauer | The proof of the law of sines[END_REF] pointed already decades ago out, that the discussion of the right-angled triangle is necessary from a mathematical viewpoint. In contrast to these findings, proofs in all Hungarian textbooks were found to discuss all types of triangles, thus, they are complete in this vein. Even so, to be fair on German textbooks, the discussion of those missing cases was often left to be explored by students in exercises. Based on these findings, it appears that, in Hungary proofs in textbooks are mainly presented using a deductive way of thinking [START_REF] Harel | DNR perspective on mathematics curriculum and instruction, Part I: focus on proving[END_REF], while German textbooks offer the activity of proving and therefore doing mathematics [START_REF] Nardi | Changing classroom culture, curricula, and instruction for proof and proving: how amenable to scaling up, practicable for curricular integration, and capable of producing long-lasting effects are current interventions[END_REF]. In other words, Hungarian students seem to have to follow and receive deductive proofs in a passive way, while German fellows seem to get the opportunity to find deductive proofs actively. These findings are similar to the results which compare final secondary school exams in Hungary and Thuringia [START_REF] Szűcs | Changing the significance of argumentation and proof in final secondary school examinationsa comparison between Hungary and Thuringia[END_REF]. 
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GJ: general justification, SJ: specific justification, LT: justification left to the student.

Comparison of the textbooks' exercises

Tendencies related to the volume of reasoning-and-proving tasks are shown in Figure 1. Similar to the findings of [START_REF] Wong | Reasoning-and-Proving in Algebra in School Mathematics Textbooks in Hong Kong[END_REF], a strong variation in the proportion of those tasks to all tasks in the lesson about the law of sines can be detected: The data vary between 0% (HU1 and HU2) and 87 % (BA5). It should be noted that in Hungarian mathematics classrooms, the use of additional exercise collections is common, therefore textbooks do not contain all tasks that students may encounter. The data suggest that in both Thuringia and Saxony-Anhalt, the volume of reasoningand-proving tasks decreased in the last two decades, whereas in Bavaria and Hungary the opposite tendency can be observed (Note that BA1-BA3 as well as BA4-BA6 are from the same year).

Findings related to the type of reasoning-and-proving tasks are shown in Figure 2. In Thuringia, a decreasing proportion of tasks requiring conjecture (1) as well as an increasing proportion of tasks requiring developing an argument (3) can be identified. However, like the tendencies in Thuringia, a decreasing proportion of tasks requiring conjecture (1) and in addition, a stable proportion of tasks requiring developing an argument (3) as well as investigating a conjecture (2) can be observed in Bavaria. These data let us assume that the focus in mathematics classrooms has moved from discovering to justifying of mathematical knowledge [START_REF] Pólya | Die Schule des Denkens[END_REF] in those places. Contrary to these findings, a change from tasks requiring conjecture (1) as well as developing an argument (3) to tasks requiring identifying or correcting a mistake (6) as well as investigating a premise (8) can be observed in textbooks from Saxony-Anhalt over time. Both activities ( 6) and ( 8) require analysing given justifications, a cognitive step towards self-developing mathematical justifications. Even if no main tendency can be identified in Hungarian textbooks, the results from the recently published textbooks HU3-HU5 suggest that students can face either opportunities to make conjectures (1) or, to develop arguments (3), correct or identify mistakes (6) as well as to investigate a premise [START_REF]TH1 TH2 TH3 TH4 TH5 SA1 SA2 SA3 SA4 SA5 BA[END_REF]. The last two results draw a similar picture to textbooks in Saxony-Anhalt, in particular. 

Conclusions

According to the widespread view that reasoning and proof should play an essential role in mathematics education, an acceptable proportion of reasoning-and-proving tasks is included in textbooks tasks related to the law of sines. However, the analysis of the narratives leads us to assume different views of mathematics in the German states under investigation and in Hungary. Based on the data from analysing textbooks exercises, similar tendencies can be identified in Thuringia and Bavaria on the one hand and in Saxony-Anhalt and Hungary on the other. In Thuringia and Bavaria, the focus in textbooks has moved from discovering to justifying of mathematical knowledge, whereas mathematics textbooks in Saxony-Anhalt and Hungary mainly moved towards a focus on facilitating students' ways to find justifications for themselves. In any case, additional analysis of the review and mixed exercises can complete the study and give deeper insight into the underlying purposes.
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