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The study investigated pre-service mathematics teachers' informal statistical reasoning about statistical inference in a designed statistical reasoning learning environment. Twelve female preservice mathematics teachers participated in the study. The data were collected in an elective course specifically designed to develop the statistical reasoning of pre-service teachers. Krummheuer's argumentation model was used for the data analysis. The idea of "making inference by comparing the sample statistics within sampling distribution based on a particular hypothesis" emerged through classroom discussions. In general, the results indicated that the pre-service mathematics teachers' understanding and reasoning of informal statistical inference improved with well-designed statistical tasks, the use of dynamic software TinkerPlots, and rich class argumentation.

Introduction and Theoretical Background

Statistical inference is at the root of statistics (van [START_REF] Van Dijke-Droogers | Repeated sampling with a black box to make informal statistical inference accessible[END_REF]. It involves theoretical, methodological, and practical aspects of making an inference about the parameters of an unknown population based on the sample statistics [START_REF] Garfield | Learning to reason about statistical inference[END_REF]. Therefore, related empirical studies report that students, teachers, and even professionals tend to have difficulties understanding statistical inference [START_REF] Garfield | Learning to reason about statistical inference[END_REF]. Referring to this difficulty, [START_REF] Thompson | Why statistical inference is hard to understand[END_REF] suggest that learners focus on a particular sample and its statistics rather than evaluating how samples are collected and distributed. Therefore, the interconnected relationships of statistical inference with other statistical concepts, such as sampling and distribution, should be introduced informally from an early age.

The importance of informal statistical inference has been recognized by many researchers in statistics education [START_REF] Kazak | Pre-service mathematics teachers' use of probability models in making informal inferences about a chance game[END_REF]. Informal statistical inference refers to "the way in which students use their informal statistical knowledge to make arguments to support inferences about unknown populations based on observed samples" (Zieffler et al., 2008, p. 44). It involves three main components: generalizing beyond data, recognizing data as evidence to support this generalization, and acknowledging uncertainty within the generalization by probabilistic reasoning [START_REF] Makar | A framework for thinking about informal statistical inference[END_REF]. It requires the consideration of multiple dimensions such as sampling procedure, variability, and sampling distribution [START_REF] Rubin | Exploring informal inference with interactive visualization software[END_REF].

Various studies inform that students are able to develop informal inferential reasoning at young ages (e.g., [START_REF] Doerr | A modeling approach to the development of students' informal inferential reasoning[END_REF][START_REF] Van Dijke-Droogers | Repeated sampling with a black box to make informal statistical inference accessible[END_REF]. Integration of technological tools and the use of simulations is helpful in the development of informal inference [START_REF] Kazak | Pre-service mathematics teachers' use of probability models in making informal inferences about a chance game[END_REF]. For better understanding and reasoning, it is also necessary to improve instructions with well-planned statistical tasks and activities [START_REF] Garfield | Learning to reason about statistical inference[END_REF]. Moreover, teachers responsible for instructions need an understanding of informal inferential reasoning. However, related literature reports that teachers tend to have a limited conceptual understanding of the concepts related to statistical inference (e.g., [START_REF] Hannigan | An investigation of prospective secondary mathematics teachers' conceptual knowledge of and attitudes towards statistics[END_REF]. Therefore, teachers need more opportunities to deepen their understanding and refine their inference-related pedagogical ideas.

The model of the "statistical reasoning learning environment" (SRLE) provides an opportunity for better comprehension and high-level statistical reasoning [START_REF] Chan | The impact of statistical reasoning learning environment: A rasch analysis[END_REF]. It is designed with a view based on realistic mathematics education and social constructivism theories by [START_REF] Garfield | Helping students develop statistical reasoning: Implementing a statistical reasoning learning environment[END_REF]. The model identifies six dimensions for designing learning environments: focusing on the development of central statistical ideas, the use of well-designed tasks, real and motivating data sets, the integration of statistical technological tools, fostering statistical arguments, and assessment [START_REF] Ben-Zvi | Design of statistics learning environments[END_REF]. As statistical inference is one of the central statistical ideas, the related tasks require a careful design to provide challenges and opportunities for learners. Using real data sets and addressing exciting topics should improve learners' interests [START_REF] Ben-Zvi | Design of statistics learning environments[END_REF]. The instructions should support peer interaction, collaborative work, and statistical argumentation (Roseth et al., 2018). The design of statistical inquiry processes should be aligned with technology-integrated instructions [START_REF] Noll | Aspects of students' reasoning about variation in empirical sampling distributions[END_REF]. Moreover, the assessment should guide the evaluation of instructional plans and monitor learners' development of statistical reasoning [START_REF] Ben-Zvi | Design of statistics learning environments[END_REF]. Some empirical studies show the SRLE model's positive influence on cognitive and affective factors (e.g., [START_REF] Conway | The statistical reasoning learning environment: A comparison of students' statistical reasoning ability[END_REF][START_REF] Showalter | Attitudinal changes in face-to-face and online statistical reasoning learning environments[END_REF]. For example, [START_REF] Conway | The statistical reasoning learning environment: A comparison of students' statistical reasoning ability[END_REF] report that teachers with experience implementing the SRLE principles help the development of statistical reasoning. Showalter (2021) also suggests that learners' attitudes toward statistics improved significantly in online and face-to-face SRLEs. Even though literature data show a positive difference in favor of SRLE, more empirical studies in different contexts are still needed [START_REF] Ben-Zvi | Design of statistics learning environments[END_REF].

The present study designed an SRLE model to develop pre-service mathematics teachers' (PST) statistical reasoning about informal statistical inference. The research question was how PSTs' reasoning about informal statistical inference developed in the designed SRLE model. As mentioned in the related literature, investigating the effects of SRLE is a complex issue as it has many dimensions (Ben-Zvi et al., 2008). In particular, methodological aspects need to be carefully considered. Therefore, this study took an explanatory role in the learning processes of PSTs. Krummheuer's argumentation model was used for data analysis. The argumentation model helped to explore emerging ideas through classroom discussions. The results that conveyed the collective process of the learners might provide an example of analyzing the learning progress in a classroom where an SRLE is implemented, as well as a guide for future studies.

The Method

The current study examining the PSTs' development of reasoning related to informal statistical inference was a case study in which the SRLE model was applied. The data was collected in a particular elective course specifically designed to develop PSTs' statistical reasoning. The participants were individually invited to enroll in the course, and 12 female students at a large-scale public university enrolled and completed the course. Nine participants were in or above the sixth semester of undergraduate elementary mathematics teaching education. The other three were master's students in the same department. All participants met the criterion of completing the "Introduction to probability and statistics I-II" courses.

One of the priorities of the current study was implementing the SRLE principles. The key statistical idea kept in focus was the informal statistical inference. Regarding the second and third SRLE principles, the authors carefully designed the statistical tasks and used real data sets. The instructor and the PSTs collectively identified social and socio-statistical norms to establish a classroom culture that fosters statistical argumentation. For example, sharing and discussing ideas without being defensive or offensive was one of the social norms. The socio-statistical norms were briefly making conjectures, using technological tools to provide statistical solutions, and explaining ideas using statistical reasoning.

The TinkerPlots (TP) software was implemented regarding the fifth SRLE dimension. The Sampler tool of TP, including different types of data selection processes for both categorical and numerical data, helped to create simulation models. The PSTs presented, explored, and analyzed simulated data, sample distributions, and sample statistics with TP software. The assessment was also a crucial consideration for the sixth dimension. One of the authors followed classroom discussions and took observation notes. Weekly assignments presented the PSTs' progress. Moreover, the PSTs followed their progress with the instructor's and peers' feedback.

One of the designed statistical tasks was the Free Throws task. According to the official website of the Turkish Basketball Super League, the percentage of successful free throws in a particular season was 73. Based on this information, the task required modeling a simulation to generate the outcomes of 30 free throw attempts of a hypothetical basketball player. Moreover, the PSTs examined the sampling distribution, identified the center and variation, compared a particular score in the distribution of samples, and tried to make judgments about overperformance. The other task, Distracted Driving, required a statistical inference on a real-life problem. The problem information was taken from the report of the World Health Organization (2011). The rates of distracted driving crashes caused by cell phone use in 2010 and 2017 were given. The task required performing a simulation based on the 2010 rate and then comparing the observed rate in 2017 with the simulated data. As a result of the comparison, the PSTs should make an inference about whether there was an increase in the number of crashes from cell phone use.

The collected data of the current study was part of a particular teaching experiment study. Therefore, one of the authors was the instructor, and the other was in the audience as a witness. The data consisted of the PSTs' submitted worksheets related to two particular statistical tasks, the online forum discussions, the recorded learning session, and the subsequent weekly assignment. The statistical tasks were given before the learning session. The PSTs worked on them and submitted their worksheets. They discussed some issues regarding the tasks on the forum. The instructor and the witness organized the instruction considering the submitted worksheets and forum discussions. In the learning session, whole class discussions occurred by keeping the focus on informal statistical inference.

In data analysis, the authors used Krummheuer's argumentation model. The model involves a scheme of data, warrant, backing, and claim (conclusion) [START_REF] Krummheuer | Methods for reconstructing processes of argumentation and participation in primary mathematics classroom interaction[END_REF]. The data of the scheme represents the idea that supports the claim. A warrant refers to the explanations to reach conclusions from data. Additional explanations and ideas for further conviction are called backings. If the participants do not share further warrants and backing related to a claim or use a claim as data in further discussions, the claim is accepted as a shared idea [START_REF] Rasmussen | A methodology for documenting collective activity[END_REF].

The first step in data analysis was the identification of argumentation logs. The argumentation logs were coded for data, warrant, claim, and backing using the data analysis tool MAXQDA. For reliability, both authors examined them individually, then discussed the issues related to the argumentation scheme until a consensus was reached.

Results

In the submitted papers for the free throws task, all PSTs used the "Spinner" tool of TinkePlots to model an appropriate simulation. The PSTs collected fifty hypothetical basketball players' made or missed free throws statistics. They used a dot plot to represent the sampling distribution. The task required evaluating the basketball player's performance, who made 86.2% of his free throw attempts. Seven PSTs identified a player who made 86.2% of his free throw attempts as overperforming-four of those justified overperforming by considering both issues of center and spread together. However, in three PSTs' statements, the focus was on the spread. For example, Hazel identified the player as overperforming because the particular score was out of the range and higher than the maximum value. The other five PSTs did not respond to the related question in the submitted worksheets and mentioned that they had difficulty interpreting whether the player overperformed. Therefore, in the learning session, a whole class discussion took place.

Zoe provided the first data regarding the argumentation scheme. She stated that the particular player overperformed and supported her idea with a warrant. In the exchange below, Zoe explained her justification by comparing the sample score 27 with the center and spread of the simulated data. However, Julia, who shared a similar dot plot with Zoe, expressed that the player did not overperform because the maximum score was 27, greater than 26.

Zoe:

There is only one score of 27 is higher than 26, which is equivalent to the percentage of 86.2, and the mean is 22. Therefore, the player who made 86.2% of his free throw attempts is overperforming. Julia:

My dot plot is similar to yours. However, I would not call the player's performance overperforming. As there is a maximum score of 27 that is greater than 26, the player does not overperform. Subsequent to this exchange, the instructor asked others' opinions about Zoe and Julia's explanations. Mia stated that both of her friends' explanations might be appropriate. Identifying what overperforming meant was necessary to decide on the player's free throw performance. She suggested that considering the sampling distribution and center, the scores above the last upper quartile should be defined as overperforming. On the other hand, Hazel agreed with Julia's idea that they should call the scores that were outside of the range and greater than the maximum score. Other PSTs made similar statements. At the end of the discussion, the ideas shared to evaluate a basketball player's performance were: 1) They should compare the relevant score with the sampling distribution. 2) The score should be at least greater than the upper quartile. 3) The operational definition of overperforming should be identified clearly.

Regarding the distracted driving task, the PSTs had trouble making an inference. Even though they designed appropriate simulation models with TP in the submitted works, most of them were missing inferences. Moreover, the PSTs explicitly stated that they had difficulty making inferences. However, in the learning session, shared ideas for overperforming that were mentioned above gave the PSTs insight into what they should do for the distracted driving task. They agreed that they should compare the observed data of 2017 within the sampling distribution of the model they created using the base rate of 2010. Expressing that she accomplished this procedure in her assignment, Hazel wanted to make a presentation to her friends and explain her process in detail.

Hazel first calculated the percentage of fatal crashes due to cell phone use in 2017. The observed data was approximately 13.6%. In 2010, this rate was 12 percent. There was an increase, but Hazel needed hypothesis testing to state that it was statistically significant. Therefore, she defined the null hypothesis as =0.12 and the alternative hypothesis as ≠0.12, in which  represented the rate of fatal crashes due to cell phone use. She used the spinner tool to create her simulation model and conducted 500 trials with a sample size equal to the total number of distracted driving fatal crashes in 2017. She represented the sampling distribution of 500 trials with a dot plot. She defined the sampling distribution as normal because the center clump was in the middle of the spread, and the shape decreased towards the tails. She also provided a backing referring to the central limit theorem. If the sample size were large enough, the sampling distribution would have approximated a normal distribution as the number of trials increased. She described the variation as under the hypothesis model, 99% of the simulated results were between 290 and 377. The observed data in 2017, the number of accidents caused by cell phone use, was outside the sampling distribution. It was an unexpected value. Therefore, she claimed that there was a significant difference in the number of fatal cell phone crashes that occurred in 2010 and 2017.

Subsequent to Hazel's presentation, Zoe stated that in her plot, the sample statistic was inside the sample distribution. Therefore, Hazel's justification did not convince her. Hazel agreed with Zoe. She stated that the alpha value should be determined at the beginning of the hypothesis test to determine expected and unexpected values in the sample distribution. In her example, the alpha value was .01. Therefore, 99% of the simulated results between 290 and 377 were expected values, and those outside this interval were unexpected. Regarding Zoe's plot, Hazel also claimed that the observed rate would be unexpected. Gia suggested that Zoe should set the 95% confidence interval, leaving 2.5 percent gaps in the tails with the divider tool for the case where alpha was .05. Then, she would determine in which region the sample statistic remained in the sampling distribution. She would reject the null hypothesis if it remained in the region of 2.5 percent.

Subsequent to Gia's suggestion, Amy asked her to explain the process again. Zoe made an explanation following Gia's suggestion while sharing the TP working screen. Since Zoe could not express the decimal numbers with the divider tool of TP, she set the alpha as .04 and identified the particular region for expected values. She compared the observed rate in 2017 with the sampling distribution and claimed it was an unexpected value. Therefore, there was a significant difference in the number of fatal crashes caused by cell phone use between 2010 and 2017. Amy and other PSTs were satisfied with Zoe's explanation.

The exchanges mentioned above in the learning session supported that the PSTs were able to make an inference by comparing the sample statistic within the sampling distribution based on a particular hypothesis. The subsequent assignment was given to decide whether everyone shared the related idea. In this assignment, the PSTs determined their problem situations, formed their research question, created a simulation model with TP, and performed hypothesis testing. In the submitted papers, all PSTs wrote their hypotheses based on their research question, created an appropriate simulation model with TP, and presented the sampling distribution with appropriate plots. The stated inferences of the PSTs justified by comparing the sample statistic with the sample distribution scores. Therefore, the idea of "making inference by comparing the sample statistics within sampling distribution based on a particular hypothesis" was shared by all PSTs.

Discussion and Conclusion

Teachers' readiness has an essential effect on students' learning (Xu et al., 2020). Therefore, teachers need sufficient learning experiences to teach informal statistical reasoning using specific teaching strategies and technological tools [START_REF] Kazak | Pre-service mathematics teachers' use of probability models in making informal inferences about a chance game[END_REF]. In the current study, the designed SRLE model provides an opportunity for the PSTs to develop an understanding and reasoning of inference. The findings show that if PSTs have an appropriate opportunity to study and discuss the statistical issues, they can develop higher-level statistical reasoning, as mentioned in the related literature (e.g., [START_REF] Conway | The statistical reasoning learning environment: A comparison of students' statistical reasoning ability[END_REF][START_REF] Garfield | Learning to reason about statistical inference[END_REF].

The PSTs' informal statistical reasoning developed through statistical arguments in the current study. All PSTs' contributions during classroom discussions were accepted, criticized, or enhanced within the consideration of social and socio-statistical norms. The designed tasks focused on statistical inference rather than procedures. The use of real data motivated the participants. The discussion on overperforming related to the free throws task provided a challenge for the PSTs. While deciding whether the particular player overperformed, the PSTs compared the sample statistic with the scores in the sampling distribution by considering the center and spread. The need for the identification of overperforming addressed the importance of the alpha value for hypothesis testing. For example, while discussing the distracted driving task, the PSTs agreed on an alpha value before testing the hypotheses to infer whether the rate of fatal crashes due to cell phone use increased over time. Three milestone ideas were observed related to the shared idea of "making inference by comparing the sample statistics within sampling distribution based on a particular hypothesis". These were recognizing the need to compare the sample statistics with the scores from the simulated data, the importance of alpha value, and the decision about the sample statistics as expected or unexpected. [START_REF] Garfield | Learning to reason about statistical inference[END_REF] also suggested similar informal ideas to study prior to formal statistical inference. These informal ideas might guide future studies in the design of instructional activities to develop informal inferential reasoning.

The TP software helped the PSTs create simulation models and link abstract concepts of statistical inference as suggested by previous empirical studies (e.g., [START_REF] Justice | Every rose has its thorn: Secondary teachers' reasoning about statistical models[END_REF][START_REF] Rubin | Exploring informal inference with interactive visualization software[END_REF]. The submitted worksheets and forum discussions were used as an assessment to evaluate the instructional plan. The observation notes of the witness, the recorded learning session, and the subsequent homework were evaluated together by both authors to monitor the development of the PSTs' informal inferential reasoning. In summary, the designed SRLE model helped the PSTs improve their understanding and reasoning of informal statistical inference. Still, more empirical studies should be carried out at different levels of education to investigate the impact of the SRLE model on the development of statistical inference. The argumentation model used to analyze the data of the present study might be an example to examine the effectiveness of SRLE for further studies.