N
N

N

HAL

open science

SPECTRAL ANALYSIS OF A SEMICLASSICAL
RANDOM WALK ASSOCIATED TO A GENERAL
CONFINING POTENTIAL

Thomas Normand

» To cite this version:

Thomas Normand. SPECTRAL ANALYSIS OF A SEMICLASSICAL RANDOM WALK ASSOCI-
ATED TO A GENERAL CONFINING POTENTIAL. 2024. hal-04411972

HAL Id: hal-04411972
https://hal.science/hal-04411972v1

Preprint submitted on 23 Jan 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04411972v1
https://hal.archives-ouvertes.fr

SPECTRAL ANALYSIS OF A SEMICLASSICAL RANDOM WALK ASSOCIATED
TO A GENERAL CONFINING POTENTIAL

THOMAS NORMAND

ABSTRACT. We consider a semiclassical random walk with respect to a probability measure associated
to a potential with a finite number of critical points. We recover the spectral results from [1] on the
corresponding operator in a more general setting and with improved accuracy. In particular we do not
make any assumption on the distribution of the critical points of the potential, in the spirit of [15]. Our
approach consists in adapting the ideas from [15] to the recent gaussian quasimodes framework which
appears to be more robust than the usual methods, especially when dealing with non local operators.
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1. INTRODUCTION

1.1. Motivation. Consider the probability measure duy(z) = Zpe W@)/hdg on RY, where W : R — R
is a smooth function, h > 0 is a small parameter and Zj, is a normalization factor; as well as the Markov
kernel

th(xady) = ))1|zfy|<hd,uh(y)'

1
Mh(B(xa h

This kernel describes the following random walk: if at time n € N the walk is in z,,, then the point x, 1
is chosen in the small ball B(x,,, k) uniformly at random with respect to duy. Note that if W is a Morse
function, the density e="/" concentrates at scale v/h around the local minima of W, while the moves of
the walk are at scale h. We can also associate to t(x,dy) the bounded operator on L>(R?)

1
T = [ oy = s [ idm)

1
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It features the Markov property T, (1) = 1 and leaves the subspace of continuous functions going to zero
at infinity invariant. Its adjoint is defined by duality on the set of bounded measures by

i) = ([ ampcnimn (Bl )~ (o) s

If the starting point = of the random walk is distributed according to dv, then z; is distributed according
to T}, (dv). More genrally, z,, is distributed according to (T} )" (dv). One can easily check that T}, admits
the invariant measure

dvp,co = Zppn(B(z, h))dpn(x)
where Zh is a normalization factor.

This Markov process was studied in [1] where the authors showed the convergence of (T} )™ (dv) towards
dvp,o when n — oo and gave some precise information on the speed of convergence. More precisely, they
showed by an interpolation argument that T} extends as a bounded self-adjoint operator on L?(dvs, )
with norm 1 and gave an accurate description of its spectrum near 1. It enables the authors to state in
[1, Corollary 1.4] the existence of metastable states, in the spirit for instance of the works [3,4]. This
indicates in particular that a very large number of iterations is required to make sure that the system
returns to equilibrium.

The convergence of Markov chains to stationary distributions is a natural subject of interest. Such
information is for instance used to sample a given probability in order to implement Monte-Carlo methods
(see [14]). Some first results for discrete time processes on continuous state space were obtained in
[5,6,8,13]. In these papers, the spectral gap of the studied operators is of order h? as the probability
duy, does not depend on h. In our case, we have to deal with an exponentially small spectral gap.

The precise asymptotics of this gap and more generally of the eigenvalues exponentially close to 1 were
obtained in [I] thanks to the exhibition of a supersymmetric-type structure for the operator, allowing
to see it as a Hodge-Witten Laplacian on 0-forms for some pseudo-differential metric. The idea is then
to study both the associated derivative acting from O-forms into 1-forms and its adjoint with the help
of basic quasimodes. This used to be a common method to study the small spectrum of semiclassical

operators (see for instance [9, 10]). However, our goal here will be to give precise spectral asymptotics
for the operator T} through a more recent approach developed for the study of Fokker-Planck type
differential operators in [2,12] and adapted to a non local framework in [17]. This approach consists in

directly constructing a family of accurate quasimodes for our operator that we call gaussian quasimodes.
The results found in the literature about the spectrum of semiclassical operators associated to some
potential are often established for some particular potentials or at least satisfying a non degeneracy

assumption (see for instance [2, assumption (Gener)] or [17, Hypothesis 3.11]); except in [15] where the
case of general potentials was treated for the Witten Laplacian. In this spirit, the aim of this work is to
adapt the ideas introduced in [15] to a non local framework and to the use of gaussian quasimodes to

obtain a sharp description of the spectrum of T} near 1 without the usual non degeneracy assumption
on the potential W.

1.2. Setting. Before we can state the properties of the potential W and the associated operator, let us
introduce a few notations of semiclassical microlocal analysis which will be used in all this paper. These
are mainly extracted from [19, chapter 4]. We will denote ¢ € R the dual variable of = and consider the
space of semiclassical symbols

SO((@)E (Em) ¥ (7)) = {ah € C®(R*); Ya € N, 3C,, > 0 such that [0%a"(x,€)| < Colz)* () (€)%}

where m, p € [1,d] and k, k' € R. Given a symbol a € SO((x)¥(£,,)* (€,)*"), we define the associated
semiclassical pseudo-differential operator for the Weyl quantization acting on functions u € S(R?) by

Opy,(a™u(x) = (2wh)~¢ /Rd /]Rd e%(m_r,)'gah(x;gﬁ/,f)u(m") dz’d¢

where the integrals may have to be interpreted as oscillating integrals.

Our only hypothesis on the potential W is the following.
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Hypothesis 1.1. The potential W is a smooth Morse function with values in R such that
e W/h e LA(RY), lim W(z)=+oco and W € S°((x)")

|z| =400

for some n € N. Moreover, for every 0 < k < d, the set of critical points of index k of W that we denote
U*) s finite and we set

no = #U.
Finally, we will suppose that ng > 2.

For the operator T} acting on L?(dvs, o), as it is more convenient to work with the standard Lebesgue
measure, and since we want to study its spectrum near 1, we choose to consider the operator

(1]-) Ph:Id_M;ll/QOT;;OM}_Ll/2
instead, where ./\/llll/ ? stands for both the square root of the function
M (x) = Zn Znpn(B(x, h))e~ WV @/h

and the associated unitary operator from L?(dvj, o) to L2(R?). Our goal is now to give a sharp description
of the small spectrum of P, acting on L2(R?). We will actually be able to treat the case of some slightly
more general operators P, than the one given by (1.1). In order to focus the difficulties mainly on the
topology of the potential W, we will consider some operators P, which still present some nice properties,
even though it makes no doubt that we could adopt an even more general setting.

More precisely, let us introduce some notions of expansions of symbols: we will say that

al ~ Zhjaj in S°(1)
=0
if (aj)j>0 C S°(1) is a family of symbols independent of h and such that for all N € N,

N-1
ah - Z hjaj = 030(1)(hN).

j=0
We also need to introduce the notion of analytic symbols.
Definition 1.2. For k > 0, let us introduce the set
Y. ={2€C;|Imz| < x}?cC”

We denote SO((x)F (£,,)% (€,)%) the space of symbols a € SO((x)¥(€,,)F (€,)%") such that:

(i) For all x € R?, a"(x,") is analytic on %,

(i) For all B € N9, there exists Cg > 0 such that |07a”| < Cglx)* ()% (€,)% on R x 5,
We will also use the notation a" = Osg((m)’%gm)k/<§p>k’)(hN) to say that for all o € N??, there exists Cy N
such that |0%a”| < Co.n WY (@)5(€0) " <§p>k/ on R? x ¥,..

Using the Cauchy-Riemann equations, we see that item (i) from Definition 1.2 implies that for all 3 € N¢
and x € R?, the functions 97a"(x,-) are also analytic on ¥,. Besides, the Cauchy formula implies that
for any & < k, @ € N and 8 € N¢, there exists C,, 5 such that

020%a"| < Copla) (En)¥ (&)Y on R x 3

i.e up to taking  smaller, item (ii) from Definition 1.2 can be extended to 3 € N2¢. When dealing with
analytic symbols, our notion of expansion becomes

a" ~ S Wa; i S2(@)H €)Y ()

Jj=0
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if (a;)j>0 C SO((z)k (&) <§p>k/) is a family of symbols independent of h and such that for all N € N,

N—1
a" =D Wa; = Oy g,w gy (W)
7=0
We now extend these notions to matrix valued symbols: if ny, ny € [1,d] and

h _
¢ =mp) _

1<p<nz

is a matrix of functions such that each g, € S%((z)¥ (&) (E,)F), we say that ¢" €
Mo, s (52(<$>k(§m>k/ («fp)k/)) and we denote

Oph(qh) = (Oph(Qmm))

1<m<ni '
1<p<nz

Even though it does not appear in the notations, the function g, , may also depend on h. The notation

h N
— (R
=00 . (S2((@)* (Em)* (Ep)" ))( )

means that for all (m,p) € [1,n1] x [1,n2], the symbol g p is Ogo((uyr (e >k/<§p>kr)(hN). Furthermore,

the notion of expansion g ~ > <o h"qn in My, n, (S2((@)5 (€ m) ¥ (E)F )) is a straightforward adaptation
of the one for scalar symbols.

These notions enable us to introduce the class of operators that we will consider. Let us denote dy the
twisted derivative

dw = hV + VW.
We also use the standard notation Mg(R) for the set of all d-by-d real matrices.

Hypothesis 1.3. We assume that P}, is a bounded operator such that

P, =a"oP,oad"

with
P, =djy o Qo dw

where @ = Op,(q") is a self-adjoint, non negative pseudo-differential operator and a® ~ ijo hjaj n
S9(1) is a positive symbol such that (a")~1 € S°(1) and ao(z) =1 as soon as = is a critical point of W.
Moreover,

a) Py, admits 0 as a simple eigenvalue.

b) There exist ¢ > 0 and hg > 0 such that for all 0 < h < hgy, we have that Spec(Py) N [0, ch]
consists of exactly ng eigenvalues (counted with algebraic multiplicity) that are exponentialy small
with respect to 1/h.

¢) For all z, £ € RY, we have ¢"(z, —¢) = ¢"(x, ).

d) The symbol q" is analytic in the variable £. More precisely, there exists k > 0 such that

¢~ Z h™qy, in the space of analytic symbols Ma(S2((&m) (&)™ h).
n>0
e) There exists a constant o > 0 such that for all saddle point s of W, we have ¢o(s,0) = oId.

In particular, the resolvent estimate
(1.2) (z—P) ' =001

is satisfied on |z| = ch.



SPECTRUM OF A SEMICLASSICAL RANDOM WALK WITH A GENERAL POTENTIAL 5

Throughout the paper, we will work under Hypothesis 1.3.

It is shown in [1] (Theorem 1.1 as well as Corollary 3.1) that the random walk operator (1.1) studied
in this reference is an example of a non local operator satisfying Hypothesis 1.3 with o = (2d +4)~!. We
could for instance easily treat the case where the identity matrix is replaced by a positive definite matrix
in item e) (as it is done in [17]), but our real interest here are the considerations brought by the potential

w.

The main result of this paper is Theorem 8.4 in which we give a sharp description of the small
eigenvalues of Pj,. As we have not yet introduced all the technical objects involved in this statement, let
us for the moment give a rather vague version of this result.

Theorem 1.4. Under Hypothesis 1.5, there exist p € N and a finite set A both explicit as well as some
positive definite matrices (M},7 )1<j<p;aca depending on o from Hypothesis 1.3 and admitting a classical
expansion whose first term is given in Theorem 8./ such that

(Spec(Ph) N [O,ch}) Ch U O e 25i/h (SpeC(MZ’j + D(0, O(hoo))>

acA j=1

where {5’1 << Sp} are the finite values taken by the map S introduced in Definition 2.35.

In particular, when Py, is given by (1.1), we have

(Spec(T;;) AL — ch, 1]) cli-»U LpJ e*QS-f/h(Spec(M,‘f’j +D(o, 0(h°°)))

acAj=1
with o = (2d +4)~1.

It is an improvement of the result of [1] in two ways: first, we treat in the spirit of [15] the case
of general potentials satisfying only Hypothesis 1.1 instead of Hypotheses 1 and 2 from [I]. Moreover,
we establish complete asymptotic expansions of the small eigenvalues, i.e the remainder terms in the
prefactors are of order h° and not of order h as in [1]. This work can also be seen as an adaptation of
the considerations from [15] to a non local framework and to the gaussian quasimodes approach, as there
exist some operators for which it is the only known approach to succeed (see for instance the Boltzmann
operators from [17,18]).

2. GENERAL LABELING OF THE POTENTIAL MINIMA

Before we can construct our quasimodes, we need to recall the general labeling of the minima which
originates from [9] and was generalized in [11], as well as the topological constructions that go with it.
Here we only introduce the essential objects and omit the proofs. For more details, we refer to [15,17].
Recall that we denote

(2.1) U™ the critical points of W of index k.

For shortness, we will write “CC” instead of “connected component”. The constructions rely on the
following fundamental observation which is an easy consequence of the Morse Lemma (see for instance
[17], Lemma 3.1 for a proof):

Lemma 2.1. If x € U, then there exists 1o > 0 such that for all 0 < r < 1o, = has a connected
neighborhood O, in B(x,r) such that O, N{W < W(z)} has exactly 2 CCs.

It motivates the following definition:

Definition 2.2. a) We say that x € UMV is a separating saddle point and we denote x € V) if for
every r > 0 small enough, the two CCs of O, N{W < W (z)} are contained in different CCs of
b) We say that o € R is a separating saddle value if o € W(V1),
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It is known (see for instance [17], Lemma 3.4) that V() 2 (). Let us then denote og > --- > on
where N > 2 the different separating saddle values of W and for convenience we set o1 = +o0o. For
o € RU{+o0}, let us denote C, the set of all the CCs of {W < o}. We call labeling of the minima of W
any injection U(®) — [1, N] x N* which we denote for shortness (my_ ;) ;. Given a labeling (my ;)x; of
the minima of W, we denote for k € [1, N]

U;O):{mk/yj;1§k/§k,j€N*}ﬁ{W<O'k}

and we say that the labeling is adapted to the separating saddle values if for all k£ € [1, N], each my ; is
a global minimum of W restricted to some CC of {W < o} and the map

(2.2) Tp : 0 = C,,

sending m € U](CO) on the element of C,, to which it belongs is bijective. In particular, it implies that
each my, ; belongs to U,(CO). Such labelings exist, one can for instance easily check that the usual labeling

procedure presented in [11] is adapted to the separating saddle values. From now on, we fix a labeling
(my, ;)k,; adapted to the separating saddle values of W.

Definition 2.3. Recall the notation (2.1) and Definition 2.2. We define the following mappings:
e E:UO — P(RY
my, j +— Tj.(my, ;)
where Ty, is the map defined in (2.2).
) J :Z/I(O) — P(V(l) U {Sl})
given by j(my 1) = {s1} where s1 is a fictive saddle point such that W (s1) = o1 = 400; and for
2 <k <N, j(myg;)=0E(my ;)N VWY which is not empty (see for instance Lemma 3.5 from [17])
and included in {W = oy }.
e o:UY WHVD)U {0}
m s W (j(m))
where we allow ourselves to identify the set W (j(m)) and its unique element in W (V) U {o1}.
e S: U —]0, +o0]
m+— o(m) — W(m).

We now introduce some material from [15]. Let us denote
m=m;; and U =yO\{m}

and define for m = my ; € Q(O)

m = Tk_—ll (E-(m))
where E_(m) is the element of C,,_, containing m. Since m and m both belong to E_(m), we have
W (m) < W(m) and m € v{”.

Definition 2.4. e A minimum m € U is said to be of type I if W(im) < W (m). Otherwise (i.e
when W (m) = W(m)), we say that m is of type II.
o We define an equivalence relation R on U by mRm’ if and only if the two following conditions
are satisfied:
i) o(m) = o(m’) = oy,
ii) There exist some minima m?, ... m% such that m' = m, m® = m’ and for all 1 < n <
K — 1, we have Ty(m™) N Ty, (m"+1) £ O with

m" € {my;;jeN}U{my;;je N and my; is of type II}.

We denote the associated equivalence classes (Z/léo))ae A, where A is a finite set. It is shown in [15]
(Proposition 2.6) that for mRm’, we have o(m) = o(m’) and m = m’. Finally, for m € U we put

ol@)=c(m) and U =y U {m}
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which do not depend on the choice of m € Z/{o(,o), as well as
E*(m) = Thy(m)  and  j*(m) = IE*(m)n YL

for m € U\, where k() is such that o(a) = oy(q). When m € U, we have E*(m) = E(m) but for
m e U NUY | we have E(m) = E*' (i) # E*().

3. GAUSSIAN QUASIMODES

Throughout the paper, for d’ € N*, Q C R? and a € C>(9) a function depending on h and such that
for all B € N? we have 8%a = Op~(1), we will say that a € C>(Q) admits a classical expansion on
and denote a ~ >, hiaj, where (aj);>0 C C*°(€2) are independent of h, provided that for all 3 € N&
and N € N, there exists Cg n such that

N-—1
0 I T

It implies in particular that 9%a; = Op«(1). From now on, the letter 7 will denote a small universal
positive constant whose value may decrease as we progress in this paper (one can think of r as 1/C).

We are now going to introduce some quasimodes for the operator P,. With the notations from Hy-
pothesis 1.3, our approach consists in constructing some gaussian quasimodes for the factorised operator
P, in the spirit of [2, 17] and multiply those by (a")~'.

Let o € Aand m € U”. For each s € j%(m) we introduce a function ¢5™ that will appear in our
quasimodes. Note that thanks to Lemma 2.1, there are at most two functions £5™ and 5™ associated
to a saddle point s € V). Our goal will be to find some functions ™ such that our quasimodes are
the most accurate possible. In order to begin the computations that will yield the equations that the
function ¢5™ should satisfy, we will for the moment assume that it satisfies the following:

(5™ is a smooth real valued function on R? whose support is contained in B(s, 3r)
5™ admits a classical expansion (5™ ~ 37 h7¢3™ on B(s, 2r)

a)
)
) £5™ vanishes at s
)
)

b
(3.1) c
d) s is a local minimum of the function W + (¢5™)?/2 which is non degenerate
the functions 67, ;, (which depends on ¢5™) and X, that we will introduce in (3.3)-(3.5) are
such that 07, , is smooth on a neighborhood of supp xg-

(§]

Once we will have found the desired function £5™, we will see in Proposition 6.8 that these assumptions
are actually satisfied. Denote ¢ € C2°(RR, [0, 1]) an even cut-off function supported in [—v, ] that is equal
to 1 on [—7/2,7/2] where v > 0 is a parameter to be fixed later and

_V h
(3.2) / C(s)e” s = / C(s T (1+0(e=/M) for some ¢ > 0.

V2
We now define for each m € 5" a function 0,5, as follows: if x € B(s,r) N {|[(g"™| < 27} for some
s € j%(m),

e 1 -1 o —s2/2h
(3.3) o (@) = 5(1 + Ay / C(s)e ds)
0

whereas we set

O =1 on (B2m)+BO.ON( L] (Ben (g™ <20)))
s€j*(m)

with £(r) > 0 to be fixed later and

Om,n, =0 everywhere else.
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Note that ¢, ;, takes values in [0, 1] and that we have
(3.4) supp b, , € E%(m) + B(0,¢")
where ¢’ = max(e, 7).
Denote now €, the CC of {W < o(a)} containing 7. The CCs of {W < o(a)} are separated so for
€ > 0 small enough, there exists £ > 0 such that
min {W(z); d(z, Q%) = ¢} = o(a) + 2.
Thus the distance between {W < o () + £} N (Qq + B(0,¢)) and 9(Qq + B(0,¢)) is positive and we can
consider a cut-off function
(3.5) Xa € CZ(RY,[0,1])
such that

Xa =1 on {W < o(a)+ &} N (2 + B(0,¢))
and

Supp Xa C (Qa + B(O,s)).
To sum up, we have the following picture:

We also denote

and it is clear that
(3.6) Wi > S(m) +é  on the support of Vy, as soon as m € U?.

Recalling the function a” from Hypothesis 1.3, the global quasimode associated to the eigenvalue 0 is

(3.7) foan(@) = (a") A7) (m)e V()" € Ker P,

which is an exact one, while for m € ZJ&O), our quasimodes will be linear combinations of the functions
(a") " AT () xa (2) 5, g ()~ R/

where 1 € 4. Here cy(m) and ¢, (m) are normalization factors assuring that

(3.8) [I(a") 7 A= e () xa (@), (@)™ MmO =1 and  [|(a") "t hT ey (m)e” MmO = 1.

In particular, thanks to Hypothesis 1.3 we have that for all m € LZSO), the constant ¢f (m) (resp. the
constant ¢, (m)) admits an asymptotic expansion whose first term is

(3.9) 7r_d/4( Z det)/\/];/z)il/2 resp. 7r_d/4( Z de‘c1/\/,g11/2>71/2

meH(m) meH (m)
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with H*(m) = {m € Y9 N E*(m); W(m) = W(m)}, Hm) = {m € Y ; W(m) = W(m)} and
(3.10) W, is the Hessian of W at .

Let us introduce the coefficients that we will use to define our quasimodes, in the spirit of [15]. We denote

Fa the finite-dimensional vector space of functions from Z/Aléo) into R endowed with the natural euclidian

structure
()= Y e(m)¢(m).
med”
Denoting also
Z/I(go)’I the elements of Z/{C(YO) of type I
and using (3.9), the following is established in [15], Lemma 3.6 and below.

Lemma 3.1. Recall the notation (3.10). One can construct an h-dependent orthonormal family
(P5) mesio C Fa such that

a) gp%l(rh) = 'c\hcg(rh)’llagn\ug)),z(rh) where ¢y, is a normalization constant such that ||<p%1||}-0 =1.
b) If {m, i} NU" £ 0, then 2, (1) = G-

c) If o2 (m) # 0, then W(m) = W (1n).
d) Each ¢2, admits an asymptotic expansion. The leading term of <p°é is given by

-1/2
0l - 1 ~ Zr"neHO‘(ﬁl) det Wy,
=7 (m) = oG (m) 1g(§o>\uéo>,r(m) = >

1/2
1/2> 150\ 0.1 (m).
m’ el O\U©).1 ZﬂleHQ(m,) det W,

Finally, for all m € L{C(YO), the leading term of % can be computed explicitly and is orthogonal to
the one of ga%l.

For m € Z/I((XO), our quasimodes will be the functions

(311) (o) = (@) 1) (e ()65 ) )
el

Note that fum 5 belongs to C°(R?) thanks to item e) from Hypothesis 3.1 and that

(3.12) SUpD funps € B (m)

thanks to (3.4).

4. ORTHOGONALITY

The goal of this section is to show that the family of quasimodes that we introduced in (3.11) and
(3.7) is almost orthonormal. This result was already established in [2] in the case where W has no type II
minimum (see Remark 6.3 from [2]). Therefore, we will consider m € U((XO), m’ € Z/{g,)) and we will study
here the orthogonality of the quasimodes fm,n and fm, with m or m’ (or both) a type II minimum.
We follow the spirit of [15] (Proposition 3.10) and adapt it to the gaussian quasimodes framework.

e The case where mRm’ and one of them is of type I, say m (in particular m # m’ because of our
assumption).
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In that case, item b) from Lemma 3.1 implies ¢m(m) = dm m for all m € 7Y and ¢¥m’(m) = 0 so by
(3.4), we have

Supp fm,n € E(m) + B(0,&") and  supp fmn € (RY\E(m)) + B(0,¢')
and hence
SUPP frm,h N SUPP frnrn € {2W — W(m) — W(m') > ¢ > 0}.
Consequently, (fm.n, fm.n) = O(e¢/").

e The case where mRm’ (i.e « = o) and both minima are of type II.

In that case, start by noticing that because of (3.4), if m, m’ € Z:{\éo) with m # m’, we have
supp 0, 5, Nsupp O, ;, € {Wix > ¢ > 0}.

Therefore, using the definitions of our quasimodes (3.11) as well as item c¢) from Lemma 3.1 and (3.8),
we compute

(fanhs foar ) + O(e™/M) = (") 7202 Y Sé’fil(ﬁl)wf‘nf(m)cﬁ(fhf/ Xo (0% 1) e 2V M
mell” e
= < ﬁv ‘P?n’>-7:a
=94

m,m’
by Lemma 3.1.

e The case where mRm’ and o(m) = o(m’).
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SUpP fm,n supp fm’,n

m

In that case, it follows from the support properties of our quasimodes and the result of Proposition 3.8
from [15] that &’ can be chosen small enough so that the supports of fi n and fmn do not intersect.
Thusv <fm,h7 fm’,h> =0.

« The case where mRm’, o(m) > o(m’) and W(m) = W (m’).

In that situation, thanks to (3.11), (3.12) and (3.4) we can suppose that
(4.1) feoan = (@) 7LE,(m)h = 4e=Wm/h on the support of fu n, with &,(m) = O(1)

(otherwise the supports of fm r and fmj are disjoint and the result is obvious) and consequently m’ is
of type II. Hence, using a standard Laplace method, we can write

(Fan i Font ) = (@) 7202, m) Y7 oy () ey () / Xer O e/ da

ﬁ’l/GZ/’{\(?)

= (") PR PE,(m) Y el (m)ef) () / X2 (0% )2 e 2Vl Mz 4 Oe /")
' eld) e

=an(m) Y e m)e (@) + 0" by (3.8)

' eld')

G(m) > k(@) (M)t +0(e”") by item b) from Lemma 3.1
m/eﬁ(e) \M(?)J

= Chcgn) (o2, cpo‘;;)]:a, +0(e/M) by item a) from Lemma 3.1
= O(e_c/h)

where we also used the orthogonality of the family (¢m)_ OR

« The case where mRm’, o(m) > o(m’) and W (m) # W (m’).
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Here again we can suppose that (4.1) holds true so W (m) < W(m’). By item c) from Lemma 3.1, we
have W > W (m') on the support of fms . Therefore, Wi, > ¢ > 0 on the support of fm: , and since

fm’,h = OLOC (hid/4)7 we get <fm,h7 fm/7h> = O(eic/h).
As a result of the above discussion, we obtain the following statement.

Proposition 4.1. The family of quasimodes (fm,h)mey ntroduced in (3.11) and (3.7) is almost or-
thonormal:

<fm,ha fm’,h> - 6m,m’ + O(e_c/h).

5. ACTION OF THE OPERATOR Py

Let us fix m € uéo). For m € Z)C(YO) we will denote

(5.1) Wah =W+ > (£F™)2)2
s€j(m)
and
~ 1 —_—
(5.2) PR (g ) = /0 VWean(y + t(z —y))dt.

Remark 5.1. Using Hypotheses 1.1 and 1.3 as well as symbolic calculus, one gets dy, Opy, (¢") = Op,(g"),
with g" ~ >, h"gy in My q(S2((z)")) given by

(5.3) go(,€) = (= i€+ VW) go(2,)
and
(54) (@& = (i€ + VW' )au(@,) = Viguoa (@, + D" 3 (@) (gn-r)(@.€)
k=0 BeNd;
1Bl=k

for some ci 5 € S°((x)") taking values in R.
Lemma 5.2. The operator Op,(g") = dj, o @ introduced in Remark 5.1 is bounded on L?(R?).

Proof. Since CAQ is self-adjoint, it is sufficient to prove that @ o dy is bounded. Thanks to the facts that
Q is bounded and non negative, we can simply write for u € L2(R%)

1Qdwul* < CQ"2dwul”
< C(@dwu,dwu>
< C({Ppu,u)
< Cllul?

according to Hypothesis 1.3, and the statement is proven. O
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Proposition 5.3. Let fm p be the quasimode defined in (3.11). With the notations introduced in (3.2)
and (5.1), one has

h1 d/4 o W, m
P A Y PR W™ T Ly o2 + Ore (A¥eT )

mEZj{\((,(U)

Py, foap =a

where W™ is a function bounded uniformly in h and defined for x € j*(m) + B(0,2r) by

i - g (g +y - 8
w™Y(x) = 2wh d/ / ehg(z y) gh L’ +4 m,h T, Vv sm dud¢.
@=3 em| [ (e g™ () VO () dydg

s€j(m)
Proof. In order to lighten the notations, we will drop some of the exponents and indexes m, s, o and

h in the proof. Let m € uv. By (3.1), we have on the support of x that 8% is smooth and since it is
constant outside of B(s,r), we have

A71 - S m S m S m
(55) Vg = T 3 T .
s€j (m)
We can then use Remark 5.1 to write
Pu(f) = a"h'=% 7 o () ef (1) Opy, (9) (Vg xe ™™=/ + Vb e~ Vm/)
meld”
hl_d/4 = ~Wm,h Y m)+é&

(5:6) =a"T5— A7 D em@)an) Y Opylo)(CE™)xe™ VAR L0 ) + O (hem )

el ” s€j*(m)

where we used (3.6) and Lemma 5.2. Now we have for s € j*(m)

0= o] o)

X X(W)C( () e T/ o () dyde.

Let us now treat separately the cases |x — s| > 2r and |z —s| < 2r .
When |z — s| > 2r, we have |x — y| > r so we can apply the non stationnary phase to the integral in £ to
get that for all N > 1, there exists C'y > 0 such that

(5.7) (2200, (9) (C(E5™)xe ™

S(m)

‘/ [ ety (LY (e w)e Ty dydﬁ‘ < Ol — 8|7 Ne
R Jly—s|<r

where we used item d) from (3.1), the fact that Wi, (s) + (¢5™)?(s)/2 = S(m) and the estimate |z —y| >
|z — s|/2. Hence we have shown that

oo — Stm)
(5.8) thl{dist(- mep i (m ))z2r} O(h )

Now for the case |z —s| < 2r, let us denote J¥™ (z) the RHS of (5.7). Proceeding as in [10] in order to
take the e=Wm®)/ in front of the oscillatory integral, we get that

(5.9) TP () = e RS )

where

s,m _ % —ip(x,y) ) - (z—y L_Fy S, m S, m
= [ [ el g (T (e w) 9 w) dyag
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and v is the function defined in (5.2). Note that up to taking r smaller, we can suppose that |¢| < 1 (and
thus ¢ + 44 lies in the analyticity strip of g) on B(s,2r) x {|y —s| < r}. Applying the Cauchy formula
as in [17] (proof of Proposition 3.13), one gets J5™ = J3'™ where

s,m _ Le(z—y) T+y . s,1m s,1m
g = [ [ ey (T e ) (P ) T ) auds

Combined with (5.7) and (5.9), this yields for |« —s| < 2r

(5.10) (2 0p(9) (e OO 1) (1) = ¢ ),
Therefore, setting on j*(m) + B(0, 2r)
a™ = (2rh)~ Y J3™(a),
s€jo (m)
we have according to (5.6), (5.8) and (5.10)
Py f = a” hl;d/4 A}ZI Z (pf‘n(rh)ch(rh)&)ﬁ‘ “ e_W'fm 1j0‘(rh)+B(O,2r) + O( € S(’;n))-

meid”

Hence it is sufficient to check that on j*(m) + B(0, 2r)

~m, m,x ~Winh oo —Slm)
(w’—w’)eh:Oheh.

This can be done easily using again the non stationary phase with x in an h-independent neighborhood
of s on which x((¢) — 1 vanishes since item d) from (3.1) implies that

~Wm,h

eTh o = O(e”Sm)FO/hy

outside of this neighborhood for some § > 0. ]

6. CHOICE OF (5™

From now on, we also fix m € U and s € j%(m). We write for shortness ¢ instead of £5™.
Lemma 6.1. The function w™ admits the classical expansion w™* ~ 22i>0 hjw;h’a on B(s,2r) where
W = ao (@, i (VW + 6 V) ) 2V + (V) - V6
and for j > 1,
(6.1) W =20 (i (VW + G VE) ) (VW + (V) - V0
il (2VW! 4 65 (VE)!) Dego(w,i( VIV + (V) (VE) VG
a0 (8 (VW + G VE) )V - VE £
+i(2VW! 46 (VE)") Deqo (, i(VW + 65V6)) (VE5) VL3 £
+ R (65,65 1)

where R; : (COO(B(S,QT)))j — C>(B(s,2r)) and D¢ denotes the partial differential with respect to the
variable &.

Proof. Once again, we drop some of the exponents and indexes m, s, a and h in the proof. Denote
Boo(s,2r) = {(y,¢&) € R??; max(|y—s|, |¢]) < 2r}. We need to get an expansion of g(x/2+y/2, E+i(x,y))
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that we will then be able to combine with the stationnary phase to get an expansion of w. Let us start
with an expansion of ¢ : the expansion of ¢ yields

J
VW = VW ~ > B> 6.V« on Bs,2r)
7>0 k=0

so using (5.2), we get

%~ W on B(s,2r) x {|y| < 2r}

j=0
where
1
(62 o) = [ (VW + 10y + ol — )i
0
and for j > 1,
1 J
(63 wle) = [ 3 (96 + e - )i
0 k=0
Proceeding as in [17] (proof of Lemma 4.1), we then get thanks to Remark 5.1 that
T+ . <
(6.4) go(FLe+ i@ y) ~ YWY gnn(@,9.8)
j>0  n=0

on B(s,2r) X Bu(s,2r); with

T+y )
(65) gn,O(xvyvg) :gn(Tvg"_“/}O(xvy))
and for j > 1
. Tty . 1
(66) g’ﬂ,j(x7 Y, §) = ZDﬁgn (Ta f + Zwo(x7 y)) (¢](xa y)) + R] (607 s 7€j—1)
where R} : (C>=(B(s, 2r)))j — C>°(B(s,2r)). Thus, using the expansion (6.4) that we just got, the one of
V¢, and the one for an oscillatory integral given by the stationnary phase (see for instance [19], Theorem
3.17) as well as Proposition C.3 from [17], we finally get
W~ Zhjwj on B(s,2r),
Jj=0
where

1 ni
Wi (SC) = Z W(ay : a’f) <9n27n3 (x,y,ﬁ)VﬁM (y))
ni+natnzg+na=j '

y=z’
£=0

We can already use (6.5) to deduce the expression of wy by noticing that according to (6.2), to(z,z) =
VW + £,Viy. For j > 1, the terms of w; in which the function ¢; appears are obviously the one given
by ny = j, but also the one given by n3 = j according to (6.6). Indeed, in that case, we have using (6.3)
that

go,j(z,x,0) = iloDego (x,i(VW 4L Vi) (VL)
+iDego (z, i(VW + £V L)) (VL) £ + R: (Lo, - .. £5-1)
where R? : (C*°(B(s, 2r)))j — C>=(B(s,2r)). We can now conclude as for any X € R¢,
Dego(z, i(VW + LoV ) (X) = —i X'qo (x,i(VW + £V{p))
+ (2VW! + £y (VEo)!) Deqo (x, i( VW + £oVLo)) (X)
according to (5.3). O
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Denote (qy, ,)m,p the entries of the matrix g, from Hypothesis 1.3. Since we have for X € R?

Deao (2, i(VW + Vo)) (X) = (8eaby, (2. i(VW + Vo)) - X))

1<m,p<d

we get by putting
(6.7) U(x) = a0 (.0 (VW + £o Vo) ) Vto

> (200 W+ LoD, Lo)ieal, (.8 (VW + £ VL) ) O, o

1<m,p<d

that equation (6.1) reads
w; = <q0 (:17 i(VW + 4 wo)) 2V + €yVLo) + € U) U+ U -Vl + Ri(Lo, ... £j_1).
Lemma 6.2. Let z, y € B(s,2r). Foranyn €N, 3 € N% and 1 <m,p < d, we have

O (L i wy)) € VIR
and

8?gn(%ﬂ,i¢éﬁ’h(m,y)) c iIfIRY,

In particular, U defined in (6.7) sends B(s,2r) in RY.

Proof. Since ¢y vanishes at s, we can suppose that r is such that ig(z,y) is in

D(0,1) ={2€C;|z| < 1}¢

n

m.p» We have

so by analyticity and using the parity of ¢

Y+B n z+y
Tty | 119 (554, 0)
8?‘1;;,;0(7711/10(9379)) = Z Zwl m::'
YENY;
[v[+]8]€2N

Yo(z,y)” € il’IR.

The result for g,, follows easily using (5.3) and (5.4). O

Using this Lemma, we also get the following result (see [17] Appendix D for a proof).

Lemma 6.3. The term R; (Eg’m, e ,é;;ﬁi) from Lemma 6.1 is real valued. Moreover, it satisfies
R;(65™, ... ,Ej’_“i) =—R;(—="™, ..., —Zj_“{)

In view of the results from Proposition 5.3 and Lemma 6.1, we want to find 5™ such that on B(s, 2r),
(6.8) 40 (2, 1(TW + £ Vo) ) (29W + £VLo) - Vo = 0

and for j > 1

(6.9) <q0 (m(vw + 4 wo))(ww + 05Vl) + Lo U> Nl +U- Vel + Ri(l, ..., 1) =0

where U was introduced in (6.7). Note that Lemmas 6.2 and 6.3 ensure that the fact that the (¢;);>¢ are
real valued is compatible with equations (6.9).
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6.1. Solving for £5™. Denote
p(,8) = (—i&" + VW' )qo(z, £) (i + VW) = qo(,£) & - € + qo(a, §) VW - VIV

the principal symbol of the whole operator P, and p(z,£) = —p(x,i€) its complexification. Notice that
thanks to item e) from Hypothesis 1.3, the quadratic approximation of p at (s,0) coincides with the one
of the complexification of the symbol of the Schrédinger operator —h2A + |[VW|? (up to a factor p).
Hence, we get all the results from [7], chapter 3. In particular, denoting

_ . : tH:,_; —
As = {(@9s, lim_e"(2,6) = (5.0)}
the stable manifolds associated to the Hamiltonian of p near (s,0), we obtain the following.

Lemma 6.4. There exist ¢+ € C*(B(s,2r),R) vanishing together with their gradients at s and such that
As = {(m,Vqﬁi(a:)) re B(S,ZT)}.

Moreover, the Hessian matriz of +¢+ at s is positive definite.

At this point, one can proceed as in [2], Lemmas 3.2 and 3.3 to establish the following Proposition after
matching the notations by setting A(s) = 20 Ws, b° = 0, A%(s) = ¢Id and B(s) = 0.

Proposition 6.5. Recall the notation (3.10). There exists (3™ € C(B(s, 2r),R) such that
e Forx € B(s,2r),

5™ ()2

bula) = Wa) ~ W(s) + 00

In particular, Eg’fh vanishes at s.
e The function £y™ is a solution of (6.8) in B(s,2r).
o The vector V5™ (s) that we denote v>™ is not 0 and satisfies
W S™ = —fus’mf s
e Finally,

(™)

det <HessS <W + 602>> = |det Ws|.

6.2. Solving for (Ej’ﬁl)jzl. Once again we drop some exponents s and m for shortness. Now that ¢,
is given by Proposition 6.5, we can solve the transport equations (6.9) by induction, so we suppose that
ly,...,¢;_1 are given and we want to find a solution ¢; to (6.9). Denote

7 = g (x iYW + £ WO)) VW + £yVlo) + 6o U € C=(B(s, 2r))
and
7=V -U e C>®(B(s,2r))
where U was introduced in (6.7). The function ¢; must satisfy (U -V +7)¢; = —R;(lo, ..., lj_1) so we
are intersted in the operaor £ = U - V + 7 that we decompose as £ = L§ + L with
ﬁzﬁg(scfs) -V+15
where (75 is the differential of U at s and 75 = 7(8), that is with (3.10)
Us = 20(Ws + ') and T = g‘ys’ﬁ‘f.
As usual, we will often omit the exponents s in the notations. Notice that if we denote Pj’  the space of
homogeneous polynomials of degree n in the variables (x —s), we have £y € Z(P}.,,,) and for P € P .
LoP(z) = O((x — s)"‘*‘l) near s. Using Proposition 6.5, it is easy to check that the spectrum of U§ is
exactly the spectrum of 20V, except that the negative eigenvalue —7§ is replaced by 75. We can then
apply Lemma A.1 from [2] to get that £ is invertible on Pj’ .. Thanks to this fact, one can proceed as
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in [2], section 3.3 (see also [7], chapter 3), i.e find an approximate solution of (6.9) using formal power
series and then refine it into an actual solution using the characteristic method. This gives the following
result.

Proposition 6.6. For all j > 1, there exists é?’m € C>®(B(s,2r)) solving (6.9). Moreover, Ej’m is real
valued in view of Lemmas 6.2 and 6.3.

6.3. Construction of /™. Now that we have found (¢;);>0 C C*°(B(s,2r),R) solving (6.8) and (6.9)
with £y vanishing at s, we can use a Borel procedure to construct £ € C>(R%, R) supported in B(s, 3r)
and satisfying £ ~ >" . hit; on B(s,2r).

Remark 6.7. The properties a)-d) from (3.1) are satisfied by both the functions (™ and —>™. More-
over, by Lemma 6.3, (—€5™);>0 also solve (6.8) and (6.9).

At this point, a straightforward adaptation of the proof of Proposition 5.2 from [17] yields the following
result which states that all the properties from (3.1) are satisfied.

Proposition 6.8. We can choose the signs of the functions ((>™)scjo () such that (3.1) holds true and

the coefficients from the classical expansion of £>™ solve (6.8) and (6.9).

We end this section with the following observation from [2] (Lemma 6.4).

Lemma 6.9. Ifs € j*(m)Nj* (m’) with m # m’, we can suppose (up to a modification by O(h™)) that

sm _gs,m’
and consequently,

Omn =1— ;",,,,7h on B(s,r)N (supp@f{],h Usupp@ﬁ;,,h) .

7. INTERACTION BETWEEN TWO WELLS

Let o, o/ € A as well as m € U and m’ e 49

Lemma 7.1. For all ta € U and i’ € &(Ef,’) such that j* () N j* (@’) # 0, the following holds:
a=d or @2 (M), (m') = 0.

Proof. First, notice that since ) ¢ E_ (m) and QS,J) C E_(m’), our hypothesis implies that E_(m) =

E_(m’). In particular, m’ = m. If m ¢ {1, m’}, we easily have mRm’ and o = . Let us now suppose

that

(7.1) m € {m, m'}.

According to Lemma 3.4 from [17], m and m’ are in the same CC of {W < o(m)} that we denote
E<. By uniqueness of m in E_(m), each CC of {W < o(m)} N E< contains exactly one element from
o '({o(m)}) U {m}. If m or m’ is of type II, we get by definition of R that a = o’. Otherwise, (7.1)
combined with item b) from Lemma 3.1 yield o2 ()@, (') = 0. O

With the notations from Section 3, let us denote for m € U and m' € Z:{\o(?)
’ ’ (rn) (') ’
a2 (m) e (e <Ph ((ah)_lxa f%,he_w/h) 7(ah)_1xaf9%f,he_w/h>~

m,m

«
m,m’"*

When a = o/, we denote for shortness N3/%, =
,

Lemma 7.2. Let th € U and i’ € I;{\g,)),
e Ifj*(m)Nj* (m’) = 0, we have

Nee O<h°°e*

m,m

o(a)+o(a’)—W (m)—W(m') )
B
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e When a = o', we have

(63

_ 20(a)—W(m)—W (')
" ™,/

& = he

m,m’

with Ng, 5, admitting an asymptotic expansion whose first term is

N e (X a0 aew?) T T e
m,m 7 ) m ) m L 0
méeH(m) m’€eH>(m’) s€je(m)Nje(m’)
where we recall the notation (3.10) and that —7§ is the negative eigenvalue of 20 Wi.

Proof. First, notice that by Hypothesis 1.3, we have
(P (0" abne ™" ) (@) Xl ™™ ) = (Pa (XaOiine ™™ ) X e/

We will use the following localizations and estimates obtained thanks to (3.6) and (5.5):

Q@ -W/h . oo — 2L\
(72) dW(Xaarhyhe w/ )l{dist(~,j°‘(l//{\(§0)))ZT} = O(h e A ),

(7.3) dw (X e ") = O(n*H e ")
and by the non stationnary phase applied as for (5.8)

(74) Oph(qh)<dW (Xag%’he_W/h)) l{dist( @) z2r} O<hooe_ "if‘)).

)

Using the factorized structure of Py, the boundedness of Opy,(¢") as well as (7.2), (7.3) and (7.4), we can
write that

~ / o(a)to(a’
<Ph (Xab22e ™), Xar 0% e/ h> +0 (h”e( = >)

(75) = {(onna) (dw (xabne ™) ) di (xorbi "))

s€jo (m)Nje’ (rm’)

S

where (-, -)s denotes the inner product on L?(B(s,r)). This already proves the first statement. Now when
« = o, thanks to the fact that e="/" € Ker dy and by Lemma 6.9, we have for s € j*(rn) N j* (m’)

o(a)

dw (xaef“h’he_w/h) = dw ((Xabh — 1)e_W/h) = dw (Xa (0 — 1)e_W/h) +O(h®e” ")
= (=)' O dyy (XQH%nhe*W/h) + O(hooefw) on B(s,r).

Thus, (7.5) becomes

20 (a)

<]3h (Xa‘g%,he_w/h),xaQ%,/,he_W/h> +O(h®e™"7)
= (—1)1 O Z <Oph(qh)(dW (Xaafﬁ,he_w/h)),dw (Xa‘)%,he_w/h» .
s€j® (m)Nje () ®
We can now work as in [17], proof of Lemma 5.3, to get that
h
<Oph(qh) <dW (Xaegl)he—W/h)> , dW (Xae%,he_w/h)> _ 27( h)d/2e_

s v

20 ()
h

ﬁs,h

with 95" admitting a classical expansion whose first term is | det Ws|~'/2 7§. Combining this with (3.9),
we get the announced result. O
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8. INTERACTION BETWEEN TWO QUASIMODES

By (3.11), we have for m € UL and m’ € Z/IS/))
(Pofans forp) = h92 3" S of (M) (), () ef) ()
med” m' ey
x <Ph ((ah)*lxaﬁ%,he*Wm/h) , (ah)71Xa/‘9%/,hein//h>
S e (m)eh, ()N
mell® med®
= ) > phnm)en, (NS,
77(0)

med; m’ el

/ .
al
/

W(m)=W(m) W (@' )=W (m’)

by item c) from Lemma 3.1. According to Lemma 7.2, the leading terms in the previous sum are the
ones for which 1, m’ are such that j*(rh) N j* (M) # 0. Combined with Lemma 7.1, we get

S5(m)+5(m’)
7#) .

(8.1) <thm,hv fm’,h> = da,ao/ Z W?n(rh)¢lrln’(rhl)~/\[r%,ﬁq’ + O(hooe
m,im el
We now want to go from quasimodes to actual eigenfunctions. This is where the optimization on the
choice of the functions ¢5™ will enable us to have the correct error terms. Here we briefly remind the
procedure and give the main arguments. We refer to [12] for more details. First, combining Proposi-
tion 5.3, item d) from (3.1), Proposition 6.8 and a standard Laplace method, we obtain the following
fundamental estimate.

Lemma 8.1. Letm € Q(O). We have

S(m)

||thm7h||:O(h0067 h )

Now, considering the orthogonal projector on the generalized eigenspace associated to the small eigen-
values of P, given by

1
(8.2) Iy = — (z — Ph)_ldz
2im |z|=ch
and writing
-1
(1—-1o) fmp = =— 2Nz — Py) ' Py fmoadz,
2im |z|=ch

Lemma 8.1 together with the resolvent estimate (1.2) give that for any m € U ), we have
S(m)

I(1 = o) fem ]| = O(h>e™ 7).

Proceeding as in Proposition 4.10 from [12], one can then establish the following thanks to Proposition
4.1.

Lemma 8.2. The family (o fm,n)meu© s almost orthonormal: there exists ¢ > 0 such that

oo o ) = B + 010~

In particular, it is a basis of the space H = Ranlly introduced in (8.2).
Moreover, we have

_ S(m)+5(m’)
3 )

(PuI1o fra,n, o fonr n) = (Pafoagns foor,n) + O (R
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Let us re-label the local minima my,...,my, so that (S(m;));=1,.n, is non increasing in j. For
shortness, we will now denote

fj = fmj,h

which still depends on h. We also denote (@;);=1
procedure of the family (ITof;);j=1,....n, and

no the orthogonalization by the Gram-Schmidt

.....

ﬁ .
Uj = ~j
12|
In this setting and with our previous results, we get the following (see [12], Proposition 4.12 for a proof).

Lemma 8.3. For all 1 < j,k < ng, it holds

S(mj)+S(my)

(Putj, uk) = (Pufj, fi) + O(h®e” = 7).

In order to compute the small eigenvalues of P, let us now consider the restriction P,y : H — H.
We denote @; = up,—j+1 and M the matrix of Py|y in the orthonormal basis (41,...,%y,). Since
Upny = u1 = f1, we have

"0 / PN
M = (J\g 0) where M = ((Phujauk>)

1<j,k<no—1

and it is sufficient to study the spectrum of M’. We will also denote {$) < --- < S,} the set {S(m;); 2 <
j < mno}and for 1 < k < p, Ej the subspace of L?(R%) generated by {@,; S(m,) = Sk}. Finally, we
set wy = e” (T -1/h for 2 < |k < pand ¢;(w) = [[_gwp = e G750/ for 2 < j < p (with the
convention £1(w) = 1).

so that

wtl = m for some m € Méo). We will consider

For a given class a € A, let us denote n, = |L{C(¥0)| and also label its elements m¢,...,my

[e3%

(S(m$))j=1,...n, is non decreasing in j. We also set my

the matrix
M}? = (Na@?n? ' wﬁlg)lgj,kgna = 7‘;]\[(17;
where N¢ is the matrix introduced in Lemma 7.2 and

T = (g (m3) 1<j<na+1’

I<k<ng
Before we can state our main result, we need to introduce some material from [2]. For the finite dimen-
sional vector space E = Ey @ --- @ E,, and j € {1,...,p}, let us write a general matrix M € M(E) by
blocks

A B
(8~3)M:(C D>¢(E1€9“'@Ej1)@(Ej®"'@Ep)—>(E1€9"'@Ej1)@(Ej@"'@Ep)~

If A e M(E1 ®---® Ej_1) is invertible, the Schur matrix of M (with respect to the vector space
E1®---® FE;j_) is the matrix on E; @ --- ® E,, defined by

R;(M)=D—CA™'B,

where by convention R1(M) = M. By the Schur complement method, M is invertible if and only if
R;(M) is invertible. We will also denote by J : M(®k=;,... pEr) = M(E;) the restriction map to the
first vector space Ej of @—;j, .. ,FE,. More precisely, with the notations of (8.3), we will write J (M) = A
when j = 1. Of course, the map J depends on j € {1,...,p}, but we omit this dependence since the set
on which J is acting will be obvious in the sequel. We will also use the convention

Spec(J o Rj(Mi)) =0 if S; ¢ {SmQ); k=1,...,n4}.



22

T. NORMAND

Theorem 8.4. With the notations introduced above, we have

Spec(M’) C he251/h U U (Spec(.j o R;(Mp)) + D(0,0(h"o)))

acAj=1

with M admitting an asymptotic expansion whose first term is To N“9Tq where N*C is defined in
Lemma 7.2 and Ty is the leading term of the matriz T, given by Lemma 5.1.

Proof. Consider the symmetric matrix M, # € My,—1(R) defined by

@ a ; (0)
N Som,LO,j+1 : gomng—lﬁ»l if m’no*jJrl y Mpg—k+1 S uoz

M)p =
(M )i 0 otherwise

and notice that in view of Lemma 8.3 and (8.1), we have

hle2S M = Q@) (M + O(h™))Q(w)

where Q(w) = diag(e1(@)ldg,, . ..,ep(w)ldg,). Clearly, M is the restriction to a of the matrix M#
which is permutation similar to the block-diagonal matrix diag (M a € .A). In particular, M ;f admits
an asymptotic expansion thanks to Lemmas 3.1 and 7.2. Moreover, it is positive definite as each M}
appears to be positive definite. Indeed, 7Ty is clearly injective as the family (cpo‘m)m EORE orthonormal

and it is shown in [2], Proposition 6.8, that N9 = L* L, where L, is an injective matrix, so Mg is

positive definite. In the words of Definition 6.7 from [2], we obtain that h=1e251/h M’ is a classical graded
symmetric matrix so we can apply Theorem 4 from [2] to get

Spec(M') C he=251/h U (spec(j o R;(MH)) + D(0,0(h"o))).

7j=1

We can then conclude as

Spec(J o R;( M# U Spec(J o R;(Mf))
acA

(see [2], Theorem 6 and above for details). O
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