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This paper describes the implementation of the stress-fluctuation technique into the LAMMPS code to 
compute the anisotropic thermal elastic constants tensor of materials. The implementation provides both 
methods for computing the analytical fluctuation expressions and also a generic numerical derivative 
method. The former makes the extension to new potentials straightforward, as it requires writing code 
only for the second derivatives of each energy term w.r.t. distance, angle, etc. The latter provides 
a generic interface to compute an accurate approximation of the elastic constants for any potential 
already implemented in LAMMPS. We show how both methods compare with the direct deformation 
computation in several test cases and discuss the implementation advantages and limitations.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/).
1. Introduction

Computation of elastic constants of material through molecu-
lar simulation has been a research topic since early on in the field. 
Early works from Squire et al. [1], Parrinello and Rahman [2] or 
Ray [3] tried to derive several ways to compute the elastic con-
stants of materials from atomistic simulations of crystalline mod-
els. With the important increase of computational power in the 
last forty years and the development of more sophisticated molec-
ular models, molecular modeling has taken an important place 
in understanding materials’ properties. This can be illustrated by 
the wide variety of materials that are now studied using molecu-
lar modeling, ranging from alloys to polymer materials, including 
complex crystals structures, glassy unordered materials, or ma-
terials in extreme pressure and temperature conditions. Accurate 
computation of materials properties through molecular modeling 
thus became increasingly important. However, in the case of elas-
tic constants, the spread of refined generic methods suffered from 
several difficulties. On the one hand, methods simply relying on 
volume fluctuations in constant stress ensembles (Nσ T) are de-
pendent on the computational method [4]: the dynamics of the 
pressure bath can affect the covariance of the strain tensor com-
ponents, which are the values used to compute elastic constants 
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at constant pressure. On the other hand, in the NVT ensemble, 
the necessity of complex analytical derivations made the use of 
the general formulas complicated past pair potential interactions. 
A general framework had to wait the work of Lutsko [5,6], and fol-
lowing works still had to find workarounds for cases including 3 
bodies potential or complex derivation for complex potentials such 
as AIREBO [7,8]. The values computed this way seemed however, 
less dependent on the simulation techniques and parameters [4].

In this paper, we present the integration of generic NVT elas-
tic constant computation framework in the LAMMPS simulation 
software. To our knowledge, this is the first publicly available inte-
gration of such method directly in a molecular simulation package, 
despite several uses in the literature. Compared to other codes, 
this integration can use both analytical derivations and numerical 
derivative to evaluate elastic constants. The analytical derivations 
actually need forcefield specific terms which need to be imple-
mented for all potential interactions formulas, but provide exact 
contribution to the elastic constants and are faster to compute than 
using numerical derivative. In the mean time, numerical derivative 
technique allows to double check new analytical implementations 
and replace them for potential forms that are too complicated for 
analytical derivation. The paper will start with a general reminder 
of the underlying formulas and will use it as a base to explain 
the actual implementations. We will then present examples show-
ing the agreement between both methods and compare them with 
elastic constants obtained through direct deformation simulations. 
Finally we will present future works and extension of the method 
in the LAMMPS code.
le under the CC BY license (http://creativecommons .org /licenses /by /4 .0/).

https://doi.org/10.1016/j.cpc.2023.108674
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/cpc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cpc.2023.108674&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:g.m.g.c.clavier@tue.nl
https://doi.org/10.1016/j.cpc.2023.108674
http://creativecommons.org/licenses/by/4.0/


G. Clavier and A.P. Thompson Computer Physics Communications 286 (2023) 108674
2. Computation of elastic constants in the NVT ensemble

The stress tensor σ and the elastic constant tensor C are the 
first and second derivatives of the free energy with respect to the 
strain tensor ε . In the NVT ensemble, this reduces to the following 
equations for the stress [5,8]:

σαβ = 〈σ B
αβ〉 − ρkB T δαβ (1)

and for the elastic constant tensor

Cαβμν =〈C B
αβμν〉

− V

kB T

[
〈σ B

αβσ B
μν〉 − 〈σ B

αβ〉〈σ B
μν〉

]

+ ρkB T
(
δαμδβν + δανδβν

)
(2)

in this equation σ B
αβ and C B

αβμν are called the Born stress tensor 
and the Born matrix. These are the first and second derivatives of 
the potential energy U w.r.t. strain, given by:

σ B
αβ = 1

V

∂U

∂εαβ

(3)

and

C B
αβμν = 1

V

∂2U

∂εαβ∂εμν
. (4)

A detailed computation of these terms can be found in the work 
of Van Workum et al. [7,8] or Vogiatzis et al. [9]. Here T is the 
temperature, V the volume, ρ = N/V is the number density of 
particles, N is the number of particles, kB the Boltzmann constant 
and δαβ is the Kronecker identity tensor. The Born stress ten-
sor appearing in Eq. (1) is equivalent to the virial contribution to 
the microscopic stress tensor generally used in molecular simula-
tion [10]. Similarly the kinetic part of the microscopic stress tensor 
averages to the second term of the right-hand side of Eq. (1). Be-
cause the Born stress term is already computed in most molecular 
simulation codes, the second term of the right-hand side of Eq. (2)
can be easily computed in a post-process step. However, the first 
term of Eq. (4), the Born matrix, is more problematic and is not 
expressible in terms of standard quantities. This motivated the de-
velopment of general LAMMPS implementation of the Born matrix 
calculation. The two following sections go into the details of the 
two complementary methods we developed to compute the Born 
matrix.

2.1. Analytical derivative method

The internal energy of molecular systems can be split into two 
contributions: the potential energy and the kinetic energy. The ki-
netic energy depends only on the particle momenta and its contri-
bution to stress and elastic constants average out in the last terms 
of Eqs. (1) and (2). The potential energy part depends on the in-
teraction potential and the particle coordinates. We can write the 
interaction potential as U (q), where q represents the 3N coordi-
nate of the atoms corresponding to a particular point in configura-
tion space. Equivalently, we can consider every internal coordinate 
involved in every energy term, such as inter-atomic distances for 
two-body terms, bond angles for three-body terms, etc. Represent-
ing the generalized coordinates for a single energy term as χ , we 
can say that U (q) = ∑

χ u (χ) where χ is the set of generalized 
coordinates related to the energy term u (χ). Using the chain rule, 
Eq. (3) and Eq. (4) can be rewritten as [8]:

σ B
αβ = 1

V

∑ ∂u (χ)

∂χ

∂χ

∂εαβ

, (5)

χ

2

and

C B
αβμν = 1

V

∑
χ

[
∂2u (χ)

∂χ2

∂χ

∂εαβ

∂χ

∂εμν

+∂u (χ)

∂χ

∂2χ

∂εαβ∂εμν

]
. (6)

The expression for the Born stress, Eq. (5), is equivalent to the 
group form of the virial already implemented in LAMMPS [10].

The derivation for pair potentials is straightforward and, for the 
stress, gives back the general formula using relative particle coordi-
nates and pairwise force (see eq 15 of [4]). Explicit expressions for 
the Born matrix, Eq. (6) for the specific cases of angular and dihe-
dral potentials have been published previously [8,9]. However, the 
expressions have not been implemented in any commonly avail-
able molecular simulation packages before now.

The key idea of the general implementation presented here uses 
the fact that the derivatives appearing in the Born matrix are prod-
ucts of two independent factors. One is the derivative of the energy 
with respect to a given generalized coordinate (angle, dihedral, . . . ). 
The other is a configurational factor which depends only on the 
relative positions of the particles. On a computational level, this 
allows the two factors to be handled separately. A general func-
tion computes the configurational factor for every interaction. The 
energy derivative factor is calculated by a potential-specific func-
tion. In the current LAMMPS implementation, each potential term 
is coded as a separate C++ class derived from general Pair, Bond
or Angle parent classes. Each child class only needs to provide 
the energy derivative factor. The new Compute derived class for 
the Born matrix computes all the configurational factors, multiplies 
both terms and sums over all interactions. This greatly reduces the 
effort required to implement the Born matrix for any new poten-
tial.

2.2. Numerical derivative method

Yoshimoto et al. [11] derived a general formula for three-body 
interaction potentials. This employed small displacements of atoms 
to compute local contributions to a specific form of the Born ma-
trix. Inspired by this result, Zhen et al. [12] rewrote the Born 
matrix as follows:

C B
αβμν = δανσ

B
βμ + δαμσ B

βν + Dαβμν (7)

with

Dαβμν = −dσ B
μν

εαβ

= − lim
eαβ→0

σ B,1
μν − σ B,0

μν

eαβ

. (8)

In Eq. (8), eαβ is a small strain value, σ B,0
μν is the stress in a ref-

erence state and σ B,1
μν is the stress obtained after applying the 

strain εαβ of amplitude eαβ to the reference state. As shown in 
reference [12], σ B,1

μν can be efficiently calculated in LAMMPS by ap-
plying an affine deformation to the atomic coordinates and recal-
culating the forces in the normal way. An explicit box deformation 
is not required, which eliminates the need for parallel communica-
tion, as well as eliminating any dependence on periodic boundary 
conditions.

This method allows the computation of elastic constants for 
arbitrary complex potential interactions without the need for ad-
ditional code. This comes at the price of increased computational 
cost. The implementation of the numerical derivative in Eq. (8)
uses a 3-point centered difference scheme. This requires the com-
putation of two additional sets of forces for each of the 6 strain 
directions. This can make the computation longer than using the 
analytical derivative method. Concerning the implementation, the
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compute born/matrix command handles the entire calcula-
tion, but it must be provided with a specific instance of the virial 
stress computation from LAMMPS. Details can be found in the 
command documentation.

In the next section, both methods will be compared for a sim-
ple Lennard-Jones system crystal. As will be shown, they both 
agree with one another and with standard direct deformation sim-
ulations for the computation of elastic constants. For bond angle 
and dihedral angle potential terms, we will show with a simple 
polyethylene crystal model that both methods also give the same 
results, which provides a stringent validation of the implementa-
tions. Finally we will show how the numerical derivative method 
compares with the explicit deformation method for a cubic crystal 
with more complex manybody potentials, including the MEAM and 
ADP potentials for copper and the Stilling-Weber potential for sili-
con, and for a wurtzite structure of zinc oxide using a Tersoff-style 
potential.

3. Results and discussion

3.1. General procedure

In the subsequent sections, the simulation procedure is as fol-
lows, except where stated otherwise. The atomic system is gen-
erated in a cubic crystalline configuration. Before any production 
simulation, the system is equilibrated in the anisotropic NPT en-
semble at 0.1 MPa using a Nose-Hoover chain thermostat and 
anisotropic barostat with 10 chain particles each and with respec-
tive coupling constants τT = 100 fs and τP = 1000 fs. We set the 
timestep to dt = 1 fs. The thermostat settings for all subsequent 
simulations in the NVT ensemble are the same as for the NPT 
ensemble. The temperature of the simulations depends on the sim-
ulated material.

A first NPT equilibration phase of 100 ps is performed followed 
by an NPT acquisition phase of 1 ns. During the acquisition phase, 
the running average of the volume 〈V 〉 is computed using volume 
on every timestep. At the end, the shape of the box is set as a cube 
of length lO = 3

√〈V 〉. This system is the reference system for both 
the numerical derivative method and the stress-stress fluctuation 
computation.

From then on, the stress tensor and Born matrix are sampled in 
a 1 ns long NVT simulation, using either the analytical (if possible) 
or numerical derivative methods. The running average of the Born 
matrix is sampled every timestep on the fly. For numerical stabil-
ity, the fluctuation term (second term of Eq. (2)) is not computed 
on the fly but at the end of the simulation. The instantaneous value 
on every timestep is used to compute the covariance terms.

For the direct deformation simulations, the procedure is the 
same as in previous work [4] but a series of NVT simulations are 
performed with two kinds of deformation applied to the simula-
tion cell

• For uniaxial strains, the box is deformed by changing the x-
dimension to lx = ξ l0x .

• For shear strains, the box is deformed by displacing the period 
lattice vector initially aligned with in the y-direction by xy =
ξ l0x .

In the case of uniaxial strains, ξ values range from −0.005 to 0.005
with a step of 0.001 are used. For the shear strains, only the posi-
tive values of ξ are used. In both cases, ξ is the strain value. Each 
NVT simulation of the deformed boxes begins with an equilibra-
tion phase of 100 ps followed by an acquisition phase of 1 ns.
3

Fig. 1. Stress strain curve of the Argon crystal at 60 K with regard to their respective 
strain. σ11 and σ22 are plotted with regard to ε11 while σ12 is plotted with regard 
to ε12.

Table 1
Anisotropic elastic constants [GPa] for argon crystal computed from the 3 differ-
ent methods at 60 K. In the case of direct deformation, the error bar is taken as 
the square root of the variance of the estimated parameters. In the case of stress 
fluctuation, it is the standard error from the 3 symmetrical values of the C matrix.

Deformation Analytical Numerical

C11 2.19 ± 0.03 2.21 ± 0.01 2.23 ± 0.01
C12 1.22 ± 0.02 1.23 ± 0.01 1.22 ± 0.01
C44 1.37 ± 0.02 1.42 ± 0.01 1.41 ± 0.01

3.2. Lennard-Jones argon crystal

The first model is an argon FCC crystal. The objective of this 
section is to show that the direct deformation, the analytical, 
and the numerical stress fluctuation methods all give statistically 
equivalent for a simple reference model. The simulation cell is a 
5 × 5 × 5 unit cell structure (500 atoms) with an initial lattice con-
stant of 0.5392 nm. The atomic mass is set to 39.95 g mol−1, and 
the atoms interact through a Lennard-Jones potential with param-
eters ε = 119.8kB and σ = 0.3405 nm. The cutoff distance is set to 
1.2 nm. The simulations are performed at a temperature T = 60 K. 
Due to the cubic symmetry of the FCC crystal structure, there are 
only three independent values in the C tensor: C11, C12 and C44.

After NPT equilibration, the average box length is 2.7047 nm
which is equivalent to a crystal lattice of 0.5409 nm. All three 
dimensions of the simulation box are then resized to this av-
erage length for NVT simulations. The average pressure mea-
sured in the reference configuration in the NVT ensemble is P =
−0.0453 MPa ± 1.76, where the error estimate is the standard de-
viation about the mean. As described, the system is then on the 
one hand subjected to direct deformation simulation, and on the 
other hand simulated in the NVT ensemble to compute the elastic 
constants directly. A plot of the stress values σ11, σ22 and σ12 with 
regard to strain is shown in Fig. 1 and the results of all methods 
are given in Table 1.

The agreement of the three methods is within the error-bars in 
all cases.
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Table 2
Anisotropic elastic constants [GPa] for polyethylene crystal at 300 K computed with 
three different methods. Due to the anisotropy of the C tensor, no error-bar is 
provided for the stress-fluctuation computations, but the agreement between the 
method is comparable to the case of Argon. Also note the high error from direct 
deformation involving stress along z axis.

Deformation Analytical Numerical

C11 6.32 ± 0.17 8.54 8.40
C22 6.08 ± 0.15 8.05 7.91
C33 172 ± 1.04 163.92 163.64
C12 5.85 ± 0.15 6.77 6.72
C13 4.12 ± 0.53 5.66 5.70
C23 4.51 ± 0.58 5.69 5.73

We also performed the computation of the elastic constants 
in the NVE ensemble using analytical stress-fluctuations. The re-
sults obtained are C11 = 2.59 ± 0.01, C12 = 1.61 ± 0.01 and C44 =
1.43 ±0.01. The difference of 0.40 GPa with the C11 and C12 values 
from the NVT ensemble is close to the estimated value of 0.45 GPa
estimated by Hoover et al. [13] and the value computed from the 
experimental results of Dobbs and Go [4,14].

3.3. Molecular terms

Molecular forcefields can include terms involving multiple 
bonded consecutive atoms (or three atoms all bonded to a fourth 
one in the case of improper angles). In these cases the potential 
energy and the forces are generally some functions depending on 
the bonds angle or dihedral angle. Following Lutsko, Van Workum 
et al. [7,8] gave analytical derivations of the elastic constant con-
tribution based only on the atoms coordinates at a given time. 
As for pair interactions (bonded and non-bonded), the analytical 
derivation must be done for every potential form.

In the following, we use a molecular system of crystalline 
polyethylene with the OPLS [15] united atom (OPLS-UA) model, as 
defined by the Moltemplate software [16]. Our interest is in as-
sessing the validity of the approach for molecular systems, rather 
than accurately describing the mechanical properties of the ma-
terial. The use of OPLS-UA and long alkane molecules combines 
simple analytical forms with simple and documented molecular 
behavior. The system is composed of periodic molecules along the 
z-axis, where C H2 groups are represented through united atoms. 
The initial configuration uses cell coordinates from Bunn [17,18]
with 5 × 7 × 25 cells respectively along the x, y and z axes, for a 
total of 3500 particles (the final system is made of 70 molecules 
each composed of 50 atoms).

The molecular structure of crystalline polyethylene has an or-
thorhombic symmetry and the cell axes are aligned with the Carte-
sian frame. As such, 9 Cij values are independent: C11, C22, C33, 
C12, C13, C23, C44, C55, and C66. It is known that, without proper 
optimization, united atoms models have lower shear responses 
than all-atoms models and experimental values [19,20]. They also 
exhibit unexpected rotator phases at relatively low temperature in 
alkane crystals [21]. A more problematic behavior is an unphysical 
displacement of the molecules along the c-axis during the simula-
tions. While the crystalline structure is preserved with the periodic 
boundary conditions, this unrealistic behavior can affect the sim-
ulation results, especially the stress tensor, and this behavior can 
be enhanced or lowered by strains. For simplicity, we limit our 
comparison to the C11, C22, C33, C12, C13 and C23 terms, while 
omitting C44, C55, and C66. The results are presented in Table 2.

As mentioned, united atoms potentials are softer compared to 
all-atom potentials. This results in computed values systematically 
lower than experimental estimations [22]. But the order of mag-
nitude of the results is in agreement with similar work using 
comparable potentials as well as the discrepancy between direct 
deformation computation and stress-stress fluctuations [18]. The 
4

Table 3
Anisotropic elastic constants from copper crystals [GPa]computed at 300 K and sili-
con crystals at 1477 K. Note that the discrepancy between silicon experimental and 
computed elastic constants is the same as found by Kluge and Ray [26].

Deformation Numerical Experimental

Cu (ADP) C11 165.76 ± 0.31 164.72 ± 0.03 168.40 [28]
C12 121.51 ± 0.32 120.63 ± 0.05 121.40
C44 71.82 ± 0.26 71.81 ± 0.01 75.40

Cu (MEAM) C11 164.05 ± 0.42 162.82 ± 0.06 —
C12 114.49 ± 0.34 114.09 ± 0.05 —
C44 69.82 ± 0.59 68.96 ± 0.04 —

Si (SW) C11 134.56 ± 0.24 132.98 ± 0.04 148.0 [26]
C12 74.76 ± 0.25 73.81 ± 0.03 57.5
C44 46.03 ± 0.28 43.24 ± 1.21 70.0

expected symmetry is also retrieved. Yet, a non zero displace-
ment is also seen along the molecules axis during simulations, 
which can affect results of both methods in different magnitude. 
For such systems, the use of a more accurate, but more complex 
potential would compare significantly better with experimental es-
timations [23].

3.4. Many body potentials

The numerical derivative technique becomes very useful to use 
with many body potentials. Indeed, these potentials take into ac-
count local structures surrounding atoms be it through additional 
angular forces, embedded energy or magnetic terms. While pos-
sible if needed, the analytical derivation of Born matrix for such 
potential can become complicated to derive and implement in a 
generic way in a simulation code. As shown by Zhen and Chu [12], 
the numerical derivative method provides an elegant workaround 
which, as shown for Lennard-Jones crystal, gives similar results 
with regard to the analytical derivation.

We tested two different copper potentials using different ana-
lytical forms, MEAM [24] and ADP [25], as well as the standard 
Stillinger-Weber potential for Si crystals [26]. The simulation pro-
cess is the same as described in previous sections. The results 
are given in Table 3. The potentials were provided through the 
OpenKim interface [27].

This example shows the reliability of the method at higher 
temperature using complex potentials. While analytical derivations 
are not available for the more elaborated models, the numerical 
derivative methods implemented offers a good replacement.

As a final example, we present the case of zinc oxide (ZnO) 
in the wurtzite structure. The wurtzite structure has a hexagonal 
primitive cell of 4 atoms whose parameters are a = b = 0.324 nm, 
c = 0.522 nm, α = β = 90◦ and γ = 120◦ . The resulting mate-
rial has six independent elastic constant, which are C11 = C22, C33, 
C12, C13 = C23, C44 = C55 and C66. The simulation box x axis was 
aligned along the cell’s [100] axis and the box z axis along the cel-
l’s [001] axis. This makes the box y axis aligned with the [120] 
direction. An initial structure was made from the primitive hexag-
onal cell reproduced 10 times along the x axis and along the y 
axis and 5 times along the z axis. The resulting final system is a 
simulation box containing 2000 atoms and is transformed in an 
orthorombic box of dimensions lx = 3.2285 nm, l y = 2.7959 nm
and lz = 2.6357 nm. The model used is a modified Tersoff-style 
bond-order potential by Albe et al. [29] and adapted to zinc ox-
ide by Erhart et al. [30]. Again, the potential was obtained through 
the OpenKim interface [27]. Due to the higher number of inde-
pendent elastic constants, we made a full series of deformations 
along the three axes of the simulation box and along the three 
shear directions to get the full elastic constant tensor and we also 
computed the values using our stress fluctuation implementation. 
The simulation cell was equilibrated and deformed as described 
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Table 4
Anisotropic elastic constants from wurtzite [GPa] computed at 300 K. The error bars 
are standard error to the mean from 3 different simulations sets.

Exp [32] Erhart et al. [30] Deformation Numerical

C11 207 212 198.90 ± 0.06 197.5 ± 1.0
C33 210 219 208.33 ± 0.05 206.4 ± 1.8
C12 121 116 140.46 ± 0.03 139.3 ± 0.6
C13 106 109 132.46 ± 0.06 132.1 ± 1.2
C44 43 43 27.08 ± 0.05 26.0 ± 0.4
C66 45 48 29.71 ± 0.03 28.0 ± 1.1

in Section 3.2, but at 300 K and 0.1 MPa with anisotropic barostat 
along the three x, y and z axes for NPT equilibration. For the stress-
fluctuation procedure, a 1 ns acquisition run resulted in some dis-
crepancies of 6 to 10 GPa in the results compared with deforma-
tions. A longer 2 ns acquisition was performed to allow for better 
convergence in the stress covariance term without computing the 
Born values. This is because as stated by Zhen et al. [12] the Born 
term converges much faster than the stress covariance. This means 
that after Born term convergence, which is computationally expen-
sive, the simulations can be run longer independently, computing 
only the virial stress as needed. The results are presented in Ta-
ble 4. It is worth noting that the elastic constants from Ref [30]
were computed using molecular statics from equilibrium configu-
rations [31] at zero temperature for both wurtzite and zincblende 
structures. But, since the potential was fitted using experimental 
values measured at room temperature [32], we can expect sig-
nificant differences when using it to compute finite temperature 
elastic constant through molecular dynamics. This is actually the 
case but we found again a remarkable agreement between our de-
formation simulations and the stress-fluctuation computation. The 
values order is also the same as expected from Erhart’s et al. com-
ments regarding their fit with regard to the elastic response of the 
material (C33 > C11 but C13 < C12). This shows the applicability 
of the method to non orthogonal crystal structures but, unfortu-
nately, that this model of ZnO might not be suited for quantitative 
elastic constant computation through finite temperature molecular 
dynamics.

As a last note, to give a general idea of the gain in term of 
computation time, in the case of ZnO, the 2 ns long simulations 
of were 1 h 38 min long, while each of the three uniaxial strain 
deformation were 1 h 50 min long on average and the three shear 
strains 50 min long on average. All the simulations were carried 
on similar nodes using 32 processors.

4. Conclusion

The previous examples show the agreement between LAMMPS 
integration of the stress-fluctuation and the typical direct deforma-
tion methods for the computation of the elastic constant of both 
atomic and molecular solids. It is also demonstrated that the an-
alytical derivation and numerical derivative methods yield similar 
results in all possible cases. Yet some limitations are still to be con-
sidered. First, the current implementation only takes into account 
the analytical derivation presented in the literature, that is pair 
interaction, bond angles and dihedral angles. Long-range coulom-
bic interaction and improper dihedral angles contributions are not 
yet implemented. Also only a limited amount of forcefields have 
their derivations implemented, but apart from the case of complex 
non-bonded potentials (such as AIREBO, ADP, MEAM or SW), the 
implementation of the derivations are straightforward and is an 
ongoing process. It is to be noted that, as the analytical derivations 
exist in the literature for example for AIREBO [7] and MEAM [33], 
the problem is essentially to insure accurate and fast implementa-
tion of such potentials, which might not use standard computation 
algorithms. Plus, while the numerical derivative method can com-
5

pensate the lack of analytical derivation, this comes with a severe 
cost in term of computation time. Indeed, the numerical deriva-
tive requires the computation of forces 12 times per evaluation (2 
times for each of the 6 elementary strain directions). This resulted 
in a relative increase of 38% and 147% of the computation time in 
the argon and the polyethylene cases respectively.

We can also consider several follow-up for this work, enabled 
by the current implementation. For example, the methods could be 
extended to compute separate atomic contributions, which would 
be of interest to study heterogeneous or glassy systems local me-
chanical properties. One could also think about extensions of the 
formalism to the other ensembles such as the NPT ensemble as 
suggested by Lips and Maas [34].
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