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This study investigated the understanding of a statistical paradox, namely Simpson's paradox, among 18 in-service teachers in a mathematics teacher development program in Norway. The study employed a thematic analysis approach and identified four themes among the participants: critical understanding, consistent non-critical understanding, limited understanding, and idiosyncratic understanding. The in-service teachers tend to have difficulties in recognizing and explaining Simpson's paradox.

Introduction

In many fields, it is necessary to combine data sets to achieve a large enough sample size for robust analysis or to assume a normal distribution [START_REF] Cohen | Guarding against Simpson's paradox when combining data sets[END_REF]. However, the process of data aggregation may increase the potential of introducing hidden and confounding variables (factors), which can lead to the appearance of Simpson's paradox. This is a phenomenon in which two sets of data that individually support a certain hypothesis, when combined, support the opposite hypothesis [START_REF] Simpson | The interpretation of interaction in contingency tables[END_REF]. Hence, it is a reversal of an association between two variables after a third variable, a confounding factor, is considered [START_REF] Schield | Statistical literacy: Thinking critically about statistics[END_REF]. There exist numerous ways of explaining Simpson's paradox (see [START_REF] Simpson | The interpretation of interaction in contingency tables[END_REF], [START_REF] Schield | Statistical literacy: Thinking critically about statistics[END_REF], and [START_REF] Cohen | Guarding against Simpson's paradox when combining data sets[END_REF]), but in this paper, we will first provide a simple arithmetic approach based on the explanation given by [START_REF] Havil | Impossible? Surprising Solutions to Counterintuitive Conundrums[END_REF]. For positive integers, if Consider another example where a study is conducted on the salaries of engineers and teachers, broken down by gender. The sample consists of 20 male and 5 female engineers, and 15 male and 10 female teachers. If male engineers have an average salary of 800,000 NOK (Norwegian krone), while female engineers have an average salary of 860,000 NOK. Male teachers have an average salary of 400,000 NOK, and female teachers have an average salary of 430,000 NOK. The overall average for men is 628,571 NOK, and for women, it is 573,333 NOK. We see that female engineers and teachers earn on average more than their male counterparts. However, when looking at the overall gender average, men earn more than women. The reason is that there are proportionally more men than women who are engineers in the sample.

Understanding and being aware of this statistical "paradox" is essential for correctly interpreting the data and avoiding incorrect conclusions [START_REF] Cohen | Guarding against Simpson's paradox when combining data sets[END_REF]. Further, [START_REF] Lee | Probability education for preparation of mathematics teachers using paradoxes[END_REF] discusses that working on paradox resolutions will sharpen a student-teacher's sensitivity to mathematical loopholes, mistakes, inaccuracies, and to the crucial role of error detection. In addition, [START_REF] Schield | Statistical literacy: Thinking critically about statistics[END_REF] highlights the importance of developing the ability to read and interpret statistical data, and the ability to think critically about statistics. This is a competency which [START_REF] Schield | Statistical literacy: Thinking critically about statistics[END_REF] links to statistical literacy and will help statistical literate students to detect Simpson's paradox by detecting the confounding factor. Moreover, [START_REF] Schield | Statistical Literacy: Simpson's Paradox and Covid Deaths[END_REF] emphasizes the need for students to not only identify and explain Simpson's paradox but also to analyse the data, address the problem, and provide a straightforward explanation using common language [START_REF] Schield | Statistical Literacy: Simpson's Paradox and Covid Deaths[END_REF].

In the last decade, there has been a stronger emphasis on teaching statistics and critical reasoning related to statistical data in Norwegian schools. In the curriculum reform of 2020, the interdisciplinary theme 'democracy and citizenship' is about giving students the competence to explore and analyse findings from real data sets and numerical materials from nature, society, work life, and everyday life (Ministry of Education and Research, 2019). Such competence is important to be able to formulate one's own arguments and participate in the public debate (Ministry of Education and Research, 2019, p. 4).

The purpose of this paper is to better understand the in-service teacher's ability to explain one variant of Simpson's paradox. Through a given context, we used a qualitative approach of thematic analysis to explore the process by which in-service teachers explain Simpson's paradox through written artifacts. This study was guided by the following research question: How do in-service teachers explain Simpson's paradox?

Method Participants

The participants in this qualitative study consist of a class of in-service teachers from different regions of Norway taking part in a teacher development program in mathematics (𝑁 = 18). The aim of the teacher development program is to provide the in-service teachers with the necessary qualifications to teach mathematics in the Norwegian school system for grades 5-10 (ages 10 to 16). One of the main topics of the program is statistics, which is part of a two-day seminar. The participants learn about statistical surveys and graphical representation of data, and critically evaluate different ways of presenting statistical data.

The study participants comprised an equal number of male and female individuals, ranging in age from 25 to 55 years. Additionally, their education and experience in mathematics spanned from high school level to completing some courses at the university. Furthermore, the participants had varying levels of experience in teaching mathematics, ranging from none to twenty years.

Data collection

We gave the participants a case that illustrates the paradox. Each participant received a written description of the case on a paper and were given a time limit of approximately 15 minutes to produce individually a written artifact. This artifact could be a written analysis, explanation, or reflection of the case. The written artifacts were collected and served as the tool for the researchers to describe the participants' understanding and ability to analyse the given case. Moreover, all the participants answered anonymously.

The case

The case is based on a medical survey conducted by [START_REF] Charig | Comparison of treatment of renal calculi by open surgery, percutaneous nephrolithotomy, and extracorporeal shockwave lithotripsy[END_REF] and compares the success rate for two treatments for kidney stones. Table 1 presents the success rates and number of treatments for both small and large kidney stones, for two different treatments (Treatment A and Treatment B)1 . We informed the participants that Treatment A is better for both small and large kidney stones, but overall, Treatment B is better. We asked the participants to explain why Treatment B, in overall, is better than Treatment A. Because there are an equal number of patients in both treatments (350), it is enough to consider the number of cured patients. There are more cured patients with small kidney stones receiving Treatment B ( 234), and thus more successful outcomes. Hence, this leads to a higher overall success rate for Treatment B ( ).

Data analysis

To establish a trustworthy thematic analysis of this study, we thoroughly followed the six-phase steps outlined by [START_REF] Nowell | Thematic Analysis: Striving to Meet the Trustworthiness Criteria[END_REF]. During the first two phases, both authors familiarized themselves with the written artifacts, and independently analysed the written artifacts using an open-coding approach. This was done to generate initial codes and ensure that our subjective opinions would not interfere with one another. Afterward, we collectively analysed the initial codes, resulting in the modification of the initial codes (as seen in Table 2). Common codes were combined and rarely used codes were removed.

During phase three, we adopted a deductive approach to sorting and collating the relevant coded data extracts into themes. To guide this process, we conducted a literature review in the field of statistical literacy. This allowed us to create an overview of previous work and identify a suitable framework for categorization. [START_REF] Watson | Statistical literacy: A complex hierarchical construct[END_REF] presents a six-level hierarchy of statistical literacy constructs, which represents an evolution from idiosyncratic to critical. Further, Sharma (2017) presents a four-stage framework to diagnose students' thinking in statistical literacy. In addition to our own coding process, our development of themes was influenced by these frameworks. This led us to a four-theme framework (pre-structural/idiosyncratic, limited, consistent non-critical, and critical understanding).

At the fourth phase, we conducted a refinement of the devised themes. According to [START_REF] Nowell | Thematic Analysis: Striving to Meet the Trustworthiness Criteria[END_REF], this phase includes review of the coded data extracts for each theme to consider whether they appear to form a coherent pattern. Further, the validity of individual themes was thoroughly considered to determine whether the themes accurately reflect the meanings evident in the data set as a whole (Nowell et al., 2017, p. 9). Moreover, in the fifth phase, we wrote a detailed analysis for each theme, considering how each theme fit into the overall story about the data set in relation to the research question. To ensure the accuracy and credibility of the findings, meetings between both authors were held to discuss each of the themes and expose any unspoken aspects of the data. The process of peer debriefing during these meetings helped expose any aspects of the research that might otherwise have remained unspoken. Both authors shared their personal insights into the research findings to ensure that all aspects of the data were thoroughly analysed. The themes were not considered final until the data had been read through and the coding was scrutinized by both authors to ensure the credibility of the findings. This led us to the final phase, which include the final analysis and the production of this paper.

It is important to note that the themes and findings presented in this paper are the authors' translations and interpretations of the data originally written in Norwegian. The six-phase thematic analysis process described in [START_REF] Nowell | Thematic Analysis: Striving to Meet the Trustworthiness Criteria[END_REF] was carefully followed to ensure accuracy and credibility, but ultimately, the themes and conclusions are based on the authors' subjective analysis of the written artifacts. The boundaries between the themes are not rigid and are meant to provide a way of describing the major findings. Table 2 presents our four-theme framework. 

Findings and discussion

We present our findings based on the four-theme framework outlined in table 2. We provide examples for each theme and highlight the key aspects of the participants' reasoning, starting with those participants whose answers demonstrate a critical understanding of the paradox.

Critical understanding

According to our categorization, two answers were found to demonstrate critical understanding of the paradox. Both show to have a deep, critical, and reflective understanding, and can identify underlying causes. One participant, for instance, provides a critical analysis of the results, stating that because Treatment B on small kidney stones has 1) substantial number of treated patients and 2) there is a high percentage of these that are treated successfully, it will increase the average and will compensate for Treatment B on large kidney stones. Similarly, the treatment of large kidney stones using Treatment A will lower the average success rate.

This answer demonstrates a deep understanding of the underlying causes of the paradox by highlighting two major factors that affect the overall success rate in favour of Treatment B. The participant acknowledges the high number of treated patients with Treatment B for small kidney stones, and the high success rate of this treatment. Hence, both contribute to the increase of the overall success rate. This shows us that this participant seems to have a well-developed ability to read and interpret statistical data, and the ability to think critically about statistics, which Schields (1999) links to statistical literacy.

The other participant also has a similar perspective, pointing out that treatment B for small kidney stones has a substantial number of patients ( 234) and a success rate of 87%, which highlights the confounding factor. The participant then contrasts this factor with treatments A and B for large kidney stones, which have a lower success rate, saying:

The sample of patients with small kidney stones treated with B is substantial and has a relatively high success rate of 87%, which is higher than the success rates of treatments A and B for large kidney stones. Despite having lower success rates for large kidney stones, the larger number of patients treated with this relatively successful treatment will increase the overall success rate.

It is important to note that neither of these participants saw the need to calculate the overall mean for both treatments. However, they both recognized the importance of highlighting the confounding factor that is affecting the results, i.e., the substantial number of patients treated with Treatment B for small kidney stones and their relatively high success rate of 87%. This demonstrates a deep understanding of the underlying causes of the paradox, without relying solely on mathematical calculations (in accordance with [START_REF] Lee | Probability education for preparation of mathematics teachers using paradoxes[END_REF]).

Consistent non-critical understanding

Five participants showed a consistent non-critical understanding of Simpson's paradox. A common feature of the answers is the emphasis on the difference in the sample size for small and large kidney stones for both treatments. The reasoning is on the right track but may lack a clear explanation of why this is important for the overall mean. For example, one participant correctly calculates the overall mean and presents the correct calculations, which [START_REF] Watson | Statistical literacy: A complex hierarchical construct[END_REF] describes as "statistical skills associated with the mean" (Sharma, 2017, p. 123). This might lead one to believe that the participant is able to apply this knowledge in other contexts. The participant further argues that:

Treatment A has the best success rate for small kidney stones, with a relatively small sample, and a lower success rate for large kidney stones with a higher sample size. The opposite is true for Treatment B. In total, Treatment A has a 78% success

( 81+192 87+263
), and Treatment B has 82%

( 234+53 270+80
).

Although the statement is somewhat unclear and imprecise, it is possible that the participant fully understands the paradox but may lack the knowledge of how to express it clearly. Another participant also argued in a similar way by calculating the overall mean correctly. However, we believe that the argumentation is not precise enough, saying:

Because there are more patients that are treated successfully with Treatment B, .

Treatment B has less patients with large kidney stones and less success rate, and many more patients with small kidney stones and very high success rate. The opposite is true for Treatment A.

Additionally, even though these answers are categorized as having "consistent non-critical" understanding, it is reasonable to believe that these participants have some level of critical thinking towards the case and the paradox. This may not be clear in the written artifacts because the participant may not see the necessity of stating the obvious. Further, the boundaries between the themes are not rigid, and some answers may fall between two themes. For instance, the following participant shows the ability to calculate the overall mean (with a careless error, writing 360 instead of 350 regarding the fraction 373 360

).

In overall, Treatment A is favourable in There are reasons to believe that this participant understands the meaning of the total success rate but may lack the ability to further interpret the case and highlight the confounding factor. Thus, their understanding can also be considered as limited.

Limited understanding

Eight participants showed limited understanding of Simpson's paradox. The participants tend to calculate the overall success rates for both treatments and uses this information to support their argument without examining specific factors causing the paradox. They tend to focus on the overall results rather than delving deeper into the specific factors behind the paradox. Some participants also made arithmetic errors in their calculations. For instance, as shown in Figure 1, a participant gives an argument by circling around the 'proof' without considering the specific success rate for small kidney stones that is responsible for the reversal. Also notice the arithmetic error in calculation of the total amount of treated in Treatment A ( ). Pre-structural/idiosyncratic understanding Three of the participants showed an idiosyncratic understanding, where the reasoning reflects personal beliefs or biases. They tend to highlight irrelevant possibilities. For instance, the following participant shows a similar way of reasoning:

It is not a better treatment (referring to Treatment B), but for some reasons Treatment B is preferred. Price? Availability? Risk factor? The number of cured will still be higher Treatment B compared to Treatment A.

This way of reasoning is what Sharma (2017) categorizes as "reflecting intuitive non-statistical ideas and beliefs" (Sharma, 2017, p. 125), i.e., the participant highlights price, availability, and risk factor.

Conclusion

In conclusion, this study aimed to explore the in-service teachers' understanding of Simpson's paradox and its importance in teaching critical reasoning skills. Through a thematic analysis approach, a fourtheme framework was developed. Our study indicated that the participants had varying levels of understanding, ranging from critical to limited and pre-structural/idiosyncratic. Our data indicate the need for mathematical teacher development programs to include statistical paradoxes.

Limitations of the study include the small sample size and time constraints, i.e., the time limit the participants got to answer the case. Moreover, the data analysing relies only on the written artifacts.

It could be in interest to dive deeper into the participants reasoning by conducting interviews. Further research is necessary to investigate these limitations and develop strategies to enhance teacher's understanding of statistical paradoxes and critical reasoning skills. This could be done by studying the connection between statistical literacy and understanding of different statistical paradoxes. Moreover, it is of interest to investigate how the in-service teachers will apply such statistical paradoxes in their classrooms regarding critical reasoning related to statistical data.

Figure 1 :

 1 Figure 1: A participant's reasoning by circling around the "proof" (translated)

Table 1 : The success rates for Treatment A and Treatment B for both small and large kidney stones

 1 

	Treatment A	Treatment B

Table 2 : The four-theme framework with the describing codes In-service teacher's understanding of Simpson's paradox Codes Explanation

 2 

	Pre-structural/	idiosyncratic	Idiosyncratic Personal beliefs/biases explanation	Idiosyncratic explanation, reflecting personal beliefs or biases. Highlighting irrelevant possibilities and lack of competence to calculate the total mean.
			Correct calculation of	Correct calculation of the total mean, but incomplete or incorrect reasoning.
	Limited		the total mean Incomplete/ incorrect	The participant may have careless errors. They can point out different numbers of observations, but they may not be
			reasoning	relevant, or they may be incorrect.
	consistent	non-critical	Sees clearly, cannot explain exactly Does not highlight the essential	Ability to clearly see the underlying causes, but unable to explain it exactly. Points out differences in the samples for small and large kidney stones for Treatments A and B but is not precise about why this is crucial for the overall mean.

Treatment A includes open surgical procedures and Treatment B includes closed surgical procedures.
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