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Though many students do not seem to be aware that generality is one major norm for mathematical proofs, only a few studies focus on the understanding of generality, especially in the context of example-based visual proofs. In this article we want to show that this understanding is a pretty complex construct. By analysing one small group discussion of first year students in primary school education, we show that this understanding might differ not only inter-but also intrapersonally. As different levels of understanding seem to stay latent during discussion for the students themselves, we discuss possible implications of that for the instructional framing of such discussions.

Introduction

There are many studies focussing on if and how learners of the proving activity know about the norm that a proof should prove the claim in general for all instances of the premise and that checking particular examples is not sufficient. Over half of the 101 prospective primary school teachers in the study of [START_REF] Martin | Proof frames of preservice elementary teachers[END_REF] considered empirical arguments as valid proofs. In the study of [START_REF] Healy | A study of proof conceptions in algebra[END_REF] most students provided empirical arguments in their own proof attempts. What is remarkable is that only 2-3% of those students said, when provided with an empirical argument, that this would get the best mark in an examination. So, though they were not able to apply this norm appropriately they seemed to have a knowledge of it. [START_REF] Chazan | High school geometry students' justification for their views of empirical evidence and mathematical proof[END_REF] and [START_REF] Knuth | Secondary school mathematics teachers' conceptions of proof[END_REF] also pointed out that the question is not only about knowing but more about the individual understanding of the norm of generality. Part of their interviewees were convinced that though given a correct deductive proof, counterexamples could still exist. Furthermore, in the study of Chazan, several students were not able to see the genericity in an example-based proof in geometry. That a better understanding of the genericity of given proof attempts can be fostered was shown by [START_REF] Kempen | Investigating the Difference between Generic Proofs and Purely Empirical Verifications[END_REF]. Through his intervention significantly more students were able to distinguish between purely empirical and generic proofs. There are, to our knowledge, no studies so far focusing on a deeper analysis of the understanding of genericity in the context of example-based proofs. In the following we discuss different aspects derived from literature that might help to analyze the understanding of genericity in more detail. We then use this framework to analyze one small group discussion of first year primary education students about given proof attempts to answer the following research question: "How does the understanding of genericity develop during the discussion of example-based visual proof attempts?". As we are interested in the communication process, we are interpreting only what is communicated in that process being aware that the actual understanding of the individuals might not be fully captured by that.

Theoretical Framework

By visual proof we mean a proof which is using visual representations to provide evidence for the validity of a mathematical claim. This can be given by a generic example, which [START_REF] Mason | Generic examples: Seeing the general in the particular[END_REF] define as particular but non-specific representations of a class of objects and distinguish this from a general representation that stands for the whole class. We call a proof (attempt) based on a particular representation an example-based proof (attempt) and mark by the term generic if it is successful in communicating the generality of the argument. [START_REF] Mason | Generic examples: Seeing the general in the particular[END_REF] provide a definition of genericity focussing on an aspect we would call nonspecificity in terms of the properties of the example used: "The generic proof, although given in terms of a particular number, nowhere relies on any specific properties of that number" (Mason & Pimm, 1984, p. 284). [START_REF] Yopp | When does an argument use a generic example?[END_REF] elaborate this aspect further by stressing the argumentative relevance of the specific properties the example might have. For them to check the genericity of an example-based proof attempt, one needs to check, if the specific features of the example used in the argument are all given by the premise or follow from those features. In our framework we interpret specificity in a broader sense as the focus on specific features of given examples when dealing with the question of genericity in example-based proof attempts.

We follow [START_REF] Balacheff | A study of students' proving processes at the junior high school level[END_REF] distinction between "generic example" (Balacheff, 1988, p. 2) and "naïve empiricism" to differentiate this aspect further. He uses the term "generic example" to describe a certain level of understanding of the role of an example in a proving context. At that level "the example is viewed not as a particular case but as a representative of a class of objects" (Balacheff, 1988, p. 2) in contrast to the level of "naïve empiricism" (Balacheff, 1988, p. 5) where students see "mere observation" (Balacheff, 1988, p. 5) on single examples as sufficient evidence for the validity of a (general) mathematical claim. Understood as sub-aspects of specificity we call these levels in our framework singular specificity where an example and its properties are seen as a singular instance and classificatory specificity there they are seen as a representative of a class of objects. [START_REF] Biehler | Didaktisch orientierte Beweiskonzepte-Eine Analyse zur mathematikdidaktischen Ideenentwicklung [Didactically orientated proof conceptionsan analysis of the development of ideas in the didactics of mathematics[END_REF] in their definition of a generic proof focus more on an aspect we would call transferability. For them an example-based proof attempt is generic if the operations performed on the particular example are generalizable. In our study we are providing a prompt focusing on that aspect by asking to transfer the proof attempt to another particular instance of the premise. As this is a checking on the basis of examples, here again we can distinguish between seeing this as a single example (empirical transferability) or as a generic example for the transferability (general transferability).

Most authors ask for a verbal explication in a visual proof explicating the genericity of the visual representation (see e.g., [START_REF] Biehler | Didaktisch orientierte Beweiskonzepte-Eine Analyse zur mathematikdidaktischen Ideenentwicklung [Didactically orientated proof conceptionsan analysis of the development of ideas in the didactics of mathematics[END_REF]). In the understanding of the genericity of a given proof attempt we therefore distinguish between the genericity of the visual representation and the genericity expressed in the verbal explanation.

Another distinction is motivated from empirical results pointing out that learners often rely on surface features when checking the validity of a given proof attempt (see e.g. [START_REF] Inglis | Expert and novice approaches to reading mathematical proofs[END_REF][START_REF] Selden | Validations of proofs considered as texts: Can undergraduates tell whether an argument proves a theorem[END_REF][START_REF] Sommerhoff | Acceptance criteria for validating mathematical proofs used by school students, university students, and mathematicians in the context of teaching[END_REF]. [START_REF] Martin | Proof frames of preservice elementary teachers[END_REF] distinguish between a syntactic proof frame of their students, focussing on ritualistic surface features, and a conceptual proof frame "in which a judgement is made according to causality and the purpose of the argument" (Martin & Harel, 1989, p. 49). In our framework we therefore distinguish between the surface level and argumentative level in the understanding of genericity.

Method

341 first year students in the primary school education program in the winter term 2022 at the TU Dortmund University were asked to discuss different example-based visual proof attempts for the following claim: "If one adds an odd and an even number, the sum is always odd." The proof attempts were constructed so that they violate the norms of generality, completeness, coherence and logical structure on different levels. The instruments were piloted qualitatively with a group of instructors in the education of prospective primary school teachers.

The students followed an introductory lecture on different ways to visually represent the parity of a number and discussing first proof attempts regarding the norms mentioned above. During the following group session three proof attempts were presented and the students were asked to discuss in small groups which proof attempt they considered as the most successful. They were then prompted to focus more on the norm of generality by the following task: "Represent each of the proof attempts for the numbers 2 and 7. Try not to change the way of structuring. For which proof attempts this is easy? There are you encountering difficulties. What does this mean for the quality of the proof?" After discussing the proof attempts in a plenary session, the students were asked to get back to their small group and improve the proof attempts so that they comply with the norms.

The discussions were video recorded and transcribed. In the following we analyse the discussion of one group of three students having a vivid discussion about the generality of the proof attempt in Figure 1 after being prompted as described above. In the analysis we take into account all parts that are focussing on the norm of generality of this proof attempt. The visual representation in this proof attempt is not generic as encircling column by column only leads to the desired result for two consecutive numbers and is therefore not transferable. This kind of structuring cannot be explained only by the specific properties given in the premise. A structuring line by line would work in that case but would, in our understanding, constitute a different proof attempt.

Results

As the prompt intended, the discussion about the genericity of the proof attempt focusses on the specific way of structuring the dots.

179 T3: Ach so, hier habe ich das ein bisschen anders gemacht. Ähm, weil ich habe ja hier einmal zwei Zweierpaare und dann geht das ja weiter und dann habe ich die für mich nochmal anders eingekreist.

Well, here I did this a bit differently. Because here I have two pairs and then it's continuing and then I encircled them differently for me. The discussion starts with a comparison of the specificities of both examples, the presented one and the one with the numbers 2 and 7. T3 starts comparing her process of structuring for the new numbers with the presented way of structuring. At that point the discussion is staying more on a surface level of describing the process. Empirical non-transferability is implicitly communicated, as she's pointing to differences between the two examples. T2 is elaborating this more on a meta-level comparing the products of this process of encircling. The focus is more on the argumentative relevance of the discovered differences. That is leading her to the point of seeing the similarities in the examples that the dots left over always have an odd number. T3 is confirming that this might be a common general principal. As this is still based on the comparison of only two examples, we would interpret this as an empirical understanding of transferability. T2 and T3 collaborate well here with one elaborating further on the aspect of the other and together reaching a consensus about the understanding of the genericity of the given proof attempt. What is also remarkable is that T2 and T3 clearly differentiate between the genericity of the visual representation and of the verbal explanation that is not yet working for both examples.

From turn 294 this group is discussing about the improvement of that proof attempt in terms of generality. In the beginning the discussion stays more on a meta-level and shows on that level an understanding of genericity of general transferability. They also highlight that this is a central criterion of proof for them, as if not fulfilled, the proof attempt is not even improvable. They then get back to the specificities of the examples and conclude that by reformulating them in the sense established before, it could become generally transferable. So, at a concrete level, they are inferring general transferability from empirical transferability. At that point they already show a further developed but still limited understanding of transferability. They are already searching for a way of communicating the generality through the visual representation, but the logical structure of their reasoning does not make sense. In turn 298 they are concluding what they want to see in the picture not from the premise but from the result they want to obtain (that the rest of the dots have an odd number). The understanding of different norms is therefore strongly connected like in that case of generality and logical structure. In the second phase after the plenary discussion, they are discussing about the improvement of this proof attempt on a concrete level:

351 T1: Dass wir einfach "zeilenweise" weglassen und einfach Zweierpaare einkreisen.

That we leave out "column by column" and just encircle pairs of dots.

T3:

Könnten wir das nicht einfach anders strukturieren? Weil so macht das keinen Sinn.

Could we not simply structure that differently? Because like that it does not make sense.

T1:

Aber so bekomme ich immer Zweierpaare.

But like that I always get pairs of dots.

T2:

Was ich komisch finde ist, dass wir erst zeilenweise einkreisen und dann wieder … das macht keinen Sinn.

What is strange for me is, that we first encircle column by column and then again …. That does not make sense.

T3:

Und wenn wir das anders strukturieren? Wenn wir es so machen, dann … And if we structure that differently? If we do it like that, then … 356 T2: Also kreisen wir die Zahlen einzeln ein. So we encircle the numbers separately.

T1:

Tatsächlich könnten wir das kreuz und quer machen, am Ende bekommen wir immer Zweierpaare. Actually, we could do this higgledy-piggledy, in the end we always get pairs of dots.

The whole discussion is focusing more on the aspect of specificity, the transferability is not explicitly communicated. Here two positions can be clearly distinguished. T1 focusses on the verbal representation and claims that describing the structuring in a less specific way would render the whole proof attempt generic. How the structuring is actually done is not relevant for her. She's understanding that the specifics of the result should be classificatory, but she's concluding that from the argumentation based on a single example. So on a surface level, she's understanding specificity in a classificatory way, but on the argumentative level she's still interpreting it in a singular way at the end of the discussion. That is remarkable as she was the one bringing up the aspect of general transferability in the meta-level discussion before. In contrast, T2 and T3 get to a pretty deep understanding of genericity at the end of the discussion. They are focusing on the visual representation and discuss about how to change the structuring. The discussion of reasons for changing it is progressing from a surface level (352) to the argumentative relevance of the way of structuring. They are again collaborating well with T3 making concrete suggestions for structuring and T2 interpreting that on a meta-level. In 354 T2 points to the fact that she does not see any general principle behind the way of structuring and in 356 she's even addressing the fact that the structuring should use the properties of the premise. That shows an even deeper understanding of classificatory specificity that is not just taking the argumentative relevance into account but also structural aspects of proof, there the result should be derived from the premise. Those aspects stay very implicit in that discussion and unfortunately the discussion was interrupted at that point dew to time limitations. So we cannot say if they actually were aware of those aspects on a meta-level or if this stayed a momentary discovery on a very concrete level.

Discussion

Empirical studies on the norm of generality in proofs showed a divergence between the knowledge of that norm and its application in one's own proof attempts (see e.g. [START_REF] Healy | A study of proof conceptions in algebra[END_REF] and a limited and often contradictory understanding of that norm (see e.g. [START_REF] Chazan | High school geometry students' justification for their views of empirical evidence and mathematical proof[END_REF][START_REF] Knuth | Secondary school mathematics teachers' conceptions of proof[END_REF]. The aim of the current study was to analyze this understanding in more detail to better understand there those divergences and contradictions may result from. The framework derived from literature appeared to be suitable to capture the complex inherent structure of the construct of the understanding of genericity in the discussion of example-based proof-attempts.

The analysis showed how strongly intervened the two main aspects of specificity and transferability are in the discussion. The students start by comparing the specificities of two examples for the proof attempt in Figure 1. They gradually develop a deeper understanding of the genericity of that proof attempt, first basing its transferability only on the two examples compared and then questioning its general transferability by changing its specificities in a certain way. The discussion also progresses from the surface level to the argumentative level. In the end of the discussion, part of the students showed a pretty deep understanding of classificatory specificity on an argumentative level, namely that the specific properties of the result should be derived from those of the premise. Those students also proved to be able to distinguish between the genericity of the visual representation and the genericity expressed in the verbal explanation.

The understanding of genericity also seems strongly connected to the understanding of other norms about proofs like completeness and logical structure. To assure themselves of the transferability of the argument, the students tried to fill gaps in the argumentation but with an incorrect logical structure (see turn 298).

Furthermore, the understanding of genericity cannot be seen as a robust construct, as even one person might communicate different aspects and levels of understanding during one discussion. Even though T1 was the person who brought up the aspect of general transferability in the first phase of the discussion, she later sticks to her view of singular specificity. The distinction between surface and argumentative level helped to understand those divergences in more detail. At a surface level T1 seemed to understand the example in a classificatory way, but she did not see that the argumentation itself has to be classificatory.

From the analysis above it cannot be said that a common understanding of genericity was established as the students still differed greatly in their views in the end of the discussion. Deeper ways of the understanding of genericity seemed to stay latent for the students themselves. That might suggest the need of further framing or postprocessing of small group discussion in order to lift the results obtained in the discussion on a meta level by naming and sharing individual views in a plenary phase.

Otherwise, the understanding might stay on a rather empirical surface level what might be also due to the kind of prompt provided in that study.

Further research might be needed, also on a quantitative level, for clarifying the complex inherent structure of the construct of understanding of genericity of example-based proof attempts, its relation to the understanding of other norms, its robustness and the meta-level awareness of that understanding by the participants. Qualitative research might be needed to analyse typical learning trajectories in the discussion about the genericity of example-based proof attempts and how those discussions could be framed to foster a deeper understanding of genericity and to establish a common understanding of genericity among all participants.

Figure 1 :

 1 Figure 1: Example-based visual proof attempt for the claim: "If one adds an odd and an even number, the sum is always odd."

  180 T2: Ach so, ich glaube,[…] deswegen sollte man es ja machen, dass man nicht weiter einkreist, weil damit zeigt man dieses Problem, dass halt nicht genau eins überbleibt. Man kann auch sagen, dass fünf überbleiben und das ist ja auch ne ungerade Zahl. Das ist halt so ein Formulierungsaspekt. I think […] that's the reason why we should not continue encircling, because by that we show this problem, that not only one is left over. We also can say that five are left over and that's an odd number. That's a matter of formulation.

	181 T3:	Also das geht tatsächlich gut.
		That actually works well.
	182 T2:	Ja, das funktioniert.
		Yes, that works.
	183 T3:	Nur die Erläuterung ist halt nicht gut.
		Just the explanation is not good.
	(omitted as other norms are addressed)
	294 T1:	Ja, aber wie soll ich den verbessern? Wenn der bei manchen Zahlen gar
		nicht aufgehen kann?
		Yeah, but how shall I improve this one, if it does not work for some
		numbers?
	295 T2:	Ne, also.
		Well, no.
	296 T1:	Dann kann man den ja gar nicht benutzen.
		Then it's not usable.
	297 T2:	Ich glaube, du sollst den so verbessern, dass du den halt für alle Zahlen
		nutzen könntest.
		I think you should improve that one in a way, that you could use it for all
		numbers.
	298 T3:	Genau, was du gesagt hattest mit diesen Plättchen, die übrigbleiben, dass die
		halt ungerade sind und das kann man ja sehen indem man die auch nochmal
		in Zweierpaare unterteilen könnte oder so.
		Exactly what you said with the dots that are left over, that they are odd and
		one could see that by dividing them in pairs of two or so.