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There is a consensus that some mathematical proofs do not merely establish that a mathematical statement is true, but also show why it is true. These explanatory proofs have attracted the attention of philosophers and researchers in the study of mathematics education. In this article we first will present the literature on explanatory proofs in both research fields to identify a research gap. Our hypothesis that increased philosophical interest to educational practices will open new perspectives to compare the literature from both fields. Second, the paper will present the research design, focusing on the empirical part, for further research as we are convinced that an empirically informed approach is beneficial for getting a nuanced view on the explanatory value of mathematical proofs.

Introduction

Both philosophy of mathematical practices and the study of mathematics education investigate the notion of explanatory proof. This results in a considerable diversity of opinion on how to characterise the explanatory value of mathematical proofs. While philosophers are concerned with the practice of research mathematicians, mathematics education researchers aim to understand how proofs can foster understanding among students. Although there is some cross-fertilisation both fields, a closer interaction in the investigation and conceptualisation of explanatory proof can generate new knowledge that is beneficial for both research fields. To advance this interaction, we aim to direct the philosophical attention towards the notion of explanatory proof in educational practices. In section two we draw attention to this apparent research gap. In section three we present the research design of the intended research, aimed at resolving this research gap. In section four we list our concluding remarks.

Literature review

The study of the explanatory value of proofs in educational and research practices Amongst the wide variety of mathematical practices, there are mathematical research practices as well as the practices of teaching and learning mathematics [START_REF] Van Bendegem | The who and what of the philosophy of mathematical practices[END_REF]. In the wake of the work of [START_REF] Lakatos | Proofs and refutations[END_REF] and [START_REF] Kitcher | The nature of mathematical knowledge[END_REF], the importance of historical developments and practices of research mathematics to philosophical considerations became clear. The study of mathematical practices has since become an established discipline within the philosophy of mathematics [START_REF] Mancosu | The philosophy of mathematical practice[END_REF][START_REF] Van Bendegem | Perspectives on mathematical practices. Bringing together philosophy of mathematics[END_REF].

One of the recurring themes in the philosophy of mathematical practices is to recognise that mathematicians value proofs beyond their justificatory role, and account for what practising mathematicians mean when they distinguish between proofs based on a specific judgement (Frans & Van Kerkhove, 2017). A proof judgement that has received considerable attention in philosophical debates is explanatory value [START_REF] D'alessandro | Explanation in mathematics: Proofs and practice[END_REF]. Philosophy has a long and lively tradition of analysing the nature of explanation, first and foremost in the philosophy of science. [START_REF] Steiner | Mathematical explanation[END_REF] started a line of research that focuses on the distinction between explanatory and non-explanatory proofs in mathematics by looking at what specific set of features makes the proof explanatory. Alternative accounts concerning the difference between explanatory and non-explanatory proofs include [START_REF] Lange | Aspects of mathematical explanation: Symmetry, unity, and salience[END_REF] and [START_REF] Pincock | The unsolvability of the quintic: A case study in abstract mathematical explanation[END_REF]. A recent trend in the philosophy of science emphasises the role of understanding in the study of explanation, not only as a byproduct of explanation but as the essential explanation-making feature [START_REF] Wilkenfeld | Functional explaining: A new approach to the philosophy of explanation[END_REF]. A similar movement in the philosophy of mathematics investigates mathematical explanation by looking at its relation to understanding and highlighting its contextual epistemic features [START_REF] Delarivière | Mathematical explanation: A contextual approach[END_REF][START_REF] Dutilh Novaes | A dialogical conception of explanation in mathematical proofs[END_REF]. In those discussions, the features of the proof and the way it is presented to a specific audience are relevant in assessing the explanatory value of a proof.

Researchers in the study of mathematics education are interested in a wide range of aspects related to the teaching and learning of proof (Hanna & de Villiers, 2012;Styliandes et al., 2017). Following de Villiers' (1990) influential framework for different roles of proofs in mathematics, the interest in proofs goes beyond confirming mathematical theorems [START_REF] Yopp | How some research mathematicians and statisticians use proof in undergraduate mathematics[END_REF]. The idea that proofs, in an educational context, should emphasise the meaning of the terms employed rather than looking at abstract relations and calculations, has been asserted, among others, by Wittman and Müller (1990) and [START_REF] Blum | Preformal proving: Examples and reflexions[END_REF]. Explanation is considered one of the most important roles with respect to the place of proofs in the classroom, because it's close connection to promoting understanding which is one of the primary goals of mathematics educators [START_REF] Hanna | Proof, explanation and exploration: An overview[END_REF][START_REF] Hersh | Proving is convincing and explaining[END_REF]. Researchers that have formulated accounts of the notion of explanatory proof in education include [START_REF] Hanna | Proof, explanation and exploration: An overview[END_REF]2018) [START_REF] Knuth | Proof as a tool for learning mathematics[END_REF], [START_REF] Weber | Proofs that develop insight[END_REF]), Styliandes et al. (2016), [START_REF] Komatsu | Explanatory unification by proofs in school mathematics[END_REF] and [START_REF] Lockwood | An essay on proof, conviction, and explanation: Multiple representation systems in combinatorics[END_REF].

Interaction

There is a consensus that explanatory proofs are relevant for both mathematical research practices and educational practices [START_REF] Dawkins | Values and norms of proof for mathematicians and students[END_REF][START_REF] Mancosu | Mathematical explanation: Problems and prospects[END_REF]. Researchers in both fields look for accounts to clarify how to make sense of the distinction between explanatory and non-explanatory proofs and have pointed explicitly to the difficulty of finding well-defined criteria to do so (D'Alessandro 2019; [START_REF] Hanna | Key ideas and memorability in proof[END_REF]. For the moment, it remains ambiguous whether the accounts developed to investigate research practices are suitable tools to study educational practices, and vice versa. Although philosophers of mathematics have yet to investigate educational practices when addressing mathematical explanation, some have already voiced concerns about confusing the explanatory concerns of educational practices with those of research practices [START_REF] Mancosu | Mathematical explanation: Problems and prospects[END_REF][START_REF] Zelcer | Against mathematical explanation[END_REF]. This is not to say that there is not yet any cross-fertilisation between the philosophy of mathematics and mathematics education research. Researchers in the study of mathematics education employ philosophical ideas when studying mathematical explanation [START_REF] Hanna | Proof, explanation and exploration: An overview[END_REF][START_REF] Knuth | Proof as a tool for learning mathematics[END_REF][START_REF] Komatsu | Explanatory unification by proofs in school mathematics[END_REF] and contribute to the philosophical discussion on mathematical explanation and mathematical understanding (Inglis & Mejía Ramos, 2021). Nonetheless, researchers in the study of mathematics education also realise that the usefulness of philosophical notions of mathematical explanation for the purposes of mathematics education is open for debate since they do not address the specific interactions that take place in the classroom [START_REF] Weber | Proofs that develop insight[END_REF].

Research gap

Both philosophers of mathematics and researchers in the study of mathematics education investigate the notion of explanatory proof. While the latter engage with and contribute to the study of explanatory proof in research practices, philosophers have yet to take a serious look at educational practices in their investigation of explanatory proof. Our study aims to remediate the current lack of philosophical research on explanatory proofs in educational practices. We assert that it is mutually beneficial to reinforce the interaction between philosophy of mathematical practices and the study of mathematics education in examining the explanatory value of mathematical proofs.

Research design

Research aim and hypothesis

Our main research aim is to contribute to the characterisation of explanatory proofs. We do not suggest that there are no meaningful differences in how researchers or educators work with mathematical proofs. Still, without a systematic analysis and comparison, we have no ground to assess possible cross-fertilisations between both fields. Our hypothesis is that the increased philosophical interest in the relation between explanatory proofs and mathematical understanding, as well as the recent philosophical attention to the contextual features of explanation, open up new perspectives to integrate both fields. The concerns of practising mathematicians might differ from those of mathematics teachers and learners, but the shared interest in how mathematical understanding in a specific context is obtained sets up a clear-cut possibility to tease out similarities and differences in the accounts of explanation.

Conceptual modelling

The study of mathematics education, coming from a variety of disciplinary perspectives, uses diverse empirical research methods. Empirical methods have also been incorporated, to a lesser extent, in the philosophy of mathematical practices. [START_REF] Löwe | Mathematical knowledge as a case study in empirical philosophy of mathematics[END_REF] present conceptual modelling as a methodological framework that philosophers of mathematics should use. In their view, conceptual modelling consists of three steps: (i) theory formation where one develops a structural philosophical account of a specific phenomenon, (ii) phenomenology where one collects empirical material about this phenomenon and (iii) reflection where the adequacy of the philosophical account is assessed and potentially revised. The third step does not mark the end of the conceptual modelling process, since it is always possible to revert to the first stage to initiate new assessments of the conceptualisation of the specific phenomenon.

As an example, Löwe et al. illustrate how their methodological model works by presenting a pilot study concerning concept of mathematical knowledge. In the theory formation stage, they identify the standard philosophical view on mathematical knowledge entails the acknowledgement that all informal proofs can be formalized. In the phenomenology stage, the authors gather empirical data by means of an online questionnaire. This questionnaire presented four scenarios, about which the participants were asked to determine whether an attribution of knowledge to the protagonist of the scenario was warranted or not. Based on the results of this study, the authors argue in the reflection stage that the standard view of mathematical knowledge is not consistent with the notion of mathematical knowledge that is held by the mathematical community itself. Hence, the authors contend that philosophers should go back to the theory formation stage and develop a more appropriate conceptualization of mathematical knowledge.

Our research will go along the lines of this conceptual modelling approach. Hence, the first stage consists of mapping out the conceptual frameworks that are used to define explanatory value across philosophy of mathematical practices and the study of mathematics education. This will provide an intelligible view about the conceptual unity and disunity of work on explanatory proof. In the second stage, we will use empirical methods to gain insight into the explanatory role of mathematical proofs in educational settings. This will initiate, in the third stage, a reflective dialogue between our theoretical and empirical findings. An empirical approach not only allows for a crucial confrontation of theoretical insights to concrete cases, but it also connects us to recent literature that uses different empirical methods to address mathematical explanation in research practices, such as online questionnaires [START_REF] Inglis | Diversity in proof appraisals[END_REF], close content analysis [START_REF] Pease | Explanation in mathematical conversations: An empirical investigation[END_REF], corpus linguistics [START_REF] Mejía-Ramos | Using corpus linguistics to investigate mathematical explanation[END_REF] and comparative judgement analysis [START_REF] Mejía Ramos | Mathematicians' assessments of the explanatory value of proofs[END_REF].

Empirical methodology

In this section, we present the empirical methods we will employ to obtain an empirically informed understanding of attitudes towards the explanatory value of mathematical proofs in educational practices. Our object of study will be mathematical textbooks. Mathematical textbooks play a vital role in educational practices, as the main implementation of curricula and a central supporting material for teaching and learning mathematics. Investigating a body of texts using digital humanities methods aligns the project with similar investigations into scientific explanation [START_REF] Overton | Explain" in scientific discourse[END_REF]) and mathematical explanation [START_REF] Mejía-Ramos | Using corpus linguistics to investigate mathematical explanation[END_REF]. We will first examine the presence of explanatory talk in mathematical textbooks, and compare this to how proofs are described in research articles. Secondly, we will investigate how proofs in mathematical textbooks are presented with respect to features related to mathematical explanation.

We will create two corpora consisting of English mathematical textbooks in digital format to allow for a corpus linguistics study (see below). We distinguish between textbooks from the secondary school level and textbooks from the undergraduate level, to avoid diluting meaningful analysis by simultaneously looking at divergent pedagogical practices. In order to make a comparison with mathematical research practices, we will assemble a third corpus to represent writing in mathematical research. Hence, the first corpus will consist of textbooks from the secondary school level.

 The first corpus consists of textbooks from the secondary school level. We will focus on the last stage of this school level, typically consisting of students from ages 16 to 18. We will select commonly used textbooks that cover a variety of material for this stage, without restricting ourselves to textbooks from one specific country (e.g. textbooks from educational publishers Agile Minds, Collins, GCP, and HMH, which all have e-book publications).

 The second corpus consists of textbooks used in undergraduate mathematics courses. We will select textbooks from various topics, including textbooks that specifically address reading and writing mathematical proofs. We will gather a corpus by locating online open textbooks using the Open Textbook Library, The College Open Textbooks site, and the American Institute of Mathematics Approved Textbook list. The same approach for creating a corpus of undergraduate mathematical textbooks is used by [START_REF] Alcock | Comparing expert and learner mathematical language: A corpus linguistics approach[END_REF].

 The third corpus consists of mathematical research papers. We will gather this corpus by using papers uploaded to the ArXiv. We will select articles from a variety of mathematical subdisciplines. The same approach for creating a corpus of mathematical research papers is used by [START_REF] Mejía-Ramos | Using corpus linguistics to investigate mathematical explanation[END_REF].

In order to investigate the presence of explanatory talk, we will use text mining, a methodology used in corpus linguistics and Natural Language Processing. Applying this methodology will reveal information about the use of the word explanation and other related terms in the three corpora. A similar approach is used by Mejía Ramos et al. ( 2019) to compare the use of explanatory terms in research papers in mathematics and physics. Our focus will be to perform the following analyses, and compare the results between the different corpora:

 Determine the relative frequency of keywords related to explanation, understanding and terms related to specific accounts of explanation (e.g. essential, characterising, unifying). By the process of stemming, we can look for the occurrence of all words related to one base form (e.g. explain, explanatory, explainable). Word frequency can give us an idea of whether the claim that explanation is among the most important aims in education and research is supported by the presence of explanatory talk in mathematical textbooks.

 Examine the co-occurrence of these words, which allows us to see which of these terms systematically co-occur within a given span of words. This can give us, for example, information on whether talk about explanation appears more or less often in relation to talking about proofs, proof steps or figures, but also whether it connects to talking about certain aspects such as generalizability or symmetry.

 Produce a list of n-grams, showing us which phrases occur most frequently, with a certain length, containing a specific word or phrase. This can help us identify keywords not included in the previous analysis but connect to discussions about explanatory value nonetheless.

Additionally, we will use close content analysis to analyse a sample of proofs in detail. This methodology is also used by [START_REF] Pease | Explanation in mathematical conversations: An empirical investigation[END_REF] to investigate the use of terms related to explanation in online mathematics forums. For our purpose, we will perform a systematic analysis of a selection of proofs in mathematical textbooks to indicate the presence of features that could be connected to explanatory value. These features will be identified in the theory formation stage. This analysis will go beyond the presence of certain indicator words. For example, we can analyse whether the proof is supported by visual information, or whether it proceeds by giving a uniform treatment rather than a case-by-case approach. Nevertheless, the results of the text-mining approach remain useful for the selection of cases, since we will build a sample of cases where the proof itself or the narrative surrounding the proof includes explanatory talk. Debates concerning the nature of explanation are typically based upon a couple of specific examples. The results from our text-mining investigation can give us a wider perspective on the usage of words, and by doing so, provide a new range of relevant examples. This will, furthermore, implement a critical look at the results of the previous study, since it enables us to see whether the presence of terms related to explanation indicates the presence of a proof with explanatory value.

Concluding remarks

In this paper, we have drawn attention to the lack of philosophical attention to educational contexts when it comes to the conceptualization of explanatory proofs. Since both philosophers of mathematics and researchers in the study of mathematics education are interested in this notion, we argue that it will be worthwhile to look for potential cross-fertilisation between both fields. Moreover, we have argued that the conceptual modelling approach well suited for this investigation since it forces us to confront theoretical insights to empirical findings. We have presented the analysis of textbooks as a potential way to guide an empirically informed discussion concerning the nature of explanatory proofs. Given that this study still needs to be implemented, we are open for criticisms or remarks concerning this research design.

Some remarks are already worth mentioning. While embracing an empirical approach is central to our investigation, the text-mining techniques or close content analysis do not substitute conceptual analysis. Rather, they can be seen as a complement to it. We will use these results to inform and guide the philosophical conceptual analysis of the nature of explanatory value in the final stage of our research. Moreover, our focus on textbooks might leave us with an inadequate representation of educational practices. We are aware that these practices are complex and heterogeneous. Whilst they cannot be reduced to textbooks, analysing such textbooks provides an entry point that is sufficiently accessible and manageable to gather meaningful information about proofs in this context. This awareness will discourage us from making unwarranted general claims.
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