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Through the embodied lens of enactivism, this paper examines the dynamics of the ongoing interaction between learners and their programming environment as they use objects-to-think-with in a Mathematics Integrated with Computer Application (MICA) course at a university in Southern Ontario. Specifically, the paper explores the emergence of Papert's objects-to-think-with through a case study of an undergraduate student in a Mathematics Integrated with Computer Application (MICA) course. Papert's constructionist approach to learning mathematics with the computer as a mathematical speaking entity is well-established in research and acknowledges the close interaction between learners and their programming environment. The paper contributes to an emerging body of research in mathematics education addressing new technologies in classrooms from an embodied approach. The results show recurrent patterns of how the learner developed various objects-to-thinkwith as they enact a world of significance through mutual codetermination with their environment.

Introduction

The extensive use of interactive technology in the 21st-century presses for a workforce that is not only users of technology but one that possesses computational thinking (CT) skills necessary to be creators of technology [START_REF] Shute | Demystifying computational thinking[END_REF]. Literature suggests that CT involves a range of emerging skills that enable learners to solve problems in ways that are admissible by information processing agents [START_REF] Shute | Demystifying computational thinking[END_REF]. CT is generally developed using the computer-as-a-tool and covers a scope of skills including those that are conceptual in nature such as problem decomposition, algorithmic thinking, and abstraction to those that are affective such as confidence and persistence [START_REF] Shute | Demystifying computational thinking[END_REF]. Computer programming is regarded as a tool that nurtures CT skills, facilitates creativity, and provides an equitable learning context [START_REF] Papert | Mindstorms: Children, computers, and powerful ideas[END_REF]. Therefore, due to similarities between programming and mathematics and the knowledge that classroom mathematics is rapidly becoming a computational thinking endeavour (Weintrop et al., 2016), many countries, including Canada, Finland, Sweden, and Norway [START_REF] Forsström | A literature review exploring the use of programming in mathematics education[END_REF] have included programming into mathematics education at all levels to fulfil the technological requirements of today's society.

Still, as technological platforms continue to emerge in mathematics education, there are many pedagogical questions and underlying challenges regarding maximizing the benefits of programming in mathematics classrooms to develop and implement algorithms for real-world problems (Benton et al., 2017;[START_REF] Shvarts | Embodied instrumentation in learning mathematics as the genesis of a body-artifact functional system[END_REF]. Literature suggests that to avoid misalignment between theory of learning and practice, researchers should rethink popular frameworks to understand the epistemological and pedagogical implications of the interaction with technological platforms [START_REF] Abrahamson | Learning is moving in new ways: The ecological dynamics of mathematics education[END_REF]. Many mathematics education scholars [START_REF] Abrahamson | Learning is moving in new ways: The ecological dynamics of mathematics education[END_REF][START_REF] Shvarts | Embodied instrumentation in learning mathematics as the genesis of a body-artifact functional system[END_REF] now espouse an embodied approach to address the interactive nature of mathematics environments. An embodied approach contradicts the Cartesian dualism of people and things/environment or mind and body that is extant in Western education. Instead, from an embodied viewpoint, individuals are embedded in their environment [START_REF] Varela | The Embodied Mind, revised edition: Cognitive Science and Human Experience[END_REF], and mathematical thinking and learning are constituted by lived bodily activity and transformations in mathematical practices [START_REF] Nemirovsky | Playing mathematical instruments: Emerging perceptuomotor integration with an interactive mathematics exhibit[END_REF]. Thus, proponents of this approach believe it can capture the richness of mathematical experiences in technological environments to inform theory and practice. [START_REF] Papert | Mindstorms: Children, computers, and powerful ideas[END_REF] constructionist approach to using programming as an objects-to think-with for mathematics learning and Varela et al.'s (2016) embodied approach of enactivism promote the idea that understanding emerges as knowers interact with their environment; thus, a merger between the two theories offers a way to rethink interactions with programming environment for mathematics learning. Thus, this paper considers Papert's constructionist argument from an embodied perspective. We use Varela et al. 's (2016) structural coupling from enactivism to explore the emergence of Papert's objects-to-thinkthrough a case study of an undergraduate student in a Mathematics Integrated with Computer Application (MICA) course.

The case study draws from a larger qualitative study that asked the question: What is the nature of co-actions between mathematics learners and their environment where they do mathematics using programming or coding (mathematics programming environment)? Co-action can be described as the nature of the interaction between learners and their environment (Hegedus & Mreno-Armella, 2010). In the larger study, six students were interviewed over three MICA courses. The courses cover the fundamentals of block-based and text-based programming necessary to facilitate students' exploration of pure and applied mathematical concepts, conjectures, theorems, and applications that cannot be done by hand to facilitate dynamic visualization. The MICA courses encourage a democratic approach of creativity and intellectuality in 'doing mathematics' by facilitating the design of exploratory objects (EO) or learning objects (LO). The participants of the study designed EOs. An EO is an original programming tool that MICA students design and implement to simulate a mathematical application or investigate a mathematical problem or concept. In this paper, the main question is how does a learner develop objects-to-think-with in an environment where the learner interacts with programming for mathematics learning to develop an EO for mathematics investigation?

Papert's constructionism and Varela's structural coupling: a parallel

Computer programming for mathematics learning originated with [START_REF] Papert | Mindstorms: Children, computers, and powerful ideas[END_REF]. He proposes a constructionist framework, arguing that programming engages learners in active conversations with their learning environment, using objects-to-think-with; he refers to the computer environment as a "mathematical speaking entity". This is to say learners achieve mathematical understanding by acting with computational tools in ongoing dialogue with programming to solve problems. [START_REF] Papert | Mindstorms: Children, computers, and powerful ideas[END_REF] approach to doing mathematics using programming created an initial buzz at the onset but did not expand into mainstream classrooms due to factors such as technological and pedagogical deficiencies to develop such a curriculum (Benton et al., 2017). However, as technology became commonplace in the classroom and new research in mathematics education suggest that school mathematics needs to reflect the technological creativity of mathematicians, it has become necessary to reframe pedagogical tools and theories for mathematics learning (Benton et al., 2017). Thus, Papert's constructionist approach has established itself as a research and teaching framework to harness "digital technologies as expressive media for students' generation of mathematical meanings individually and collaboratively" [START_REF] Kynigos | Constructionism: Theory of learning or theory of design?[END_REF][START_REF] Kynigos | Constructionism: Theory of learning or theory of design?[END_REF]p. 417).

Papert's conversational description of how learners interact with their environment bears a striking resemblance to Varelas et al. 's (2016) enactivist description of how individuals interact with their environment; hence enactivism can help to explicate how objects-to-think-with emerge. Varela et al. believe that perception is embedded in perceptually guided actionan ongoing feedback loop of action and perceptionwhich emerges as cognizing agents engage in ongoing dialogue with the environment in which they are embedded. Furthermore, from an enactivist perspective, cognitive processes are enabled by the sensorimotor capacities of the living being which are individually embedded in a broader biological, psychological and cultural milieu. [START_REF] Varela | The Embodied Mind, revised edition: Cognitive Science and Human Experience[END_REF] explains how cognition emerges through perceptually guided action using the term "structural coupling", an interestingly paradoxical relationship. Under structural coupling, a cognizing agent and its environment (bound together) undergo co-ontogenetic structural changes from moment to moment as one system. The cognizing agent, triggered by its environment, uses its emergent perspective to continually redefine it (environment), which simultaneously continues to perturb the cognizing agent. Importantly, the living agent, as an autopoietic or self-organizing system, must independently specify itself as a unit, maintaining its identity, but simultaneously depends upon its environment because action is perceptually guided; the cognizing agent must remain connected to its environment since it is by coupling that the cognitive self emerges [START_REF] Varela | The Embodied Mind, revised edition: Cognitive Science and Human Experience[END_REF]. Therefore, cognition does not come from an independent world or reality "out there"; instead, a cognizing agent enacts a world based on its own history of interaction with the environment. This is to say, a perceiver brings forth and specifies its own scope of problemsa world of significancethrough mutual specification or codetermination based on a history of a range of actions that interacting (being) in the world performs [START_REF] Varela | The Embodied Mind, revised edition: Cognitive Science and Human Experience[END_REF]. This world of significance should not be mistaken with the physical surrounding as it appears to an observer [START_REF] Varela | The Embodied Mind, revised edition: Cognitive Science and Human Experience[END_REF]. When a living system couples with its environment, the balance is shifted in favour of the living due to its autopoietic potential. Thus, the living system is able to specify a world of significance within the scope of its sensorimotor capacities, which is biologically, psychologically and culturally situated. This is different from the representation approach to cognition that assumes a pre-given world, from which the perceiver receives information and then translates it into internal representations.

In addition, [START_REF] Varela | The Embodied Mind, revised edition: Cognitive Science and Human Experience[END_REF] explain that mind and world is enacted concurrently at a basic level of categorization when an object appears to be offering a particular form of interaction, and the perceiver uses the object in the afforded way. Also, at the basic level of categorization, form and function are coordinated for a united purpose, all variables, properties, and processes are specified, and the activities accomplished by the perceiver "with basic-level objects are part of the cultural, consensually validated forms of the life of the community in which the human and object are situated they are basic level activities" (p. 177). As can be seen, Varela's et al. argument that a cognizing agent acts with objects to enact a world of significance is similar to Papert's argument that learners develop objects-to-think-with to act in a mathematics programming environment. The similarity in arguments offers an avenue to explicate how objects-to-think-with emerge. Specifically, Varela et al. 's (2016) explanation of how the environment fosters the emergence of objects and their use can give us insight into how learners interact with a programming environment for mathematics learning and the consequential outcomes. Therefore, the context of the MICA course, where students use the fundamentals of text-based programming to explore mathematical concepts provides a suitable opportunity to explore Papert's theory within this developing field of embodied cognition.

Method

The case-study in this paper draws from a larger study in which six students doing MICA (1-3) courses voluntarily in a qualitative study aimed at exploring the co-actions between learners and their environment as they use programming for mathematics learning.

Data gathered from participants include semi-structured, stimulated recall interviews with their EOs and student reflections, assignment pieces, and field notes. EOs and associated reflections that were collected beforehand were used during the interview to stimulate participants' memory of computational and mathematical thinking as they developed their EO. The questions asked during the interview were a combination of pre-prepared guided questions based on the theoretical framework of enactivism, pre-prepared questions associated with assignment pieces, and questions prompted by active conversation with participants during the interview.

Simulated recall interviews originated from introspective research procedures and are popularly used in educational research to access participants' reflections on cognitive processes [START_REF] Lyle | Stimulated recall: A report on its use in naturalistic research[END_REF]. After the interviews, each recording was transcribed. In addition, additional notes of each participant were taken after, while the respective recording was listened to several times.

That data from the larger study was analyzed using a combination of two methods: (1) thematic analysis (TA) in accordance with Creswell's (2008) general principles of preparing, organizing, and exploring data to develop themes; and (2) colour-coded analysis. However, the data from this casestudy was analyzed using a colour-coded analysis method by Towers and Martin (2015). Observing that they "could not tease apart the actions and dialogue to create separate, coherent, individual traces of understanding", they took "seriously the enactivist prompt" and used a different colour to show the separate voices. This offers them the leverage to see the emerging conversation (p. 252). Likewise, we apply this colour-coded method to see how learners engage in dialogues with the computer as a "mathematical speaking entity". Specifically, for this paper, we analysed the data of one participant, Amanda. Amanda is a third-year concurrent education student, majoring in mathematics. Prior to this course, she did both MICA I and II in her first and second years, respectively. Her transcript was colour-coded using three different colours representing different parts: parts reflecting the prompting of the environment, parts representing the participant's thinking and parts representing the participant's action. The learner's thinking and action was further analysed and described in relation to the environmental prompting, and the action and artifact that emerged.

Findings

For this EO, Amanda had to create a program to read the DNA sequence, clean and count the number of each nucleotide. By cleaning the DNA sequence, they had to get rid of the spaces so that they could be able to count the nucleotides. For example, the nucleotides were A, G, C and T; so, they had to remove the spaces between the sequence and count the number of A, G, C and T. The program was also to display a random walk of DNA sequence and read the proportions of certain parts of the DNA genomes. The colour-coded analysis of Amanda's transcript reveals that in developing her program, she engages in conversation with her learning environment (as a mathematical speaking entity), thinking with several objects to develop her program. We will show three examples of Amanda thinking-with an object.

Thinking with a given code and FOR loop and a conditional

Amanda's entryway in her program was prompted by a brief discussion session with her peers and her professor, with a piece of code not recently learned. She explained that to develop her EO, she had to first get it (the programming environment) to read a file and then "have it read the script and recopy it". However, in communicating with her environment she determined that the given code was not sufficient for the programming environment to read and recopy the script. She, therefore, perceived that she needed more information, which prompted her to do additional research. In exploring, the FOR loop offered her the interaction to read and recopy the script. Thinking-with-the-FOR loop she then developed the code to read and recopy the file. Amanda included a nested IF/THEN statement within the FOR loop to have it recopy the sequence to a new string (see Figure 1 below).

Amanda:

We were given this part of the code right here, just this part because we had never learned how to type in, like how'd you get the code to read a file and call up a file…but then I personally had to research online how to have it read the code. Uh, like what the Syntax would be. Interview:

OK, that section that you highlighted there: that FOR loop. You had to research that … right? Amanda:

Yes, I'm pretty sure it was that part. Interview:

So, what prompted you to use that particular FOR loop that you're pointing to right now? Amanda:

What prompted me was I knew that…So, the goal was to clean the script and the script originally had lots of spaces and numbers and stuff, but we wanted to just get the letters of the genome, and so in order to do that, I knew I needed to have it read the script and recopy it, but I only wanted it to recopy certain parts. So, in order to do that I'll have a repetitive motion, I knew I needed to use a FOR loop because I'm repeating the step of having it read each individual space of the file. Interviewer: What about those IF/THEN statements … what made you use them? Amanda:

So, originally, I was actually considering going in the opposite direction… "IF something is a space or a number, then erase it", but then I realized that I didn't necessarily know how to do that that well. And so, this way was easier, to have it just recopy the code… (just using the tools that I already know) ... So, if it reads in an A then it would rewrite it in and add it to a new string in the same order, and so I figured this would be the easiest way to have it recopy the code only including the letters.

The account above shows three different cases of Amanda thinking-with-objects: thinking-with-thecode (given in class), thinking-with-the-FOR loop and thinking-with-the-IF/THEN. In the first interaction, prompted by the code given to her, Amanda perceived that she did not know the code for the program to read and recopy the script. Consequently, she was further prompted to do research. During that process, the FOR loop offered her the interaction to read and recopy the file which she accepted). From that series of interactions, the code to read and recopy the script emerged. In the third interaction, the IF/Then offered her a certain way to develop her code. She rejected it and offered a different waybased on prior knowledgeto use the conditional to do what she wanted. The nested IF/THEN statement that she created to add the letter of a new string is shown below in Figure 1. In addition to the objects-to-think-with that emerged during the interaction, CT skills such algorithmic thinking and problem-solving evolved as she developed her codes.

Thinking with a conditional statement and a Graph and an ARRAY

In the excerpts below, Amanda develops an ARRAY to graph a random walk (see Figure 2 below).

Interviewer: So, what made you use arrays like you said? Amanda: Yeah, well, so I was originally having it do it in a different…and then I was like replotting a graph every timethe method I was using before…It took it a really long time to process the data and to display these graphs here. So, I was talking to my TA [Teaching Assistant] about it, and then they were "like, oh, you should actually use an array". And "I was like, ohh yes, that would be a better idea" because they were like, "if you use an array, then it's not going to be trying to recreate a new graph every time", which is what it was doing before.

The above transcript shows Amanda using two different objects-to-think-with: a graph and an ARRAY. In the first case, the behavior of a graph she created initiated further interaction with the environment. With her TA as mediator, Amanda was prompted to think-with-an-ARRAY to develop her codes for a random walk plot, which display her graph quicker. Again, we see Amanda being prompted into a dialogue with the environment by a graph, and an ARRAY. The exchange allowed her to develop a series code which again required involved CT. Thinking with EO for the mathematics

For this section we discuss Amanda's goal of using her completed EO for mathematics investigation.

After creating and printing proportions for certain genomes sequences, in reviewing, she recognized an error with one of her proportions. This caused her to make minor adjustments to her program.

Interviewer: Just tell me the sections that you changed and what prompted you to change it. Amanda: …there was something else with the mathematical aspect…So, with this part, finding the proportion of the GC, I actually was having difficulty with it in my mind, and I had it wrong for a while. And then I was rethinking about it, and I was like the denominator is wrong because I originally had the frequency of GC being divided by the regular length of the string, same as the proportion of A is divided by the length of my string. But then I realized it wouldn't be that because the number of possible GCs isn't the same as the number of possible 'A's in the sequence, because it's a single letter, so that I had to work through. And I did that just on paper creating a mini example for me of like six letters and I counted how many possible combinations of two letters you could make, and I realized it was always one less than the number of letters in a string. Interview:

What caused you to have that thought in your mind? Amanda:

I don't know. I was just looking at it…it just clicked … it just popped into my mind.

In the excerpt above, Amanda thinks-with-an-EO for mathematics investigation. The program communicated to her a certain value for the proportion of GC, which perturbed her thinking (about mathematics). She determined (when it popped into her mind) that the response from the program was not correct. Therefore, she proceeded in dialogue with the program (adjusting it) for a more favourable proportion which eventually emerged. As can be seen, to arrive at a 'correct' answer, Amanda had to think mathematically (about proportion) and computationally to adjust her program based on her history of cultural understanding of mathematics and programming.

Discussion and conclusion

From the three examples above, we recognize that Amanda engaged in dialogue with her programming environment to develop bits of her program, creating different objects-to-think-with.

As we can see the emergent codes, mathematics, or thinking happen as a result of mutual specification or codetermination of perceiver and environment through perceptually guided action. For example, when thinking with the conditional, she was perturbed by the object (IF/THEN statement) to develop a code to read the script. She rejected the offer, and, in turn, offered a different way to accomplish her objective, specifying a world of significance for herself-her own scope of problems. Being perturbed by the object in the environment, the learner must value (like, dislike, ignore) the encounter and act in a particular way (attraction, rejection, neutrality). [START_REF] Varela | Autopoiesis and a biology of intentionality[END_REF]. Importantly, while she also independently specifies herself as a learner based on her structure (her cognitive capacity), she is only able to do so while she is bound to the environment by perception because action is perceptually guided. Also, it must be noted from the description above that Amanda's world is not pre-given. Her world only exists in the mutual enactment of mind and world [START_REF] Varela | The Embodied Mind, revised edition: Cognitive Science and Human Experience[END_REF]. Her objects-to-think-with, her codes and her thinking only emerge in the act of cognition, with objects. Moreover, objects-to-think-with may take many forms as demonstrated in the findings above. Another learner, faced with a similar encounter, may have specified a different scope of problems with different object(s)-to-think with.

This case study extends understanding of how objects-to-think emerge and are used in a programming environment for mathematics learning and CT. The study, therefore, has pedagogical and theoretical implications on how to integrate programming into mathematics curricula. It provides much to think about regarding how to interact with learners during teaching and learning, the likely resources that will engage learners' innovation, creativity, mathematics conceptual understanding and CT, and theoretical foundations for developing and implementing such a curriculum.

Figure 1 :

 1 Figure 1: Screenshot of Amanda's FOR loop with a nested IF statement in Python
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 2 Figure 2: Screenshot showing Amanda's ARRAY and graph of the DNA sequence in Python