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This paper investigates the role of bansho (board work) in Japanese mathematics teachers' study activities aimed at developing their own proficiency as teaching professionals. Applying the concept of "the paradidactic" provided by the anthropological theory of the didactic, we distinguish board work as a resource between in benefiting teachers' teaching in the classroom didactically and the teachers' studying their lessons outside the classroom paradidactically. We describe four different types of teachers' study activities of board work in Japan and analyse in what ways those activities function as a paradidactic resource for teachers' collective developing of their expertise.

Introduction

Several studies have reported on the role of bansho (we translate board work in this paper, and the term blackboard or board writing mainly mean a blackboard with teachers' writings on it) in Japanese mathematics classrooms. (cf. [START_REF] Takahashi | Characteristics of Japanese mathematics lessons[END_REF][START_REF] Baldry | The use of carefully planned board work to support the productive discussion of multiple student responses in a Japanese problem-solving lesson[END_REF]. The term bansho in Japan does not simply mean writing tasks and solutions on the blackboard but it also includes teachers' various acts aiming to help students' learning and it constitutes an instructional tool for organising students' collective mathematical activities [START_REF] Asami-Johansson | Conditions and constraints for transferring Japanese structured problem solving to Swedish mathematics classroom[END_REF]. The above-mentioned studies are also related to research on lesson study, and the studies suggest studying the effective use of board work as one of the essential components of lesson study for Japanese teachers. However, most of those studies are limited to focus on the role of board work for teaching in the classroom. There is very little research on how teachers utilise board work to their everyday lesson design (cf. [START_REF] Tan | Bansho as part of lesson and lesson study: from the origins to the present[END_REF] and reflection, and what functions their studies on board work serve in different parts of lesson study e.g., teachers' collaborative practice research [START_REF] Miyakawa | Paradidactic infrastructure for sharing and documenting mathematics teacher knowledge: a case study of «practice research» in Japan[END_REF]. In other words, the functionality of board work as a remarkable type of resource for teachers' professional development has not yet been the subject of research on didactics of mathematics. As will be described later, this phenomenon itself implies a certain special character of board work for teachers and researchers in Japan. The aim of this study is to identify the actual role of board work as a resource for mathematics teachers in lesson study, which in this paper we mean organised collaborative settings for mathematics teachers' professional development, and their actual activities. The knowledge of how to handle board work is a part of Japanese teachers' expertise. By showing different types of teachers' collegial study activities of board work, we will clarify in what ways their professional knowledge is produced, disseminated, and refined within the teaching profession.

Tan's study (2021) provides a detailed historical overview of board work in Japan. It describes the process of how the teachers' acts of "board writing"-writing objects of taught knowledge on a blackboard-have evolved into "board work"-bansho-that also encompasses pupils' study activities in Japanese classrooms. Board work has therefore been treated as an important didactic resource in Japanese classrooms and emphasised in teacher training (ibid.). Numerous practical books that introduce how to accomplish board work for mathematics teachers, and those books often suggest certain principles for mastering it. For instance, Ninomiya and Kamoda (2012) indicate following ten principles (pp. 17-27): 1) Chose the contents to be written on which part of the blackboard: e.g., a) the main tasks, b) teachers' following questions and keywords for finding the solving methods, c) important mathematical concept and solving methods that students have acquired, d) tasks for exercises; 2) Write tasks and comments manually on the blackboard in front of the students. Do not write these issues in advance before the lesson; 3) Remain the writings on the blackboard until the end of the lesson without erasing them; 4) Write the most important things to be learned by students in an easy-to-see position; 5) Show clearly the distinctions between the essential question with its answer, and other tasks/questions which are given during the lesson with their answers; 6) Emphasise the methods for reasoning; 7) Write students' ideas; 8) Write in such a way that students can use the writings as a basis for further exercises; 9) Write in such a way that students can review the entire study process by looking at the board; 10) Add the disposition of the entire blackboard in your lesson plan. Similar principles as above texts are also addressed in other practical books for teachers (e.g., [START_REF] Nagata | Bansho & tenkairei de yokuwakaru. Suugakuteki katsudou de tukuru 365 nichi no zen jugyou[END_REF]Ikeda & Tanaka, 2022). The main usages of these educational-practice books on board work will be described in the later section.

The dual function of Bansho: From ATD perspective

Indeed, the above-mentioned principles of board work belong to the teachers' didactic methods to support students' study activities in a mathematics classroom. However, the tenth indication, in which the authors advise readers making a board-work plan (bansho-keikaku: a professional, technical term frequently used by Japanese teachers), belong to teachers' activities for a lesson design. For studying the functioning of board work as a "didactic" resource for the mathematics teaching, we consider that there are significant advantages in distinguishing the role of board work into two functions, one inside the classroom (aimed at teaching knowledge at stake) and one outside the classroom (aimed at developing teachers' professional scholarship). This distinction can be clarified by the demarcation of the didactic and the paradidactic.

The anthropological theory of the didactic (hereafter, ATD) explains every relation, where someone studies something, and someone helps the study of it, as a didactic system 𝓢 (cf. [START_REF] Chevallard | A short (and somewhat subjective) glossary of the ATD[END_REF] which consists of three parts; 𝒮(X, Y, ♥), where X is for instants a set of students, Y is a set of teachers, and ♥ is called a didactic stake (the knowledge to be studied by X with a help of Y). In this system, Y (the teachers) use board work as a didactic resource to help X studying ♥. Many Japanese teachers are aware of which different methods around board work function in what purpose in which phases of the lesson. Within ATD, we can characterise these different detailed methods in the context of board work as teachers' didactic techniques. The principles 1 to 9 described above belong to the teachers' didactic techniques regarding board work.

On the other hand, the didactic system is "conceived" outside the classroom when teachers make board work-plans. They look for appropriate tasks and revise the board plans based on previously completed lessons. The work of such teachers involves designing and analysing didactic systems: 𝓢 = 𝒮(X, Y, ). We refer to such "teachers' didactic systems" working with 𝓢 as paradidactic systems 𝕾. The term paradidactic has been used to study teachers' work upon didactic systems [START_REF] Winsløw | A comparative perspective on teacher collaboration: The cases of lesson study in Japan and of multidisciplinary teaching in Denmark[END_REF]. One can associate lesson study as a special form of paradidactic system 𝕾; a group of teachers 𝔛 study a "good lesson" 𝒮(X, Y, ) with a help of facilitator/mentor 𝔜 of the lesson study. The structure where 𝕾 studies 𝓢 is expressed as 𝔖(𝔛, 𝔜, ) in which a didactic system 𝒮(X, Y, ) itself is a paradidactic stake . Accordingly, a paradidactic system includes a nested relationship 𝔖(𝔛, 𝔜, ) = 𝔖(𝔛, 𝔜, 𝒮(X, Y, )) [START_REF] Otaki | Exploring the paradidactic ecosystem: Conditions and constraints on the teaching program[END_REF]. Different paradidactic systems have different scales and structures, and in few systems, board work functions as paradidactic resources of professional milieus to support teachers' activity studying . In the next section, we analyse how board work functions as a paradidactic resource in different types of paradidactic systems 𝔖(𝔛, 𝔜, 𝒮(X, Y, )) in the teaching profession in Japan.

Paradidactic presence of board work in the teaching profession: Cases in Japan

Four different paradidactic appearances of board work in the teaching profession are described here: 1) Practical books on board work for schoolteachers; 2) Teachers' archiving activity of their blackboard works; 3) Discussions on board work in a context of an open research lesson in regional/nationwide level; 4) Teachers' nationwide practice research group of board work carried on a social media (Facebook).

Practical books on board work

As it is presented in former section, books on "how-to-make good blackboard" instruct certain principles of working with board work. They demonstrate "ideal" lesson plans for different grades through a certain structure of board work in mathematics classroom. "Ideal" means often that realising a mathematical educational goal-achievement of the "mathematical activities" (Suugakuteki-katsudou in Japanese; cf. Asami-Johansson, 2021a) of the students by applying so called structured problem-solving approach (cf. Asami-Johansson, 2021b). In other words, for realising an ideal didactic system 𝒮(X, Y, ), the teacher gives an initial problem representing a new mathematical concept or a solution method that students are supposed to learn (, the didactic stake), and students often discuss various ways of solving methods as a whole class. Board work within the Japanese structured problem-solving serves as a reference point for students to glance the entire lesson process. They can have the overview of the initial problem, the progress of their reasoning (e.g., a question, thoughts, reflections from the students picked from the whole-class discussions, key concept which the students have figured out, etc.), the mathematical theorem that justifies their hypotheses, and so on (ibid.). Those books thus direct the use of board work as a didactic technique to realise desirable functioning of didactic systems 𝒮(X, Y, ) with students' collective activities (ibid.). Authors of those practical books often consists of a team of veteran schoolteachers and researchers of the didactics of mathematics, who constitute the noosphere of Japanese school mathematics education (cf. [START_REF] Chevallard | A short (and somewhat subjective) glossary of the ATD[END_REF], and they show in which direction Japanese teachers "should aim" when designing their lessons with board work. Consequently, the authors of practice books of board work, indirectly, play the role of 𝔜 (facilitators/mentors) who support 𝔛 (learners/teachers) to explore and design an exemplary 𝒮(X, Y, ) in the paradidactic relationship 𝔖(𝔛, 𝔜, 𝒮(X, Y, )).

The most practical books on board work mediate not only mathematical structure of the lessons, but also general educational goal such as the achievement of the mathematical activities, which is a consistent theme that has developed during the history of the school education in Japan ( Asami-Johansson, 2021b). This trend is naturally carried over to various discussion forums for studying board work as a didactic theory.

Individual teacher's studies on their own board work

As it is recommended in the tenth principle of board work above, teachers often add a board work plan in their lesson plan. During the latest years, educational policymakers-a noospheric community of Yamaguchi Prefecture located south-west part of Japan-has promoted "bansho-type lesson plans" (bansho gata shidou an) for improving the teaching through making effective lesson plans [START_REF] Tan | Bansho as part of lesson and lesson study: from the origins to the present[END_REF]. The bansho-type lesson plan contains three main components: 1) the learning goal of the lesson; 2) key questions and the process of the lesson; 3) the board work plan (Yamaguchi Prefectural Board of Education, 2022). The idea behind the promotion of the bansho-type lesson plans was providing teachers an alternative method for lesson planning, which takes less time and give teachers a clear overview of the teaching process [START_REF] Tan | Bansho as part of lesson and lesson study: from the origins to the present[END_REF].

Regarding the application of board compositions in lesson plans, we describe here a case of teachers' practical research activity in the Kushiro region, located in eastern Hokkaido, northern Japan. A group of approximately 60 secondary mathematics teachers, including the third author of this paper as an active member, carries a collaborative practical research group in the region. In their home page1 , the teachers share diverse teaching materials they have created, and among others, there is an archive file of the images of blackboard from each lesson the teachers have conducted. The teachers simply take a picture of the blackboard they have made during the lessons, and file them into PDF format. The members of this practical research group have free access to those documents. Teachers often make the board plans when they plan the lessons, therefore, archiving the images of the completed blackboard became a kind of natural habit for them. Since the whole image of the blackboard mediate the flow of the entire lesson in which, again, the structured problem-solving approach often is applied, teachers can rebuild the process of the lessons by interpreting the images of the blackboard. Then they refer to these posed structures of the 𝒮(X, Y, ) to their own board work plan and lesson plans. In this paradidactic system of the archiving own works of blackboard and studying colleagues' board work 𝔖(𝔛, 𝔜, 𝒮(X, Y, )), both the 𝔜 (mentors) and 𝔛 (learners) are formed by the members of the practical research group. 𝔜 support 𝔛's learning on 𝒮(X, Y, ) through creating board work plans and sharing them.

Discussions on board work after research lessons

Participating in open lessons organised by colleagues is a common practice for many Japanese teachers. Teachers up to lower secondary school level usually hold such open lessons at their school and for teachers in the region. These open lessons also are called research lessons where teachers work with a particular kyozai -a specific teaching material (often mathematical tasks) created to teach specific mathematical topics, then conduct a lesson in front of their colleagues to allow them to observe and study several different aspects of the lesson. The invited participants are teachers from different schools and one so-called advisor, who is often a teacher educator/researcher at a university. The number of participants may vary depending on the scope of the lesson study. If the invitation to the research lesson is extended to teachers outside the region, especially, when it is hold online, the number of participants can be very large, sometimes several hundred. After the research lesson, the participants discuss what they have noticed while observing the conducted lessons (kyogikai: post lesson We describe here an example of teachers' dialogue regarding the function of board work during a post lesson discussion session of a research lesson held at a lower secondary school in Japan from (Asami-Johansson, 2021a). The lesson was about finding out the methods for calculating surface area of a cone with a structured problem-solving approach. Since the educational theme of the lesson was given as "to improve students' abilities of expressing their thoughts autonomously and to judge properly discussions in different situations", a participant asked to the lesson conducting teacher "how we can help students to develop their ability of communication by use of board work?" (ibid., p. 104). The teacher replied that he made the board work plan very carefully, as all the content on the blackboard would be kept in the students' notebooks. He mentioned that among the others what topic would be written on which part of the blackboard, how exactly the pupils' words would be recorded on the board, and so on (ibid.). Evidently, in this dialogue between the teacher and the participant, the board work acts as a paradidactic resource, providing data for the lesson.

Teachers' practical research group of board work carried on social media

Various social media such as Twitter, Facebook, YouTube, and official websites of local government provide a forum for teachers reporting, studying, and discussing the practice of board work in Japan. In this study, we describe a Facebook group Banshobook -mathematics, which have by 2023 January more than 6400 members nationwide. The group has started in 2014 by a few mathematics teachers in Yamaguchi Prefecture, where had been existed a tradition of studying board work among the schools as described in the previous section. Anyone who has been approved by a member of the group can join this forum. The participants upload an image of the blackboard made during their mathematics class within elementary, lower, and upper secondary levels with brief comments about the goal and flow of the lesson. According to the information by the administrators, up to the present, the registered uploaded posts have categorised within three areas of mathematical topics: arithmetic and algebra 96, geometry 87, and functions 60. The comments and questions to these uploaded posts vary widely. Given the questions asked, the focus and interest of the participants seems generally on the entire process of the lessons, teachers' didactic methods to handle a certain situation, and mathematical contents of the lessons, rather than the function of the board work within the lessons, or detailed questions on the didactic techniques of board work itself. The participants focus on some part of the blackboard they see in the post, and ask the post sender e.g., how he/she conducts the lesson to let the students notice a certain mathematical concept they are supposed to apply, or how they treat the students who reason mathematically incorrect at some situation, etc. Only a few participants ask for example, disposition of the blackboard, certain didactic techniques for making the students refer to the contents shown on the board, and so on. The participants look at the contents of the blackboard as if a lesson plan, and they imagine how the lesson practically was carried out. At the Banshobook forum, the participants study how to identify and then discuss paradidactic stakes -mastering different didactic techniques that support realising an ideal problem solving based lesson. Generally, certain participants constantly are uploading posts, and relatively the same persons ask questions and give comments to other posts. Most of the participants are just observing these discussions. In this paradidactic system 𝔖(𝔛, 𝔜, 𝒮(X, Y, )), those who constantly posts and lead the discussions on the forum play a role of 𝔜, and those passive participants 𝔛 study how 𝔜 deal with their paradidactic stakes 𝒮(X, Y, ), and at the same time observe and study how these 𝔜 discuss about different aspects on the posted board work.

Professional contract: The irrelevance of theorising board work techniques

What do the facts described above implicate in? Most of the discussions in Banshobook are centred on the didactic system 𝒮(X, Y, ) of the entire lesson, rather than the actual didactic techniques of board work itself. A similar phenomenon is observed at the contents of the practical books on board work (though those books indeed are categorised as "practical" books; jistuyo-sho in Japanese). We have not covered and studied entire published books, but the mainstream of the series of banshobooks (e.g., [START_REF] Nagata | Bansho & tenkairei de yokuwakaru. Suugakuteki katsudou de tukuru 365 nichi no zen jugyou[END_REF]Ikeda & Tanaka, 2022) primarily describe the general goal of the lessons and its whole ideal structure. The books usually give topics to be written on the blackboard but do not give detailed comments on how and when these things should be written, with the exception of Ninomiya and Kamoda's book (2012), which gives very detailed comments on almost all contents written on the blackboard (e.g., "write the initial problem while you read the text aloud"; "Write the sentence for the task how much does it cost for 18 litters? to the end. Then start writing the second task", etc.). One can find some "hands-on" books about board writing with plenty of practical advice, but those books usually do not deal with board work of mathematics classroom but about board work in general. The third author of this paper recognises as an insider of the teaching profession that there is a kind of tacit norm at post lesson discussions to avoid asking a detailed practical issue regarding board work, such as "in which position on the blackboard one should write about…", "what kind of text one should write regarding…", since this kind of questions on detailed didactic techniques are considered "low-level", compared to essentially mathematical questions or questions regarding general pedagogical goal like "how the use of board work can help students to develop their ability of expression" as described in the example above. These phenomena seem to the appearance of a stable clause of the paradidactic contract of what and how to discuss the different didactic techniques of board work among Japanese teachers: to ask, or to discuss the board work itself is a sign of professional immaturity. This fact is a possible reason why didactic researchers, who is often very close to the position of schoolteacher, have done so few studies on board work techniques.

A probable condition for the second-class status of theoretical part of board work in the paradidactic discussion is the culture of dō, that means path. That is originally related to the training of Japanese traditional sports (readers probably can associate Jūdō) and arts (cf. [START_REF] Hirabayashi | A traditional aspect of mathematics education in Japan: Mathematics as GEI (art), its JUTSU (technique) and DO (way)[END_REF], but, today, Japanese people implicitly or explicitly use this concept in various contexts. In fact, we can find several different forms of educational dō on the Internet easily: e.g., Kyōshi-dō (teacher-dō). In our view, the culture of dō can be characterised as a study paradigm in the terminology of ATD (cf. [START_REF] Chevallard | Teaching mathematics in tomorrow's society: A case for an oncoming counter paradigm[END_REF]. A remarkable property of the didactic organisation under the paradigm of dōwhich is a kind of apprenticeship-is to train "unchangeable" techniques (Kata in Japanese) without theoretical explanation. In this framework, the appropriate understanding of the techniques cannot be given by the master's "exposition" but must come from the awakening of the trainees themselves through their own concrete struggle, which in some cases makes verbal instruction simply impossible. Thus, in lesson study, the detailed techniques of board work are not something to be theorised and institutionalised collectively but to be practiced and embodied individually.

Final remarks: Board work as a condition for lesson study

In this paper, we identified the four archetypes of the presence of board work in paradidactic systems within the Japanese teaching profession. In our view, board work as a paradidactic resource is a crucial condition for the functioning of the system of lesson study in many ways. In the four different examples of teachers' research work presented here, it is commonly observed that board work is used as an important professional device for disseminating and developing didactic knowledge about mathematics teaching. The concrete form of blackboard, which can easily represent the whole picture of a lesson, makes it possible to visualise and communicate the techniques related to lesson design and its implementation for the teachers. However, in the process of disseminating lesson study internationally, the existence of board work seems to have become transparent. We also assume that board work merely presents a (small) part of the paradidactic infrastructure on which lesson study unconsciously draws. This is a reason why we regard the paradidactic as a crucial part of the object of study in didactics. For studying scientifically lesson study and other paradidactic entities without falling into spontaneous stereotypical trivialisation and superficial (pseudo-)ethnographic explanations, we need to construct a strong theory to problematise them.
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