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In the fall of 2020, programming became a required part of mathematics in Norway. In this paper, we want to elicit and better understand beliefs teachers might have about collaborative learning via programming in secondary mathematics. Qualitative coding methods (Saldaña, 2015) were used to analyze the teachers´ written reflections. Results indicated that Norwegian teachers for grades 5 -10 (ages 9 -16) may have beliefs about collaborative learning and computer programming in school mathematics that are in line with ideas stated in the Norwegian mathematics curriculum about active student participation in learning and using programming as a tool for developing mathematical understanding.

Introduction

Since the autumn of 2020, computer programming as a critical element of computational thinking has been a mandatory part of mathematics (and several other subjects) in Norway. According to The Norwegian Directorate for Education and Training, computational thinking is made visible in the new curriculum because this is an important problem-solving strategy. When students use programming to explore and solve problems, it can be a great tool for developing mathematical understanding. At the same time, student active participation and collaboration have been a central element in all parts of the new curriculum (Kunnskapsdepartementet, 2019).

Implementing programming and students´ collaboration as a part of the mathematics curriculum requires changes in teachers' classroom practices. Stipek et al. (2000) argue that teachers' beliefs and values about teaching and learning affect their teaching practices and changing teachers' classroom practices may require influencing their beliefs. Likewise, Five and Buehl (2012) conclude that teachers hold complex and multifaceted beliefs about a wide range of people and structures, which can function in different ways as filters, frames, or guides. In their recommendations for teacher educators, they state that beliefs influence how reform efforts are interpreted (filtered) and implemented (guided). Effective implementation of reform may require changes to related belief systems. The incorporation of collaborative learning and programming in Norwegian schools is a relatively new phenomenon. Therefore, it appears critical to investigate teachers' perspectives on the subject.

Because of several definitions of the term teachers' beliefs, it is necessary here to clarify what is meant by teachers' beliefs in our paper. We will use a definition provided by Kagan (1992, p.23 as cited in Five & Buehl, 2012):

Teacher belief is a particularly provocative form of personal knowledge that is generally defined as pre-or in-service teachers' implicit assumptions about students, learning, classrooms, and the subject matter to be taught (p. 473).

This definition highlights the implicit nature of beliefs teachers might have about subjects they are teaching and how students learn. According to Five and Buehl (2012), researchers can surmise teachers' beliefs by analysing actual teacher actions, planned actions, or talk.

In our study, we wanted to elicit and better understand the beliefs teachers might hold about incorporating programming and collaborative learning into school mathematics. The purpose is to inform the design of professional development approaches that will increase classroom use of programming and collaborative mathematics learning. Our research question is: What beliefs do Norwegian mathematics teachers hold when evaluating a lesson plan that incorporates programming and student collaboration?

Collaborative learning in mathematics and programming

Student participation is a central element in all parts of the new Norwegian curriculum (Kunnskapsdepartementet, 2019). At the same time previous research [START_REF] Klette | Introduction: Studying Interaction and Instructional Patterns in Classrooms[END_REF] shows that Norwegian mathematics instruction is characterized by individual seat-work and whole-class instruction, while peer and group learning are rare, and students seldom solve complex mathematical problems. In more recent research, however, [START_REF] Klette | Hva vet vi om god undervisning? Rapport fra klasseromsforskningen [What do we know about good teaching? Report from classroom research[END_REF] pointed to an increase in group work and thus more student participation in mathematical discussions. It seems possible that these changes may be due to changes within teachers' belief systems related to mathematics and the teaching of mathematics in the last ten years.

In collaborative learning, the teacher's role changes from one of telling to one of facilitating the learning process. The goal of collaborative learning is to construct an environment where students learn from and with each other instead of through direct instruction by a teacher. The collaboration might lead directly to a shared outcome or goal [START_REF] Dennen | Designing collaborative learning through computer support[END_REF].

In a recent review about programming in mathematics, [START_REF] Forsström | A literature review exploring the use of programming in mathematics education[END_REF] examined 15 articles to determine the educational potential of programming in a mathematics curriculum and discovered that students' learning processes with programming are frequently collaborative, with teachers and students taking on different roles than usual. They summarized the new teacher's role as a supporter, guide, and conflict solver. The classroom climate created by the teacher can increase students' collaboration and provide opportunities for students to adopt group roles that are different from those of their ordinary mathematics lessons. Students who are normally categorized as having low ability can gain the opportunity to lead the group and come up with sophisticated mathematical ideas. For example, [START_REF] Horn | Strength in numbers: Collaborative learning in secondary mathematics[END_REF] argued that effective group learning allows all learners to help each other. At the same time, the usual way of thinking about collaborative learning is to "offer opportunities for "fast learners" to slow down and teach, while struggling learners get in-class tutoring from their peers" (Horn, 2012, p. 39).

Research on programming in learning mathematics and teachers' views

Current research focused on learning mathematical concepts through programming is rare [START_REF] Benton | Bridging primary programming and mathematics: Some findings of design research in England[END_REF][START_REF] Kilhamn | Teachers' arguments for including programming in mathematics education[END_REF]. [START_REF] Benton | Bridging primary programming and mathematics: Some findings of design research in England[END_REF] draw our attention to the ScratchMath project, which aims, among other things, to clear up any confusion about the relationship between learning to program and learning to express mathematical ideas through programming. They argue that programming activities could broaden students' understanding of mathematical ideas such as for example place value, coordinate systems, symmetry, and negative numbers. They also compared teachers' actions during the implementation to researchers' expectations and identified several key factors in identifying a gap, including teacher confidence and usage of technology to assist computational and mathematical ideas, and that teachers may either emphasize computational or mathematical learning.

However, when Holms et al. ( 2018) tested activities from ScratchMath as part of a professional development program in Australia, teachers reflected that not all students were actively engaging with the mathematical concepts underpinning the programming activities. When this topic was brought up in the focus groups, the teachers agreed that, in the future, they needed to be clearer in directing students to engage with the mathematical components of the module. 2019) report with some caution that Swedish mathematics teachers do see a clear relationship between mathematics and programming; however, this does not mean that the teachers view these topics as coincident. Their results show that the teachers express that they and their students can use their mathematical competencies while programming and feel that it is a good idea to do this. On the other side, Kilhamn et al. (2020) found that teachers are positive toward programming activities, but they do not always see the clear connections to mathematics.
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Overall, these studies show that teachers beliefs about how mathematical ideas can be developed through programming might be very different. And it is important to learn more about what teachers believe about the connections between mathematics and computer programming.

Methods

For the project reported in this paper, we included collaborative learning and programming in professional development with mathematics teachers for grades 5 -10 (ages 9 -16). 47 in-service secondary school mathematics teachers participated in this study. The project ran for roughly 4 weeks, commencing with a 2-day professional development gathering and ending with a final written group assignment where teachers shared their experiences and reflections. Teachers were matched into 15 groups randomly. To our knowledge, they had little or no experience with collaborative learning and programming before.

There is a wide range of approaches to studying and conceptualizing the beliefs of teachers. Five and Buehl (2012) summarize methods used to assess teachers' beliefs depending on the implicit or explicit nature of those beliefs. One of the approaches to understanding teachers' beliefs has been to examine teachers' enacted beliefs through analysis of actual teacher actions, planned actions, or talk. In our study, we decided to infer teachers' implicit beliefs about collaborative learning and programming from their written reflections.

To provoke teachers' thinking and reflections, we used a lesson plan that was concrete enough to work in a classroom and included practical examples of collaborative learning tasks. The lesson plan was created and tested before by two mathematics teachers and two teacher educators as a part of another project about collaborative problem solving in digital environments (TEACH21st). The mathematical topics covered were probability (the discrete uniform distribution, the Law of Large numbers). The programming concepts covered in the gathering and the lesson plan included loops, functions, and variables, which are present in the Norwegian Curriculum for Mathematics, years 1-10 (see [START_REF] Sørensen | Programmering og samarbeidslaering[END_REF], for more details).

The lesson plan was based on reciprocal teaching which involves students teaching other students in collaborative groups. In reciprocal teaching (see [START_REF] Dennen | Designing collaborative learning through computer support[END_REF], for more details), students engage in collaborative activities in learning from text and videos. In our lesson, several teaching videos were available for students, and then the students would take on the role of the teacher, leading the group to construct the meaning and find solutions. Students took turns leading the group with different tasks; students observe, practice and working collaboratively with their peers.

The teachers were instructed to work together on the tasks in the lesson plan, to explore and reflect on opportunities for collaborative learning through programming for their own classes. We wanted teachers to experience collaborative learning on their own and share their reflections first within the group and then form a common reflection on the lesson plan. We are aware, however, that our findings may be somewhat limited by studying group reflections, and individual teachers' perspectives might be hidden in common reflections. These results therefore need to be interpreted with caution.

We used an open-ended questionnaire as part of a final written group assignment for data collection. The questionnaire included four questions that were concerned with the following topics related to programming and collaborative learning:

• what kind of previous knowledge of probability and programming by both students and teachers is required by the lesson plan, • describe mathematics learning outcomes you would expect, • describe challenges in using computer simulations in the classroom you would expect,

• how the lesson plan facilitates collaborative learning and what could be done differently.

To address our research question about teachers' beliefs, their written reflections were coded and categorized. For analysing the data, we used qualitative coding methods [START_REF] Saldaña | The coding manual for qualitative researchers[END_REF]. We used deductive codes derived from a theoretical perspective and inductive codes for the themes not presented in existing research about programming and collaborative learning. The two authors conducted the coding independently.

Using the deductive codes, we characterized the response of each group according to their satisfaction with the aspects of collaborative learning in the lesson plan. Afterward, we looked at the reasoning behind the answer, for example, why role assignment can increase learning in small groups. Next, we looked at teachers' arguments about how programming can facilitate understanding of mathematical concepts and ideas.

Results and discussion

The purpose of this study was to examine and understand the beliefs Norwegian mathematics teachers have regarding a lesson plan that integrates programming and students' collaboration. We will first present and discuss the results concerning teachers' beliefs about how the lesson plan facilitates collaborative learning. Next, we will present and discuss teachers' beliefs regarding the development of mathematical ideas through programming.

Teachers' beliefs about how the lesson plan facilitates collaborative learning

Looking at teachers' answers to the question of how the lesson plan facilitates collaborative learning, almost all groups expressed positive sentiments about the lesson plan. There was agreement in the belief that the different roles the students take on in the lesson plan and digital co-writing as a collaboration tool facilitate good collaborative learning, that students should have some learning autonomy, and that the student's goal is to gain a common understanding of what they are doing in different tasks. For example, one group reflected, "It's critical that they take the time needed and discuss it together so that everyone understands what they're doing ". Another group said, "To improve learning in the group as a whole, we suggest that the students switch roles and that the roles' responsibilities be made clear." There were also comments about tasks that were meant to get students to work together: "These are not tasks that can only be done by one person; they must be discussed and written down." Taken together, teachers emphasize the importance of students understanding that everyone has a role to play, they are expected to contribute, and that they will share the rewards if they accept responsibility for the tasks assigned to them. These results corroborate the idea of collaborative learning with computers [START_REF] Dennen | Designing collaborative learning through computer support[END_REF], when groups must be formed so that everyone understands what they are expected to do, and technology may be used to enhance faceto-face interactions.

Another notable point was that some teachers interpret collaborative learning as opportunities for "fast learners" to teach and struggling learners to receive in-class tutoring from their peers, as described by [START_REF] Horn | Strength in numbers: Collaborative learning in secondary mathematics[END_REF]. One group stated, "If one student in the group has understood something that the others are having difficulty with the student can explain how it is done."

Individual work was also mentioned by the teacher as a foundation for group collaboration and group discussions. The following comment encapsulates the essence of what some groups wrote: "It is important that all team members perform all the tasks in order to gain experience and knowledge." This finding is consistent with the findings of [START_REF] Forsström | A literature review exploring the use of programming in mathematics education[END_REF]. In their review, many of the research on the use of programming in mathematics education emphasized the significance of collaboration in students' learning. However, in these studies, learning was also viewed as a change in individual knowledge rather than something that the group acquires through collaboration.

Teachers' beliefs about understanding and developing mathematical ideas through programming

Teachers identified and described the following mathematical ideas in relation to the integration of mathematics and programming: variation, the Law of Large Numbers, the connection between the experimental and theoretical probability. We have also noticed that teachers tend to emphasize the use of programming to make the connection between the internal processes of the simulation in Python and the process of obtaining outcomes using the dice, rather than simply looking for and discussing programs' outcomes.

One of the groups wrote:

In the beginning, "small numbers" are used for probability calculation (students must roll dice 30 times). Finally, programming is applied to larger numbers. As a result, we believe that the program's structure aids students in seeing a progression and connection, with various visualizations along the way. You can see an example of the visualization teachers wrote about in Figure 1. The program code on the left simulates rolling the dice 1 000 000 times and displays a table (in the middle) showing the probability of each possible outcome and a histogram of the results for 1 000 000 outcomes on the right. This is consistent with the findings of a study reported by [START_REF] Kilhamn | Teachers' arguments for including programming in mathematics education[END_REF], in which teachers stated that programming activities can help students visualize mathematical problems and see how they relate to reality.

Another group reflected on the Law of Large Numbers and drew the connection from the experimental to theoretical probability, stating:

Students get hands-on experience of how much more effective programming can be to apply than doing all experiments physically. It also provides insight into the realities of the Law of Large Numbers when they get to see the outcomes at such large numbers of throws as 5000 and 100 000. And it can give them a better understanding of the practical application or "truth" of theoretical probability, although it may seem wrong with as few attempts as the 30 rolls they make at the beginning of the tasks. This comment fits with the results of previous research on teaching probability [START_REF] Ireland | Building a connection between experimental and theoretical aspects of probability[END_REF], which showed that using a probability simulator can provide a meaningful link to real-world manipulatives, make large samples easy to understand, including understanding the Law of Large Numbers. The teacher also demonstrated that they were aware that students could question how the program chooses outcomes randomly:

Students might wonder how real the program/simulation is. How can an invisible program do so many calculations in 2.8 seconds when it would take us 173.61 days to do the same? When the experiments are made by a computer, students may also wonder if they are truly random.

In summary, these results show that teachers in our study shared the belief that programming activities used in the lessons plan created situations that reveal mathematical ideas and could draw students' attention to key mathematical aspects such as variation, the Law of Large Numbers, and the connection between experimental and theoretical probability. Surprisingly, our findings differ in some way from previous research (Misfeld et al., 2019;Kilhamn et al., 2020) on teachers' perspectives on the connections between mathematics and programming and how these two topics are related. A possible explanation for this might be that different mathematics topics can provide different opportunities for programming activities, making connections more or less explicit. Another possible explanation for this is that mathematics teachers' views on and experiences with using technology, or programming in our case, in the lesson plan could be vary depending on the age of the students they teach.

Previous studies have shown that the role of the teacher is critical in engaging students with the mathematical components of programming activities (Holms et al., 2018), and teachers´ beliefs can guide how reform efforts are implemented [START_REF] Fives | Spring cleaning for the "messy" construct of teachers' beliefs: What are they? Which have been examined? What can they tell us[END_REF]. According to our findings, Norwegian teachers may have beliefs about collaborative learning and programming in school mathematics that are in agreement with ideas stated in the Norwegian mathematics curriculum about active student participation in learning and using programming as a tool for developing mathematical understanding (Kunnskapsdepartementet, 2019). Teachers' professional development should take this into account. Teacher education instructional design can be improved upon by focusing on teachers' perspectives on the introduction of new topics and methods in mathematics classrooms, such as programming and collaborative learning.
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 1 Figure 1: Screen dump of visualization from the lesson plan