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The study investigates preservice mathematics teachers' (PMTs) reasoning about data analysis in a context. It is a part of the classroom teaching experiment that aims to develop PMTs' reasoning about distribution. The data of the study, in which 14 preservice mathematics teachers participated, consists of the video recordings of two classroom sessions and the notes taken during the classroom observations. Qualitative data analysis of the study focuses on the participants' reasoning about data related to weight context in a collaborative and communicative process. The findings show that the instruction focusing on the concept of distribution improved reasoning about data analysis. It also confirms that data invention supported making sense of data more globally, considering the shape of the distribution.

Introduction

Statistical reasoning is the ability to understand the data analysis process, explain the underlying statistical ideas, and fully interpret the results. To make sense of what the data says, it is necessary to understand the graphical representations that structure the data and the statistical summaries that describe how data is distributed [START_REF] Ben-Zvi | Statistical literacy, reasoning, and thinking: Goals, definitions, and challenges[END_REF]. In this respect, reasoning about data analysis includes deliberating related to the shape, center, and spread of a dataset and examining the clusters, gaps, and outliers in different graphical representations [START_REF] Ben-Zvi | Reasoning about data analysis[END_REF].

Statisticians are aware of the patterns or trends in the data set while reasoning on the distribution as a systematic structure consisting of data values. In other words, they can both observe the data values individually and interpret what those values mean when combined. In this sense, as the essential goal of statistics education, it is focused on raising students, like statisticians, to be able to make sense of the concept of distribution (Cobb, 1999;[START_REF] Gravemeijer | Design research from a learning design perspective[END_REF]. Reasoning about distribution requires a holistic view of the center, spread, skewness, and density [START_REF] Bakker | Learning to reason about distribution[END_REF]. More specifically, it includes seeing the measures of center and variability along with statistical aspects such as the position of the majority, outliers, and extreme values far from the center. Contrary to its importance in school mathematics curricula (Ministry of National Education [MoNE], 2018; National Council of Teachers of Mathematics [NCTM], 2000), a considerable amount of research has demonstrated that the global understanding of data has not been established [START_REF] Aridor | Statistical modeling to promote students' aggregate reasoning with sample and sampling[END_REF][START_REF] Ben-Zvi | Junior high school students' construction of global views of data and data representations[END_REF][START_REF] Wild | The concept of distribution[END_REF]. The students and teachers focus on specific data values instead of the general pattern in the data set. From this perspective, in this study, we aimed to develop a holistic understanding of PMTs who have an important role in the teaching practices of statistical reasoning while performing data analysis in the context of weight. For the research question, we sought an answer to how PMTs reason while analyzing data in balloon activity without data.

Theoretical Framework

This study focuses on developing PMTs' reasoning on the balloon activity designed based on Realistic Mathematics Education (RME). The activity that allows doing statistics as a human activity is experientially real to PMTs [START_REF] Freudenthal | Revisiting mathematics education[END_REF]. PMTs are expected to make phenomenological explorations of the statistical measures and aspects intertwined with their own constructions and products in the classroom in which they participate. PMTs' interaction with each other helps others learn in a discourse, which corresponds to the interactivity tenet of RME. This tenet reveals the effect of shared things in social environments on learning mathematics. In this regard, the emergent perspective associating both individual/psychological and social dimensions in the classroom microculture guides the interpretation of PMTs' reasoning in the study. PMTs' personal beliefs, values, concepts, and activities reciprocally sustain classroom social norms, sociomathematical norms, and classroom mathematical practices in the social dimension [START_REF] Cobb | Constructivist, emergent, and sociocultural perspectives in the context of developmental research[END_REF]. In this study, we investigated classroom statistical practices (CSP) to analyze the collective statistical reasoning of PMTs as a classroom community with active participation when performing data analysis in a socially constructed learning environment. CSPs are taken-as-shared ways of reasoning, arguing, and symbolizing while negotiating particular statistical ideas [START_REF] Cobb | Participating in mathematical practices[END_REF] institutionalized beyond justification [START_REF] Cobb | Constructivist, emergent, and sociocultural perspectives in the context of developmental research[END_REF].

Methods

This study is part of a classroom teaching experiment that aims to develop PMTs' reasoning about distribution. It deals with instructional activities for the development applied in the social world of the classroom [START_REF] Cobb | Conducting teaching experiments in collaboration with teachers[END_REF]. In this respect, 14 preservice middle school mathematics teachers participated in the study. They have knowledge of basic statistical concepts (e.g., measures of center and variability and graphical representations) from their course in the previous semester.

The teaching experiment was conducted in an elective course of the mathematics teacher education program in Turkey. For the design principles, the classroom environment was created in which the concept of distribution was the central idea of the instructional activities. The participants used a dynamic statistics program, TinkerPlots, in classroom discourse in which they expressed their reasoning in a collaborative and communicative process. We were initially guided by the hypothetical learning trajectory of Cobb (1999) and his colleagues. In the teaching experiment that lasted for eight weeks, three hours a week, the participants engaged in 12 instructional activities. One of these activities was the balloon activity, the focus activity of this study.

The second researcher, as an instructor, implemented the activity on an online learning platform, Zoom, for two class sessions. In the first-class session, upon the instructor's questions, the participants talked about their balloon riding experiences, the working system of the balloon, the maximum number of people who can ride the balloon, etc. After the conversation about the context, the instructor shared a balloon picture with the question: In this balloon, eight adults are allowed for a ride except for the balloon driver. How many 7 th -grade students could safely ride on the balloon, taking into account only the weight? [START_REF] Bakker | Learning to reason about distribution[END_REF]. Subsequent to the introduction of the activity, the first researcher, as a participatory observer, formed three small groups in the breakout rooms of the learning platform and randomly assigned 4 or 5 PMTs to each group. While PMTs determined how many students could get on the balloon in groups, researchers encouraged them to come up with different solutions and justify their solutions by moving between the groups. After the small group work, the data analysis performed in small groups was presented in the wholeclass discussion. The participants shared the solutions without repeating the same solution method produced by different groups. The researchers directed the order of sharing reasoning ways related to data analysis in the classroom based on the notes they took in group work. In the whole-class discussion, PMTs argued about which is more accurate or effective for solving the statistical problem. If necessary, they had to persuade everyone in the classroom while demonstrating and explaining their results. In other words, they were intended to learn socially based on the context of weight in a collaborative and communicative process. In the second-class session, the participants invented their data in different small groups according to the number of students decided jointly by the class and inscribed the data with graphs on TinkerPlots. As in the previous session, the researchers monitored the study of PMTs in groups by asking them to give reasons and think differently. Following about ten minutes of group work, they interpreted the graphs they obtained regarding their similarities and differences and discussed different situations arising from specific questions of the instructor. This whole process, including small group work, was videotaped.

Since the instruction was performed in a socially structured learning environment, the reasoning of PMTs on the balloon activity was interpreted through the emergent perspective [START_REF] Cobb | Constructivist, emergent, and sociocultural perspectives in the context of developmental research[END_REF]. Namely, CSPs that reflect the collective statistical reasoning of PMTs when analyzing data were examined. With this in mind, we used [START_REF] Krummheuer | The ethnography of argumentation[END_REF] model of argumentation to document their reasoning, which is compatible with the emergent perspective. After all the videos were transcribed, we generated argumentation schemes containing claims, data, and warrants. At first, we coded claims that are assertions or conclusions expressed by PMTs, the data consisting of the facts, information, or statements in the classroom that the claim is based on, and warrants for what explains or justifies why the data supports the claims [START_REF] Krummheuer | The ethnography of argumentation[END_REF]. Secondly, we identified taken-as-shared ideas, which are ways of reasoning that everyone in the classroom acknowledged without the need for justification. In the final stage, we described CSPs that emerged from taken-asshared ideas in consensual ways of reasoning, arguing, and symbolizing [START_REF] Cobb | Participating in mathematical practices[END_REF].

While analyzing data on the balloon activity, PMTs justified the taken-as-shared ideas through the concept of mean and the shape of the distribution. Accordingly, we presented the findings under two CSPs. They were reasoning through the concept of the mean and reasoning through the shape of the distribution. We also used the field notes, PMTs' artifacts, and the graphical representations they generated in TinkerPlots to provide extra clarification while documenting their reasoning.

Findings CSP1: Reasoning through the concept of the mean

In the balloon activity, where no data was given, PMTs started to solve the statistical problem by setting the means for both samples. While determining the number of students, the class had two taken-as-shared reasoning ways. The first one is the ratio of the total weight that the balloon can safely carry to the means set for both samples, which was observed in all small group works. The shared solution of a group in the whole-class discussion is given below.

PMT5:

The table I found says 49.8 kg for 13-aged students and 70-75 kg for adults. PMT9:

Let's assume 50 kg for the students. PMT2:

I have always seen 75 kg in elevators. Then, if we take 75, the total is 600 kg (75x8).

It is divided by 50. The balloon can carry 12 students.

As another solution method, they proportioned the means they set without needing the total weight. In the whole-class discussion, PMT6 stated, "We said that one adult corresponds to almost 1.5 students. The weight of 8 adults is equivalent to that of 12 students". When the first researcher asked how they concluded that, she said they took the ratio of the weights (75/50). Although the means set in the groups differed, everyone in the classroom accepted the approach based on proportional reasoning without any justification. For example, PMT2 in the group that determined this ratio of 2 drew the graph in Figure 1. Unfortunately, the number of people on the horizontal axis was taken as a continuous variable. PMT2 drew attention to the fact that the total weight for the two samples was the same while interpreting the graph. Means set in both reasonings based on the multiplicative relationship of the average weights represent the entire weight distribution in which it is treated as if it consisted of a single value. That is, the average reduces a set of numbers into one value.

PMT7: There are eight people; let's first divide four as women and four as men. Then let's take those four as two underweight and two as overweight. PMT12:

At that time, assume that there are two average women, two average men, one thin woman, one fat woman, one thin man, and one fat man. PMT2:

In fact, all of these neutralize each other. In the end, the same thing happens.

When setting the mean in PMT2's group, the gender and order of weight raised the interpretation of equal sharing of the mean. However, as seen from the dialog above, the variability in the distribution was ignored by considering the leveling of different data values in the distribution. Therefore, in the next session, the instructor asked PMTs to invent 12 data values for 7 th graders and create a graph for the data in TinkerPlots. The instructor's intervention allowed the other CSP to emerge.

CSP2: Reasoning through the shape of the distribution

In this session, 12 weights for the students that the balloon could carry were determined based on 50 kg, which was the average weight of the students. The following dialog is an excerpt from the data invention process of a group presenting its graph in the classroom.

PMT2:

Let's consider level off or balance. While the mean is 50, we get 40 and 60. PMT4:

We can get partial too. 35 kg may be the lowest, logically. [47][48][49][50][51][52][53][46][47][48][49][50][51][52][53][54].

We set 50 as the middle value; let's set an upper and a lower value. Let's make it between 35 and 65. (PMT4 wrote data values as 35,40, 45, 47, 48, 50,50, 52, 53,55, 60, and 65). For too many values in the 42-48 range (Figure 2a), move them a little more to the right, and it becomes a normal distribution. PMT2:

Let's make 47 43 and 53 57 (Figure 2b). PMT9:

Weird. The distribution changes completely. As dragging, the shape seems skewed. PMT9:

It makes sense to have more at the bottom, as they are usually around 40.

They referenced the normal distribution to generate the data. Based on the balance point interpretation of the mean, they created the data consisting of symmetric pairs to 50. Technology had enabled the creation of graphical representations and the calculation of the mean quickly. Although the generated data values were bell-shaped, the appearance seemed different due to scaling or the set intervals in the graphs. As the data values were manipulated, the shape of the distribution could be interpreted immediately because the graph in the statistical software changed dynamically.

Similar to this group, the other groups relied on normal distribution to invent data. However, the second group presented a left-skewed graph in the whole class discussion. In the small group work, they focused on the total weight (600 kg). PMT14, one of the group members, drew attention to the variability when comparing their graph with the symmetrical distribution. He said, "The data set has just random numbers." In the whole-class discussion, they argued that the left-skewed distribution was more realistic when they made the mean about 48 by changing a few values.

Although all groups estimated that the 7th-grade students' weight values concentrated around 40-50 kg, the distributions they inscribed were symmetrical and left-skewed. When the instructor asked if anyone had a different idea, the group shared the horizontal bar graph, explaining the mean of absolute deviations, which was 5.6. Inspired by that inscription, after calculating the mean of absolute deviations, the other groups compared the variability of their distribution based on these values (6.5 and 4.16). The class discussion continued with the following dialogue.

Instructor:

What would happen if one of the students who wanted to ride weighed 90 kg? PMT4:

The mean increases. PMT2:

Since ours is a normal distribution, the graph reverts to right-skewed. PMT5:

The variance increases. Instructor:

Why? PMT5:

The distance to the mean is increasing. As a more extreme value comes, more diversity occurs, but the number of students who will ride the balloon decreases. PMT13:

There is no need to reduce the number of people necessarily. With lower-weight students, 12 students can ride again. PMT5: Ahaa, yes. We need to reduce one or two of them. Instructor:

Why? PMT5:

The mean and the sum should not change.

Instructor:

What has changed? PMT13:

The graph and variance change. PMT12:

If so, it will be right-skewed.

The participants were aware that when an outlier far from the mean was added, the data values had to be concentrated on smaller values to be the same sample size, provided the mean and the total remained the same. Therefore, they were convinced the weight distribution was right-skewed for the last situation. On the one hand, individual data values (e.g., the outlier) were considered in terms of variability. On the other hand, the participants focused on the shape of the distribution, which allowed the distribution to be viewed as a whole.

The instructor continued her guided questions to make the participants think about the different samples. She asked them to compare different samples (Figure 4) and describe the actual data by increasing the sample size step by step. PMT5:

The first one is right-skewed. Because the majority is on the left, the second one is normal. PMT11:

In the second, if we consider the 70 as an outlier, there is a tail there. PMT5:

Yes, it is right-skewed. PMT4:

The third graph is like a normal distribution. There is data at the beginning and at the end. PMT13-14: It is a normal distribution but with a large standard deviation. Instructor:

What will the shape look like when the sample size increases? Let's compare the weight distributions of 19 and 67 students (Figure 4. b). PMT11:

In the first, the concentration is to the right of the mean, while in the 67-person distribution, it is to the left of the mean. PMT4:

In the second, the range is too much. Instructor:

What kind of graphic does it become as the sample size increases? For example, consider all the 8th-graders in the district. PMTs:

Right-skewed.

The PMTs could quickly determine the shapes of the existing three distributions consisting of ten data values (Figure 4a) that seem normal and right-skewed. They interpreted the shape of distributions according to the position of the majority relative to the mean and whether there was an outlier or not. For example, when comparing the two distributions in Figure 4b, the density to the left of the mean was justified for the right-skewed distribution. It had been observed that the data values were distributed in the range of 35-70 as the sample size was increased, but there were some values greater than 70 in high sample size distributions. Therefore, everyone in the class agreed that the weight graph was right-skewed. Then, right-skewed samples with larger samples, such as 500, 100, and 5000 in TinkerPlots, were generated. As the number of samples increased, smooth curve shapes were obtained. In this context, they could evaluate the shape of distributions with high sample sizes as a whole towards the end of the instruction while they were reasoning about the specific values individually in low sample size distributions at the beginning.

While interpreting the shape of the distribution, instead of calculating the mean value, its location according to the majority was estimated. The higher frequency part of the distribution is balanced with the lower frequency part by the mean. In other words, the mean is the compensator between small and large data values. The balance point and fair sharing interpretations of the mean underlie reasoning through the shape of the distribution. In this sense, the first CSP in this study provides a basis for the second.

Conclusion and Discussion

The classroom teaching experiment was enacted to enable PMTs to reason the data as a whole instead of collecting individual data values in a collaborative and communicative process. In the study, PMTs solved the statistical problem in the context of weight, reasoning through the concept of the mean in which the distribution consisted of a single value, the mean. The data reduction with the mean caused a loss of information about the distribution. However, the distribution is an umbrella concept including center, spread, density, and skewness, which are intertwined [START_REF] Bakker | Learning to reason about distribution[END_REF]. Therefore, to draw attention to different distribution aspects, they were asked to invent data by distracting attention from the mean. They generated data with specific characteristics based on the balance point and fair share/leveling interpretations of the mean, which led to reasoning through the shape of the distribution. In addition, growing the sample size also allowed PMTs to strive for smoother graphics of distributions at the end of the teaching experiment. State differently, the study supported the conjecture of Bakker and Gravemeijer (2004, p. 149) that "reasoning with shapes forms the basis for reasoning about distributions." As [START_REF] Gravemeijer | Design research from a learning design perspective[END_REF] emphasized, this study showed that statistical concepts should be considered holistically in the data analysis process by integrating the idea of distribution instead of teaching the statistical content separately in the curricula (MoNE, 2018;NCTM, 2000). This conclusion is limited to the 14 PMTs and the context of the study. However, the study's design can be applied or replicated by practitioners in other contexts, which increases theoretical or analytical generalization. From this perspective, teaching the distribution concept that covers all aspects together in statistics education and even the teacher education program is recommended.

Figure 1 :

 1 Figure 1: The graph drawn by PMT 2

Figure 2 :
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