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Abstract

In this study, we explore mixed-dimensional Thermo-Hydro-Mechanical (THM)
models in fractured porous media accounting for Coulomb frictional contact at ma-
trix fracture interfaces. The simulation of such models plays an important role in many
applications such as hydraulic stimulation in deep geothermal systems and assessing
induced seismic risks in COgq storage. We first extend to the mixed-dimensional frame-
work the thermodynamically consistent THM models derived in [16] based on first and
second principles of thermodynamics. Two formulations of the energy equation will be
considered based either on energy conservation or on the entropy balance, assuming
a vanishing thermo-poro-elastic dissipation. Our focus is on space time discretisations
preserving energy estimates for both types of formulations and for a general single phase
fluid thermodynamical model. This is achieved by a Finite Volume discretisation of the
non-isothermal flow based on coercive fluxes and a tailored discretisation of the non-
conservative convective terms. It is combined with a mixed Finite Element formulation
of the contact-mechanical model with face-wise constant Lagrange multipliers account-
ing for the surface tractions, which preserves the dissipative properties of the contact
terms. The discretisations of both THM formulations are investigated and compared
in terms of convergence, accuracy and robustness on 2D test cases. It includes a Dis-
crete Fracture Matrix model with a convection dominated thermal regime, and either
a weakly compressible liquid or a highly compressible gas thermodynamical model.

Keywords: Thermo-Hydro-Mechanical (THM) model, Mixed-dimensional model, Dis-
crete Fracture Matrix model, Contact-mechanics, Thermodynamically consistent dis-
cretisation, Finite Volume, Mixed Finite Element formulation.

1 Introduction

Thermo-Hydro-Mechanical (THM) models in fractured/faulted porous rocks play an impor-
tant role in addressing the challenges of a sustainable exploitation of subsurface resources.
This is for example typically the case of deep geothermal energy production and COq geo-
logical storage. THM models offer valuable insights into the complex interactions between
temperature changes, fluid flow, rock deformation and fracture/fault mechanical behavior
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within the subsurface. They play a pivotal role in assessing potential risks, informing mit-
igation strategies and managing hydraulic stimulation of geothermal systems. Similarly,
in COq sequestration projects, THM models are instrumental in predicting and preventing
issues like fault reactivation which can potentially induce CO5 leakage or seismicity.

The THM models considered in this work initially integrate a mixed-dimensional approach,
coupling a non-isothermal Poiseuille flow within the network of fractures/faults represented
as co-dimension one surfaces, to the non-isothermal Darcy flow in the surrounding porous
rock, known as the matrix. Let us refer to [1, 21, 27, 29, 10, 11, 22, 31, 4] and the references
there-in for the derivation and for various discretisations of such mixed-dimensional models
in the context of single phase Darcy flows. The second key component is the thermo-poro-
mechanical model coupling the deformation of the rock with the non-isothermal Darcy
flow within the matrix domain. Let us refer to the monograph [16] as a key reference
textbook on a thermodynamically consistent derivation of such models. In this work, we
will follow this framework further assuming small strains and porosity variations as well as
a linear thermo-poro-elastic behavior of the porous rock. The third ingredient is related
to the mechanical behavior of the fractures/faults typically based on contact-mechanics
taking into account frictional contact at matrix-fracture interfaces. This type of mixed-
dimensional poromechanical models have been the object of many recent works both in the
isothermal case [30, 24, 3, 23, 5, 6, 7, 8] and in the non-isothermal case [32, 25, 33].

Building upon existing research, our work focuses on discretisations of mixed-dimensional
THM models preserving energy estimates for a general single phase fluid thermodynamical
model, an aspect not thoroughly explored in previous studies. We first extend to the
mixed-dimensional framework the thermodynamically consistent THM models derived in
[16] based on first and second principles of thermodynamics. Two formulations of the energy
equation will be considered based either on energy conservation or on the entropy balance,
assuming a vanishing thermo-poro-elastic dissipation. The entropy balance formulation
is frequently combined with a small Darcy velocity assumption and a linearisation of the
Fourier term based on a small temperature variation assumption [12, 9]. It leads to an
approximate entropy equation which will be investigated in this work both theoretically and
numerically from the points of view of energy estimates and accuracy of the solution. One
difficulty that needs to be dealt with when starting from such entropy balance equation is
the ability to return back to the energy equation at the discrete level. This will be addressed
in this work by preserving at the discrete level the links between the energy conservation
and entropy balance equations.

To achieve these goals, the space and time discretisations of the non-isothermal flow and
of the contact-mechanics must be selected carefully. Regarding the flow, our framework is
based on coercive fluxes and incorporate a possible upwind approximation of the convection
terms in order to deal with convection dominated regimes. The discretisation of the non-
conservative convective terms in the entropy balance formulation is designed in order to
preserve the link with the energy formulation. Although, this setting accounts for a large
class of coercive Finite Volume schemes, we focus in the following on the Hybrid Finite
Volume (HFV) discretisation [19, 10] in order to simplify the presentation. The time inte-
gration scheme is based on a forward Euler discretisation including a semi-implicit variation
in the entropy balance approach. Regarding the discretisation of the mechanical model, it
will be based, for the sake of simplicity, on a conforming Finite Element approximation of
the displacement field accounting for its discontinuity at matrix fracture interfaces. The
discretisation of the frictional contact along the fracture network is a key feature both for



the robustness of the scheme and for the derivation of energy estimates. Different formu-
lations such as mixed or stabilized mixed formulations [26, 34, 28], augmented Lagrangian
[13] and Nitsche methods [14, 15, 2] have been developed to discretise Coulomb frictional
contact. In line with [20, 23, 7], a mixed formulation with face-wise constant Lagrange
multipliers is selected. This choice maintains at the discrete level the dissipative properties
of the contact terms and the lower bound on the fracture aperture. It enables the straight-
forward handling of complex fracture networks, including corners, tips, and intersections,
and lead to local expressions of the contact equations, making possible the use of efficient
semi-smooth Newton nonlinear solvers.

The rest of this article is organised as follows. Section 2 presents the mixed-dimensional
THM models with energy equations based either on an energy conservation formulation
or on an approximate entropy balance formulation. The energy estimates satisfied by
both models are formally derived in Section 2.3. Their discretisations are described in
Section 3 including the Finite Volume discretisations of the non-isothermal flow in Section
3.2 and the mixed formulation of the contact-mechanics in Section 3.3 . The discrete
energy estimates are derived in Section 3.4 for the discretisations of both models which
are compared numerically in Section 4 in terms of convergence, accuracy and robustness.
We first consider in Section 4.1 a manufactured solution for an incompressible fluid and
different Peclet numbers on a 2D square domain without fractures. Then, a 2D Discrete
Fracture Matrix (DFM) model with a six fracture network is investigated in Section 4.2
both for the case of a weakly compressible liquid and for the case of a highly compressible
perfect gas.

2 Mixed-dimensional Thermo-Hydro-Mechanical models

2.1 Mixed-dimensional geometry and function spaces

In what follows, scalar fields are represented by lightface letters, vector fields by boldface
letters. We let Q < R?, d e {2, 3}, denote a bounded polytopal domain, partitioned into a
fracture domain I' and a matrix domain Q\I'. The network of fractures is defined by

r=Jr,
el

where each fracture I'; < €, i € I, is a planar and simply connected polygonal domain,
which is relatively open in the hyperplane it spans. Without restriction of generality, we
will assume that the fractures may only intersect at their boundaries (Figure 1), that is,
for any 4,5 € I,i # j it holds I'; n T'; = &, but not necessarily I'; n T'; = .

The two sides of a given fracture of I'" are denoted by + in the matrix domain, with unit
normal vectors nt oriented outward from the sides +. We denote by -, the trace operators
on the side a € {+, —} of T for functions in H'(Q\I') and by 7sq the trace operator for the
same functions on 052. The jump operator on I' for functions u in (H'(Q\T'))? is defined by

[[ll]] =7Y+u—7-1,
and we denote by

[ula=[u]-n* and [u], = [u] - [ulun*



Figure 1. Illustration of the dimension reduction in the fracture aperture for a 2D domain
Q) with three intersecting fractures I';, i € {1,2, 3}, with the equi-dimensional geometry on
the left and the mixed-dimensional geometry on the right.

its normal and tangential components. The notation [q,,]n will also be used to denote the
normal jump of flux functions q,, € Hgiy (2\I') defined by

[am]n = 75 9m + V4 Am

with ~§ the normal trace operator on the side a of I' oriented outward to the side a € {+, —}.
The notation ~5, will also be applied to tensor fields. The tangential gradient and divergence
along the fractures are respectively denoted by V. and div,. The symmetric gradient
operator is defined such that (v) = 3(Vv+(Vv)?!) for a given vector field v e H!'(Q\I')%.

To fix ideas, the pressure p and temperature 1" are assumed to be continuous at the matrix—
fracture interface, that is, these functions belong to H'(€). As a consequence, letting 7 :
H'(Q) — L2(T") be the trace operator on the fracture, the fracture pressure and temperature
are given by py = yp and Ty = T

The space for the displacement field is defined by

Uy = {ve HY(O\D)? : yoqv = 0}.

2.2 Mixed-dimensional models

We consider a Thermo-Hydro-Mechanical (THM) model under the hypothesis of small
perturbations for the skeleton accounting for small strain, displacement and variations of
porosity [16]. Linear isotropic thermo-poro-elastic constitutive laws are considered for the
skeleton assuming small variations of temperature around the reference temperature Tief.
The Darcy law is used for the fluid velocity and the Fourier law for the thermal conduction.
Thermal equilibrium is assumed between the fluid and the skeleton, and the mechanical
inertial term is modelled using the frozen specific average fluid-rock density my.

The fluid thermodynamical properties, depending on its pressure p and temperature 7', are
e o(p,T): specific density,
e ¢(p,T): specific internal energy,
o h(p,T)=e(p,T)+ %: specific enthalpy, and
e 7(p,T): dynamic viscosity.

For a fluid property £ = p, e, h,n, we use the short notations =, = Z(p,T") in the matrix
and Zy = Z(pys, Tf) = 7E, along the fracture network.

4



The primary unknowns of the model are the fluid pressure p, the fluid temperature T and
the skeleton displacement field u. They are solutions of the nonlinear system of PDEs
coupling the mixed-dimensional fluid mass conservation equation, the mixed-dimensional
total energy conservation equation, the skeleton momentum balance equation, and the
frictional contact conditions at matrix fracture interfaces. The model is detailed below
starting with the equations in the matrix followed by the equations along the fracture
network. Two different formulations of the energy equation will be considered.

2.2.1 Matrix model

In the matrix, the model accounts for the mass and energy conservation equations coupled
to the skeleton momentum balance equation. Letting ¢r be the final simulation time, we
therefore consider

Ot(om@) + div(em Vi)
T0:Ss + patd’ + at(@md)em) + diV(thme + Qm)

modru — div

Gn in (0,tp) x Q, (1a)
Hy,, in (0,tp) x £, (1b)
F in (0,tp) x Q, (1c)

with the Darcy and Fourier laws governing respectively the matrix fluid velocity and the
matrix conductive thermal flux:

Vi = —MVE am = _Am(¢)VT7 (1d>

Im
where K and A,, are respectively the rock permeability and the fluid rock average thermal
conductivity, both possibly depending on the matrix porosity ¢. The energy equation (1b)
has been obtained under the hypothesis of reversible mechanical deformation in the sense
of zero thermo-poro-mechanical dissipation:

T0Ss + pord + @ O (u) —OEs = 0. (2)

Assuming a linear isotropic thermo-poro-elastic behavior of the skeleton, this gives the
following constitutive laws

1
(9t<Z> = b diviyu — Qg o + Nﬁtp, (3&)
01Ss = oK divoyu — Qg op + 7?5 oI, (3b)
ref
= “(u) = b pl — asKs(T — Tret), (3c)
“(w) = 21 (u) + A diva T, (3d)

which derive from the following volumetric skeleton internal energy [16]:

A 1
By =y (P + S(div(w)” + 5 [p T] M [?] + K Tyt divu, (4)

where the matrix M, defined below, is assumed to be definite positive:

1
_| ¥ T4
M= [ o ] .
_O[(Jb Tref




In the equations above, S; is the volumetric skeleton entropy, the total stress tensor and

¢ the effective stress tensor. The parameters p and A are the effective Lame coefficients,
N is the Biot modulus, b the Biot coefficient, K is the bulk modulus, a; is the volumetric
skeleton thermal dilation coefficient, o is the volumetric thermal dilation coefficient related
to the porosity, and Cj is the skeleton volumetric heat capacity.

Considering the combmatlon x (1b) hTm x (1la) leads to the following alternative formu-
lation of the energy equatlon

9m¢ p@m 1 1. _Hp hy
0pSs + —=0repy, + qﬁ& + Qme Vhy, + levqm = T G, (5)

An approximation of (5) is obtained based on the classical assumptions of small Darcy ve-
locity V., and small variations of temperature around Ty¢f. Then, using the approximation

omVm Vhy = 0V - Ve, + pomVim V + V- Vp

~0mVm- Ve +pom V- V*,

m

and the linearisation %divqm ~ %efdivqm, we obtain the following approximate equation:

1
05, + T¢8tem p9m¢at—+Tngm~vem
(6)
P 1 1 . H,, hm
PN, V— divq,, = 2m _tma
plmNm N gV Am = T T O

Note that, using T'ds = de + pd% with s the fluid specific entropy, equation (6) becomes

1 . H, h
01Ss + 0mP0tSm + 0mVm - Vém + ——divay, = —+ — ——G\y,
Tref T T
This equation is a classical approximate non conservative formulation of the entropy equa-
tion [16], which motivates the terminology adopted in the following of approximate entropy
equation for (6) and of entropy equation for (5).

2.2.2 Fracture model

The mass and energy conservation equations of the reduced fracture model are obtained by
integration along the fracture width of the equi-dimensional equations taking into account
the mass and energy normal flux continuity at matrix fracture interfaces. This process leads
to

6t(gfdf) + diVT(Qfo) — [omVm]n = Gy in (0,tp) x T, (7a)
pfatdf + 6t(gfdfef) + diV.,—(thfo + Qf) — [omhmVm + dm]n = Hy in (0,tp) x Q,
(7b)

with the fluid tangential velocity and thermal conductive flux integrated along the fracture
width defined by
Ce(d
v, = —J;?(f”wf, Ay = —Ap(d)V-Ty, (70)

and where
dy = do — [u]a (7d)



is the fracture aperture with dy the aperture at contact state as illustrated in Figure 2.
In (7c), Cy is the fracture hydraulic conductivity typically given by the Poiseuille law

3
Cy = %, and Ay is the fracture thermal conductivity also possibly depending on dy.

At matrix fracture interfaces, a contact Coulomb frictional model is considered defined as
follows

TF+T =0 ( ,tF)
T, <0, [uln <0, [u]la T, =0  on (0,tp) x
(7e)
|TT‘ < —F Tn (0 tF)
{ (0[u]7) - Tr — F T,,|0Ju]-| =0 on (0,tp) x T,

where the vectorial surface tractions and their normal and tangential components are de-
fined by

Ta:fyg (u)—l—pfl’la on (OatF>XF7 ae{+,—},
T, =T" .-n" on (0,tp) x I,
T,=T"—(T*-n")nt on (0,tp) x I.

In a similar Way as in the matrix, we also consider the entropy equation defined by the
combination 7 x (7b) ——x (7a) leading to

d 11 1
U prep+ 21000, — + — 0,V - Vhy + —(divay — [qm]a)
Ty Ty o Ty Ty
1 Hf hf (8>
= mhmvmn_h men>:7_7 .
7 (le In = fylenValn) = 7 = 765

By continuity of the pressure and temperature (and thus of the fluid specific enthalpy),
lomhmVm]n —hflomVm]a = 0 and the last term in the left-hand side of (8) therefore van-
ishes. However, at the discrete level, as a result of a possible upwinding this compensation
may not necessarily occur. To keep that in mind in the continuous model, and justify the
discretisation chosen in Section 3, we therefore write this vanishing term in the form of a
(fictitious) jump of the enthalpy between the matrix and the fracture.

[omhmVm]n — hy [omVim]n = Z Yn(0m Vi) (Y ham — hf)'
ae{+,—}

Therefore, (8) can be recast as

04s per + P19 00 L v Tk, 4 A (divay —
T, e eV Vhy + o (divay = fal)

1 H h 9)
T, Z Ya(om Vi) (Y hm — hf) = T7f _ ?fG )
/ f f
ae{+,—}
Its approximation based on small Darcy velocity and temperature variations assumptions
writes

QfT S g, ef + p;Qf dfat* + T@fvf Vey + Tgfvf V— tr (divay — [dm]n)
i of or ref (10)
1 a 1 1 Hf hf
- = vn(Qme)(vaem — e+ py( ) =7, 1, Or
T ae{;_} Yom  of Ty Ty
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Figure 2. Conceptual fracture model with contact at asperities, dg being the fracture
aperture at contact state.

The model is closed by considering no-flow and no-energy flux boundary conditions both
for the matrix and fractures. Let us also recall that the pressure and temperature are
assumed to be continuous at matrix pressure interfaces. At fracture intersections, the
fracture pressure py and temperature Ty are classically also continuous, and mass and
thermal flux conservation is imposed.

In the sequel, we use the following terminology to refer to the two mixed-dimensional THM
systems:

(1)-(2)-(3)-(7): “enthalpy-based” THM model, (H-model)
(1)-(2)-(3)-(7) with (1b) replaced by the approximation (6) and

S-model
(7b) replaced by the approximation (10): “entropy-based” THM model. (S-model)

2.3 Energy estimates

Let us first consider the enthalpy-based THM model (H-model). Summing the integral
over 2 of (1b) + dyu - (1c) and the integral over I' of (7b), taking into account the contact
and boundary conditions, the following contact persistence condition (which results from

(7e))
f T [rulndo — 0,
I

and the zero dissipation equation (2), we obtain formally the following energy estimate:

8tj (Es + omden)dx + 0tf Qfdfefdo+f —FT,|[0¢ua] ;|do

Q r r

(11)

= f (Hp + F - Opu)dx + J Hydo.
Q r

Let us now consider the entropy-based THM model (S-model). By construction, the energy
estimate for this model can be deduced from the previous estimate (11) just by adding to
the left hand side of (11) the term

T T
f@wwww( —n®@0w+fCVﬁmw+(f—n@mrm%h»m
Q Thet r Tet

which corresponds to the difference between the exact terms and their approximations.
Recalling the definitions (1d) and (7c) of V,,, qm, V¢ and qy, this leads to the following



stronger form of the energy estimate

(%J (Es + omdbem)dx + &gf ordsepdo + J —FT,|[0wa]|do
Q r r

A, Ay
Trot Tef

K C
+ J (—Vp -Vp + |VT|2>dx + J (—JCIVTpfl2 + |V7Tf|2>do— (12)
Q \Mim r\7f

= f (Hp, + F - 0pu)dx —i—f Hydo.
Q r

3 Discretisation

The objective is to design a discretisation preserving the energy estimates (11) and (12)
for respectively the enthalpy-based and entropy-based THM models. Both types of for-
mulations will be compared in the numerical section. The schemes must account for both
diffusive and convective dominated energy transport. This motivates the choice of a Fi-
nite Volume formulation of the mass and energy equations with possible upwinding of the
mobilities. To fix ideas, we will consider in this work the mixed-dimensional Hybrid Fi-
nite Volume (HFV) discretisation introduced in [10] accounting for the continuity of the
pressure and temperature at matrix fracture interfaces. It will be combined with a mixed
variational formulation of the contact-mechanics with a conforming Finite Element dis-
cretisation of the displacement field and a facewise constant approximation of the Lagrange
multiplier introduced to represent the surface tractions along the fractures. This choice
handles fracture networks with corners and intersections, and leads to a local formulation
of the contact conditions. It also ensures the discrete persistence property of the contact
term and a dissipative frictional term which are key conditions to obtain an energy estimate
for the coupled THM systems.

3.1 Space and time discretisations

Let M denote the set of polytopal cells, and F the set of faces of the mesh, with internal
faces gathered in F™ and boundary faces in F¢*. The subset Fx < F denotes the set of
faces of the cell K € M. We denote by o = K|L the internal face shared by the two cells
K, L gathered in the subset M, = {K, L}. The notations o = K|- and M, = {K} are used
for a face o € Fx n F'. The mesh is assumed conforming to the fracture network I' in
the sense that there exists a subset 1 of F such that

r=|]Jw
oeFr
The subset of edges of a face ¢ is denoted by &, and we define the set of edges of I' by
Er = Uoe 7 €o- For a given edge ( € &y, let us denote by Fr ¢ the subset of fracture faces
sharing the edge (. We denote by |K| the d-dimensional measure of the cell K € M, and
by |o| the (d — 1)-dimensional measure of the face o € F.

The HFV method is a Gradient Discretisation (GD) defined by the vector space of discrete
unknowns

Xp = {vp = ((vK) Kems (Vo )oeFs (V) cegy )} = RMOFVer,

and the reconstruction operators II’}, V!5 in the matrix and H{),Vé along the fractures

(see [10] for their detailed definition). We assume that II’S and Hé are piecewise constant



reconstructions [17, Definition 2.12] and, more specifically, (II5vp) x = vk for all K € M,

and (H{)vp)|a = v, for all 0 € /1. From the gradient reconstruction operator V!j in the
matrix, and given any K € M and any symmetric positive definite d x d matrix Dg, fluxes
Frko(Dg;-) : Xp — R (for 0 € Fk) are defined such that, for all vp,wp € Xp and all
KeM,

J DiVBvp - VRwpdx = Y Fi o(Di; vp)(wi — we). (13)
K

oeFK

Likewise, from the fracture tangential gradient reconstruction operator Vé, for any o € Fr
and any symmetric positive definite (d —1) x (d —1) matrix Dy, fracture fluxes Fy, ¢(Dg;-) :
Xp — R are defined (for ¢ € &,) such that, for all vp, wp € Xp,

J DUV{)UD : V{)wpda = Z Fg,c(Dg; UD)(U)U — wc). (14)
g (e€s

These fluxes are local to each cell K € M (resp. each fracture face o € Fr) in the sense
that they only depend on (vk, (Vo)sery) (resp. (vo, (ve)ces,)) [10].

In order to account for convective dominated energy transport, an upwind approximation
needs to be introduced according to the sign of the Darcy flux Fi ,(Kg;pp) using the
following notations. Let the index “K o, +” denote either o if no upwinding is used, or an
upwind choice between K and L if 0 = K|L € F™\Fp, or an upwind choice between K
and o if 0 = K| € F*' U Fr (note that, if o = K|L is an internal face and not a fracture
face, this upwinding must not depend on K or L; for example, oo+ = 0L0,+)-

Similarly, for a given fracture edge (, the index “o(,+” denote either ( if no upwinding is
used, or an upwind value between o and ¢’ if Fr ¢ = {0, 0’} and ( is not a boundary edge,
or an upwind value between ¢ and ( in the other cases. The choice of the upwind value is
done according to the sign of the Darcy flux F, +(Cf.o;pp)-

For any fluid thermodynamical property = = h, e, n, 0, and pp, Tp € Xp, we define Zp € Xp
component by component by setting =, = Z(p,,T,) for all v e M u F U &r.

The displacement field u is discretised using a finite dimensional subspace Up of Uy,
typically given by a Finite Element Method.

We consider a time discretisation (¢"),—o,. n of the time interval (0,¢p) with ¢t = 0 and
tV = tp, and denote by At = t" — t"~! the time step n. If f = (f™")n=o,.. N is a family of
functions or vectors of Xp, the discrete time derivative of f is defined as

fn o fnfl

S =R

The second time derivative of the discrete displacement field is defined by

u? —ay!

It corresponds to the generalisation to non-uniform time steps of the standard centered
discretisation of dgu. To alleviate notations, whenever wp € Xg *land e = {m, f}, we set
6t ewp = 0f (IIwp). We also consider the discrete time derivative of products of functions
and elements of Xp, or elements of Xp, by setting: d',(fvpwp) = o7 (fIllHvpllwp) for
all families of functions f = (f™)n—o,...~n and elements vp, wp € Xg“.
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The discrete porosities (¢} )n—o,. .~ and skeleton entropies (S¢p)n=0,.,n are families of
piecewise constant functions 2 — ]R on M such that (bD, s p are given (e g., as projections

of the continuous initial porosity and entropy) and, for all n=1,...,N,
1
0t ¢p = brpq (0¢divup) — agdy’, Tp + NfslfmpD, (15)
C
5?5371) = asKsﬂM(dfdiqu) — 04¢,6Zmpp + Tis(strfmTD, (16)
ref

where 7 is the projection on piecewise constant functions on M (that is, (mumf)|x =
1
WSKf for all K € M).

In the fracture, we define the discrete apertures as (d}lp)n:ow,]\/, with d?,D : ' - R given
by
dyp = mrr(do — [upln). (17)

Here, mr 1 is the L?-projection on facewise constant functions on T.

We also define, for n = 1,..., N, the function @" Q) — R which is piecewise constant
on M equal on K € M to the average of G, on (1"~ 1 #") x K. The piecewise constant
functions H " and F" on M, as well as G” and H % on Fr are similarly defined. In the
following, we use the notations

" K ¢n—l . . Cf(dn 1) B
K o

for the matrix and fracture Darcy flux, as well as

Qs = Fico (An(0371 1 TH)  and Qe = Foc(Ap(d)); Th) (19)
for the matrix and fracture Fourier fluxes. Note that K, A,,, Cy and Ay could also explicitly
depend on x. This dependence is omitted for the sake of simplicity.
3.2 Discretisation of the mass and energy equations

Let us first consider the HF'V discretisation of the mass and energy conservation equations
of the enthalpy-based THM model (H-model). For all time step n = 1,..., N, it couples
the discrete mass conservation equations

K[67 (oxdi) + D) Oho  Vit, = KGR VK €M, (20a)
oeFK
|O'|($ Qo'de Z Qo‘(-‘r 0'( Z QTIL(U,+VKTL,0 = |U|Gn,a Vo € Fr, (20b)
Ceg KEMO'

Y VR, =0 VoeFR\Fr, (20c)

KeM,
D, GV =0 Ve e dr, (20d)

O'E]'—F’(

to the discrete total energy conservation equations
K| (7307 S + Phedf o + 0 (excdrcerc))
+ Z (Q?(O’,-‘r 7}(0,+VI?,U + lel(,a) = ‘K|H7?7,,K VK € M>

oeFK

(21a)
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01 (P07 d g + 67 (00dgeq) ) + 3 (0 Mo Vil + Qi)

(e€o R (21b)
— Y (O Mo s Vity + Q) = o] HY, Vo€ Fr,
KeM,
2 Qko =0 Vo € F\Jr, (21c)
KeM,
= 2 (Ol Vi + Qi) =0 VCeer, (1)
UE]:FYC

Note that (20c), (21c) embed both the conservation of fluxes across internal faces, as well as
the zero-flux conditions on boundary faces. The same remark holds for the flux conservation
equations (20d), (21d) at fracture edges but keeping the full nonlinear fluxes due to the
dependence on o of the upwind density and enthalpy when Fr : contains more than two
faces (which happens at internal crossing lines between three or more fractures). Similar
considerations hold for (23c) and (23d) below.

Temporarily dropping the time index n for simplicity, the HF'V discretisation of the approx-
imate entropy equations (6)-(10) is based on the following discretisation of 9, V, - Vwy, =
div(omwm Vi) — Wy, div(0, Vi) on a given cell K, which includes a possible upwinding:
for wp € XD,

2 WKo,+0Ko+ VKo — WK Z OKo+ VKo = Z Ko+ VK o(WKo+ — WEK).
oeFK oeFK oeFK

This is a key choice which preserves the link between the non conservative entropy and the
conservative energy formulations in the sense that it is designed to satisfy the following
discrete version of wy,, div(0, Vi) + 0mVm - Vwy, = div(emw, Vi):

WK Z QKJ,—i—VK,U + 2 QKU,+VK,J(U)KU,+ - wK) = Z wKU,+QKJ,+VK,U-
O'E.FK O'E.FK O’E.FK
Likewise, in the fractures, we use the following discretisations of oy V-V, wy
2 QUC,+VU,C(U)0§,+ — Wg ),
Ce€s

on o € Jr, and

D —0oc Vo weg p —wp),
0'6.7'—1"7(

on ¢ € &r. In the same spirit, the terms such as g,,¢0:w,, in the matrix are discretised by
H”Dlgn_lqb%*l&f wp to ensure that

B0 ¢ 07 mwp + IBwh x 67, (0pdD) = 07, (0DdDWD). (22)

The same discretisation is applied for the terms such as oydsd;wy in the fractures. Following
this methodology, the approximate entropy equations are discretised for all time step n =

., N by
K
|K|6;"Ss. i + |TngK Lpn 1(5%K + pK5" ) Z Q%
ref O'G.FK
1 1
Z 'QKU+VKO'(€KU+ ek + ri(— o )) (23a)
K O'E.FK QKUJ,» QK

_ Kl 5

= Hn = WicGr) - VE €M,
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lo] - s 1(5" » + pReT — )

(2@ > Qi)

Tn %o ref KeM,
1 1
Tn Z Qo( +V0C< CoC+ — 6 +pU(Q - 07))
g CES U<+ 1 o 1 (23b>
Tn Z QKU+VK0(€K0+ 6 +po( - 7))
7 KeMo Okor 05
|j‘f L(Gn i, —hiGY,)  Voe T,
> Qk,=0 VoeF\Fr, (23¢)
KeM,
1
Z Qac+Va<< €pc — €l t P (—— ) Z Qyec =0 V(elr,
C UE}—F( QUC+ QC 1‘ UE}—FQ

(23)

By construction, applying this space time discretisation to the entropy equations (5)-(9)
would lead to an equivalence between the entropy and energy formulations at the discrete
level when combined with the discrete mass equations. It results that the following Lemma
states the equivalence up to the terms which have been neglected or linearised in the
approximate entropy equations.

Lemma 3.1. For all cell K € M, T} x (23a) + hi, x (20a) is equivalent to (21a) upon
correcting the left-hand side by adding

( ) Z QKU Z Vﬁ,ﬂ(p?foﬂr_p?{)
rCf o€FK oeFKk

For all fracture face o € Fr, T x (23b) + h* x (20b) is equivalent to (21b) upon correcting
the left-hand side by adding

( ref > (Z Qn’< Z QnK:"') o Z VUTTC(pZCd‘ _pg) + Z Vﬁ,a(p?{crﬂr _pg)‘

KeM, (e€s KeM,

For all fracture edge ( € &, T x (23d) + h¢ x (20d) is equivalent to (21d) upon correcting
the left-hand side by adding

(75-1) T @er 3 v -

ref O'E]:F Ns O'E]:F NS

Proof. Let us detail only the proof for the cell terms since fracture face and edge terms are
similar. Gathering the terms of T} x (23a) 4+ A x (20a) leads to the equation:

|K| [ 107 Ss. i + W07 (0k bic) + 0 TR (5%K + oy QK)}

1 1
+ h?( Z Q?{U,+VKR,J + Z Q?(J,-i—vf(l,a (e?(o,-i- - erll( + p?(( n - T))
oeFK oeFK QK07+ QK

K Z QKU |K‘H77711,K

re oeFK
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Recalling that h = e + p/p, we obtain
(K| | T30y S + (ko (oxcer) + o o3 orexs)

+ Pk (QK Ll 15”? + Q5”(QK¢K))}

1 ~
E QKU+VKa(hKU+ + Pk — Pkot) ) s E Qk .o, = |K[Hp, i
oceFK QKU"‘ Tret oeFK

Invoking (22), this relation reduces to

| (TR07 S + P07 b + 67 (oxcterc) ) + ) (ks Moo Vito + Qi)

O'E]'—K

) S Qi = K|

O'G.FK

S VR s — P + (

O'G.FK

which is the expected result for the cell term. O

3.3 Mixed variational discretisation of the contact-mechanical model

The subspace Mp < L?(I") denotes the set of piecewise constant functions on the partition
Fr and we set Mp = (Mp)?. For Ap in Mp, we use the decomposition Ap = (ADns AD.7)
with Apn = Ap-nt, Apr = Ap—Ap nn*. We denote by A, the constant value of Ap € Mp
on the face o € /1 and by A\, and A, its normal and tangential components.

We consider the mixed formulation based on facewise constant Lagrange multipliers, which
seamlessly deals with fracture intersections, corners and tips and leads to local expressions
of the discrete contact conditions and efficient semi-smooth Newton solvers. On the other
hand, this approach requires to assume the following uniform inf-sup condition between the
space Up of displacement fields and the space Myp of Lagrange multipliers: there exists c,
independent on the mesh such that

f po - [vp]do
inf  sup L > ¢, > 0. (24)
mpEMp vpeUp |‘VD|‘UO ‘|“D|| (F)d

Let us define the discrete dual cone of normal Lagrange multipliers as
Ap = {Apn€ Mp|Apn = 0onT},
and the discrete dual cone of vectorial Lagrange multipliers given Ap », € Ap as
Ap(Apn) = {pp = (kD0 D7) € Mp | D = 0, |up7| < FApyn on T}
Note that the friction coefficient F'is assumed to be facewise constant on the partition JFr.
The mixed discretisation of the quasi static contact-mechanical model reads: find (up, Ap) €

Up x Ap(Apn) such that, for all (vp, up) € Up x Ap(Apn),

f (modpiv - vo + (uh): (vp) — [b TP + 0K (IETH — Trer)] div(vp))dx

’ (25a)

+ J p - [vpldo +f H{)p% [vp]n do = J F" . vp dx,
T T QO
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| (G0 = Np )l + (19 = X - [FPuo) ) <0, (25D)

The variational inequality in (25b) is equivalent to the contact conditions between A, and
the face average of [up] denoted by [up], (see e.g. Lemma 4.1 of [7]). This is a key
property to obtain the following discrete persistence property of the normal contact term

J B w[57uplado > 0, (26)
r
leading to the dissipative property of the contact term
f n . [orupldo > f P o6 up],|do > 0. (27)
r r

We refer the interested reader to [7] for the proof.

3.4 Summary of the schemes and discrete energy estimates

To summarise, the discretisations of the enthalpy-based and entropy-based formulations are
as follows:

(20)-(21)-(25)-(15)-(16)-(17) for the enthalpy-based model (H-model). (H-scheme)
(20)-(23)-(25)-(15)-(16)-(17) for the entropy-based model (S-model). (S-scheme)

Let us define the discrete skeleton internal energy €7 : Q@ — R by

5Py
5Ty

A
+ as K Tt divalhy + p| (uh) + §(divu%)2.

1
er = o [mppy pTH| M [

Then, the following propositions state the discrete energy estimates for both formulations
of the energy equation.

Proposition 3.2. The scheme (H-scheme) based on the conservative enthalpy formulation
of the energy equation satisfies, for alln =1,..., N, the following energy estimate

m ° n n n
Satlinfdx + | o€+ | Sln(enspen) + | op(endspen)
+ J FEXp L |[67up]-|do < J (f]:,ﬁb N 5qu)dx + J ﬁ?do.
r ’ Q r

Proof. Adding (25a) with vp = §j'up = U} to the sums over M of (21a), over Fr of (21b)
and over & of (21d), and taking into account the flux conservativity and the homogeneous
Neumann boundary conditions (20c)-(21c), together with the definitions of the discrete
fracture aperture (17), porosity (15) and skeleton entropy (16), we obtain the following
equality

JQ m05?ﬁp . 11% dx + fﬂ (52m(gp¢p€p)dx + J (5Zf(g1)df,’pep>d0'
r

+ J ([mpop TpTp| 207, [gp
Q

] dx + C(u) : 07 (up)dx + s KsThef divajgup)dx
D

+ J AD - [0Mup]do = f (ﬁ; P 5fup)dx + f Apdo.
I Q I
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Then, using the diffusive properties of the implicit Euler time stepping (that is e.g., d;ap -
ul > 1ap|? — Ll !|?) and the dissipative property of the discrete contact term (27), we
obtain the energy estimate (28). O

Proposition 3.3. The scheme (S-scheme) based on the non-conservative approximate en-
tropy equation satisfies, for alln =1,..., N, the following energy estimate

5n|uD|2dX~l—j 5”@ —|—f 5 QDQZ)DGD j 5tf QDdeED)

¢ m, n m, n m ¢ mmn
+ JQ((D_)vaD . VDPD + W’vDTDQ)dX

Hmnn ! Tref
Oy Ap(@5) @)
2 f,D fam2
i V2R D gl 2 g
+L(Hf%1\v phl+ LS VTR do
—i—J Pall0fup];|do < f (fl[‘n N 6qu)dx+f f[?do.
Q I

Proof. The estimate (29) is a consequence of the proof of Proposition 3.2 combined with
Lemma 3.1 and the definitions of the Darcy (18) and Fourier (19) fluxes from the coercive
matrix (13) and fracture (14) fluxes. O

4 Numerical experiments

Two test cases are considered in this Section. The first is based on a manufactured solution
for both the entropy and enthalpy-based models on a square domain with no fracture. The
objective is to assess and compare the convergence of the schemes for both models and
both for centred and upwind approximations of the thermal convection. Two values of the
permeability are tested to induce either convection dominated or equilibrated diffusion and
convection thermal regimes.

The second example considers a Discrete Fracture Matrix (DFM) model introduced in [3]
including a six fracture network. The setting of the simulation follows the test case proposed
in [33] and the physical and numerical behavior of the discrete models are investigated both
for the case of a slightly compressible liquid and for the case of a perfect gas.

In all these numerical experiments, the HFV discretisations of the non-isothermal flow are
combined with the Py conforming Finite Element discretisation of the displacement field.
This choice ensures the inf-sup condition (24) for the Py — Py mixed formulation of the
contact-mechanics (25). It also satisfies the inf-sup condition between the displacement
and pressure discrete spaces which prevents potential oscillations of the pressure field at
short times in the undrained regime.

The coupled nonlinear system is solved at each time step using a fixed-point method on the
function:

T - T —> u, — T
&p, (p’ ) Contact Mechanics Flow (p’ )’
olve Solve

accelerated by a Newton—Krylov algorithm — which have proven to be efficient within this
context in the isothermal case [7]. The stopping criteria is set to 1070 on the relative
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residual. We refer to [12] for an investigation of various fixed-point algorithms for THM
models.

At each iteration of the Newton—Krylov algorithm, the p,T sub-system is solved using
a Newton—Raphson algorithm and the contact-mechanics is solved using a semi-smooth
Newton method. In both cases, the stopping criteria is defined by a relative norm of the
residual set to 10710 or a scaled maximum Newton increment of 1071, At each Newton
iteration, the linear system is solved using the sparse direct solver SuperLLU version 4.3
both for the non-isothermal flow and for the contact-mechanics.

4.1 Manufactured solution without fractures

We investigate in this section the numerical convergence of the schemes (H-scheme) and
(S-scheme) for respectively the (H-model) and (S-model) models using the following ana-
lytical solution

2,2
u(x,t) = 10" te™? < _2%2 > ,

p(x,t) = e 'sin(z)sin (y), T(x,t) =e (2~ cos(x)cos(y)),

on the domain = (0,1)2m? and time interval (0,¢z) with tz = 1s. The fluid is as-
sumed incompressible and its specific internal energy is defined by e(T) = T. Two values
K = 100 Im? and K = Im? (with T the identity matrix) of the homogeneous isotropic
permeability are considered. They are chosen such that the resulting Darcy velocity V,,
corresponds to a thermal convection dominated regime in the first case, and to similar orders
of magnitude for thermal convection and diffusion in the second case. Dirichlet boundary
conditions are imposed for p, T' and u on (0,tp) x 02 and the source terms G,,, Hy, and
F are computed from the analytical solution based on the data set defined in Table 1. The
domain € is discretised using the first family of triangular meshes from [18] as illustrated
in Figure 3. Each mesh indexed by m € {1,2,3,4} includes #M = 56 x 4™~ ! triangles.
We consider a uniform time stepping of (0,¢r) with time step At = 2.107°s chosen small
enough to reduce the error due to the time discretisation and focus on the convergence in
space.

The convergence of the L? space time errors for p, T, u and their gradients are exhibited for
both schemes and both permeabilities in Figures 4-5 as functions of the mesh step. Both
the upwind and centred schemes are considered for the thermal convection. Note that the
centred schemes are not presented for K = 100 I since they fail to provide a solution due
to their instability in the convection dominated regime. From Figures 4-5, we first observe
that the discretisations of both models provide a very similar convergence behavior for a
given choice of the permeability and of the centred or upwind approximation of the thermal
convection terms. Regarding the displacement field, second and first order convergence
rates are observed in all cases for respectively u and Vu. This is in accordance with the
cellwise constant reconstruction II5 of the pressure and temperature in the displacement
field variational formulation (25a). The convergence rates for p and Vp are respectively
roughly 2 and 1 in all cases as could be expected. On the other hand, the converge rates
for T and VT depend on the approximation of the convection term and on the convection—
diffusion regime. For equilibrated convection and diffusion, the centred scheme provides a
higher convergence rate of order roughly 2 for T" than the upwind scheme of order between
1 and 2. An order 1 is observed on V7T for both the centred and upwind schemes. In the
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convection dominated regime, the upwind scheme exhibits a convergence rate slightly better
than 1 for T, and an order between 0.5 and 1 for VT slightly better for the entropy-based
than for the enthalpy-based model.

Figure 3. Square domain {2 with its triangular mesh

Table 1. Material Properties

m = 2 using 56 x 4 cells.

Symbol  Quantity Value  Unit

E Young modulus 2.5 Pa

v Poisson coefficient 0.25 -

N Biot modulus 0.25 Pa~!

b Biot coefficient 1.0 -

K Bulk modulus 2.0 Pa

n Fluid viscosity 1.0 Pas

@0 Initial porosity 4 —

A Effective thermal conductivity 0.1 W m! K!
0 The fluid specific density 1 Kg m—3

Qg The volumetric skeleton thermal dilation coefficient 1 K™

g The volumetric thermal dilation coefficient related to the porosity 1 Kt

Tref Reference temperature 1 K

mo Average fluid skeleton specific density 0 Kg m~3
Cs The skeleton volumetric heat capacity 0.5 Jm=3 K!
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Figure 4. Convergence of the relative L? errors for the temperature 7', pressure p, and
displacement u and their gradients for the discretisation of the (S-model) model and both
the centred (for K = II) and upwind (for K = I, 100 I) schemes.
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Figure 5. Convergence of the relative L? errors for the temperature 7', pressure p, and
displacement u and their gradients for the discretisation of the (H-model) model and both
the centred (for K = II) and upwind (for K = I, 100 I) schemes.

4.2 2D Discrete Fracture Matrix (DFM) model

We consider the DFM model exhibited in Figure 6 and introduced in [3]. It is defined on
the domain Q = (0,1) x (0,2) m? and includes a network I' of six fractures, among which
fracture 1 made up of two sub-fractures forming a corner, nearly intersecting fractures
and the non-immersed fracture 5 with one tip lying on the left boundary. The setting of
the simulation follows the test case proposed in [33] and consists in three stages on the
time intervals I; = (0,tM), Iy = [tM,¢®) and I3 = [t®),tp]. These three stages are
monitored by the boundary conditions triggering respectively mechanical, hydraulic and
thermal driving forces. As exhibited in Figure 7, the displacement u = (5, —2)10~*m is
imposed at the top boundary for ¢ > 0. At the left boundary, a high pressure p = 8. 10° Pa
is set for t =t and a low temperature T = 285K is prescribed for ¢ = t(2).

The initial pressure and temperature are fixed to p® = 10° Pa and 79 = 300 K. The initial
displacement field u® is computed by solving the discrete contact-mechanical problem (25a)
at given p°, 70 with a zero displacement u = 0 at the bottom and top boundaries and
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a free boundary condition at the left and right sides. Throughout the simulation, the
top and bottom boundaries are assumed impervious with zero heat flux while the right
boundary condition imposes a fixed pressure p = 10° Pa and temperature T = 300K. A
zero displacement u = 0 is prescribed at the bottom boundary and the left and right sides
are kept with homogeneous total stress conditions.

In order to compare the (H-model) and (S-model) models and their discretisations on
different fluid behaviors, we consider in the following two cases corresponding first to a
slightly compressible liquid and second to a perfect gas. The simulation parameters, not
depending on the fluid thermodynamical model, are reported in Table 2 together with
ap = (b—¢")as, Ks = X\ +pu, N = (b—ﬁm The times ¢, ¢ ¢tx will be fixed
according to the fluid thermodynamical model in such a way that a stationary state is
roughly reached at the end of each stage.

The simulations are performed on a family of 4 uniformly refined meshes indexed by m €
{0,---,3} with 2855 x 4™ triangular cells and 88 x 2" fracture faces. The finest mesh m = 3
is used for the reference solution in the numerical convergence investigations. Due to the
thermal convection dominated regime during stage 3, the convection terms are upwinded
for the discretisation of both models.

" 4
_ 5
—
2
3 - —

Figure 6. Two-dimensional domain Q = (0,1) x (0,2) m? including the six fracture network

r.

Table 2. Material Properties common to the liquid and gas test cases.

Symbol  Quantity Value Unit
E Young modulus 40 GPa
v Poisson coefficient 0.15 —
F Friction coefficient 0.5 —
b Biot coefficient 0.65 —
K Permeability coefficient (1 0 ) x 10715 m?
0 0.5
@0 Initial porosity 0.1 —
doy Contact aperture 5.1074 m
A Effective thermal conductivity 2 Wm ! K!
g The volumetric skeleton thermal dilation coefficient 1.5 10~° K
mg Average fluid skeleton specific density 0 Kg m™3
Cy The skeleton volumetric heat capacity 2 MJm 3 K!
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Figure 7. Set up of the simulation in terms of initial condition at time ¢ = 0 and of boundary
conditions during each of the three stages corresponding to the time intervals I; = (0, t(l)),
I = [tW,¢?) and I3 = [t®),tp]. Here 1 bar corresponds to 10° Pa.

4.2.1 Weakly compressible liquid case

We consider a weakly compressible liquid with thermodynamical constitutive laws deriving
from a free enthalpy potential. It is characterised by its specific density o(p,T') such that

Oref (p_pref)
=1 L Pl (T — Toep),
o(p, T) Ky s <0

and its specific internal energy

(P* — piy)

(6%
e(p, T) = C'fir - 7f ((p - pref)Tref + P(T - Tref)) + 5
2QrefI{f

Oref
given the parameters Tier = 300 K, prer = 10° Pa, 0pf = 10% Kg.m™3, K; = 2.18 GPa,
af =2.07107*K"!, and Cy = 4180 J.Kg~'.K~'. The fluid viscosity is set ton = 1073 Pa s.
The time intervals for each of the three stages are given by t() = 100 s, t(2) = 200 s and
tr = 5 days. The time stepping is defined by a small initial time step of 0.1 s in order to
capture the undrained regime time scale at the beginning of stage 1 and by the maximum
time steps of 5 s for stage 1 and 2 and of 0.1 day for stage 3.

Figure 9 exhibits the evolution of the contact state (open, contact stick or contact slip)
along the fractures at different times during the three stages. At time ¢ > 0, due to the
imposed displacement at the top, most of the fractures switch from open to contact. During
the undrained regime, at the very beginning of stage 1, the high increase of the pressure
(see Figure 8 (a)) induces a slip state for most of the fractures in contact, as a result of the
reduction of the normal surface traction. Toward the end of stage 1, these fractures switch
back to stick state due to the pressure relaxation (see the evolution of the mean pressure
in Figure 10 (a)). During stage 2, fractures 1 and 3 switch back to slip state as a result
of the high pressure front propagation (see Figure 8 (b) and 10 (a)) while they partially
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or totally open during the cold temperature front propagation in stage 3 (see Figures 8 (c)
and 10 (b)) as a result of the matrix shrinkage.

(a) Stage 1 (b) Stage 2

p
1.0e+5 4.5e+6 8.0e+6
J

Figure 8. Discrete solution obtained with the enthalpy-based model on the finest mesh
m = 3: (a) pressure p at the very beginning of stage 1 (¢t = 0.1 s), (b) pressure p at t = 116
s during stage 2, (¢) temperature T at ¢t = 27715 s time during stage 3.

Figure 10 compares the evolution in time of mean in space variables (p, ps, T, Ty, and
scaled dy —dp, [u],, and ¢— #°) for the entropy-based and enthalpy-based discrete solutions
obtained on the finest mesh m = 3. A very good match is observed on all variables with
only small differences during stage 3 which has been checked to result from the neglected
terms V - Vp in the approximate entropy equations of the (S-model) model. When these
terms are added back, the discrete solutions of both models fully match. Note that the
linearisation of the Fourier term is not a significant source of discrepancy for this test case
due to the thermal convection dominated regime.

Figure 11 compares, for the discrete solutions of both models, the convergence of the L2
errors in time of mean in space variables as functions of the mesh step h (1/total number
of fracture faces). The errors are computed w.r.t. the fine mesh m = 3 reference solutions
obtained using the same time stepping and the same model. The observed convergence
behaviors of the discretisations of the two models are very similar, with a rate of convergence
roughly equal to 1.5.
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(a) Initial state (p = 1 bar,T" = 300 K)
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Figure 9. Contact state (open, contact stick, contact slip) along the fractures at different
times for the discrete solution on the finest mesh m = 3 of the enthalpy-based model.
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of mean in space p, py, T, Tt dy, [u];, ¢ discrete solutions for both enthalpy-based (full

lines) and entropy-based models (dash lines). The errors are computed using the fine mesh
m = 3 reference solutions with the same time stepping and model.
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Figure 10. (a) Matrix and fracture mean pressures, (b) matrix and fracture mean tempera-
tures, and (c) scaled mean [u], ds —dy and ¢ — ¢° as functions of time for the solutions on
the finest mesh m = 3, for the discretisations of the enthalpy-based (H) and entropy-based
(S) models.

4.2.2 Perfect gas case

We now consider the case of a perfect gas characterised by the following specific enthalpy
and density

p

with gas specific heat capacity Cy = 1000 JKg ' K~!, molar mass My = 28.9645 1073
Kg.mol~! and the perfect gas constant R = 8.3149 J.mol ' . K~!. The gas viscosity is fixed
ton =1.72 107> Pas.

The time intervals for each of the three stages are given by ¢t() = 100 s, () = 500 s and
tr = 3.005 10° s. The time stepping is defined with a single time step during stage 1 since
the coupling of the displacement with the pressure is very small during this stage due to the
high gas compressibility (see the pressure solution during stage 1 in Figure 12 (a)). Stage
2 is initialised with a time step of 10 s and the maximum time steps are set to 100 s for
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stage 2 and 8000 s for stage 3.

In Figure 13 we present the L?-errors in time, vs. the mesh size, for the spacial means of
relevant variables. Both schemes provide roughly a convergence order of 1.5. It can also be
noticed that the enthalpy-based discrete solution is not very well captured by the coarser
mesh, which explains the strong decrease of the errors between the first two meshes. The
significant differences between the convergence plots of the two models result from the high
discrepancy between the enthalpy-based and entropy-based discrete solutions.

Figure 14 better illustrates the difference between the solutions of both models; we see in
particular that the entropy-based model exhibits a temperature variation far below —15
K during stage 3 while it should physically be close to 15 K as it is the case for the
enthalpy-based model. We demonstrate in Figure 15 that this discrepancy is due to the
neglected terms V,, - Vp in the approximate entropy equations of the (S-model) model.
Once these terms are added, the discrete solutions of both models fully match. This can be
easily explained by comparing during stage 3 the order of magnitude of the neglected term
V. - Vp with that of 9,V - VAy,. The ratio between both terms is of the order of roughly
10 for the gas test case while it is roughly 0.1 for the liquid test case. This is explained by
the rather high pressure gradient combined with the low density and heat capacity in the
gas case compared with the liquid case. We can conclude that the terms V,, - Vp cannot
be neglected in the entropy-based model in the gas case with low specific density.

9
1.0e+5 4.0e+6 8.0e+6
|

(b) Stage 2

(c) Stage 3

Figure 12. Discrete solution obtained with the enthalpy-based model on the finest mesh
m = 3: (a) pressure p at the end of stage 1, (b) pressure p at ¢t = 170 s during stage 2, (c)
temperature T" at t = 42730 s during stage 3.
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Figure 14. Matrix and fracture (a) mean over-pressures (p — p°) and (b) mean over-
temperatures (T — TY) as functions of time for the solutions on the finest mesh m = 3, for
the discretisations of the enthalpy-based (H) and entropy-based (S) models.
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Figure 15. Matrix and fracture (a) mean over-pressures (p — p°) and (b) mean over-
temperatures (T — T°) as functions of time for the solutions on the finest mesh m = 3,
for the discretisations of the enthalpy-based (H) model, and the entropy-based model with
V.. - Vp correction (S (+V,, - Vp)) discrete models.

4.2.3 Performances of the nonlinear solver

Figures 16 and 17 exhibit the total numbers of Newton iterations against time for the
Thermo-Hydro and Mechanical models. The total number of time steps is 110 for the
liquid case in Figure 16 and 87 for the gas case in Figure 17. We can notice the robustness
in both cases of the nonlinear solvers w.r.t. the mesh size. Remarkably, in the liquid case, the
entropy and enthalpy-based discrete models provide similar numbers of iterations through
time. In the gas case, the number of Thermo-Hydro Newton iterations gets moderately
larger during stage 3 for the entropy-based than for the enthalpy-based discrete models as
a result of a much larger temperature variation for the entropy-based simulation. It has
been checked that adding the V,,, - Vp terms to the entropy-based discrete model gives back
essentially the same Newton behavior as for the enthalpy-based model.
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Figure 16. Total numbers of Newton iterations for the Thermo-Hydro and Mechanical
models as a function of time, for the liquid case and both enthalpy-based (H) and entropy-
based (S) schemes. (Left) mesh m = 3, (right) mesh m = 1, with a total number of 110
time steps in all cases.
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Figure 17. Total number of Newton iterations for the Thermo-Hydro and Mechanical models
as a function of time, for the gas case and both enthalpy-based (H) and entropy-based (S)
schemes. (Left) mesh m = 3, (right) mesh m = 1, with a total number of 87 time steps in
all cases.

5 Conclusion

This work focuses on discretisations of mixed-dimensional THM models preserving energy
estimates for a general single phase fluid thermodynamical model. Our approach uses a
Finite Volume scheme for the mass and energy equations with a possible upwinding of the
convection terms in order to account for convection dominated regimes. It is combined
with a mixed Finite Element discretisation of the contact-mechanics with face-wise con-
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stant Lagrange multipliers, keeping the dissipative property of the contact terms at matrix
fracture interfaces. Two formulations of the energy equation are considered and compared
numerically. It is built either directly from the energy conservation or obtained from an
approximate entropy balance equation based on a small Darcy velocity and small tempera-
ture variation assumptions. The Finite Volume discretisation of the entropy-based model,
and in particular of the non-conservative convection terms, is carefully designed in order
to preserve the link between both formulations, which in turns guarantees that it satisfies
an energy estimate. Both discrete models are assessed and compared in terms of conver-
gence, accuracy and robustness on 2D test cases including a convective dominated regime,
and either a weakly compressible liquid or highly compressible gas. It is shown that both
approaches provides similar results in terms of spatial convergence and robustness of the
nonlinear solver. On the other hand, in the gas case, for low specific density and high
pressure gradient, the terms V - Vp that are typically neglected in the entropy balance
approach must be accounted for in order to provide the physical solution.
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