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Introduction

The flow behavior and heat transfer of fluids/gases interacting with solid bodies have been the subject of intense research due to its great importance for industrial applications such as heat exchangers [START_REF] Laloui | Experimental and numerical investigations of the behaviour of a heat exchanger pile[END_REF][START_REF] Roy | Chapter 7 -advances in heat intensification techniques in shell and tube heat exchanger[END_REF], cooling systems [START_REF] Ghorab | An experimental investigation of a new hybrid film cooling scheme[END_REF], biomass combustion [START_REF] Yrjölä | Modelling and analyses of heat exchangers in a biomass boiler plant[END_REF][START_REF] Mason | Single particle flame-combustion studies on solid biomass fuels[END_REF], sedimentation [START_REF] Feng | Heat transfer in particulate flows with direct numerical simulation (dns)[END_REF], evaporation [START_REF] Nguyen | Evaporation of a sessile binary droplet on a heated spherical particle[END_REF], mixing and segregation [START_REF] Yazdani | The influence of cohesiveness on particulate bed segregation and mixing in rotating drum using dem[END_REF]. Over decades, a large number of experimental and numerical studies has thus been conducted to provide insight into and a better understanding of the processes happening in such complex fluid-solid flows.

Sumner et al. [START_REF] Sumner | Flow-pattern identification for two staggered circular cylinders in cross-flow[END_REF] used flow visualization and particle image velocimetry to study the velocity field and its key features around two staggered circular cylinders in the low subcritical Reynolds number regime. They analysed the flow patterns in terms of shear layer reattachment, induced separation, vortex pairing and synchronization, and vortex impingement [START_REF] Sumner | Flow-pattern identification for two staggered circular cylinders in cross-flow[END_REF]. Feng et al. [START_REF] Feng | Heat transfer in particulate flows with direct numerical simulation (dns)[END_REF] developed a Direct Numerical Simulation (DNS) method to study the heat transfer phenomena in particulate flows. They combined the finite-difference technique with the immersed boundary method (IBM) to model the particulate flows and used the Boussinesq approximation to account for buoyancy forces, which arise from a variation of density with temperature [START_REF] Feng | Heat transfer in particulate flows with direct numerical simulation (dns)[END_REF]. In 2012, Lo and Su [START_REF] Lo | An embedding finite element analysis of heat transfer on the surface of circular cylinders in flow[END_REF] studied heat transfer on the surface of circular discs using embedded finite-element method. In 2013, Tavassoli et al. [START_REF] Tavassoli | Direct numerical simulation of particulate flow with heat transfer[END_REF] investigated the heat transfer between flows past an arrangements of spheres using DNS coupling with IBM. In 2016, Chen et al. [START_REF] Chen | Simulation of flow and heat transfer around a heated stationary circular cylinder by lattice gas automata[END_REF] conducted a numerical study regarding the flow and heat transfer around a heated static circular cylinder by lattice gas automata and found that, in reasonable agreement with available literature data, Nusselt number increases with increasing Reynolds number. Eshghinejadfard and Thévenin [START_REF] Eshghinejadfard | Numerical simulation of heat transfer in particulate flows using a thermal immersed boundary lattice boltzmann method[END_REF] combined IBM with the lattice Boltzmann method (LBM) to study heat transfer and hydrodynamic phenomena in particulate flows. In their IBM approach, a direct forcing and heating model was employed to account for the momentum and energy exchanges between fluid and mobile particles and also Boussinesq approximation was used to consider the temperature variations on the related properties [START_REF] Eshghinejadfard | Numerical simulation of heat transfer in particulate flows using a thermal immersed boundary lattice boltzmann method[END_REF]. In 2020, Hosseini et al. [START_REF] Hosseini | The flow past large numbers of cylinders in tandem[END_REF] investigated the behavior of flow interacting with an array of multiple tandem cylinders and identified three distinct flow regimes upon variation of the gap size between cylinders.

Recently, LBM [START_REF] Succi | The lattice Boltzmann equation: for fluid dynamics and beyond[END_REF] has become a powerful numerical framework for studying a wide variety of fluid dynamical phenomena, including high Reynolds number flows [START_REF] Varnik | Roughness-induced flow instability: a lattice boltzmann study[END_REF], wetting phenomena [START_REF] Varnik | Wetting gradient induced separation of emulsions: A combined experimental and lattice boltzmann computer simulation study[END_REF] and chemical reactions [START_REF] Ayodele | Shear-flow-controlled mode selection in a nonlinear autocatalytic medium[END_REF] to name just a few. In the present work, a hybrid compressible lattice Boltzmann-finite difference-phase field (LB-FD-PF) approach is proposed to simulate heat transfer between a cold flow and an arrangement of hot cylinders. An aspect of particular importance in the model regards thermal expansion of the hot gas, whose density varies beyond the domain of validity of the Boussinesq approximation. To that end, a modified form of the lattice Boltzmann model is employed, which accounts for thermodynamic forces responsible for thermal expansion of the hot gas.

The coupling to the phase-field method [START_REF] Chen | Phase-field models for microstructure evolution[END_REF][START_REF] Steinbach | Phase-field models in materials science[END_REF] provides a natural way to account for solid bodies of arbitrary shape. In this approach, the phase-field function, ϕ, contains the full information about the distribution and spatial extension of solid bodies. One of the advantages of using a diffuse interface approach such as the phase-field method is that interfaces are no longer needed to be tracked. Moreover, evaluating the gradient of this function provides a straightforward way of obtaining the local surface normal vector of a body with arbitrary shape at any point on the surface [START_REF] Schiedung | Simulation of capillarydriven kinetics with multi-phase-field and lattice boltzmann method[END_REF]. Physical properties inside the fluid-solid interfacewhere 0 ≤ ϕ ≤ 1-are calculated as weighted averages over the properties of the bulk phases [START_REF] Vakili | Multi-phase-field simulation of microstructure evolution in metallic foams[END_REF].

A remark is necessary regarding the present methodology and its implementation; We employ the open source software OpenPhase (www.openphase.rub.de), which was originally developed to study phase transformation kinetics in solids [START_REF] Tegeler | Parallel multiphase field simulations with openphase[END_REF]. This method has been developed further to include the multi-phase and multicomponent lattice Boltzmann method as a (multi-phase) flow solver [START_REF] Schiedung | Simulation of capillarydriven kinetics with multi-phase-field and lattice boltzmann method[END_REF]. In the present work, we go a step beyond and couple this hybrid lattice Boltzmann-phase field simulation method to a finite difference-based numerical integration scheme for heat transfer equations. This results in a monolithic multi-physics simulation methodology which allows to account for a variety of physical processes, including the transport of mass, momentum and energy both by diffusion and flow.

Within this methodology, one can easily account for flow and thermal boundary conditions at surfaces of particles of arbitrary shape. This is a consequence of the fact that, as mentioned above, the gradient of the phase field function naturally yields the interface normal vector and thus simplifies the implementation of boundary conditions, which -as a prerequisite -requires the information on the direction normal to the solid surface. Moreover, as will be demonstrated in section 4.6, it is straightforward to generate packed beds of solid bodies of complex shapes by simulating the growth of solid nuclei distributed in the domain of interest. Once the grains have become sufficiently large to occupy the prescribed fraction of the volume, phase-field kinetics is switched off. The thus generated distribution of solid bodies can then be used as the initial configuration for subsequent flow simulations including heat transfer.

Numerical Model

The focus of the present work is to solve low Mach number heat transfer equations in the presence of flow, while accounting for expansion and contraction of the gas due to temperature variations. The governing equations within this numerical model are,

∂ t ρ + ∇ ∇ ∇ • ρu u u = 0 (1) 
∂ t ρu u u + ∇ ∇ ∇ • ρu u u ⊗ u u u = -∇ ∇ ∇P ′ + ∇ ∇ ∇ • τ τ τ + F F F (2) 
∂ t T + u u u • ∇ ∇ ∇T = 1 ρc p ∇ ∇ ∇ • (λ ∇ ∇ ∇T ) + qchem. ρc p + 1 ρc p ∂ t P 0 (3) 
P 0 = R M w ρT, (4) 
where ρ, u u u, P ′ , P 0 and T are density, fluid velocity, hydrodynamic pressure fluctuations, uniform thermodynamic pressure and temperature, respectively. While λ , c p , R and M w are the thermal conductivity, specific heat capacity, ideal gas constant (R = 8.314 J/molK) and molar mass of the gas, respectively. F F F is the body force per unit volume. The shear stress tensor is given by τ

τ τ = µ[∇ ∇ ∇ ⊗ u u u + (∇ ∇ ∇ ⊗ u u u) T -2 d ∇ ∇ ∇ • u u uI I I] + ζ ∇ ∇ ∇ • u u uI I I,
where d is the dimension of space and µ and ζ are the dynamic shear and bulk viscosities, respectively. The last term on the rhs of Eq. ( 3) is related to the heat possibly generated by chemical reactions. It is set to zero in the present study.

The above-listed system of macroscopic equations is solved via a combination of finite difference and lattice Boltzmann-based solvers. The non-conservative form of the energy balance equation is discretized using a second-order centered (in space) and first-order Euler (in time) formulation. The pressure fluctuation and momentum fields are modeled via a lattice Boltzmann solver for the following kinetic equations [START_REF] Hosseini | Development of a lattice Boltzmann-based numerical method for the simulation of reacting flows[END_REF][START_REF] Hosseini | Hybrid lattice Boltzmann-finite difference model for low Mach number combustion simulation[END_REF][START_REF] Hosseini | Low-Mach hybrid lattice Boltzmann-finite difference solver for combustion in complex flows[END_REF]:

∂ g α ∂t + c c c α • ∇ ∇ ∇g α = - 1 λ (g α -g eq α ) + Ξ α , (5) 
Ξ α = (c c c α -u u u) • [∇ ∇ ∇ρc 2 s ( f eq /ρ -w α ) + F F F b f eq /ρ] + ρc 2 s w α ∇ ∇ ∇ • u u u, (6) 
where:

f eq α = ρw α 1 + 1 c 2 s c c c α • u u u + 1 2c 4 s (c c c α • u u u) 2 - 1 2c 2 s u u u 2 , (7) 
and

g eq α = c 2 s f eq α + w α (P ′ -ρc 2 s ). (8) 
g α , w α and c c c α are the discrete populations, weights and corresponding velocities.

A detailed account of the multi-scale analysis leading to the reduced low Mach number equations can be found in [START_REF] Majda | The derivation and numerical solution of the equations for zero mach number combustion[END_REF][START_REF] Toutant | General and exact pressure evolution equation[END_REF].

Since the dynamic viscosity changes with temperature, the Sutherland's law was employed to calculate dynamic viscosity as follows:

µ(T ) = µ * T T * 3 2 T * + S T + S , (9) 
with T * = 273 K, S = 110.5 K and µ * = 1.68 × 10 -5 Pa•s for air. At the inlet temperature of T = 300 K, air viscosity increases only slightly by a factor of (T /T * ) 1.5 ×(T * +S)/(T +S) = (300/273) 1.5 ×(383.5/408.5) ≈ 1.07. This gives µ inlet-air ≈ 1.8 × 10 -5 Pa•s. Using air density of 1.186kg/m 3 (at T = 300 K and P 0 = 1.013bar), one obtains for the kinematic viscosity at the inlet, ν inlet-air ≈ µ/ρ ≈ 1.52 × 10 -5 m 2 /s. For all the simulations, Prandtl number -which is the ratio of the momentum diffusion coefficient to thermal diffusion coefficient -and specific heat capacity are assumed to be constant. Using Pr = ν/α with kinematic viscosity ν = µ/ρ and thermal diffusivity α = λ /(ρc p ), one has Pr = µc p /λ . For a fixed value of the Prandtl number, thermal conductivity can thus be directly computed from a knowledge of dynamic viscosity via

λ (T ) = µ(T )c p Pr . (10) 
A dimensionless number of central importance to the present study is the Nusselt number, which is the ratio of convective (i.e., total) to conductive heat fluxes

Nu = hl λ 0 , ( 11 
)
where l is a characteristic length, which depends on the geometry, λ 0 is a characteristic heat conductivity coefficient to be defined further below and h is the convective heat transfer coefficient defined via

qgrain = h (T surf. -T ∞ ). (12) 
In Eq. ( 12), qgrain is the surface-averaged heat flux (net amount of heat per unit time and area of the solid body) transferred between the solid body (a "grain") and the fluid. T surf. is the surface temperature of the solid and T ∞ is the temperature of the fresh fluid, which enters the granular bed (inlet air temperature in the present study). Expressing h in terms of qgrain and temperature difference, one obtains from Eq. ( 11),

Nu = l qgrain λ 0 (T surf. -T ∞ ) . ( 13 
)
For a body with surface area A, the net heat flux towards the fluid is obtained via

qgrain = 1 A A dA qlocal = -1 A A dA λ | surf. n n n • ∇T surf. , (14) 
where qlocal is the local heat flux across an infinitesimal area, dA, on the solid surface and n n n is the unit vector normal to that surface element. Obviously, the temperature gradient in Eq. ( 14) is evaluated locally on the surface of the solid.

If temperature of a solid body is constant overall on its surface, thermal conductivity in the second integral in Eq. ( 14) becomes a constant and can be taken out of the integral. This yields,

qgrain = -λ (T surf. ) n n n • ∇T surf. , (15) 
where we introduced the average temperature gradient over the entire surface of the body. Note that heat conductivity is evaluated inside the fluid at contact with the solid and thus at the surface temperature of the solid body. Finally, inserting Eq. ( 15) into Eq. ( 13) and choosing λ 0 = λ (T surf. ), one obtains,

Nu = - n n n • ∇T surf. (T surf. -T ∞ )/l . ( 16 
)
The expression in Eq. ( 16) allows an interpretation of the Nusselt number as the ratio of two temperature gradients. The nominator is a measure of temperature gradient at the solid-fluid contact. The denominator is an average temperature gradient and is solely determined by thermal boundary conditions (T surf. -T ∞ ) and a characteristic length (l, typically taken to be the average diameter of a solid particle). Thus, for a given granular assembly and fixed thermal boundary conditions, the denominator is a constant number. In such a situation, a larger Nusselt number directly implies a steeper temperature gradient at the fluid-solid contact zone. This, in turn, implies a more efficient supply of fresh (cold) fluid at the surface, thus hinting towards a more effective transport by the flow.

One can also define a thermal boundary layer thickness, l heat , via

T surf. -T ∞ = l heat n n n • ∇T surf. . (17) 
It is seen from Eq. ( 17) that a larger temperature gradient at the solid surface implies a thinner thermal boundary layer. With this definition, the Nusselt number receives another interpretation, as the ratio of a characteristic length -imposed by the system geometry -to the thermal boundary layer thickness: Nu = l/l heat . We finally note here that there is some arbitrariness in the choice of λ 0 . This, however, only affects the numerical value of the Nusselt number, letting all the above considerations unchanged. In our numerical simulations, we set in Eq. ( 13) λ 0 = λ (T 0 ) with T 0 = (T surf. + T ∞ )/2 and evaluate qgrain via Eq. [START_REF] Succi | The lattice Boltzmann equation: for fluid dynamics and beyond[END_REF]. Another important dimensionless quantity, which is often used to characterize natural convection, is the Rayleigh number, defined via

Ra = Pr g ρ 2 0 (T surf. -T ∞ )l 3 T 0 µ 2 0 , (18) 
where ρ 0 = ρ(T 0 ) and µ 0 = µ(T 0 ) stand for reference density and viscosity, respectively. In all the simulations reported below, the characteristic length l is taken to be equal to the cylinder diameter, l = D.

As mentioned in the introduction, an important novel feature of the present methodology is the use of the phase-field approach, which was originally introduced for numerical studies of microstructure evolution [START_REF] Chen | Phase-field models for microstructure evolution[END_REF][START_REF] Steinbach | Phase-field models in materials science[END_REF]. Within this method, one introduces a smooth function, the so-called phase-field, ϕ, with the following property: A point x x x lies within the fluid domain if ϕ(x x x) = 0, inside the solid body if ϕ(x x x) = 1 or in their common interface, in which case 0 < ϕ < 1. In practice, one introduces a small cut-off value, ε ≪ 1, for the phase-field function such that the interface is characterized by ε < ϕ < 1ε, the other two cases belonging to the solid (1ε ≤ ϕ ≤ 1) or fluid (0 ≤ ϕ ≤ 1ε) phases (Fig. 1a). Note that 0 ≤ ϕ ≤ 1 is assumed throughout all the calculations. Thus, if ϕ < 0 or ϕ > 1, the numerical simulation is interrupted. Using the information about the phase-field function, the unit normal vector to the solid surface is obtained at any point on the surface via n n n = ∇ϕ/|∇ϕ| (Fig. 1b). Using this information, boundary conditions for temperature and flow fields are naturally accounted for. Time evolution equations, which govern dynamics of the phase-field function are described elsewhere in full details [START_REF] Schiedung | Simulation of capillarydriven kinetics with multi-phase-field and lattice boltzmann method[END_REF][START_REF] Vakili | Multi-phase-field simulation of microstructure evolution in metallic foams[END_REF]. Here, we only describe how the information on ϕ is used to obtains properties at the diffuse solid-gas interface.

In the present problem of gas flow through an arrangement of solid bodies, physical properties inside the interface are computed as average over the gas and solid phases. For example, density and specific heat are calculated via

ρ(x x x) = ρ solid ϕ(x x x) + ρ gas (1 -ϕ(x x x)) = ρ gas + (ρ solid -ρ gas )ϕ(x x x) (19) c p (x x x) = c p,solid ϕ(x x x) + c p,gas (1 -ϕ(x x x)) = c p,gas + (c p,solid -c p,gas )ϕ(x x x). (20) 
In writing the above relations, ϕ is interpreted as the fraction of solid at the volume element around point x x x. Consequently, 1ϕ gives the gas fraction at that point.

Here, it is important to mention that, even though thermodynamic bulk properties such as c p,gas and c p,solid do not carry an explicit dependence on spatial variable x x x, they can be heterogeneous in space due to a spatially varying temperature and/or pressure. Thus, in general, ∇c p,gas = (∂ c p,gas /∂ T ) ∇T + (∂ c p,gas /∂ p) ∇p ̸ = 0 0 0 with a similar statement for density. However, in the specific problem considered in the present study, temperature and pressure dependencies of specific heat are neglected so that ∇c p,gas = 0 and ∇c p,solid = 0 in the present special case.

The above described approach is implemented in the open source software OpenPhase (www.openphase.rub.de), which is the main simulation tool used in the present work.

Reference test case

Figure 2 depicts the packed bed of cylindrical particles. The setup was originally designed to investigate the flame-particle interactions. A more detailed description of the experimental setup is given in [START_REF] Khodsiani | Flame to particle heat transfer in a model two dimensional packed bed reactor[END_REF][START_REF] Khodsiani | Investigation of a flame in a packed bed using a cylindrical geometry and single-side optical diagnostics[END_REF]. In this work, however, it is used as a benchmark configuration to address the heat transfer from hot cylindrical particles to a cold gas flow under no-flame conditions both via experiments and numerical simulations.

Experimental procedure

A cold flow of air enters the packed bed of particles from the bottom. The flow leaves the bed to the atmospheric condition at the top. The entire domain is confined by two parallel walls on the left and right sides. For a better visibility, these walls are not shown in the sketch for the experimental setup (Figure 2a) but are included in the 2D simulation map, Figure 2b. The cylinder diameter is 10 mm and the distance between the centers of each two adjacent cylinders is 12.3 mm. This arrangement corresponds to a porosity of 40%, which is typical for commercial packed beds.

Experiments were performed for an inflow velocity of 0.5 m/s and cylinder surface temperature of 383 K. To heat up the cylinder surface, silicon oil flow was pumped through the channels (6 mm in diameter) inside the three hot cylinders. Cylinder surface temperatures were measured by thermocouples inserted into the cylinder surface, while heat transfer measurements were performed by measuring the oil temperature difference over the inlet and outlet of the cylinder combined with a calorimetric technique to measure the silicon oil flow rate. This double calorimetric technique is described in detail in [START_REF] Khodsiani | Flame to particle heat transfer in a model two dimensional packed bed reactor[END_REF]. The experiments are performed for a single configuration in terms of cylinder arrangement, geometry, dimension and inflow condition.

Numerical simulations

The test case shown in Fig. 2 focuses on the plane normal to the cylinder axis, which cuts each of the cylinders in two equal parts (dashed square in Figure 2a). In the proximity of this plane, physical properties such as flow velocity, concentration and temperature are essentially independent of the coordinate parallel to the cylinder-axis so that the problem at hand becomes a quasi-two dimensional one. This justifies the use of a computationally less expensive 2D-setup in numerical simulations of the present heat transfer study. The so-called no-slip boundary condition is applied at all the solid surfaces and at the confining walls.

In addition to the above test scenario, a number of other heat transfer situations are also investigated in the present numerical simulations. This includes heat transfer through an arrangement of elliptical bodies with orientations parallel and perpendicular to the direction of inflow as well as solid-gas heat exchange in a gas flow through an array of two-dimensional objects with a more complex shape than circles or ellipses.

In the simulations reported in this article, the inlet flow velocity is varied in the range u = 30 -60 cm/s. The corresponding Reynolds number (based on the average particle diameter) varies in the range Re= 250 -500. The surface temperature of heated bodies is varied within the range of T = 300 K-1200 K. Further parameters used in simulations are given in Table 1.

Results and Discussion

Grid resolution study

Before comparing simulation results with experiments, we first perform a grid resolution study. For this purpose, we perform numerical simulations of heat transfer between hot cylinders and a cold flow (Fig. 2b) for different resolutions and determine the effective Nusselt number for each of the hot cylinders separately. For this purpose, we determine the average heat flux for a cylinder via Eq. ( 15) and insert it into Eq. ( 13) to calculate the Nusselt number for that cylinder (as mentioned above, we use the cylinder diameter for the characteristic length, l = D, and set λ 0 = λ (T 0 ) with T 0 = (T surf. + T ∞ )/2). The data are also averaged over time thus providing an effective time-independent result.

The thus obtained result is shown in Fig. 3 versus grid spacing. First, we note that, as expected by the symmetry of the problem, Nusselt number is essentially identical for the bottom left and bottom right cylinders (labeled 1 and 2 in Fig. 2b). The hot cylinder labeled 3 shows a lower Nusselt number. A possible reason for this difference will be discussed further below. For the purpose of the present grid resolution study, we mention that the results become essentially independent of grid resolution for grid spacing below 35µm. Based on this observation, grid spacing has been restricted in the rest of the study to this range (i.e., ∆x ≤ 3.5 × 10 -5 m) to attain physically sound results. A representative plot of the velocity and temperature fields obtained from these simulations is shown in Fig. 4, highlighting the chaotic nature of the flow at the exit of the packed bed and the dominance of convection in transporting heat away from the hot cylinders.

Comparison with experiment

Here we provide a first test of the present numerical simulations of heat transfer via comparison with experiments. For this purpose, the setup shown in Fig. 2 is used and the input parameters of the numerical model are selected in such a way as to replicate the experimental conditions as closely as possible (see, Table 1). The three cylinders labeled 1, 2 and 3 in Fig. 4 are kept at a constant temperature of T = 383 K while a cold air enters the simulation domain from the bottom at the ambient temperature of 298 K.

In the experiments, the heat flux, j exp.

q , associated with a hot cylinder is obtained by determining the heat loss of the hot oil per unit area of cylinder surface as the oil flows inside the cylinders over a distance of L between the cylinder inlet and outlet, j In the simulations, on the other hand, Eq. 15 is employed in combination with Eq. 10, i.e., j sim. q = µ air c p,air Pr

∂ T ∂ n surf.
, where the partial derivative is evaluated at the air-cylinder boundary (n is the normal distance from the cylinder surface).

Both measured and simulated cylinder-to-air heat flux are reported in Table 2. Due to the symmetry of the two bottom cylinders, the obtained heat flux is given as an average. The numerical error is estimated using a typical percentage error extracted from grid resolution studies (Fig. 3). The experimental uncertainty of heat flux measurements thorough the double calorimetric method is evaluated to be 12%. As seen from Table 2, heat fluxes obtained from numerical simulations and experiments agree within 10-20%.

Before interpreting the results on heat transfer in Table 2, we mention two effects, which can influence solid-gas heat flux in opposite ways. In the very proximity of the solid surface, heat transfer is dominated by diffusion (we make here the common assumption -known as no-slip boundary condition -that the fluid velocity vanishes at the solid surface). The magnitude of heat flux in this boundary layer depends on gas-cylinder temperature difference, ∆T = T cylinder -T gas , and also on the coefficient of heat diffusion, α = λ gas /(ρ gas c p,gas ). For a given gas and a fixed solid temperature, the rate of heat transfer decreases with gas temperature, as it leads to a smaller ∆T . The second effect on heat flux is related to fluid flow, which can enhance the solid-to-gas heat flux if it transports away the hot gas and replaces it by fresh (colder) air.

In the setup shown in Fig. 2, the solid-fluid temperature difference is lower for the upper cylinder (3) as compared to the two bottom cylinders (1 and 2). This is so because the bottom cylinders receive fresh gas from the inlet, while the portion of the air which reaches the upper cylinder has already received some amount of heat from the bottom hot cylinders. This effect would decrease the cylinder-togas heat flux for the upper cylinder as compared to the lower ones. On other hand, however, fluid velocity, u u u, increases as the gas passes through the narrow gap between cylinders 1 and 2 to reach cylinder 3. The net result on heat flux would thus depend on the relative magnitude of these opposing effects. As reported in Table 2, numerical simulations show weaker heat flux around the upper cylinder as compared to the lower ones. Thus, for the set of parameters used in these simulations, the reduction of heat diffusion in the boundary layer due to a smaller temperature-gradient seems to play a more important role than the increase in flow velocity. On the experimental side, however, a conclusive statement on this issue is not possible due to the relatively large uncertainty.

Next we use the numerical model to study a number of heat transfer situations, addressing the effects of void fraction (porosity), channel height, shape and alignment of solid obstacles.

Effect of porosity on heat transfer

In this section, we investigate how porosity (or void fraction) influences the Nusselt number, which is a measure of the efficiency of heat transfer between a body and its environment. For this purpose, we chose an arrangement of cylinders which is periodic along the horizontal direction. The porosity is then defined within a representative volume, which contains all the cylinders and which can be repeated in the vertical direction without any discontinuity (Fig. 5). In this geometry, the porosity is easily tuned by homogeneously varying the distance between cylinders. To keep the computational expense in acceptable range when varying porosity, we keep the channel width constant but adapt the number of cylinders.

To determine the Nusselt number, we first evaluate it for a single cylinder (see section 4.1) and then compute its average over all the hot cylinders in the system. To make sure that results on porosity effects are not much influenced by the channel size, we have performed a study varying the width of the granular bed at a fixed porosity. As seen in Fig. 6a, the effective Nusselt number changes by less than 5% for all the bed widths studied.

Figure 6b shows simulation results for the Nusselt number versus porosity for the arrangement of cylinders, shown in Fig. 5, where the middle row is kept at a temperature of T = 600 K. Air enters the simulation domain from the bottom at ambient temperature (T = 300 K). The Reynolds number is Re = 260 for all values of porosity investigated. It is seen from this figure that the Nusselt number decreases with increasing porosity. This observation can be rationalized by noting that, at higher porosity, the distance of cylinders becomes larger thus weakening the increase of flow velocity as the fluid passes through the gap between cylinders. This leads to a less efficient convection and thus a lower Nusselt number. 

Competing effects of flow and gas temperature

An interesting situation to be studied here is a setup, where all the cylinders in a regular array are kept at the same (high) temperature. A view of such a situation is provided in Fig. 7. Again, the air enters the flow chamber from the bottom at ambient temperature and leaves the array on the top. The bottom row of cylinders thus receives cold gas directly from the inlet, whereas the air reaching the topmost row of cylinders is already heated to some extent. On this ground, one would expect the heat transfer between the cylinder and the gas to decrease along the flow direction. However, the situation is a bit different between the first and second rows. It remains true that the gas hitting the second row of cylinders is hotter than the fresh gas, which arrives at the first row. The second row of cylinder thus transfers heat to a less cold air. This effect -which would decrease heat transfer efficiency of the second row compared to the first one -is counteracted by a stronger convection around the second row of cylinders: The fluid, which arrives at the bottom row with the inlet velocity, reaches the second row at a significantly higher speed, since it must first pass through narrow gaps between bottom cylinders. The competition between these two opposing effects thus determines the 6: Nusselt Number for an arrangement of five rows of cylinders, where the middle row is kept at a temperature of T = 600 K (see, Fig. 5). In (a), the width of the simulation box, W , is changed at a fixed porosity of ε f = 0.62. It is seen from this plot that Nu is essentially independent of W . Panel (b) shows the variation of the Nusselt number with porosity, showing that increasing the void fraction leads to a decrease of Nu. This is expected since a larger distance between cylinders leads to lower velocity as the fluid passes through the gap between adjacent cylinders. Air enters the simulation domain from the bottom at ambient temperature (T = 300 K). The gas velocity at the inlet is tuned such that the Reynolds number (based on cylinder diameter and inlet velocity) is Re = 260. variation of the cylinder-to-gas heat transfer rate, when comparing the first and second row of cylinders (see a similar discussion in section 4.2).

To address this issue quantitatively, we determined the time-averaged heat flux and Nusselt number for each row of hot cylinders separately. The thus obtained row-specific heat transfer rate per unit area is plotted in Fig. 8a versus the row index (index 1 corresponding to the bottom row and 5 to the topmost one). As seen from Fig. 8a, heat flux increases between the first and the second rows of cylinders indicating that, for the first two rows, the effect of a higher flow velocity dominates over the influence of increasing gas temperature. An interpretation of the result for rows 2, 3, 4 and 5 is rather straightforward, since the time-averaged mass flux ρu u u is essentially the same for all these rows. One thus expects a decrease of heat flux from row 2 until 5 because of a raise in gas temperature as it moves upward. This expectation is nicely born out in Fig. 8a. This figure also shows that the trend described above is rather robust as it occurs for three different cylinder temperatures (T cylinder = 600, 900 and 1050 K).

Arrays of ellipses

Using the same numerical tool, we next address the question how heat transfer is influenced if circles are replaced by ellipses. Figure 9 shows simulation Once passed the first row of cylinders, spatial variations of ρ|u u u| become much weaker and reflect waves caused by the expansion of the heated gas. Upon time averaging, these oscillations cancel out and thus have no effect on cylinder-to-gas heat transfer. The latter thus basically depends on the gas-cylinder temperature difference, which decreases as the gas becomes hotter along the flow direction. This, in turn, leads to a decrease in heat transfer rate for upper cylinder rows (increasing row index). This expectation is born out by the data shown in Fig. 8. The only exception here is the change between the first and second row, where enhanced heat transport by a stronger convective mass flux dominates over the opposed effect of a hotter gas.

results for temperature and velocity fields for this setup at a Reynolds number of Re = 200. Two orientations of ellipses with respect to the flow direction are considered. One of the main parameters influencing heat transfer rate between the hot solid and the cold gas, is the amount of the fresh mass which arrives from the bottom, slows down below the ellipse and thus stagnates close to the hot body before being transported away by the flow. This mass is larger in the case of a perpendicular alignment of ellipses relative to the flow direction as compared to their parallel orientation. One would thus expect a larger heat transfer rate in the first (perpendicular) case. Results on Nusselt number shown in Table 3 are in line with this interpretation, showing that Nu increases by roughly 25% when the orientation of the ellipses is changed from parallel to perpendicular to the flow direction.

Table 3: Average Nusselt number for packed beds of ellipses with parallel and perpendicular orientation to the flow direction (Fig. 9). The Reynolds number -calculated based on the inlet velocity and the larger ellipse diameter -is Re = 200.

Ellipses' orientation (wrt flow direction) Average Nusselt number parallel 7.9 perpendicular 10.5

4.6. Granular bed of particles with a complex shape To demonstrate the versatility of the present hybrid compressible lattice Boltzmannfinite difference-phase field approach, we present here an example of heat transfer across a granular bed with particles of a more complex shape than the above discussed circular and elliptical ones. One of the main advantages of coupling the flow and heat transfer solvers with the phase-field approach becomes transparent here. The inherent capability of the phase-field method in dealing with phase transformation and domain growth allows to generate granular assemblies, where grains can take any arbitrary shape. A first example for this capability is provided in Fig. 10, where a number of solid nuclei are distributed in the simulation volume and are then let to grow with time. This process is simulated using the phase-field part of the simulation software. Different criteria may be used to As visible from panel (b), the middle row is kept at a temperature of T = 600 K, while all other rows are at room temperature T = 298 K. As the gas arrives from the bottom, it hits the perpendicular ellipses on a larger section than in the case of their parallel orientation. A larger portion of the fresh gas comes thus into contact with the hot solid body if the longer elliptical diameter is perpendicular to the flow direction. The porosity is ε f = 0.54 in both the arrangements. The Reynolds numbercalculated based on the inlet velocity and the larger ellipse diameter -is Re = 200.

stop this growth process. In the example shown in Fig. 10, phase-field simulations were stopped as soon as the fraction of volume occupied by grains (solid volume fraction) has reached a value of V grains /V total = 0.38 corresponding to a void fraction of ε f = 0.62. Following this step, heat transfer simulations were conducted using periodic conditions in lateral directions. The temperature of the third row of the particles was kept at T = 600 K and the rest was at T = 300 K. The Reynolds number, based on the inlet velocity and the equivalent particle diameter Figure 10: Generation of a distribution of solid bodies of complex shape using the phase field method. At time zero, solid nuclei are distributed in the liquid melt of the same material and are subjected to temperatures low enough to favor their growth. This physical process is simulated using the grain growth models existing in OpenPhase [START_REF] Tegeler | Parallel multiphase field simulations with openphase[END_REF]. It is stopped as soon as the volume fraction of solids has reached a value of V grains /V total = 0.38. For subsequent flow and heat transfer simulations, the melt is interpreted as the gas phase by adjusting its equation of state and kinematic viscosity according to the known properties of air (see Fig. 11).

was Re = 260. Figure 11 illustrates results for velocity and temperature fields obtained from heat transfer simulations in a granular assembly of complex-shaped bodies, the latter generated by the phase-field solver (Fig. 10). Again, and similar to the above studies for rods with circular and elliptical cross sections, the second row (middle row) is kept at a high temperature of T = 600 K, while other grains are at room temperature T = 300 K. A comparison of the Nusselt number reveals that, under identical thermal and flow boundary conditions and for the same porosity, the grain shape used here leads to a smaller heat transfer as compared to cylinders with circular cross section (Table 4). A possible reason for less efficient heat transfer between the irregular shaped solid body and the gas may be the existence of a downward bulge, which facilitates the flow passing the object compared to a circular shape. The residence time of the fluid in the proximity of the solid body is thus shorter, letting less time for heat transfer in the thermal boundary layer.

Code performance on parallel platforms

As mentioned in the introduction, we employ an LBM-based massively parallel open-source simulation software, which has been developed at the ICAMS, Ruhr University Bochum, and has been released under GPL (www.openphase.rub.de). The code has been recently extended to account for heat and species transport, solid-gas heat transfer and thermal expansion/contraction effects. We show here that, for typical system sizes of interest, the code scales well with the number of involved computational units. These tests also reveal that, the optimum required memory can be adjusted by varying the system size. For the present benchmark, the optimum was at about 8GB/core. More detailed information is provided in Fig. 12 and Table 5.

Conclusion

In this study, a coupled lattice Boltzmann-finite difference-phase field (LB-FD-PF) method is employed to simulate heat transfer in granular assemblies (packed beds) consisting of static regular arrays of two dimensional solid objects with circular, elliptical and irregular shapes. The methodology is first validated against experiments for an array of cylinders -for which a tow dimensional approximation as discs is valid -and showed satisfactory agreement within experimental uncertainties. The methodology is then applied to arrays of hot discs to study the effects arising from a competition between downstream variations of flow velocity -as the gas passes through narrow gaps between the discs -and increased gas temperature -due to exchange of energy with hot solid bodies -on the other hand.

The versatility and flexibility of the present approach in dealing with objects of non-ideal shapes is then demonstrated by studying heat transfer in flow through Table 4: Average Nusselt number for heat transfer between hot solid objects and a cold gas flow for the case of circular and a more complex shape as illustrated in Figs. 7 and 11. All the other parameters are identical in both cases: The middle row is kept at T = 600 K, while all the other particles and the inlet gas are at the ambient temperature of T = 300 K. The porosity is ε f = 0.62 and the Reynolds number -based on the (effective) particle diameter and inlet gas velocity -is Re = 260.

Shape

Average Nusselt number circular (Fig. 7) 8.8 complex (Fig. 11) 7.5

assemblies objects with elliptical and irregular shapes. In the former case, heat transfer is shown to depend on the orientation of the ellipse with respect to the flow direction, the perpendicular orientation leading to a larger Nusselt number as compared to the parallel one. This was rationalized in terms of the influence of orientation on the amount of fluid mass which stagnates close to the hot solid body, thereby receiving heat from it. The phase-field part of the approach was then demonstrated to facilitate generation of complex shapes for subsequent heat transfer studies. Also here, change of the Nusselt number with shape was rationalized in terms of the residence time of the gas close to the solid object. The parallel performance of the proposed hybrid solver has been also demonstrated via extensive tests. This work underlines the potential of the proposed coupled approach to study heat transfer phenomena under variable flow and thermal boundary conditions for complex granular assemblies. In order to save computation time, only problems which could be studied in two dimensions were considered. Nevertheless, the present approach and the developed numerical tool are not limited to two dimensional space but allow addressing more complex scenarios for which a twodimensional approximation may not be available. As an interesting topic for future investigations, we mention that, using the inherent capabilities of the phase field approach, it is straightforward to include combustion processes at the solidgas surface. Also, one can easily account for rigid body motion -as resulting from the combined influences of external forces (e.g., shaking) and gas flow -using the multi-phase field framework [31,[START_REF] Schiedung | Multi-phase-field method for surface tension induced elasticity[END_REF], where each individual grain, α, is identified by a separate phase field function, ϕ α , thus permitting an update of its dynamics [START_REF] Schiedung | Simulation of capillarydriven kinetics with multi-phase-field and lattice boltzmann method[END_REF]. These features open the way to a study of rich variety of heat transfer and combustion problems in gas flows through granular assemblies of solid objects. The kink in the curves mark a drop on parallel efficiency. As seen from the data, it occurs at higher core numbers for larger system sizes. Since we plan to simulate still larger systems than shown here, we will be able to use thousands of cores without much loss of parallel efficiency. 

Figure 1 :

 1 Figure 1: (a) A schematic view of the phase-field function, ϕ(x), in one dimension. Here, it is chosen to be represented by ϕ(x) = (1tanh(x))/2, which varies between unity and zero. In the example shown, solid is defined as points, x, in space with ϕ(x) ≥ (1 + tanh(2))/2 ≈ 0.964, whereas values of ϕ smaller than (1tanh(2))/2 ≈ 0.036 define points inside the fluid phase. The intermediate range characterizes the interface between the two neighboring phases. (b) A color coded representation of the phase-field function in two dimensions. The direction normal to the solid-fluid interface is naturally obtained from the normalized gradient of the phase-field function, i.e., n n n = ∇ϕ/|∇ϕ|, where the denominator |∇ϕ| is the magnitude of the gradient vector.

Figure 2 :

 2 Figure 2: (a) Schematic view of the experimental setup used in this study as a benchmark for numerical simulations. The three cylinders at the center are heated up by the flow of hot silicon oil.The surface temperature of these cylinders is, within experimental uncertainty, T cylinder ≈ 383 K. All other cylinders and the surrounding air are initially at room temperature. A gas flow enters the domain from the bottom at the ambient temperature (T cold gas ≈ 298 K). The dashed square highlights a two-dimensional cross section of the experimental setup, cutting the array of cylinders in the middle. The channel is confined by two additional side walls, which are not shown here for a better visibility. The only openings of the flow chamber are thus on the bottom and top surfaces. (b) 2D cross section of the above configuration on the middle dividing plane. The three red discs (labeled as 1, 2 and 3) represent the heated cylinders pumped with silicon oil. The upward pointing white arrows indicate the inlet gas flow. The nozzle in the bottom center of the channel is part of the experimental design to purge methane-air mixture and investigate the reactive flow within the packed bed. For a better comparability with experiments, it is also included in numerical simulations.

Figure 3 :

 3 Figure 3: Nusselt number for the three hot cylinders shown in Fig. 2b versus grid size, ∆x, at Ra = 4680 and Re = 330. For ∆x ≤ 3.5 × 10 -5 , results on Nusselt number become essentially independent of grid resolution.

Figure 4 :

 4 Figure 4: Representative results the velocity (a) and temperature (b) fields obtained during grid resolution studies. In the case shown here, the Reynolds number is Re= 324 and Ra= 4680.While the relatively high Reynolds number points to the importance of inertial effects and thus the chaotic nature of the flow at the exit of the packed bed (see panel (a)), the high Rayleigh number indicates that heat transfer will be dominated by convection rather than diffusion. This expectation is confirmed by a comparison of temperature and velocity fields: The raise of temperature away from hot cylinders follows a pattern which resembles the high velocity path around these cylinders in the flow field.
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 5 Figure 5: (a) Velocity and (b) temperature fields for a porosity of ε f = 0.62. The porosity is calculated within a representative volume, which contains all the cylinders and is delimited by the dashed line. The middle row of cylinders is kept at a temperature of T = 600 K. Air enters the domain from the bottom at the ambient temperature (T = 298 K). In (b), the first two arrays of cylinders are not visible as they have the same temperature -and thus are shown with the same color -as the gas phase.

Figure

  Figure6: Nusselt Number for an arrangement of five rows of cylinders, where the middle row is kept at a temperature of T = 600 K (see, Fig.5). In (a), the width of the simulation box, W , is changed at a fixed porosity of ε f = 0.62. It is seen from this plot that Nu is essentially independent of W . Panel (b) shows the variation of the Nusselt number with porosity, showing that increasing the void fraction leads to a decrease of Nu. This is expected since a larger distance between cylinders leads to lower velocity as the fluid passes through the gap between adjacent cylinders. Air enters the simulation domain from the bottom at ambient temperature (T = 300 K). The gas velocity at the inlet is tuned such that the Reynolds number (based on cylinder diameter and inlet velocity) is Re = 260.

Figure 7 :

 7 Figure 7: Magnitude of the (a) fluid velocity |u u u|, (b) mass flux ρ|u u u| and (c) temperature for the case that all the cylinders are kept at a temperature of T cylinder = 600 K. The fluid (air) enters the simulation domain from the bottom at room temperature T inlet = 300 K. The Reynolds number (based on the inlet velocity, cylinder diameter and kinematic viscosity of air) is Re = 260. Due to mass conservation, the amount of mass entering the system from the inlet per unit of time must pass through narrow gaps between adjacent cylinders. To compensate this narrowing effect, the mass flux (mass current per unit area) increases as the fluid passes through the first cylinder array.Once passed the first row of cylinders, spatial variations of ρ|u u u| become much weaker and reflect waves caused by the expansion of the heated gas. Upon time averaging, these oscillations cancel out and thus have no effect on cylinder-to-gas heat transfer. The latter thus basically depends on the gas-cylinder temperature difference, which decreases as the gas becomes hotter along the flow direction. This, in turn, leads to a decrease in heat transfer rate for upper cylinder rows (increasing row index). This expectation is born out by the data shown in Fig.8. The only exception here is the change between the first and second row, where enhanced heat transport by a stronger convective mass flux dominates over the opposed effect of a hotter gas.

TFigure 8 :

 8 Figure 8: (a) Average heat transfer rate per unit area of cylinder and (b) the Nusselt number versus the row index for an arrangement of five rows of cylinders (see Fig.7). All the cylinders are kept at a high temperature as indicated in curve legends. Air enters the channel at a temperature of T = 300 K from the bottom.

Figure 9 :

 9 Figure 9: Velocity (a, c) and temperature (b, d) fields for cold gas flowing through an arrangement of ellipses with (a,b) parallel and (c,d) perpendicular orientation with respect to the flow direction.As visible from panel (b), the middle row is kept at a temperature of T = 600 K, while all other rows are at room temperature T = 298 K. As the gas arrives from the bottom, it hits the perpendicular ellipses on a larger section than in the case of their parallel orientation. A larger portion of the fresh gas comes thus into contact with the hot solid body if the longer elliptical diameter is perpendicular to the flow direction. The porosity is ε f = 0.54 in both the arrangements. The Reynolds numbercalculated based on the inlet velocity and the larger ellipse diameter -is Re = 200.

Figure 11 :

 11 Figure 11: (a) Velocity and (b) temperature fields obtained from heat transfer simulations for an arrangement of two dimensional solid particles with an irregular shape. The middle row is kept at a temperature of T = 600 K. All the other particles and the gas at the inlet have a temperature of T = 300 K. The void fraction is ε f = 0.62 and the Reynolds number -based on the (effective) particle diameter and inlet gas velocity -is Re = 260.

Figure 12 :

 12 Figure 12: : Scaling behavior of code on VULCAN (Intel Xeon E5-2670 nodes, connected withInfiniband QDR) at ICAMS. The curve legends give the linear dimensions of the simulated system. The kink in the curves mark a drop on parallel efficiency. As seen from the data, it occurs at higher core numbers for larger system sizes. Since we plan to simulate still larger systems than shown here, we will be able to use thousands of cores without much loss of parallel efficiency.

  

Table 1 :

 1 Parameters used in the present lattice Boltzmann-finite difference simulations of the Benchmark problem, shown in Fig. 2.

	Parameter	Value	Parameter	Value
	Fluid phase	Air	Solid phase	Aluminium
	Time step (s)	2.8 × 10 -7 D (m)	1.0 × 10 -2
	Grid size (m)	2.8 × 10 -5 T surf. = T cylinder (K)	383
	Bed height (m)	9.2 × 10 -2 T ∞ = T inlet (K)	298
	Bed width (m)	9.2 × 10 -2 p inlet (Pa)	1.0 × 10 5
	c p,air (J kg -1 K -1 ) 1.0 × 10 3	M w,air (kg mol -1 )	2.9 × 10 -2
	Re	324	Pr	0.71

Table 2 :

 2 Benchmark of the numerical simulations via experiments. The table compares the average heat flux for the hot cylinders shown in Fig.2bobtained from computer simulations and experiments. The numerical error bar is estimated from grid resolution studies, which yield roughly a percentage error of 0.5% see, Fig.3. The experimental counterpart originates from the uncertainties of the temperature measurements in the double calorimetric technique. The last column gives the percentage deviation between numerical simulations and experiments. The Rayleigh number is Ra = 4680.

	Cylinder	Simulation	Experiment	Deviation
		(W/m 2 )	(W/m 2 )	(%)
	bottom	2970 ± 15	3457 ± 200	12
	top	2870 ± 15	3353 ± 200	18

Table 5 :

 5 Scaling behavior of OpenPhase on VULCAN (more specifically, on a cluster of 286 nodes connected via InfiniBand, each node containing two 8-core Intel Xeon E5-2670 CPUs with 8GB RAM per core) at ICAMS, Ruhr-University Bochum. Due to memory requirements of the problem, a minimum of 16 cores was necessary. Nevertheless, the speedup is given on a single core basis. The test was performed for three system sizes as indicated in the table.

	#cores	#grid points	#iter	t (s) t/core/iter/grid (s) speedup
	16	6400 × 6400 1000 4506.7	1.76×10 -6	16
	32	6400 × 6400 2000 4338.2	1.69 ×10 -6	16.7
	32 12800 × 6400 1000 4448.1	1.74 ×10 -6	16.2
	64	6400 × 6400 1000 2209.9	1.73 ×10 -6	16.3
	64 12800 × 6400 4000 4286.5	1.67 ×10 -6	16.9
	128 12800 × 6400 2000 2181.5	1.70 ×10 -6	16.6
	256 12800 × 6400 2000 1161.6	1.81 ×10 -6	15.6
	512 12800 × 6400 4000 1185.0	1.85 ×10 -6	15.2
	1024 12800 × 6400 10000 2262.6	2.83 ×10 -6	10.0
	1024 12800 × 12800 5000 2396.8	3.00 ×10 -6	9.4
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