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BOUNDED GEOMETRY AND LEAVES

JESUS A. ALVAREZ LOPEZ AND RAMON BARRAL L1JO

ABSTRACT. The main theorem states that any complete connected Riemannian manifold of bounded ge-
ometry can be isometrically realized as a leaf with trivial holonomy in a compact Riemannian foliated

space.
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1. INTRODUCTION

Recall that a foliated space X = (X, F) of dimension n is a topological space X equipped with a partition
F into connected manifolds (leaves) so that X can be locally described as a product B x Z, where B is an
open ball in R” and Z any topological space (local transversal), and the slices B x {*} correspond to open
sets in the leaves. This F is called a foliated structure or lamination. Foliated spaces are usually assumed to
be Polish to get better properties. Many basic notions about foliations can be obviously extended to foliated
spaces, like foliated charts, plaques, foliated atlas, holonomy pseudogroup, holonomy group and holonomy
covering of the leaves, minimality, transitivity, foliated maps, etc. Some basic results can be extended as
well; for instance, there is an obvious version of the Reeb local stability theorem, and the union of leaves
without holonomy is a meager subset if X is second countable. Interesting classes of foliated spaces show
up in several areas of mathematics, like in dynamics, arithmetics, tessellations, graphs and foliation theory
(minimal sets).

A C® foliated structure is given by a foliated atlas whose changes of coordinates are leafwise C'°°, with
ambient-space-continuous leafwise derivatives of arbitrary order. This gives rise to the concept of C* foliated
space. To emphasize the difference, the foliated structure underlying a C'°° foliated structure may be called
topological. On a C'*° foliated space X = (X, ), the concept of C* function is defined by requiring that its
local expressions, using foliated coordinates, are leafwise C'*°, with ambient-space-continuous leafwise partial
derivatives of arbitrary order. C'* bundles and sections also make sense on X, defined by requiring that
their local descriptions are given by C'°° functions in the above sense. For instance, the tangent bundle T'X
(or TF) is the C°° vector bundle on X that consists of the vectors tangent to the leaves, and a Riemannian
metric on X consists of Riemannian metrics on the leaves fitting together nicely to form a C'°° section on
X. This gives rise to the concept of Riemannian foliated space.
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C= foliated maps between C° foliated spaces can be similarly defined; in particular, C'*° foliated im-
mersions, submersions, (local) diffeomorphisms and (local) embeddings between C*° foliated spaces have
obvious meanings. If a homeomorphism between C'*° foliated spaces is C*° and its restrictions to the leaves
are diffeomorphisms, then it is a C'*° diffeomorphism, as follows easily from the continuity of the inversion of
C diffeomorphisms between C'*° manifolds with respect to the C*° topology [18, p. 64, Exercise 9]. Several
results about foliated spaces have obvious C'*° versions, like the Reeb local stability theorem.

Standard references about foliated spaces are [23|, [4, Chapter 11], [5, Part 1] and [13|. See also |1}
Section 2.1] for a quick summary of what is needed here.

On the other hand, recall that a Riemannian manifold M is said to be of bounded geometry when it has a
positive injectivity radius, and the m-th covariant derivative of the curvature tensor has uniformly bounded
norm for all order m; in particular, M is complete by the positivity of the injectivity radius. The following
are typical examples where bounded geometry holds: coverings of closed connected Riemannian manifolds,
connected Lie groups with left invariant metrics, and leaves of compact Riemannian foliated spaces. More
examples can be produced by using compactly supported perturbations of given Riemannian manifolds of
bounded geometry. In fact, any smooth manifold admits a metric of bounded geometry [14]. We will focus
in the case of leaves of compact Riemannian foliated spaces, showing that this example indeed characterizes
bounded geometry.

Theorem 1.1. Any connected Riemannian manifold of bounded geometry is isometric to a leaf with trivial
holonomy of some compact Riemannian foliated space.

It is commonly accepted that such a result should be true, and that it should follow by using the closure of
the canonical embedding of the manifold into the Gromov space M, of pointed proper metric spaces [15], [16,
Chapter 3], or, better, into its smooth version, the space MS°(n) of isometry classes of pointed complete
connected Riemannian n-manifolds with the topology defined by the C'*° convergence (24, Chapter 10,
Section 3.2], [1, Theorem 1.2]. However, to the authors knowledge, no complete proof has been given so far.

A complete connected Riemannian n-manifold M is called non-periodic (respectively, locally non-periodic)
if Iso(M) = {idy } (respectively, the canonical projection M — Iso(M)\M is a covering map), where Iso(M)
denotes the isometry group of M. The non-periodic and locally non-periodic manifolds define subspaces of
Mg (n) respectively denoted by M2S,,(n) and M9, (n). There is a canonical map tar : M — M°(n), given
by tap(z) = [M,x] (the isometry class of (M, x)), which induces a continuous injection 7ps : Iso(M)\M —
MS°(n). The images of all possible maps ¢j; form a partition F.(n) of M°(n). The restriction of Fy(n)
to M29,,(n) is denoted by Fi 1np(n). For n > 2, M2, (n) is open and dense in Mg°(n), and Fi imp(n) is a
Riemannian foliated space of dimension n so that each map tp; : M — imeys is a local isometry and the
holonomy covering of the leaf im¢y; [1, Theorem 1.3]; in particular, M5, (n) is the union of leaves with
trivial holonomy. Moreover Clo,(im ¢ps) is compact if and only if M is of bounded geometry |1, Theorem 12.3]
(see also [8], [24, Chapter 10, Sections 3 and 4]), where Cl,, denotes the closure operator in M$°(n). Then,
analyzing the cases where Clo(imepr) C My mp(n), a version of Theorem follows assuming restrictions
on M |1, Theorem 1.5].

To prove Theorem with complete generality, we refine the above arguments as follows. Fix a separable
Hilbert space E and any naturaﬂ n. Consider pairs (M, f) and triples (M, f,z), where M is a complete
connected Riemannian n-manifold, f € C*°(M,E) and x € M. An equivalence ¢ : (M, f) — (N,h) is an
isometry ¢ : M — N such that ¢*h = f. If moreover distinguished points, x € M and y € N, are preserved,
then ¢ : (M, f,x) — (N, h,y) is called a pointed equivalence. The group of self equivalences of (M, f) is
denoted by Iso(M, f). If there is a pointed equivalence (M, f,z) — (N, h,y), then the triples (M, f, z) and
(N h,y) are declared to be equivalent. The equivalence class of each (M, f,z) is denoted by [M, f,z]. Let

M, (n) denote the sel 2 of such equivalence classes.

Definition 1.2. For each m € N, a sequence [M;, fi, x;] in M, (n) is said to be C™ convergent to [M, f,x] €
M, (n) if, for each compact domal ) C M containing x, there is a pointed C™*! embedding ¢; : (2, 7) —

11t is assumed that O is natural.
2Like in the cases of M, and M$°(n), without loss of generality, it can be assumed that the underlying set of any such M is
contained in R, so that M. (n) becomes a well defined set.
3Here, a domain in M is a connected C'*° submanifod, possibly with boundary, of the same dimension as M.
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(M;, x;) for each large enough i such that ¢7g; — gla and ¢ fi — fla as i — oo with respect to the C™
topology 18 Chapter 2]. If [M;, f;, x;] is C™ convergent to [M, f, x] for all m, then it is said that [M;, f;, 2]
is C*° convergent to [M, f,x].

It is not completely obvious that this C*° convergence satisfies the conditions to define a topology [21], [17].
Thus the following result is not trivial.

Theorem 1.3. The C*° convergence in J\A/[ (n) describes a Polish topology.

The topology given by Theorem[I.3| will be called the C>° topology, and the corresponding space is denoted
by M°°( ). The closure operator in this space will be denoted by Cl . The following maps are canonical and
continuous: a forgetful map J\?Ei"(n) — M2 (n), [M, f,z] — [M,z], and an evaluation map ev : JVEjO(n) — E,
[M, f,x] — f(z). Note that ev : M, (0) — E is a homeomorphism. Moreover, for each complete connected
Riemannian n-manifold M and any f € C°°(M,E), there is a canonical continuous map iar, 5 : M — J%jfo (n),
given by iy s(x) = [M, f,z], which induces a continuous injection Zps ¢ : Iso(M, f)\M — M°(n). The
images of the maps iy7, 5 form a natural partition of J\A/[i’o(n), denoted by §"*( ). Let C52. (M, E) be the set
of C*° immersions M — E, and let M:"mm( ) be the f;"*(n)—saturated subspace of M, (n) consisting of classes
[M, f,z] with f € C22_(M,E). The restriction of F.(n) to M, imm(n) is denoted by §‘*’imm(n). Observe
that the canonical projection M — Iso(M, f)\M is a covering map if f € ce (M,E).

On the other hand, let MOO " (n) (respectively, Moo (1)) be the 7, (n)-saturated subspace of M, (n) con-
sisting of classes [M, f, x] such that M is compact (respectively, open). Observe that, if [N, h,y] is close
enough to any [M, f,z] € JV[iOC(n), then N is diffeomorphic to M. Thus ﬁjfoc(n) is open in M, (n), and
therefore JV[OO ~(n) is closed. Hence these are Polish subspaces of JV[*(n), as well as their intersections with
any Polish subspace. Let M* Sm C/O(n) = ﬁ[* C/O( n) N M‘*X’lmm (n). The restrictions of F, (n) to ﬁ*’c/o(n)
and M*,immyc/o(n) are denoted by ?*,C/O(n) and g*,lmm,c/o( n), respectively.

Theorem 1.4. The following properties hold:
(i) M, (n) is Polish and dense in M>(n).

*,1mMIm

) ?*71mm(n) is a foliated structure of dimension n.

(#91) Frimm,o(n) is transitive.
)

There is a unique C*° foliated structure Foo (n) on M, (n), whose underlying topological foliated

*,1mm *,1mim

(n) = E is a C*™ immersion.

(M), ?Ff’imm(n)) such that vy p 2 M —
i, 45 a local isometry for all complete connected Riemannian n- manifold M and f € C3 (M, E).
(vi) For all M and f as above, the map inyp: M — imip ; is the holonomy covering of the leaf imips y.

structure is F, imm(n), such that ev : Miolmm

(v) There is a unique Riemannian metric on M* “mm (1) = (3\/[00

It is possible to give a version of Theorem closer to [1, Theorem 1.3], using the subspace M* np (1)
consisting of the classes [M, f,z] such that M — Iso(M, f)\M is a covering map. Such a result could be
proved with the obvious adaptation of the proof of |1, Theorem 1.3], using the exponential map to define
foliated charts. Instead, we have opted for studying M
directly provide foliated charts.

The following result states that M* “mm (1) is universal among the class of Polish Riemannian foliated
spaces that satisfy a condition called covermg—continuity (Definition .

because, in this case, the immersions f

wimm (72)

Theorem 1.5. A Polish Riemannian foliated space X of dimension n with complete leaves is isometric to

a saturated Riemannian foliated subspace of M* “mm (1) if and only if X is covering-continuous.

In Theorem [1.5] when X consists of a single leaf M, the isometric injection of M into M* mm (1) 18 i, f
for any C'* emeddmg f: M — E. If moreover M is of bounded geometry, then f can be chosen so that
Clse (im iz, f) is & compact Riemannian foliated subspace of M* “mm (1) (Proposition . Then Theorem

follows by considering the isometric injection ipsp : M — Cloo(lm in,f)-
There are examples of Lie groups with left invariant metrics that are not coarsely quasi-isometric to any
finitely generated group [7], |[11]. Applying the above argument to those Riemannian manifolds, we get
3



compact Riemannian foliated spaces whose leaf holonomy covers are not coarsely quasi-isometric to any
finitely generated group.

Theorem [I.1] contrasts with the examples of connected Riemannian manifolds of bounded geometry whose
quasi-isometry type cannot be realized as leaves of foliations of codimension one on closed manifolds [2], [37],
[30], [31]. If the metric is not considered, any surface can be realized as a leaf of a codimension one foliation on
a closed manifold [6], but this fails in higher dimension [12], [19], [2], [35], [32]. The study of this realizability
problem was initiated in [34].

This work can be considered as a continuation of [1], and therefore many references to [1] are included.

2. PRELIMINARIES

Let M be a Riemannian manifold (possibly with boundary or corners). The following standard notation
will be used. The metric tensor is denoted by g, the distance function on each of the connected components
of M by d, the tangent bundle by 7 : TM — M, the Levi-Civita connection by V, and the open and closed
balls of center x € M and radius r > 0 by B(x,r) and B(z,r), respectively. If needed, “M” will be added
to all of the above notation as a subindex or superindex; when a family of Riemannian manifolds M; is
considered, we may add the subindex or superindex “i” instead of “M;”. A covering space of M is assumed
to be equipped with the lift of g.

Form € Zt,let T™M =T ---TM (m times); we also set TOM = M. If | < m, TWM is identified with
a regular submanifold of 7" M via zero sections, and therefore, for each 2 € M, the notation z may be also
used for the zero elements of T, M, T,TM, etc. Let w: T™M — TWM be the vector bundle projection
given by composing the tangent bundle projections; in particular, we have 7 : T M — M. Given any C™
map between Riemannian manifolds, ¢ : M — N, the induced map T M — T N will be denoted by
¢£m) (or simply ¢, if m =1).

Hilbert manifolds are also considered in some parts of the paper, using analogous notation.

The Levi-Civita connection determines a decomposition T2 M = H &V, as direct sum of the horizontal
and vertical subbundles. The Sasaki metric on TM is the unique Riemannian metric ¢(Y) so that 3 L V and
the canonical identities H¢ = T¢ M = V¢ are isometries for every & € T'M [27]. Continuing by induction, for
m > 2, the Sasaki metric on T M is g(™) = (¢g(m=1)1) The notation d™ is used for the corresponding
distance function on the connected components, and the corresponding open and closed balls of center
¢ € T M and radius » > 0 are denoted by B™ (£, r) and B (&, 1), respectively. We may add the
subindex “M” to this notation if necessary, or the subindex “;” instead of “M;” for a family of Riemannian
manifolds M;. From now on, T(™ M is assumed to be equipped with ¢"™). For | < m, T"M becomes a
totally geodesic Riemannian submanifold of 70" M orthogonal to the fibers of 7 : T0™ M — TM M, which
are also totally geodesic |1, Remark 1-(i)—(iii)] (see also |27, Corollary of Theorem 13, and Theorems 14
and 18]).

Let (U;2',...,2") be a chart of M. As usual, the corresponding metric coefficients are denoted by Gijs
and write (¢%) = (g;;) . Identify the functions o’ with their lifts to TU. We get a chart (U(); wb)v e ,:C%IL))
of TM with UM = TU, x(l) = z' and $(1) = ¢! for 1 < i < n, where the functions v* give the coordinates
of tangent vectors with respect to the local frame (91, . . ., 8,) of TU induced by (U; z* 2™). By induction,
form > 2, let (U™); :v%m), . (m) ™) be the chart of 7™ M induced by the chart (U(m 1) m(m 1y m%:; 11))
of T(m=1 .

Let  C M be a compact domain and m € N. Fix a finite collection of charts of M that covers (2,
U= {(U,;x},...,27)}, and a family of compact subsets of M with the same index set as U, X = {K,}, such
that @ C U, Ka, and K, C U, for all a. The corresponding C" norm of a C"™ tensor T on  is defined byﬂ

IIITK

8:5[

[Tl g0 = max max >
|[1|1<m J,K

where Ta{(J are the coefficients of 7' on U, N Q with respect to the frame induced by (Uy;zl,...,2"). With
this norm, the C™ tensors on (2 of a fixed type form a Banach space, whose underlying topology is called

4The standard multi-index notation is used here.



the C™ topology. By taking the projective limit as m — oo, we get the Fréchet space of C*° tensors of that
type, whose underlying topology is called the C°° topology (see e.g. [18]). We will always consider the C*
topology for C* tensors on €2 of a given type (k € NU {oc}); in particular, C*(Q) is always assumed to be
equipped with the C* topology. Observe that U and X are also qualified to define the norm || ||cm o w5
for any compact subdomain Q' C Q. It is well known that || ||cm o1,%x is equivalent to the norm || ||cm a4
defined by

— l .
ITem 0.9 = max max|[VT(z)] ;

i.e., there is some C' > 1, depending on M, Q, U, K, g and m, such that

1
¢ Hlem oz < lHllemag < Cll llom o - (1)
In particular, for m = 0 and f € C*°(M),
1£lle = Iflleo.0ux = 1flloe 0,9 = max|f(z)] (2)

which is independent of the choices U, X and g.

The norms || ||cm o1, and || ||om o,q have straightforward extensions to tensors with values in a separable
Hilbert space E, and satisfy the obvious versions of and , and C*(M,E) is assumed to be equipped
with the C* topology (k € NU {oc}).

For f € C*°(M,E), recall that Vf = df (its de Rham differential). For each m, the map

S = (L Y ey TR = B2

is also C*° and with values in a separable Hilbert space. In the following lemma, we consider the local repre-
sentations of f and every fim)’A with respect to coordinate systems (U, z',...,z") and (U™, x%m), cee x%n:)”)
of M and T("™ M. Moreover each function on M or U is identified with its lift to 7™ M or U™,

Lemma 2.1. The following properties hold:

(i) The local representation of every fim)’)‘ s a universal polynomial expression of :17?;;)1, . ,:c(27::)" and the

partial derivatives up to order m of the local representation of f.
(ii) For each p > 0, the partial derivatives up to order m of the local representation of f are given by

is the section of m : U™ — U determined b (m)

universal linear expressions of the functions (crfz))*fim)’/\ forn+1 < pu < 2™n, where Um) U = U™
(O'p’u )*x’(’m) =pb,, forn+1<v<2Mn.

Proof. By using induction on m, the result clearly boils down to the case m = 1. But, in this case, the
statement follows because f. = (f,df) : TM — TE = E2. (]

By using the supremum on  instead of the maximum, the definition of || |[cm o 4 can be extended to
any non-compact n-submanifold Q C M (including = M), with possible infinite values. The tensors on
Q with finite norm || ||¢m o4 are said to be uniformly C™, or CJ*. For a given type, they form a Banach
space, and the corresponding projective limit as m — oo is a Fréchet space, whose elements are said to be
uniformly C*°, or Cp° (see e.g. [26, Definition 2.7] or |28, Definition 3.15]). In particular, this gives rise to
the Fréchet spaces Cp°(Q) and Cp°(Q, E) when R-valued and E-valued Cy° functions are considered.

Let N be another Riemannian manifold. Recall that a C* map ¢: M — N is called a (\-) quasi-isometry,
or (A\-) quasi-isometric, if there is some A > 1 such that 1 [£] < |¢.(€)| < A[¢| for every & € T'M; in particular,
¢ is an immersion. To define higher order quasi-isometries, let T<"M = {¢ € TM | [¢] < r} for each 7 > 0. If
M has no boundary, then T<"M is a manifold with boundary; otherwise, it is a manifold with corners. Also,
define T(™)=<" M by induction on m € Z*, setting TW<"M = T<"M and T ="M = T<rT(m=1).5r [,
It is said that ¢ : M — N is a (\-) quasi-isometry of order m € N, or a (\-) quasi-isometric map of order
m, if it is €™+ and o™ TSIN s T N s g (\-) quasi-isometry. If ¢ is a quasi-isometry of order
m for all m € N, then it is called a quasi-isometry of order co. If there is a quasi-isometric diffeomorphism
M — N of order m € NU {co}, then M and N are said to be quasi-isometric with order m. The property
of being a quasi-isometry of order m is preserved by the operations of composition of maps and inversion of

5Kronecker’s delta is used here.



diffeomorphisms |1, Proposition 3.9], and therefore it induces an equivalence relation between Riemannian
manifolds.

For m € N, a partial map ¢ : M — N is called a C™ local diﬁeomorphismﬁ if dom¢ and im ¢ are
open in M and N, respectively, and ¢ : dom¢ — im ¢ is a C™ diffeomorphism. If moreover ¢(z) = y for
distinguished points, © € dom ¢ and y € im ¢, then it is said that ¢ : (M, x) — (N,y) is a pointed C™ local
diffeomorphism. For m € N, R > 0 and A > 1, a C™*! pointed local diffeomorphism ¢: (M, ) — (N,y) is
called an (m, R, \)-pointed local quasi-isometry, or a local quasi-isometry of type (m, R, \), if the restriction
¢£m) : Q) 5 TN is a A-quasi-isometry for some compact domain Q™) c dom ¢>(km) with B](\T)(x, R) C
Q0™ |1, Definition 4.2].

3. (PARTIAL) QUASI-EQUIVALENCES

Let M and N be Riemannian n-manifolds, let f € C*°(M,E) and h € C*>°(N,E), and let € M and
y € N. Recall from Section [1| the concepts of an equivalence (M, f) — (N, h), and a pointed equivalence

(M, f,x) = (N, h,y). Observe that ||f*m)||9(m) makes sense for any n-submanifold Q™) c T M because
we consider f*(m) : TMM — TUWE = E2", with values in a separable Hilbert space. Note also that
(qi)*h)im) =1 6 o™ for any C™ map ¢ : M — N.
Definition 3.1. Let A > 1 and € > 0, and let ¢ : M — N be a C! map. It is said that ¢ : (M, f) — (N, h)
is a ((\,€)-) quasi-equivalence of order m € N if it is C™*H1, d)fkm) : TSI — TN s a (A=) quasi-
isometry, and || f,E”” — ((b*h)gm)HT(m) u < e. If moreover distinguished points x and y are preserved, then
¢ (M, f,x) — (N,h,y) is called a pointed quasi-equivalence of order m. If there is a quasi-equivalence
(M, f) — (N,h) (respectively, (M, f,z) — (N,h,y)), then (M, f) and (N,h) (respectively, (M, f,z) and
(N, h,y)) are called quasi-equivalent.
Remark 1. (i) Any (A e)-quasi-equivalence of order m > 1 is a (A, £)-quasi-equivalence of order m — 1.
(ii) For integers 0 < m’ < m, if ¢ is a (), e)-quasi-equivalence of order m, then gb&m/)
equivalence of order m — m/.

For a submanifold Q@ C M and f € C°°(M,E), the notation (£, f) is used for (€, f|qa).

is a (A, e)-quasi-

Proposition 3.2. The following properties hold for any m € N, A\, u > 1 and €,6 > 0:

(i) There is some v > 1, depending on m, X\ and p, such that, if ¢ : (M, f) = (N,h) is a (A e)-
quasi-equivalence and ¥ : (N,h) — (L,u) a (u,0)-quasi-equivalence, both of them of order m, then
Yoo (M, f)— (Lyu) is a (v,e + 0)-quasi-equivalence of order m.

(it) There are some v' > 1, depending on m and A, such that, if ¢ : (M, f) — (N,h) is a (A, &)-quasi-
equivalence of order m and a diffeomorphism, then ¢~ : (N, h) — (M, f) is a (v, €)-quasi-equivalence
of order m.

Proof. By |1, Proposition 3.9], we only have to check the conditions on the E-valued functions. Thus (i
follows because, for each & € T("™) M, we have

£ = (@ ooy wi™ @)

£©) = @ E)| + [ (687©)) = ™ (68m9)) | < e+ 4
Similarly, (i) follows because, for each ¢ € T N,

[h©) = (@ D@ = [ mi™ (6H©) = £ (6™ )| <. O

Corollary 3.3. “Being quasi-equivalent with order m” is an equivalence relation on the sets of pairs (M, f)

and triples (M, f,x).

<]

Now, suppose that M and N are connected, complete and without boundary.

6The term “C™ local diffeomorfism” (m > 1) is also used in the standard sense, referring to any C™ map M — N whose
tangent map is an isomorphism at every point of M. The context will always clarify this ambiguity.
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Definition 3.4. Fix m € N, R > 0, A > 1 and € > 0. Let ¢: (M,z) — (N,y) be a C™T! pointed local
diffeomorphism, and let f € C*°(M,E) and h € C>®°(N,E). It is said that ¢: (M, f,z) — (N,h,y) is an
(m, R, \, €)-pointed local quasi- equivalence, or a local quasi-equivalence of type (m, R, \, ), if there is some
compact domain Q™  dom ¢™ such that B](\Zl)(:z:,R) c QM and ¢{™ () $™)y (T N ™Y s

a (A, £)-quasi-equivalence.

Remark 2. (i) Any pointed local quasi-equivalence (M, f,x) — (N, h,y) of type (m, R, A, €) is also of type
(m/, RN ) for 0<m/ <m,0< R <R, N >MXand & >e.

(ii) Consider integers 0 < m’ < m, any pointed C™*! local diffeomorphism ¢ : (M, x) — (N, y), and any
f€C>®(M,E) and h € C°(N,E). Then ¢ : (M, f,z) — (N, h,y) is a pointed local quasi-equivalence
of type (m, R, \,¢) if and only if qbim,) (T M, f*m/),x) — (TN, hgﬂm,),y) is a pointed local
quasi-equivalence of type (m —m', R, A, ¢).

(iii) If there is an (m, R, A, ¢)-pointed local quasi-equivalence (M, f,z) — (N, h,y), then, for all R’ < R,
XN > X and ¢ > g, there is a C® (m, R, N, &')-pointed local quasi-equivalence (M, f,z) — (N, h,y)
by [18, Theorem 2.7].

Lemma 3.5. The following properties hold:

(i) If ¢ : (M, f,x) — (N,h,y) and ¢ : (N, h,y) — (L,u,z) are pointed local quasi-equivalences of types
(m, R, \,¢) and (m,\R, N, €’), respectively, then ¥ o ¢ : (M, f,z) — (L,u, z) is an (m, R,AN e +¢&’)-
pointed local quasi-equivalence.

(it) If ¢ : (M, f,x) — (N,h,y) is an (m, AR, \,e)-pointed local quasi-isometry, then ¢~% : (N,h,y) —
(M, f,x) is an (m, R, \,&)-pointed local quasi-isometry.

Proof. To prove , take compact domains, Q™ ¢ T M and Q™) c TN, such that B](\;[n) (z,R) C
Qim), BJ(Vm)(:E,)\R) c Q) glm) . (Q(m),fim)) — (T™N, h&m)) is a (), e)-quasi-equivalence, and i
(Q’(m),him)) — (T(m)L,ugm)) is a (N, ¢’)-quasi-equivalence. According to the proof of |1, Lemma 4.3-(i)],
there is a compact domain Q(()m) C T M such that B](VT) (x,R) C Q (m) and ¢(m (Q (m)) C ™. Then
(1o ¢)im) : Q(()m) — T L is a AN-quasi-isometry by [1, Remark 2-(v)]. Moreover, for each ¢ € (m)

177 ©) = (o o) wime)|

< [#m©) - @nim)| + [|p (647©) - @i (8 ©) | < e+ e
Sovpog: (M,f,x)— (Lu,z)isan (m, R, AN, e+ ¢')-pointed local quasi-equivalence.

To prove , let Q™ < T™M be a compact domain such that Bg\j[n)(x,R) c QU and qzbim)
(Qim) f,gm)) — (T™N, hﬁm)) is a (A, £)-quasi-equivalence. According to the proof of [1, Lemma 4.3-(ii)], the
compact domain Q'™ := ¢{™ (™)) ¢ T(W N contains BU (y, R). Then (¢~ )™ = (¢{™)~1: /(m)
T M is a )\—quasi-isometry by |1 Remark 2-(vi)]. Moreover, for each & € /(™)

() = (07 NI < [ mi™ (6 H©) = £ () ©) | <.

So ¢~ : (N, h,y) — (M, f, z) is an (m, R, \, €)-pointed local quasi-equivalence. O

4. THE C* TOPOLOGY ON ﬁ*(n)

Definition 4.1. For m € N and R,r > 0, let ﬁgﬁr be the set of pairs ([M, f,z], [N, h,y]) € M, (n) x x M, n)
such that there is some (m, R, \, £)-pointed local quasi-equivalence (M, f,z) — (N, h,y) for some X € [1,¢")
and ¢ € (0,r).

Proposition 4.2. The following propertieﬂ hold for all m,m' € N and R, S,r,s > 0:
"The following standard notation is used for a set X and relations U,V C X x X:
Ul ={(ye) e X x X |(z,y) €U},
VoU={(z,z) € X x X |3y € X sothat (z,y) €U and (y,2) € V' }.
Moreover the diagonal of X x X is denoted by A.



(i) (U, CUR,.
i) Up?,. CUR,. N Ugf;, where mo = max{m,m’}, Ry = max{R, S} and ro = min{r, s}.
)
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<

Ro TQ
(#i) A C URT,,

m rrm rrm
(“}) UR,T o UeTR,s C UR,rJrs'

Proof. Properties (i) and (fiii) are elementary, and (i) and are consequences of Lemma (]

Proposition 4.3. 1z, U = A for allm e N.

Proof. We only have to prove “C” by Proposition . For ([M, f,z],[N,h,y]) € Ng.,>0 (7}%”,” there
is a sequence of pointed local quasi-equivalences ¢; : (M, f,z) — (N, h,y), with corresponding types
(m, R;, \i,€;), such that R; T oo, A; | 1 and ¢; { 0 as ¢ — oco. According to the proof of 1 Proposi-
tion 5.3], for each i, there is some subsequence ¢ (; ;) whose restriction to Bps(z, R;) converges to some
pointed isometric immersion v; : (Bas(z, R;), z) — (N,y) in the weak C™ topology, Vit 1|8, («,r,) = ¥s for
all 4, and the combination of the maps 1; is a pointed isometry ¢ : (M,z) — (N,y). For every o’ € M
and € > 0, there are some ¢ and § > 0 so that ' € By(x,R;), &; < /2, and ||h(y") — h(y")|| < €/2 if
dn(y',y") < 6 for all y',y"” € By(z, R;). Moreover there is some I such that dy (g (2'),i(2')) < 6
Hence

1f(2") = hop(a)|| < £ (2") = hodrap (@) + [[hodrup(a’) —hoy(@)| <eit+e/2<e
Since 2’ and e are arbitrary, it follows that ¢ : (M, f,x) — (N,h,y) is an equivalence, and therefore
[M, f,z] = [N, h,y]. 0

By Propositions and .3} the sets ﬁgr form a base of entourages of a separating uniformity on J/\\/E* (n),
which is called the 0 uniformity.
Definition 4.4. For R,r > 0 and m € N, let ﬁgr be the set of pairs ([M, f,z], [N, h,y]) € ﬁ*(n) X

JVE*(n) such that there is some C™*! pointed local diffeomorphism ¢: (M,z) — (N,y) so that ||gas —
O gnllem .9 <7 and ||f — ¢*h|lcm 0., <1 for some compact domain Q C dom ¢ with Bys(z, R) C Q.

Remark 3. By (] . and its version for E-valued functions, a sequence [M;, f;,z;] € M, (n) is C*° convergent
to [M, f,z] € M.(n) if and only if it is eventually i 1 D (M, f,x) for arbitrary m € N and R,r > 0.

Proposition 4.5. The following properties hold:
(i) For all R,r >0, if 0 <7’ <min{l — e~ 2", e* — 1,7}, then ZAD%’T, C ﬁ%)r.
(i4) For all m € Z%, R,r > 0 and [M, f,x] € M, (n), there is some r' > 0 such that D% ..(M, f,x) C
O (M, f,z).

Proof. Let us show (). If ([M, f,z],[N,h,y]) € DR .+, then there is a C! pointed local diffeomorphism ¢ :
(M,2) — (N,15) such that 1§ = lgnt — 6" g llco .0y, < ' and €0 = ||f "l o005, < ' for some compact
domain © C dom ¢ with By (z, R) C €. Take some X € [1,€") such that r{; < min{1—-A"2,A\2—1}. According
to the proof of |1} Proposition 6.4-(i)], ¢ : & — N is a A-quasi-isometry. Since moreover ||f — ¢*h||q < €p, it
follows that ¢ is a (0, R, A\, 1, £0)-pointed local quasi-equivalence, obtaining that ([M, f,z], [N, h,y]) € ﬁ}%ﬂa.

Let us prove (ii). Take m € Z*, R,r > 0 and [M, f,z] € j\/[*(n) Let U be a finite collection of charts
of M with domains Uy, and let X = {K,} be a family of compact subsets of M, with the same index set
as U, such that K, C U, for all a, and By (z,R) C Int(K) for K = |J, K,. Let ' > 0, to be fixed later.
For any [N, h,y] € lA)}Q’T,(M, ), there is a C™*! pointed local diffeomorphism ¢: (M, z) — (N,y) so that
lgar — @*gnllom 0,90 <7 and ||f — ¢*hllcm 0,90 <7’ for some compact domain Q C dom ¢ N Int(K) with
Bp(z, R) C Q. By continuity, there is another compact domain €' C dom ¢ NInt(K) such that Q C Int(Q'),
lgar — d*gnllem or gn <" and || f — @ h||cm qr g, < 7'. According to the proof of |1, Proposition 6.4-(i)], if
7" is small enough (depending on m, R, r and [M, z]), then there is some compact domain Q™) c T(™ M

8Given a set X, for U C X x X and z € X, let U(z) = {y € Y | (z,y) € U}. In the case of U C M (n) x M(n) and
[M, f,z] € M«(n), we simply write U(M, f,x).
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such that Bg\T) (z,R) c QU c 7=1(Q'), where 7 : T™ M — M, and o™ QM) 5 TN is a A-quasi-
isometry for some A\ € [1,¢e"). Given € € (0,r), choose some C' > 1 satisfying (1)) for E-valued functions with
U, X, Q' and g, and, according to Lemma , choose some &’ > 0 such that

If = oh -

cmaax <& = | f (0" h)™ [l gom < e
Suppose that ' < &’/C. Then

If = & hllom oy gn <7 = |If — 6 hllom s < Cr' <& = [I£™ = (¢"h)™[lgom < .

Hence ¢ is an (m, R, A, &)-pointed local quasi-equivalence (M, f,x) — (N, h,y), and therefore [N, h,y] €
Uy (M, f,x). O

Proposition 4.6. The following properties hold:
(i) For all R,r >0, if e —e72" <, then ﬁlo%m, - 510“,
(i4) For allm € Z*, R,r > 0 and [M, f,x] € Jv[*(n), there is some v’ > 0 such that ﬁﬁ’fr,(M, fix) C
Dy (M, f,x).

Proof. Let us show (). If ([M,f,z],[N,h,y]) € [71% then there is a (0, R, \, e)-pointed local quasi-

equivalence ¢ : (M, f,x) — (N, h,y) for some \ € [1,6”) and € € (0,7’). Thus there is some compact
domain © C dom ¢ such that By (z, R) C Q and ¢ : (Q, f) — (N, h) is a (A, )-quasi-equivalence. According
to the proof of |1, Proposition 6.5-(i)], ||gnmr — ¢*gnllco,0,9 < 7. So ([M, f,x], [N, h,y]) € ﬁ%’r.

Let us prove . Let m € ZT, R,r > 0 and [M, f,z] € JV[*(n) Take U, K and K like in the proof of
Proposition . Let ' > 0, to be fixed later. For any [N, h,y| € ﬁgfr,(M, x), there is an (m, R, A, €)-
pointed local quasi-equivalence ¢ : (M, f,z) — (N, h,y) for some X € [1,6’"/) and ¢ € (0,r"). Thus there
is a compact domain Q™ C dom¢{™ N Int(K (™) so that B;&n)(l‘,R) c QM and ¢{™ : (Qim), fim)) —
(TN, hfkm)) is a (A, e)-quasi-equivalence. According to the proof of [1, Proposition 6.5-(ii)], there are
compact domains, '™ ¢ dom qbim) and Q C M, such that Q™) ¢ Int(Q(™), Q™) N M c Q C Int(Q'(™),
and ||gn — ¢*gn|lcm 0,y < 7 if ' is small enough; in particular, Bys(z, R) C € because M is a totally
geodesic Riemannian submanifold of 7™ M. Take some C > 1 satisfying for E-valued functions with U,
X, Q and gp;. With the notation of Section forp>0andn+1< pu<2™n, let 0,(;;;?” U, — Uém) be the
section of each 7 : U,gm) — U, of the type used in Lemma . Since Q C Int(€(™)), there is some p > 0

so that O'S:ﬂ)(Ka NQ) c ™ for all ¢ and p. Thus, by Lemma , there is some &’ > 0, depending on
r and p, such that

’
T

17 = (@ W)™ oy < & = |1 = @ hllem gacse < r/C .
Suppose that moreover 1’ < &', and therefore ¢ < €’. Then
17 = (@) v <& <& = |If = $"hllemausx <r/C = |If = ¢ hllemag <7,

showing that [N, h,y] € Bg%mr) (M, f,z). O

Corollary 4.7. The C* convergence in JV[* (n) describes the topology induced by the C*° uniformity.
Proof. This is a direct consequence of Remark [3] and Propositions and O

According to Corollary [£.7] the C°° uniformity induces what was called the C* topology in Section
Recall that the corresponding space is denoted by MS$°(n), and the notation Cl, is used for the closure
operator in MS$°(n).

Proposition 4.8. JV[;’O(TL) is separable.

Proof. According to the proof of |1, Proposition 7.1], there is a countable family € of C*° compact manifolds
containing exactly one representative of every diffeomorphism class, and, for every M € €, there is a countable
9



dense subset Gp; of the space of metrics on M with the C'°° topology. Take also countable dense subsets,
Dy € M and Fpy C C°°(M,E). Then, like in the proof of [1, Proposition 7.1], the countable set

{[(M,g),f,iE]|M€e,g€9M,IZ?E'DM,fGEFM} (3)
is dense in M (n). O
Proposition 4.9. The C°° uniformity is complete and metrizable.

Proof. According to [36, Corollary 38.4], the C°° uniformity on M, (n) is metrizable because it is separating
and the sets U, ki/k (k€ Z7) form a countable base of entourages. To check that this uniformity is complete,
consider an arbitrary Cauchy sequence [M;, f;, z;] in ﬁ*(n) We have to prove that [M;, f;, x;] is convergent
in J/\\/[:O(n) By taking a subsequence if necessary, we can suppose that ([M;, fi, zi], [Mi+1, Zit1, fit1]) € Ugiiri
for sequences, m; 1 oo in N, and R; 1 oo and r; | 0 in RT, such that ZZ r; < 0o, and R;y1 > €™ R; for
all i. Let 7, = >, ;. Consider other sequences R, R/ 1 co in R* such that R < R} < e™™R; and

> e”R”

’L+1
For each i, there is some (mi7Ri,)\Z,52) pointed local quasi-equivalence ¢;: (M;, x;) — (M;41,2i41),
for some \; € (1,e") and ¢; € (0,7;). Then )\; := = J[5:A; < €™ and & = } ;5 < 7. Moreover

each ¢; can be assumed to be C*° by Remark I. For i < j, the pointed local quasi-equivalence

bij = dj1 00 ¢ (My, fi, ) — (Mj,x;, f;) is of type (mi, Ri/Xi, Ai, i) by Lemma 3.5} (f).
For ¢, m € N, let

B, = Bi(z;, R;) , B = Bi(z, R;) , B! = B;(xi, R}) ,
Bz‘(m) = Bz‘(m)('xiaRi) ) Bz/'(m) = Bz‘(m)(xi’R;) ) le'/(m) = Bz’(mi)(mi’Rg) .

A bar is added to this notation when the corresponding closed balls are considered. We have ¢;(B;) C B;y1

because R;i11 > A\ R;, and qb(m’ (B ;/(m’ ) C B:S_Wf’) C B/(m”l) since R} ; > AR} and g7(+f is the restriction

of ggflﬂ). Furthermore B}’ C dom;; and B, () < dom ¢§j*’) for i < j because R” < R;/\;. Therefore

¥;;(B;) C Bj and w(m‘)( 1/(ms) ) C B/(mj). Take compact domains, Q; C M, and Q(-mi) C TU™) M;, such

(YES
that B, C Q; C Int(Q(ml)) and B, ) C Q; (mo) B”(ml) thus ©; C BY since M; is a totally geodesic
Riemannian submanifold of T(m’)M .

According to the proof of |1} Proposition 7.2], there is a pointed complete connected Riemannian manifold

(M\,ﬁ), and, for each i, there is some C'* pointed map v; : (B;, x;) — (]\//.7, Z) such that 1/}1(:”") : ng’) —
Tm) M is a A\-quasi-isometry, and ¢; = i oy; for j > i. Let B, = ¥i(By), Q, = ¥;(Q;) and ﬁgm’)
w(mi)(Q(ml)) Let f; € C*(B;,E) be determined by ¥7 fi = fi|s,.

%
Claim 1. For all i, the sequence fj\ﬁi (j > i) is convergent in C™ ({;, ).
This assertion follows by showing that the restrictions of the functions f;; := ¢7; f; to ;, for j > 4, form

a convergent sequence in C™#(€);, E). Equivalently, we show that f;;|q, is a Cauchy sequence with respect
to ” ”Cm’i,Qq‘,,gi' For k > Jj =1,

‘fl;zl) i ") AN/ iy ()
f(m) fJ(Tfrl* wij(ﬂﬁm”)Jr JFHfJETil* ke B0 (@l
<5 = 50| o+ A = | S < (@)
.7 k—1
because
0@ € gl (BIm) ¢ Bl ¢ glm)
and [ = £ on QU A BIM 5 0 (@),

Let U; be a finite collectlon of charts of M; with domains U, 4, and let X; = {K; .} be a family of compact
subsets of M;, with the same index set as U;, such that K; , C U, for all a, and E;' Cc U, Kia =t K;.
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Thus ©; C K;. Choose some C; > 1 satisfying for E-valued functions with U;, X;, ©; and g;. With the
notation of Section forany p>0and n+1 < pp < 2™in, let afzﬁip),# Ui — Ui(’Z“) be the section of each
T Ui(’a") — Ui q of the type used in Lemma . Since Q; C Int(QEm'i)% there is some p > 0 so that
Uz(,yg,ig,u(Ki,a nQ;) C Ki(::i') N ngi) for all @ and p. Thus, by Lemma , given any € > 0, there is some
0 > 0, depending on € and p, such that

152 = 15 gema <6 = |lfig = ful
For j large enough, we have £; < 4, giving
1£5 = £5 lgomo <8 = £ = flloms @ot,x, < /Ci = |Ifiy = firlloms .0, < €

by (), and (I). This shows that fi;|o, is a Cauchy sequence in the Banach space C™i(;,E) with
| llemi ;,q9;» and therefore it is convergent. This completes the proof of Claim

According to Claim for each 4, let fio = limp_oo fk|§ in C™i (QZ,E) Obviously, fjoo|§i = fioo for
j > i. Hence there is a function f € C"O(]\//f7 E) whose restriction to every QZ is fioo. From , we get
||fl-(mi) — flmo) o < & for k > i, yielding ||fl(:” - fimi) amo < &. Hence ¢; :+ (M, fi,x;) — (]\/Z,i,f)

* kx*

om.a % <€/Ci (5)

ﬁ(.'m,
is an (my, R, \;, &;)-pointed local quasi-equivalence. It follows that ([M;, f;, ], []\//T,i“, fl) € ﬁg?s for any
sequence s; | 0 so that s; > max{ln \;, ;}, obtaining that [M;, fi, z;] — []\7,:?:, f] as i — oo in JVE;’O(n) a

Corollary 4.10. ﬁ[:"(n) is Polish.
Proof. This is the content of Propositions [£.§ and [4.9] together. O

Corollaries and give Theorem

5. FOLIATED STRUCTURE OF MZS . (1)
The properties stated in Theorem [T4] are given by propositions of this section.
Proposition 5.1. M (n) is Polish.

*,imm

Proof. For each R > 0, let Wy C J\A/(jfo (n) be the open subset consisting of the points [M, f, z] such that f|q
is an immersion for some compact domain Q@ C M containing By (z, R). Then M, jmm(n) = (ry Wr is a
G5 in MS°(n). So M2 .. (n) is a Polish space by Corollary and [20, Theorem 1.3.11]. O

*,imm

Proposition 5.2. M (n) is dense in ﬂjfoc(n)

*,imm,c

Proof. With the notation of the proof of Proposition J\?Ei"c(n) has an open partition consisting of the
subspaces

M (M) ={[M, f,2] | f € C*(M,E), s € M} (M€€).
Thus it is enough to prove that each intersection J\A/[*OO(M) N M (n) is dense in J\A/[io(M) This means

that C52 (M, E) is dense in C*°(M, E), which follows easily from [18, Theorem 2.2.12]. O
Proposition 5.3. There is a connected complete open Riemannian manifold N and some h € C3 (N,E)
such that in,p is dense in M5, o(1).

Proof. In the proof of Proposition we can assume that Fyy € C2 (M,E) for each M € € by [18,

Theorem 2.2.12]. Then the set (3], denoted here by { [(M;,g:), fi,i] | i € N}, is contained in M5, (1).
For every i, let r; = max,ecn, d(x;, ), and let B; = B;(z;,7;/2) and B, = B;(z;,2r;/3). Let N be a

O connected manifold obtained by modifying | |, M; on the complement of | |, B]; for instance, we can

take N equal to the C*° connected sum My # M; # - - -, constructed by removing balls in the sets M; \ FQ

Equip N with a complete Riemannian metric gy whose restriction to each B; is g;. For instance, we can

take gy = Ag' + pg”, where {\, u} is a C' partition of unity of N subordinated to the open covering

{lU; B/, N \ |, Bi}, ¢ is the combination of the metrics g; on | |, B}, and ¢g” is any complete metric on N.
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Form (18, Theorems 2.1.1 and 2.2.12], it easily follows that there is some h € C52 (N, E) whose restriction

1mim

to each B; is f;. It is easy to see that N and h satisfies the conditions of the statement. O

Remark 4. The versions of Propositions[5.2] and [5.3| with embeddings instead of immersions also hold by [18|
Theorems 2.1.4 and 2.2.13].

To define foliated charts in J(\/[‘jf’imm(n), fix some e € E, and some linear subspace, V' C E, of dimension n.
Let ITy : E — V denote the orthogonal projection. For each complete connected Riemannian manifold M
and any f € Co (M, E), let xar,s = Xxviem,f : M — V be the C* map defined by xar,r(z) = Ly (f(x) —e).

Let X = xvie : MZ%m(n) — V be defined by x([M, f, z]) = X, f(z).
Lemma 5.4. x is continuous

Proof. The map x equals the following composite of continuous maps:

M (n) —"— E —" E —= V, (6)
where the translation by —e in E is also denoted by —e. O

Given p,o > 0 and x > 1, let B = By(0,0), and consider the following subsets of M (n):

e Ny =No(V,e,p, k,0) consists of the classes [M, f,z] € J\A/[‘jf’imm(n) such that xas; : Bu(x,p) = V is
a f-quasi-isometric embedding for some p > 5p + ko and & € (1,k), and B C xr,f(Bm(x, p)).
e Ny =N (V,e,p, k,0) consists of the classes [M, f,x] € ﬁ[fimm(n) such that [M, f,2'] € Ny for some
x' € By (z, p). 7
o Ny =No(V,e,p,k,0) := N1 N x H(B).
Using |18 Lemma 2.1.3], it easily follows that, for each i € {0,1,2}, the sets N;(V, e, p, k,0) form an open
covering of M2 (n) by varying (V,e, p, K, 0).

Lemma 5.5. xar,;: Bu(x,4p+ ko) = V is an embedding for all [M, f,z] € Ny.

Proof. For each [M, f,z] € Ny, take some x' € Bps(x, p) so that [M, f,z'] € No. Then Bys(z,4p + ko) C
Buy(2',5p+ ko) and x ¢ 2 Bu(2/,5p + ko) — V is an embedding. O

Let Z = N1 N x~1(0), which is closed in Ny. For each [M, f,x] € Ny, there is some 2’ € By (x, p) so that
[M, f,z'] € No. Then there is some z” € By(z/, p) such that xar, s(2”") = 0. Observe that [M, f,z"] € Ny,
and therefore [M, f,z"] € Z. By Lemma 2’ is the unique point in Ba(z, 2p) such that xar,f(z”) = 0.
Thus the class [M, f,z"] depends only on [M, f,z]. So a map © : N3 — Z is well defined by setting
O([M, f,z]) = [M, f,z"].

Lemma 5.6. O is continuous.

Proof. Consider a convergent sequence [M;, f;,z;] — [M, f,x] in N;. Take points z; € B;(z;,2p) and
x’ € Bu(a',2p) such that xas, 7, (27) = xar,f(2') = 0. Thus O([M;, f;, z;]) = [M;, f;, 2] and O([M, f,z]) =
(M, f, ']

Given m € N and R,r > 0, for 7 large enough, there is an (m, R, \;, ;)-pointed local quasi-equivalence
o+ (M, f,x) — (M, fi,x;) for some \; € (1,e") and ¢; € (0,r). Suppose that R > 3p and e” < 3/2; in

particular, Bys(x,3p) C dom ¢;.
Claim 2. B;(x;,2p) C ¢i(Bm(x,3p)).

The set A = B;(x;,2p) N ¢;(Bpr(x,3p)) contains x; and is open in the connected space Bi(mi,}p). Then
Claimfollows by showing that A is also closed in B;(x;, 2p). This holds since A = B;(x;,2p)N¢; (B (z,3p))
because, for every y € M with dy(z,y) = 3p, we have

1 -Tr
di(zi, $i(y)) > ydM(x,y) >3pe” " >2p.
According to Claim [2] there is some Z; € Bys(z,3p) such that ¢;(Z}) = ;. We have

dar (2, 77) < fllxar g (2') = xar (T = wllxar (75) = xaz,, 5. (29) ]
< KlIf(@) = fil@)ll = &l f(Z7) = fi o ST < ke < hir.
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Therefore, by the continuity of iy, f, for any S,s > 0, if r is small enough and ¢ large enough, there is an
(m, S, pi, 6;)-pointed local quasi-equivalence v; : (M, f,z') — (M, f,z}) with u; € (1,e%/?) and §; € (0,5/2).
On the other hand, observe that ¢; : (M, Z}, ) — (M;, fi,x}) is an (m, R — 2p, A\;, &;)-pointed local quasi-
equivalence. Hence, if moreover R > /28 +2p and r < s/2, we get that ¢; o1 : (M, f,2') — (M, fi,2}) is
an (m, S, ;A\, §; +¢;)-pointed local quasi-equivalence with p; A; € (1,€°) and d;+¢; € (0, s) by Lemma.

O

This shows that [M;, fi, 2i] — [M, f,2] in M2 (n).
Let ® = (x,0) : Ny — B x Z.

Lemma 5.7. ® is bijective, and @1 (v, [M, f,z]) = [M, f,2'] for each (v,[M, f,z]) € B x Z, where x’ is the
unique point in Byr(z,2p) N X]TJ{f(v).

Proof. To prove that @ is injective, let [M;, f;, z;] € N2 (i € {1,2}) such that ®([M1, f1,21]) = ®([Ma, fo, z2]);
i'e-? XM17f1(x1) = XMQ,fQ(‘rQ) and [Mlaflvxll] = [M23f27:17/2] for pOiIltS I; € Bl(xl72p) with Xwaz(fo) =
0. Thus there is a pointed equivalence ¢ : (M, f1,2}) — (Ma, fo,x5). We get ¢(x1) = xo because
XMy, f2 © (]5(1‘1) = Xthl(xl) = XM2,f2(x2)7 the map XM, fi * (BZ(.’L';,2P),£U;) — (‘/70) is a pointed em-
bedding (Lemma , and z; € B;(x},2p). So ¢ : (My, f1,21) = (Ma, fa,22) is a pointed equivalence, and
therefore [Ml,fl,],‘l] = [Mg,fg,xg].

Now, let us prove that ® is surjective, showing the stated expression of ®~1. Let (v,[M, f,z]) € B x Z.
There is some y € By (x, p) such that [M, f,y] € No. So there is some 2’ € B (y, p) such that xas f(2") = v.
It follows that [M, f,2'] € N1, O([M, f,2']) = [M, f,z] and x([M, f,2']) = v. Therefore [M, f,2'] € No and
O([M, f,2']) = (v, [M, f,z]). Moreover =’ is the unique point in Bs(x,2p) N XA*/},f(v) by Lemma O

Lemma 5.8. ®~! is continuous.

Proof. Consider a convergent sequence (v;, [M;, fi, x;]) = (v, [M, f,z]) in B x Z. Take points z; € B;(x;,2p)
and ¢’ € By (z,2p) such that xas,. 7, (@}) = v; and xar,¢(2') = v. Thus &~ (v;, [M;, fi, xi]) = [M;, f;, «}] and
(I)il(va (M, f,z]) = [M, f,'].

Given m € N and R,r > 0, if 4 is large enough, then ||v — v;|| < r, and there is an (m, R, \;, ¢;)-pointed
local quasi-equivalence ¢; : (M, f,x) — (M;, f;, ;) for some \; € (1,€") and g; € (0,r). Suppose that R > 3p
and e” < 3/2; in particular, Bys(z,3p) C dom ¢;. Like in Claim we get B;(x4,2p) C ¢i(Bar(x,3p)). Then,
since x} € B;(x;,2p), there is some T, € Bps(x,3p) such that ¢;(Z}) = z}. We have

dur (2, 75) < kllxar () = Xar s (@I < 6 (Ixarr (T5) = X5 @)+ [lo = vil])

<k (If@) = L@ +r) = w (1F(@) = fio p@)] +7) < rlei +7) < 26r.
Hence we get [M;, fi, x}] — [M, f,2'] in J\Af[i"(n) like in the end of the proof of Lemma |

Corollary 5.9. ® is a homeomorphism.

Proof. This follows from Lemmas and O
Lemma 5.10. If [M, f,z] € x"Y(B) and [M, f,2'] € Z for some ' € By (x,2p), then [M, f,z] € No.
Proof. Let v = x([M, f,z]) € B. By Lemma [5.7} there is some z” € By(z,2p) such that [M, f,z"] € N,
and ®([M, f,2"]) = (v,[M, f,2']). Then z = 2" by Lemmaapplied to xar, s Bu(x',2p) = V. O

Take (V,é,p, &, 6) like (V, e, p, k,0). Let N; = N;(V, &, p,%,&) for i € {0,1,2}, and let & = (X,0) : Ny —
B x Z be defined like ® = (x,0) : Ny — B x Z, using (V, é, p, &, 5). Moreover, for each [M, f,z] € M$°(n),
let Xar,p : M — V be defined like xas,r : M — V, using II;; and €. Suppose that N NNy # (), and consider
the map (5 o®~1: (I)(NQ N Ng) — Zi(NQ N NQ)
Lemma 5.11. Let (v, [M, f,z]) € ®(NoaNNy). Then ®o®~ (v, [M, f,2]) = (4, [M, f,i]), where & € )AZ]T/[lf(O)
is determined by the condition

Bus(x,2p) 0 Bar(#,25) N X 1 (B) N Xt 4 (B) # 0, (7)

and v is the image of v by the composite

X;;, XM, ~
x,£(0) Ly 0 25 X (0), (8)
13




where O = Bys(x,2p) N By (,2p).

Proof. Let [M, f,2'] € No NNy such that ®([M, f,2']) = (v, [M, f,2]) and ([M, f,2']) = (¥, [M, f, &]).
By Lemma this means that xar,s(x) = Xum,f () = 0, &' € Bu(z,2p) N Bu(Z,25), xum,p(x’) = v and
X, f(z") = 0, obtaining and . Note that makes sense by Lemma

Now, assume that also holds using another point y € %;V[l f(O) instead of . Thus there is some
Y € Bul(x,2p) N By (F,2p) with w = xar.;(y') € B and @ = Xarf(y') = B. Then [M, f,y/] € Ny by
Lemma and ®([M, f,y']) = (w, [M, f,z]) and ®([M, f,y']) = (w,[M, f,7]). We have

da(Z,9) < dm(T,2") +dy (2, y') + du (Y, 9) < 4p + R0 — @ < 4p + ko .

Since moreover Xz, 7(Z) = 0 = Xar,(7), we get & = § by Lemma [5.5] O

Proposition 5.12. All possible maps ® : Ny — BXZ form an atlas of a C*° foliated structure on M

* lIIII'Il( ) °

Proof. The maps ® : Ny — B X Z are homeomorphisms (Corollary . All possible sets Ny form an open
imm(n). Moreover, in Lemma it follows from (7)) that [M, f,Z] depends only on [M, f, x].
Thus all possible maps @ : Ny — B x Z form an atlas of a fohated structure on M “mm (1)

With the notation of Lemma and the terminology of 1, Section 2.1], it only remains to show that
®odLis C; ie., to prove that the mapping (v, [M, f,z]) — © is C*°. First, note that, for each fixed
[M, f, x], the mapping v — ¥ is C° because is C*°. Consider now a convergent sequence [M;, f;, z;] —
[M, f,z] in Z. Let &; € X, ;,(0) be determined by

cover of M

Bur (i, 2p) 0 Bar(%4,2) N X 4, (B) N >~(X41f(§) #0,

and let O; = Bps(4,2p) N Ba(%,2p). Given m € N and R,r > 0, for each i large enough, there is an
(m, R, \;, g;)-pointed local quasi-equivalence ¢; : (M;, f;, x;) — (M, f,z) for some \; € (1,€") and ; € (0,7).
Let "™ be a compact domain in dom¢\™ such that B'™ (z;, R) ¢ Q™ and ¢{™ : (@™ ™y -
(T M, f,Em)) is an (g;, \;)-quasi-equivalence. Since (Hv)im) =Iyem : TME=E™ - TV = V2" we
have

HXE\ZIn)f* — (XM, 0 sz‘)gm)HQEm) < (i =™ = ((f —e)o (bi)’(km)HQ(.m)

Assume that R > 2e¢"p. Then B;(x;,2p) C B;(z;, R), and, like in Claim [2| we also get Bas(z,2p) C
¢;(Bi(x;, R)). Thus O; C B;(z;, R) and O C ¢;(B;(x;, R)). Let 2 C xa,7(O) be a compact domain, which
is also contained in xas,, 7, (O;) for i large enough. Let 2(m) be a compact domain contained in T(™E such
that

1 = @D << )

ECtE™), (G N EM) o™ aTOo; (g VY EM) C o @™ nTmo .

isJi

(m)

Since the restrictions of (x;; f) and (X, f)( ™) to the respective compact domains Z(™ and X f(E(m)) N

T O are C> embeddings, these restrictions are v-quasi-isometric for some v > 1. Hence, b ,
gs, y

di™ ((</>ioxﬁi,f)im)(&(X&l,f)im)(ﬁ)) H(XMfoqﬁzoxM PR fH
H(XMfOszOXMl f?)(m)(f)_(XMi,fZ XM“f,)m H <wvr, (10)

for all £ € Z(™). On the other hand, like in @, we get

T2 = Gang 000y < (11)
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Combining and , we obtain the following for all £ € E(™):

| Gare o33t 1)) = Ranr o X ) (©)]

= H Xotiosi © Xadh 1) (€) = (Rag © i 0 Xaf 1) (€ H
+ || Rans 0 810 X3t 1)) = Rarg ot ) €|

<r+vd™ (6o xat ;)M ©) (G ©) < A+ v

Note that the same choices of Z and Z(™) are valid for all r small enough, obtaining that (¥ M, fs ox;jﬁ fi )im)

(Xas © Xip )"
XM;.f; © XMi,fi, — XM, f © X]T417f on = with respect to the C'* topology by the obvious version of Lemma
for maps between open subsets of R". Since every point in xas,r(O) belongs to some domain = as above if
r is chosen small enough, it follows that dod!is C. ]

%

uniformly on Z(™. Moreover the same choice of Z is valid for all m, and therefore

Now, let F2 (n) denote the C* foliated structure on M

*,1MImn

Proposition @
Proposition 5.13. The following properties hold:

defined by the maps ® according to

* lmm( )

(i) Fe (n) is the unique C™ foliated structure on M —imm (1) such that its underlying topological foliated

*,1m1m

structure is ?*’imm( ) and ev : Miolmm( ) = E is a C* immersion.
(ii) For each [M, f,z] € M

*,1mim

(n), the map tarp : M — imiag ¢ is a local diffeomorphism, where the leaf
imip, s s equipped with the C*° structure induced by F

*1mm( )'

Proof. Take a foliated chart ® : Ny — B x Z as above. For each [M, f,z] € Z, the restriction of evo®~! to
B x {[M, f,z]} = B is the composite

B 2%, B, 20) N X3t (B) —— E,

where the first map is a C°° diffeomorphism, and the second one is a C* immersion. Take a convergent
sequence [M;, fi,x;] — [M, f,z] in Z, and let = C B be any compact domain. Given R > 2p and a compact
domain Q C M containing By (z, R), there is a C* pointed embedding ¢; : (Q,x) — (M;, z;) for i large
enough such that ¢fg; — gp and ¢f fi — f on Q with respect to the C* topology. So B;(z;, R) C ¢;(Q)
for i large enough. Thus also ¢]xn, 5, — Xy on £ with respect to the C* topology, and therefore
o7t o X]Tji) 5 X1T41, ; on = with respect to the C> topology [18, p. 64, Exercise 9]. Hence

fioxat g =T oxaty=fiodio(d; oxat &, —x;;f)+(fio¢i—f)ox;jf =0
on = with respect to the C*° topology. Since any element of B is contained some Z as above, it follows
that evo®~! is a C* immersion, and therefore ev : M — [E is C* with respect to M This
shows (i), except uniqueness.
According to Lemma for each chart ® : No — B x Z, the plaque that corresponds to each [M, f,x] € Z
is inr,(Bum(z, 2p) N )(]T;’f(B)). Moreover the composite

* lmm( ) * 1mm( )

B (2,20) N Xof 4 (B) —5 i p(Bur(w,2p) VX3 4(B) —— B

is the diffeomorphism xas ¢ @ Ba(x,2p) N X]T;’f(B) — B. This shows that the leaf topology on J\A/[mmm(n)
equals the topological sum of all possible spaces im i); ¢ with the topology so that iy, r : M — imi s is a
local homeomorphism, obtaining that these spaces are the leaves because they are connected. It also follows
that iprp : M — im ZM .f is a local diffeomorphism for each leaf im i,/ r. This shows .

Now, suppose ev : M — E is C* with respect to some C'™ foliated structure § whose underlying

(n)
* 1rnm
topological foliated structure is Fy jmm(n). Then x : M “mm (1) — V is also C> with respect to § because
it equals the composite @ So each chart ® = (x,0) : No — B x Z is also C* with respect to § and
the C°° product foliated structure of B x Z. Moreover, for all complete connected Riemannian manifold
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M and f € C, (M), the map inr,y : M — imip, ¢ is a C* local diffeomorphism with respect to the C'*°
structure induced by G on the leaf im iy ; because ev is a C°° immersion and evoiy s = f, which is a
C® local embedding. Thus the restriction of x : Ny — B to each plaque is a C*° diffeomorphism. Using
again [18, p. 64, Exercise 9], it follows that ® : No — B x Z is also C* foliated diffeomorphism with respect
to the restriction of § and the C'°° product foliated structure of B x Z. This shows that § = ?ﬁmm(n),
completing the proof of . O

Consider a leaf im Zps, 5 of grjolmm(n) Every x € M has an open neighborhood U in M so that f: U — E
is an embedding, obtaining that ¢(U) N U = @ for all ¢ € Iso(M, f) \ {idps}. Therefore the subgroup
Iso(M, f) C Iso(M) is discrete, the quotient projection M — Iso(M, f)\M is a covering map, and there is a
unique Riemannian structure on the manifold Iso(M, f)\M so that M — Iso(M, f)\M is a local isometry.
Moreover iar,5 : M — imipg, s induces a diffeomorphism zas ¢ : Iso(M, f)\NM — imiars. Thus iap: M —
imip s is a covering map, and imiar ¢ has a unique Riemannian metric so that ip;p : M — imiyy is a
local isometry, and therefore zps ¢ : Iso(M, f)\M — imiys s becomes an isometry.

(o)
*,imm

Proposition 5.14. The above Riemannian metrics on the leaves of F (n) form a C*° Riemannian

metric on (J/\\/Efimm(n) Fo (n)).

)~ sk, imm

Proof. Let ® = (x,0) : Noa = B x Z be defined by any choice of (V, e, p, k,0) as above, and let [M;, f;, x;] —
[M, f, x] be a convergent sequence in Z. Let gy and g; be the metrics on B that correspond to gy and g;
by the diffeomorphisms

Xu, s P = Bu(z,2p) ﬂxﬁf(B) — B, Xum.f Pii= Bi(x;,2p) mX&i,fi(B) — B,

respectively (see Lemma. According to the proof of Proposition, we have to prove that g; — gar
as i — oo in the weak C'*™° topology.

Given m € N, R,r > 0, for each ¢ large enough, there is an (m, R, \;, ¢;)-pointed local quasi-equivalence
oi + (M, f,z) — (M, fi,x;) for some \; € (1,e") and ¢; € (0,r). Assuming R > 2¢"p, we get By (z,2p) C
Buyr(z, R) and B;(z;,2p) C ¢i(Bu(z, R)), like in the proof of Proposition Take a compact domain
ng) C dom qbl(-;n) such that Bi(m)(xi, R) C ng) and QSET) : ng) — T M is a (\;, &;)-quasi-isometry. Let
Z C B be a compact domain, and let Z(™ be a compact domain contained in 7™ B such that

ECmtE™), (af)EM) TP Q™ (Gf ) EM) N TR C ol (@) .

Like in , there is some v > 1, independent of 7, such that
d™ (67 o xat 1)), (G (©) < wr

for all ¢ € 2™ Since the choice of £ is valid for all 7 small enough, it follows that ¢; ' o X,/ ; = X/
in C™(Z, M) by the obvious version of Lemma for maps between manifolds. Since the choice of = is
valid for all m, it follows that this convergence also holds in C*°(E, M). Take a compact domain Q@ C M
such that By (z, R) C Q and ¢ g; — gn on Q with respect to the C* topology. We get

(‘151_1 o Xﬁjli,fi)*(ﬁbjgi —gm) = (X]T/[l,f)*o =0
on = with respect to the C*° topology. So

*

Gi— g = (Xar 1) 9 — (Xar £) 9m
= (¢ o xar 1) (07 9i — gn) + (65 o Xagt 1) gn — (Xa p) gmr = 0

on = with respect to the C>° topology. Since every point in B belongs to some domain = as above if r is
chosen small enough, it follows that g; — gas — 0 on B with respect to the weak C°° topology. ]

Proposition 5.15. The holonomy covering of any leaf im iy, s of §*7imm(n) is inrp: M —imip .

This proposition follows directly from the obvious version of |1, Lemma 11.9] for Jﬁiﬁmm(n)
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6. UNIVERSALITY

Definition 6.1. Let X be a sequential Riemannian foliated space with complete leaves, and let L, denote
the leaf through every z € X, whose holonomy covering is denoted by Lh°1. It is said that X is covering-
continuous when there is a connected pointed covering (Lg,#) of (Lg,z) for all z € X such that [Ly,, ;]
is C'*° convergent to [Lz, Z] if ; — x is a convergent sequence in X. When this condition is satisfied with
L,= E};Ol for all z € X, it is said that X is holonomy-continuous.

Remark 5. Observe the following:

(i) Covering-continuity and holonomy-continuity are weaker than covering-determination and holonomy-
determination [1}, Definition 12.1], which were defined by using “if and only if” instead of “if”.
(ii) The condition of being covering-continuous is hereditary (by saturated subspaces).
(iii) Covering/holonomy-continuity/determination have obvious generalizations to arbitrary Riemannian
foliated spaces by using nets instead of sequences.

Example 6.2. The following simple examples clarify Definition

(i) The Reeb foliation on S3 with the standard metric is covering-continuous, but it is not holonomy-
continuous with any Riemannian metric. If the metric is modified around the compact leaf T? = S x S*
so that the diffeomorphism (z,%) + (y,z) of T2 is not an isometry, then this foliation becomes non-
covering-continuous.

(ii) The Riemannian foliated space of [22, Example 2.5] is covering-determined but not holonomy-continuous.
This example can be easily realized as a saturated subspace of a Riemannian foliated space where the
holonomy coverings of the leaves are isometric to R. So holonomy-continuity is not hereditary.

(iii) ijolmm( ) is holonomy-continuous. However it is not holonomy-determined for n > 1 by |1, Remark 10-
(iii)], since there are different points with isometric pointed holonomy covers of the corresponding
pointed leaves. To see this, take any connected complete Riemannian n-manifold M, and some z € M
and f, f' € C2 (M, E) such that f(z) # f'(x). Then ia ¢(z) # in g (x), but (M, z) is isometric to
the holonomy covers of the pointed leaves (imiar ¢, ins,¢(2)) and (imins g, iar, ()

Proposition 6.3 (Cf. [4, Theorem 11.4.4]). For any Polish C* foliated space X with complete leaves, there
is a C° embedding X — E.

Proof. This is an adaptation of the usual argument to show the existence of C*° embeddings of C*° manifolds
in Euclidean spaces |18, Theorem 1.3.4]. Let n = dim X (as foliated space), and let B, = Bgrn(0,r) and
B, = Bg«(0,7) for each 7 > 0.

Claim 3. Let Z be a Polish space, and consider the U foliated structure on U := By x Z with leaves
By x {x}. Let V and W be open subsets of U such that V' C W and W C By x Z. Then there is some
h € C°°(U) such that h=1on V and supph C W.

Since B; is compact, it easily follows that each z € Z has an open neighborhood P, in Z such that,
for some open subsets G, H, C By with G, C H, and H, C By, we have VN (B; x P,) C G, x P, and
H, x P, ¢ W. Let {\;} be a partition of unity of Z subordinated to the open cover { P, | z € Z}; in
particular, for every 4, there is some z; € Z so that supp A\; C P,,. Let h; € C°°(Bz) such that h; = 1 on
G., and supp h; C H,,. Then h;\; € C°(U), h;\; = A; on G, x P,, and supp(h;\;) C H,, x P,,. It follows
that h = >, h;\; satisfies the properties stated in Claim

Now, let U be a countable collection of C*° foliated charts ¢; : Us; — Ba x Z; of X such that the open
sets Uy ,; = qS;l(Bl x Z;) cover X. Using the paracompactness and regularity of X, a standard argument
gives locally finite open covers, V = {V;} and W = {W;}, with the same index set as U, such that V; C W;
and W, C Us,;. For each i, let E; be a copy of E. Take embeddings v; : Z; — E; [9, Corollary 1X.9.2]. Thus
each composite

Usi —2 By x Zi X% By x E; > R x E; =: E;
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is a C> embedding with respect to the restriction of F, which will be denoted by ¢;. By Claim [3| there
are functions h; € C*°(Uy;) such that h; = 1 on V; and supp h; C W;. Then a C* embeddinﬂ f: X —

@iﬁi = [ is defined by f(z) =", ha(x)qg%
O

Proof of Theorem[I1.5 The Polish Riemannian foliated space M* %mm (1)

continuous (Example . Thus any Polish Riemannian foliated subspace of M
continuous (Remark [5¢(ii])).

Let X be any covering-continuous Polish Riemannian foliated space with complete leaves. By Propo-
sition [6.3] there is a C* embedding f : X — E. With the notation of Definition [6.I} suppose that the
covering-continuity of X is satisfied with the connected pointed coverings (Ly, &) — = (Lo, @) (x € X). Let
ixg: X — M “mm (1) be defined by ix f(v) = (Lo, fo. %), where f, is the lift of f|,. to Ly. This map is
well defined because the leaves of X are complete. Moreover it is obviously foliated and continuous by the
definitions of covering-continuity and the topology of M23 “mm (1)

To show that ix ; is C™°, take a foliated chart ® = (x,0) : No — B x Z of EFfolmm( ) defined by any
choice of (V, e, p, k,0) as above. Let U be the domain of a foliated chart of X such that ix, ;(U) C Na. Then

the composite

has complete leaves and is holonomy-

—imm (1) 1s also covering-

U2 N, X, B
is equal to IIy o (f — e), and therefore it is C*°.
Finally, ix s is a C* embedding because the composite

X X M= (n) — s E

*,1min

equals the C'"*° embedding f. |

7. REALIZATION OF MANIFOLDS OF BOUNDED GEOMETRY AS LEAVES

Proposition 7.1. Let M be any connected, complete Riemannian n-manifold of bounded geometry. Then
there is a C*° embedding f : M — E such that Clo (iméar,r) is a compact subspace ofM n).

* 11’1’11’[1 (

Proof. Let B, = Bgn(0,7) for each » > 0. By the bounded geometry of M, there is some r > 0, smaller
than the injectivity radius of M, such that the following properties hold:

(i) For the normal parametrizations s, : B, — Bpy(z,7) (z € M), the corresponding metric coefficients,
gi; and ¢, as a family of C* functions on B, parametrized by z, i and j, lie in a bounded subset of
the Fréchet space Cp°(B,) [28, Theorem A.1], |29, Theorem 2.5] (see also [26] Proposition 2.4], [10]).
(ii) There is some countable subset {z; | i € N} C M and some ¢ € N such that the family of balls
Bar(x;,7/2) covers M, and By (z,r) meets at most ¢ sets Bys(z;,r) for all x € M [33, A1.2 and A1.3],
[29, Proposition 3.2].
Let k; = kg, for each 1.

Claim 4. There is a partition of N into finitely many sets, I, ..., Ic41, such that Bas(z;,7) N Ba(xj, ) =0
for i € I, and j € I} with k # L.

This claim follows by considering the graph G whose set of vertices is N, and such that there is a unique
edge connecting two different vertices, ¢ and j, if and only if Bys(z;,7) N Bar(xj,7) # 0. Since there are at
most ¢ edges meeting at each vertex according to (ii), G is ¢ + 1—colorablﬂ i.e., there is a partition of N
into subsets, Iy,...,I.11, such that there is no edge joining any pair of different vertices in any Ij.

Let S be an isometric copy in R of the standard n-dimensional sphere containing the origin 0. Choose
some spherically symmetric C* function p € C*°(R") such that p(z) = 1if |z| <r/2 and p(z) = 0if |z| > r.
Take also some C* map 7: R® — R™"T! that restricts to a diffeomorphism B, — S~ {0} and maps R" \ B,

9The notation @115‘2 is used for the Hilbert space direct sum of a family of Hilbert spaces F;; i.e., the Hilbert space completion
of @, F; with the scalar product ((v;), (w;)) = >, (vs, ws).

10T his easily follows by induction, assigning to each ¢ a color different from the colors of the previous vertices that are
neighbors of 4, which is possible because there are at most ¢ of them (see [3]).
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to 0. Let p; be the extension by zero of po m;l to the whole of M, and let pF = > icrx Pi- For each k, define
fF: M — R*2 by

fi(@) = {0 if o ¢ ;e Bu(ai,r)

(p*(x)/i,p*(x) - 7oy '(z)) if 2 € Bu(wy,7) for some i € I* .

So f¥or; = (p/i,p - T), obtaining that, for every multi-index a, the function |0, (f* o ;)| is uniformly
bounded over B, by a constant depending only on |a|. Let f = (f!,..., fot!) : M — R(EFD(+2) We have
supy; [V™ f| < oo for each m € N by (i). Moreover f* o r; = (1/i,7) on B, s, obtaining that f is a C*°
embedding, and infy; | A" df| > 0 by . By taking any isometric linear embedding of R(¢TD("+2) into E,
we can consider Rt (+2)_yalued functions as E-valued functions; in particular, this applies to f.
Claim 5. /C\loo(im in,f) C ﬁﬁmm(n)

This claim is true because, for all [N, h,y] € aw(im inmf), it is easy to see that infy|A"dh| >
infps | A" df| > 0, obtaining that A is an immersion.

Claim 6. /C\loo(im ia,f) is compact.

This assertion follows by showing that any sequence in im s,y has a subsequence that is convergent in
JVE;’O(n) Assume first that the sequence is of the form [M, f,z;,] for some sequence of indices 4,. Since
Cloo(imeps) is compact in M$°(n) by [1, Theorem 12.3], we can suppose that [M,x; | converges to some
point [N, y] in M$°(n). Take a sequence of compact domains €2, in N such that By (y,q¢+1) C . For each
q, there are pointed local embeddings ¢, : (N,y) — (M, x;,), for p large enough, such that Q, C dom ¢,
and ¢} ,gn — gn on g with respect to the C topology. Let hq, = ¢ ,f on . It is easy to see that, for
all naturals ¢ and m, the sequence |hgp|cm q, gy is uniformly bounded. Hence the functions h,, form a
compact subset of C*>° (€, R(+D(+2)) with the C* topology by [1, Proposition 3.11]. So some subsequence
hq.p(q,0) 18 convergent to some h, € C* (8, R(C+1)("+2)) with the C'* topology. In fact, arguing inductively
on g, it is easy to see that we can assume that each hgyq pg41,¢) is a subsequence of hy (4 ¢), and therefore
hq+1 extends h,. Thus the functions h, can be combined to define a function h € C° (M, R(¢TD(+2)) Take
sequences of integers, ¢, 1 oo and m, 1 oo, so that

Ih — ¢;7p(q,€q)f‘|cmqﬂqvgzv = llhg = hqpa,e)lcma 098 =0

Then, considering h as an E-valued function, we get that [M, f, @i, , ] = [N, h,y] in M (n) as ¢ — oc.
Now take an arbitrary sequence [M, f, x;,] in imiagp. By , there is a sequence of naturals, i,, such
that dM(x;,xip) < r/2. By the above case in the proof, after taking a subsequence if necessary, we can

assume that [M, f,x; ] is convergent to some point [N,h,y] in J\A/[;’O(n) Thus, given sequences, m; 1T oo
in N, and S; 1 oo and s; | 0 in RT, there is some sequence p; 1 co in N such that there exists some
(mj,Sj + €%r/2,\;,e;)-pointed local quasi-equivalence ¢; : (N, h,y) — (M, f, i, ) for some A; € [1,e%)

and ¢; € (0,s;). Since y; := gb;l(x;j) € Bn(y,e®r/2), it follows that ¢; : (N, h,y;) — (M, f 2}, ) is

an (m;, S, \j,€;)-pointed local quasi-equivalence, showing that [M, f, x;j] € ﬁgjjsj (N, h,y;). On the other
hand, since the sequence y;. is bounded in N, we can suppose that it is convergent to some 3y’ € N by taking
a subsequence if necessary. Hence [N, h,yi] — [N, h, y'] in JV[;’O(n) by the continuity of iy . Hence there are

sequences, n; T oo in N, and T 1 oo and ¢; | 0o in R, such that [N, h,y}] € lAfenJJT . (N, h,y") for j large

enough. So

(N, hyy') c Omintmamad (N hyy)

/ 77 T
[M, f, ‘TPJ] € US.773.7 oU in{S;,T;},s;+t;

e’i Tj,t;
for p large enough by Propositionn . This shows that [M, f,z;, | = [N, h,y'] in ﬁio (n), completing
the proof of Claim [6] O

Proof of Theorem[I.1 Given a connected, complete Riemannian n-manifold M of bounded geometry, by
Proposition and Theorems and Cleo(imiaz,f) is a compact Riemannian foliated subspace of
Mee

*,imm

(n). Moreover ipg,y: M — im i,y is an isometry because f is an embedding. O
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8. OPEN PROBLEMS

Question 8.1. In Theorem is it possible to get the Riemannian foliated space so that its leaves have
trivial holonomy?

Question can be reduced to the following question, in the same way as Theorem follows from
Proposition
Question 8.2. In Proposition is it possible to get f such that moreoverﬂ Iso(N,h) = {idpy} if im iy, C
Cloo (im ZMﬁf)?

In turn, Question [8.2] can be reduced to the following graph version. Consider only connected graphs with
a countable set of vertices, all of them with finite degree. These graphs are proper path metric spaces in a
canonical way so that each edge is of length one. Thus they define a subspace G, of the Gromov space M,
of pointed proper metric spaces. Decorate such graphs with maps of their vertex set to N. This glves rise
to a space 9* of 1somorphlsm classes of pointed decorated graphs, like in the case of MOO( ). Let Cl denote
the closure operator in 9*. For each decorated graph (G, a), let Iso(G, «) denote its group of isomorphisms.

There is a canonical map ig,o : G — G, like the above map ipr . It is said that G is of bounded geometry
if there is a uniform upper bound for the degree of its vertices.

Question 8.3. For any graph G of bounded geometry, does there exist a finite valued decoration « so that
Iso(H, ) = {id} for all decorated graph (H, ) with imig g C Cl(imig,q)?

There are aperiodic tilings of R (like the Fibonacci tiling), or elements of {0, 1}%, giving rise to examples
of decorations of the Cayley graph of Z satisfying the condition of Question[8.3] (see e.g. [25]). If Question[8.3)
had an affirmative answer, then, in the proof of Proposition [7.I} we could take a finite valued decoration «

of G satisfying the condition of Question and modify the definition of f so that
fH) = (") - (a(i) +1/1), 5 () - 7o k7 ()

if ¥ € Bys(w;,7) for some i € I*. This would give affirmative answers to Questions and
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