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In the mathematical didactic discussion, mathematical reasoning competency is a relevant ability for primary school teachers and thus justifies its inclusion in university studies. In this project, publications on the examination of the reasoning processes of learners are systematized, and possible strategies are derived. These strategies are complemented by an empirical study. The data collection is done with the help of the thinking aloud protocols created in individual interviews. Qualitative content analysis is used for the data evaluation. The resulting collection of different strategies that the primary school education students used while completing reasoning tasks offers insight into their cognitive processes in establishing universality in a mathematical justification.

Introduction and research objectives

As the heartbeat of mathematics (David & Hersh, 1981), proofs are a central activity in designing mathematics instruction in schools and are important in teacher training programs, making them relevant for didactical research perspectives [START_REF] Hanna | A Brief Overview of Proof, Explanation, Exploration and Modelling[END_REF]. This project examines the strategies taken by students when creating a universally mathematical proof by deriving strategies from existing literature, complementing them with empirical data, and highlighting specific patterns and combinations. Specifically, this research project addresses the following research question: What strategies are used to create a universally valid proof of a mathematical statement in the field of arithmetic? Two sub-questions follow: 1. What possible strategies can be derived from existing data and previous models? 2. Which strategies derived from theory do students of the Free University of Berlin Bachelor's programme in Primary Education use after attending the module "Mathematisches Professionswissen I" (Mathematical Professional Knowledge I), which do they not use and which strategies can be added by empirical research?

Theoretical background

The following section outlines the theoretical foundations of strategies as mental activities and justification (in a broader sense) in the context of mathematics education. The term strategy is used in various ways in discussions, empirical studies, and theoretical considerations of learning and cognition and other subject areas. Even though an aspect, common to the different uses in basic psychological literature, didactical perspectives, and literature structuring is the focus to the learner there are different views on what exactly constitutes a strategy [START_REF] Schlager | Zur Erforschung des Zusammenhangs zwischen Sprachkompetenz und Mathematikleistung: Oberflächlichkeit als potenzieller Mediator[END_REF]. Previous studies have identified essential logical units and processing strategies as two relevant perspectives on task processing. [START_REF] Scheibke | Herausforderungen der Aufgabenbearbeitung in der Studieneingangsphase: Effekte ergänzender digitaler Aufgaben auf die Bearbeitungsprozesse von StudienanfängerInnen in der Linearen Algebra[END_REF] derives essential logical units that allow more detailed consideration of solution processes based on procedure models. [START_REF] Schlager | Zur Erforschung des Zusammenhangs zwischen Sprachkompetenz und Mathematikleistung: Oberflächlichkeit als potenzieller Mediator[END_REF] uses the term processing strategies derived from the liberal understanding of the term strategy [START_REF] Bjorklund | Children's Strategies: Their Definition and Origins[END_REF]) and summarizes each conscious or unconscious mental process used in task processing, unless it is not required by the task. Since justification (in a broader sense), as an operator of the task, explicitly demands certain steps, it seems initially relevant to focus on the steps of justification processes and combine the both concepts of strategy. In accordance with [START_REF] Scheibke | Herausforderungen der Aufgabenbearbeitung in der Studieneingangsphase: Effekte ergänzender digitaler Aufgaben auf die Bearbeitungsprozesse von StudienanfängerInnen in der Linearen Algebra[END_REF] essential logical units, justification procedure models offer strategy units. In turn, the unit can be differentiated using the processing strategies, according to [START_REF] Schlager | Zur Erforschung des Zusammenhangs zwischen Sprachkompetenz und Mathematikleistung: Oberflächlichkeit als potenzieller Mediator[END_REF], into macro-strategies, strategies, and forms. A strategy in the present project is a mental represented thought step that is conceptually complete, comprehensible, and has a processuality through the consideration as a mental actvity. It can be conscious and unconscious, intentional or unintentional, goal-oriented or non-goal-oriented, planned or unplanned. Strategies can be grouped into macro-strategies, which can be classified into different phases of the process which can be seen as a problem-solving process.

The three terms justification, argumentation und proofing are not used uniformly in the literature. For the present project, justification refers to the accounts of Boon [START_REF] Liang | A framework for classifying mathematical justification tasks[END_REF], who considers "mathematical justification as a broad range of [types of] arguments besides proof" (p.116). Justification becomes the overarching term and covers the two justification forms argumentation and formal-deductive proofing [START_REF] Gerloff | Begründen bei Geometrieaufgaben der Grundschule: Eine Untersuchung der schulischen Anforderung und der Kompetenzen im dritten und vierten Schuljahr[END_REF][START_REF] Brunner | Innermathematisches Beweisen und Argumentieren in der Sekundarstufe I: Mögliche Erklärungen für systematische Bearbeitungsunterschiede und leistungsförderliche Aspekte[END_REF]2014) and will be considered as a superand sub-term relationship. Previous studies and publications in this context provide various starting points for possible strategies in a mathematical justification process. For example, strategy units can be derived from sequential perspectives of processes [START_REF] Stein | Beweisen[END_REF][START_REF] Boero | Argumentation and mathematical proof: A complex, productive, unavoidable relationship[END_REF][START_REF] Kirsten | Beweisprozesse von Studierenden: Ergebnisse einer empirischen Untersuchung zu Prozessverläufen und phasenspezifischen Aktivitäten[END_REF]. Strategies can be derived from a typ-oriented perspective to the justification process. Types can be concluded from the systematization of [START_REF] Wittmann | Wann ist ein Beweis ein Beweis?[END_REF] and [START_REF] Brunner | Innermathematisches Beweisen und Argumentieren in der Sekundarstufe I: Mögliche Erklärungen für systematische Bearbeitungsunterschiede und leistungsförderliche Aspekte[END_REF]2014) and additionally derived from [START_REF] Padberg | Einführung in die Mathematik Primarstufe -Arithmetik[END_REF], [START_REF] Wittmann | Objekte-Operationen-Wirkungen: Das operative Prinzip in der Mathematikdidaktik. [Objects-Operations-Effects: The Operational Principle in Mathematics Didactics[END_REF], [START_REF] Wittmann | Wann ist ein Beweis ein Beweis?[END_REF], [START_REF] Brunner | Mathematisches Argumentieren, Begründen und Beweisen[END_REF], [START_REF] Harel | Students' proof schemes: Results from exploratory studies[END_REF], among others. They are labelled as justification by example, generic justification and formal-symbolic justification. Justification by example works with examples and counterexamples and remains on this level trying to verify and falsify [START_REF] Wittmann | Wann ist ein Beweis ein Beweis?[END_REF] without logically arguing or generating validity on the statement [START_REF] Wittmann | Wann ist ein Beweis ein Beweis?[END_REF]. In generic justification, it is assumed that generalizing, as a shift from the observation of individual cases to the consideration of patterns, relationships, and structures that connect them [START_REF] Kaput | Teaching and learning a new algebra with understanding[END_REF], plays a role in the cognitive activity [START_REF] Padberg | Einführung in die Mathematik Primarstufe -Arithmetik[END_REF]. In formal-deductive justification, various types use deductive thinking as the main working direction and employ formal and symbolic language. From the different views on the processes of justification described and the derivation of cognitive activities, a systematization was developed to present a theoretical collection of possible strategies.

Strategies derived from the literature review

To establish a theoretical basis for the empirical investigation and address research question 1, both the sequential and the type-and-form-oriented perspectives on the reasoning process were systematically compiled, and possible strategies were extracted from them. It is generally assumed that each individual reasoning process undergoes a phasing based on the sequential focused models to justification processes [START_REF] Stein | Beweisen[END_REF][START_REF] Boero | Argumentation and mathematical proof: A complex, productive, unavoidable relationship[END_REF][START_REF] Kirsten | Beweisprozesse von Studierenden: Ergebnisse einer empirischen Untersuchung zu Prozessverläufen und phasenspezifischen Aktivitäten[END_REF]. Understanding, Constructing and Linking Arguments, and Discourse emerge as key phases. Furthermore, it is assumed, that strategies in the phase Constructing and Linking Arguments can be derived from different justification types, mentioned above as justification by example, generic justification and formal-deductive justification. The perspectives of Toulmin (2012), [START_REF] Knipping | Beweisprozesse in der Unterrichtspraxis: Vergleichende Analysen von Mathematikunterricht in Deutschland und Frankreich[END_REF] and [START_REF] Reid | Proof in Mathematics Education[END_REF] offer a more detailed approach to the term argumentation and underlying processes. Follow these assumptions a two-dimensional matrix can be created as you can see in Figure 1. According to the approach of Scheibke (2022) the sequential perspective on the justification process offers three strategy units. Macro-strategies and strategies are mainly developed based on the second type-and-form-oriented dimension, the horizontal dimension. The (macro-) strategies associated with the strategy units of understanding and discourse are non-specific to the type of reasoning and mainly derived from the models of [START_REF] Stein | Beweisen[END_REF], [START_REF] Boero | Argumentation and mathematical proof: A complex, productive, unavoidable relationship[END_REF], and [START_REF] Kirsten | Beweisprozesse von Studierenden: Ergebnisse einer empirischen Untersuchung zu Prozessverläufen und phasenspezifischen Aktivitäten[END_REF]. Understanding is comprehended as forming a mental representation [START_REF] Kirsten | Beweisprozesse von Studierenden: Ergebnisse einer empirischen Untersuchung zu Prozessverläufen und phasenspezifischen Aktivitäten[END_REF]. The approach results in the macrostrategy content analysis, which can be further differentiated into the strategies of a) extracting, b) enriching, and c) translating, where a) can take an oral or written form, b) can be supplementary, conclusive or conclusive-semantic, and c) can be visual, paraphrasing, exemplary, exemplaryquestioning, or symbolic. The overall engagement is the formation of a mental representation with a focus on content to extract information from the task (extracting), enrich the information base (enriching) or translate it to a different level of representation (translating) (derived from [START_REF] Kirsten | Beweisprozesse von Studierenden: Ergebnisse einer empirischen Untersuchung zu Prozessverläufen und phasenspezifischen Aktivitäten[END_REF]. From [START_REF] Kirsten | Beweisprozesse von Studierenden: Ergebnisse einer empirischen Untersuchung zu Prozessverläufen und phasenspezifischen Aktivitäten[END_REF], the structural analysis can also be derived. It builds a mental representation focusing on the structure and can be differentiated into the strategies of specifying, as examining special cases, focusing, as narrowing the consideration to one aspect, and classifying, as distinguishing between general and existent statements based on the examination of the logical structure. Alongside these two macro-strategies, repeating is noted in previous studies as forming a mental representation by repeating the task or previous statements in the process.

The strategy unit of constructing and linking arguments, consists of exploratory search for resources and transformation options with the goal of formulating a coherent argumentation that results in a justification draft and can be differentiated into the macro-strategies choice of resource, transforming, and creating a justification draft, based on Toulmin (2012) and [START_REF] Knipping | Beweisprozesse in der Unterrichtspraxis: Vergleichende Analysen von Mathematikunterricht in Deutschland und Frankreich[END_REF]. Choice of the resource describes the type of information that is chosen for the construction of arguments and can be divided into strategies: Theoretical choice of the resource, which is the use of information that refers to mathematical concepts or mathematical relationships, can occur in symbolic, narrative, visual, or metaphorical forms [START_REF] Knipping | Beweisprozesse in der Unterrichtspraxis: Vergleichende Analysen von Mathematikunterricht in Deutschland und Frankreich[END_REF][START_REF] Reid | Proof in Mathematics Education[END_REF]. Each of these forms can also be externally generated or non-externally generated. That means it can be derived from classes or the statements of instructors [START_REF] Harel | Students' proof schemes: Results from exploratory studies[END_REF] or not. Choice of resource can be further differentiated into the strategy example considerations [START_REF] Padberg | Einführung in die Mathematik Primarstufe -Arithmetik[END_REF][START_REF] Wittmann | Objekte-Operationen-Wirkungen: Das operative Prinzip in der Mathematikdidaktik. [Objects-Operations-Effects: The Operational Principle in Mathematics Didactics[END_REF]; the provision of generic examples that can occur in figurative, numerical, or complementary forms. The last form describes providing a counterexample. Transforming (Toulmin, 2012;[START_REF] Knipping | Beweisprozesse in der Unterrichtspraxis: Vergleichende Analysen von Mathematikunterricht in Deutschland und Frankreich[END_REF][START_REF] Reid | Proof in Mathematics Education[END_REF], in the sense of reshaping or further developing ideas that were previously presented as a resource in sense of a tool, is another macro-strategy derived. This macro-strategy can be distinguished among others into strategy of pattern search [START_REF] Peschek | Abstraction and generalisation in the mathematical learning process[END_REF][START_REF] Dumitrascu | Understanding the Process of Generalization[END_REF], the search for similarities and differences, which can be empirical, by examining at least two examples or theoretical, by searching within a given example. Furthermore, the strategy example sequence [START_REF] Reid | Proof in Mathematics Education[END_REF] can be derived, which involves working with previously given examples and inferring the validity of the statement in the task from previous investigations. This can occur in visual or numerical forms [START_REF] Brunner | Mathematisches Argumentieren, Begründen und Beweisen[END_REF]. Additionally, systematic, metric, calculational, and constructive transforming strategies can be derived from [START_REF] Knipping | Beweisprozesse in der Unterrichtspraxis: Vergleichende Analysen von Mathematikunterricht in Deutschland und Frankreich[END_REF], among others. They describe working with previously selected tools that use mathematical definitions, statements, and laws to reshape constructions, drawings, or iconic representations through measurement, calculation, or manipulation. The strategy of systematic transforming [START_REF] Harel | Students' proof schemes: Results from exploratory studies[END_REF], which uses mathematical definitions, statements, and laws, can take the form of applied [START_REF] Knipping | Beweisprozesse in der Unterrichtspraxis: Vergleichende Analysen von Mathematikunterricht in Deutschland und Frankreich[END_REF], as the deductive application of definitions, statements, and laws, or decomposing, as the dissection of the resource into individual structures using mathematical definitions, statements, and laws [START_REF] Knipping | Beweisprozesse in der Unterrichtspraxis: Vergleichende Analysen von Mathematikunterricht in Deutschland und Frankreich[END_REF]. Constructive transforming [START_REF] Knipping | Beweisprozesse in der Unterrichtspraxis: Vergleichende Analysen von Mathematikunterricht in Deutschland und Frankreich[END_REF] can occur in an externally generated form [START_REF] Harel | Students' proof schemes: Results from exploratory studies[END_REF], exhibiting a strategy that reshapes a construction, drawing, or iconic representation with no relevance to the task. Furthermore, the strategies of example verification [START_REF] Reid | Proof in Mathematics Education[END_REF] and example falsification [START_REF] Harel | Students' proof schemes: Results from exploratory studies[END_REF]) can be derived. They describe the conclusion of the correctness of the statement from a set example or independently set examples or the conclusion of the correctness of the statement from set counterexamples. The inferred conclusions of these strategies can occur in visual or numerical forms and demonstrate the use of two possible representation levels for the examples. The strategy unit of discourse can be differentiated, according to the literature, into the macro-strategies of formulating and validating, and the latter can be further differentiated into the strategies of reviewing and questioning [START_REF] Kirsten | Beweisprozesse von Studierenden: Ergebnisse einer empirischen Untersuchung zu Prozessverläufen und phasenspezifischen Aktivitäten[END_REF].

Strategies derived from the empirical investigation

This section describes the empirical part of the project and establishes the connection to the previously developed systematization.

Collection of data

For the project, 20 students in the primary school education bachelor's degree program participated after attending the mathematics module, Mathematical Professional Knowledge I, in the summer semesters of 2021 and 2022 at FU Berlin. During a single interview, students were assigned the following task: Prove that the following statement holds for all natural numbers: If an odd square number is divided by 8, the remainder is 1. The students were familiar with this type of task and the necessary content from the field of arithmetic from two semesters of the course. During the interview, students were asked to verbalize their thoughts during an introspective phase and are subsequently questioned in the retrospective phase about their procedures. The thinking aloud method makes it possible to indirectly make mental processes visible.

Analysis of data

The video recordings of the writings of the participants and their verbal statements (thinking aloud protocols) were transcribed, and the respective notes of the students were inserted as images. Verbal protocols [START_REF] Stark | Lautes Denken in der Leseprozessforschung. Kritischer Bericht über eine Erhebungsmethode. [Thinking aloud in reading process research. Critical report on a survey method[END_REF] were created, with and without externally directed metacognition. In the process of coding, metacognitive verbalizations were identified as such. However, the subsequent analysis focused on the components referred to as verbal thinking protocols by [START_REF] Stark | Lautes Denken in der Leseprozessforschung. Kritischer Bericht über eine Erhebungsmethode. [Thinking aloud in reading process research. Critical report on a survey method[END_REF] that do not contain stimulation by externally directed metacognition. Metacognitive and externally directed passages were coded as such; while not pursued in the analysis, they provide points of reference for further research. The verbal thinking protocols were evaluated using qualitative content analysis in accordance with [START_REF] Stamann | Qualitative Inhaltsanalyse -Versuch einer Begriffsbestimmung und Systematisierung. [Qualitative content analysis -an attempt to define the term and systematise it[END_REF] and the toolkit developed by [START_REF] Schreier | Varianten qualitativer Inhaltsanalyse: Ein Wegweiser im Dickicht der Begrifflichkeiten[END_REF]. The method comprised a content-structuring qualitative content analysis is used as the basic method, using content categories. The coding itself took place procedurally. The systematization described above provides the basis for the deductive coding process. This material supplements the categories derived from the systematization. This adds strategies that were not previously derivable from the systematization.

Results of the qualitative content research

result of the empirical study showed that the students did not use all strategies from the theoretical basis, but still some. In contrast, some strategies were added. In this section, both a small selection of theoretically expected and empirically added strategies will be mentioned and illustrated through examples. The numbers represent the individually assigned codes of the students. In the strategy unit understanding, the strategy extracting appeared in a marking form, describing content analysis that is achieved through underlining or highlighting text in the task. The macro-strategy clarifying terms was added, which can be differentiated into clarifying terms with examples, clarifying terms with properties, and clarifying terms with definitions (example: B30) when working with the material.

B30:

Ok, ich brauche eine ungerade Quadratzahl. Also erstmal eine Ok, I need an odd square number. So first, a Quadratzahl./ Sind Zahlen, die ich, ähm, ermittle, wenn ich x hoch 2 rechne. square number./ Are numbers that I obtain when I calculate x squared, uh.

In the phase of constructing and linking arguments, among others, theoretical choice of the resource in a narrative form was observed in various interviews. In the example given below (B21), the student verbalized a strategy that contained a thought about the divisibility rule as a starting point for the argument, without using any notation or symbolic verbalization of the divisibility rule of 8.

B21:

Und ähm, wenn man (..) ähm, sich die Teilbarkeitsregeln von der 8 anguckt. And umm (...) if you (..) umm, (10) look at the divisibility rules of 8.

The same strategy on the same level of representation is given in another example (B24). This strategy shows the theoretical choice of the resource on a narrative representation level but derived from an external source. The external source is the lecture.

B24:

Das kommt mir ((lacht)) bekannt vor (..) von MatheProfi. (..) Ähm. ( 6) That sounds familiar to me ((laughs)) from MatheProfi (...) umm. ( 6) Vielleicht könnte ich an irgendwelche Teilbarkeitsregeln denken, die wir in Maybe I could think of some divisibility rules that we Mathe hatten aber die sind nach der Klausur längst weg. (...) learned in math, but they're long gone after the exam (...)

In the strategy unit constructing and linking arguments the macro-strategy transformation can also be seen. Students used computational transformation among other strategies as seen below. The student compares the mathematical structure of even and odd numbers and considers the influence of addition and multiplication on parity. Doing this the student calculates and considers the result, as can be seen in the following transcript (B13). That would be 12.

Added by the empirical investigation can be for example the changing the level of representation assigned to the macro-strategy transformation. This strategy manifested itself in three different forms: abstracting, exemplifying, iconizing. For better illustration an example of the iconizing form is shown below (B13). The notation is added, as you can see in Figure 2. The student also looks at parity and the influence of addition and multiplication here. Doing this the student uses different levels of representation. At first the student uses a numeric level and transfers it to a visual level. The student uses the number 3 as an example of an odd number and uses the visual representation to investigate the influence of the arithmetic operations. 

Conclusion and implications

The result of this study is a collection of strategies used in mathematical justification by elementary education students. Overall, the students used many of the strategies derived from the literature, but not all. In addition, several strategies were derived from the empirical observations. Although expressiveness was limited by the indirect access of the thinking aloud method, the results offer insight into not only the procedures but also the ideas and concepts of the students. The findings highlight the potential for further considerations (e.g. the consideration of the relationships of the strategies to each other by visualizing them as activity records and examining particularly striking combinations). The results can be used to improve teaching, adapt learning and practice tasks, and deepen the understanding of students' learning processes.
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 1 Figure 1: Two-dimensional matrix combining sequential and type-and-form-oriented perspectives

  .) dann sind das 3 zum Beispiel habe ich 3 + 3 • 3. (..) Ähm. (...) Umm, then there are three, for example, I have 3 + 3 • 3 (...) umm. (...) Wäre 12.

  hier immer einer übrig bleiben und bei dem anderen auch (.) So there would always be one left over here and also with the other one (.) und dann/ Wenn man die dann natürliche Zahlen immer zusammen nimmt and then/ if you always add up the natural numbers together, you always get kommt immer eine gerade Zahl raus. (schreibt) (.) Und dadurch ist das hier an even number. (writes). And therefore, this is immer eine gerade Zahl. (.)always an even number.

Figure 2 :

 2 Figure 2: Notation of the strategy iconizing changing the level of representation