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The reported research aims at investigating the relationships between knowledge and metaknowledge in the process of proving through the lens of the Habermas' construct of rationality, as it has been adapted to mathematics education in the last decade. We will analyse three prospective teachers' behaviours in proving situations of Euclidean geometry and theory of real numbers. The construct of rationality of proving will allow to put into evidence difficulties, obstacles and conditions for success, related to the epistemic, teleological, communicative components of rationality in the interplay between content knowledge and meta-knowledge. The analyses will put into evidence what meta-knowledge of proof and proving means in the rationality perspective, thus providing a potential, comprehensive view of such meta-knowledge and of how to develop students' mastery of it.

Introduction and theoretical assumptions

 Habermas (1998, pp. 307-342)proposed the construct of rationality for discursive practices characterized by the conscious search for the reasons why knowledge is true in a given cultural context (epistemic rationality), for the reasons why strategies to attain the aim failed or were successful, also in the perspective of future uses of them (teleological rationality), and for effective means of communication in a given social context (communicative rationality). In recent years, Habermas' construct of rationality revealed its potential for different adaptations and uses in mathematics education, like to perform the cultural analysis of the content to be taught in mathematics teacher education [START_REF] Guala | Cultural analysis of mathematical content in teacher education: The case of elementary arithmetic theorems[END_REF], to plan specific teacher's actions in the classroomthe teacher's "rational questioning" [START_REF] Zhuang | Teachers' use of rational questioning strategies to promote student participation in collective argumentation[END_REF], to analyse university students' proving in geometry (Uhran & Bülbül, 2022) and problem solving (Uhran & Bülbül, 2023). In the perspective of the use of the construct of rationality as an analytical tool for students' behaviours in particular mathematical activities (like in the case of this report), a more specific construct (Rational Mathematical Template, RMT) has been proposed (for defining, [START_REF] Boero | Rational communication in the classroom: Students' participation and rational mathematical templates[END_REF] for finding counter-examples, [START_REF] Boero | Developing students' rationality by constructing and exercising rational mathematical templates: the case of counter-examples[END_REF]; for proving, Boero & Turiano, in press). RMT consists of a couple (rational process, mathematical object) where the mathematical object may be definition, counterexample, proof, etc.; and the rational process is aimed at producing one instance of this object. Awareness is a crucial requirement for the three components of rationality (see above). In the case of the rational process of proving, awareness concerns: on the epistemic side, truth and validity of statements and reasoning in a given theory; on the teleological side, the reasons of failure or success of strategies to get the proof; on the communicative side, the choices needed for effectiveness of communication of proof in a given social context (including the case of communication with herself). As such, awareness is strictly related to meta-knowledge of proof, which has been dealt with in different ways in mathematics education literature on proof. [START_REF] Cabassut | Conceptions of Proof in Research and Teaching[END_REF] have defined meta-knowledge of proof as the knowledge of the structure of mathematical theories, of formal logic, of modes of representation, and of the relationships with argumentation in other fields (pp. 181-182). [START_REF] Azrou | Framing students' difficulties with the concept of proof, with reference to Vergnauds' Conceptual Fields Theory[END_REF] has considered one part of meta-knowledge of proof (that related to the logical, representational and experiential aspects of proof) as a concept according to Vergnaud's theory of conceptual fields [START_REF] Vergnaud | The theory of conceptual fields[END_REF]: operational invariants (e.g., logic theorems, which schemes of proofby induction, by contradiction, etc.-rely upon), reference situations (from different fields of mathematics), and linguistic representations, with an intersection with Cabassut et al.'s definition (as concerns its second and third component). During the analysis of proving we will associate the expression at the meta-knowledge level (briefly, at the meta-level) to a student's action if she uses (or should use) the different kinds of knowledge put into evidence in the literature as "metaknowledge of proof", and the expression at the knowledge level to an action if she uses (or should use) mathematical concepts and related schemes [START_REF] Vergnaud | The theory of conceptual fields[END_REF].

The novelty brought by this paper concerns the investigation (through the use of the RMT of proof) of the relationships between the meta-level and the knowledge level in proving, and of the mastery and coordination of both levels as crucial for successful proving. We will see that while the components of meta-knowledge of proof, which have already been defined in the literature, are necessary for a rational and effective proving process, other components should be added, including those related to the proving-proof relationships and to the epistemological assumptions of the reference theory (in particular, criteria for validity of proof in a theory; Mariotti, 2006, pp. 184-185).

Method

We will use data from laboratory activities of undergraduate mathematics students, who chose the mathematics education curriculum for their M.D. in Mathematics at the Genoa University. This curriculum includes both courses of advanced mathematics, and courses of logic & foundations of mathematics, history of mathematics, mathematics education (with laboratory). In 24h laboratory activities in the period 2015-2019 (the teacher was the second author), students were engaged in individual proving (or conjecturing and proving) tasks, with an explicit request of writing down their reasoning in order to provide documents for collective discussions, aimed at developing their awareness of possible strategies, difficulties and obstacles. Success or failure of individual activities didn't count for the evaluation of students, which was only based on the individual retrospective analyses of their productions. It favoured relaxed activities and making explicit personal doubts and difficulties (useful for tracing their own thoughts for their retrospective analyses). Many texts produced by students are rich documents to investigate students' behaviours in proving, even if some precautions should be taken, concerning the correspondence of what was thought with what was written: see in the final section of this paper. We will consider some texts produced in 2017 under individual proving tasks by three students: Ambra (she was excellent in proving tasks), Gianni and Maria (they frequently met difficulties in proving tasks). The analyses of proof texts are performed by using the construct of RMT of proof. We try to identify instances of rational behaviour according to the three components (epistemic, teleological, and communicative) of rationality, and the level (of knowledge and of meta-knowledge) on which students act. In the analyses we will put into evidence, by the use of italic, which components of meta-knowledge of proof (e.g., the schemes of proof related to the concept of proof) and proving intervene in students' proving.

Analysis Proving in Euclidean geometry

Under the guide of the second author of this paper, laboratory students analysed 10th grade students' proof texts for the following theorem: 'Given a circumference with centre C and a point T on the circumference, prove that if a straight line t is perpendicular to CT in T, then t is tangent to the circumference'. High school students knew the definition of tangent to a circumference as a straight line which has only one point in common with the circumference. Successful proofs had been made by absurd (as suggested by their teacher). Laboratory students discussed mistakes and obstacles emerging from high school students' proof texts, then they were invited to prove the inverse theorem: 'Let t be tangent to the circumference of centre C in the point T. Prove that t is perpendicular to CT.' Students had at their disposal a list of some key Euclidean theorems, with their proofs.

Table 1: Ambra's text and our analysis of it

Ambras' rational process is based on a secure mastery of meta-knowledge of proof as concerns both the schemes of proof by absurd, and the relationships between proving (where abduction is a legitimate strategy for exploration, and visual evidence may be enough in geometry) and proof. 

Table 2: Gianni's text and our analysis of it

Gianni' Text Analysis

The inverse theorem (t perpendicular to radius=> Thus we may prove the theorem by this way, by using the same figure of the other theorem: PT is tangent => PT2=PA.PB =>PTC=π/2 => PT is perpendicular to TC Thus…", and she thinks that PTC=π/2 is a proven consequence of the hypothesis "PT is tangent". Maria's mistake can be interpreted, on the side of epistemic rationality at the meta-level, in terms of a weak mastery of the operational invariants of the concept of proof.

On the epistemic side of rationality, the lack of control of the epistemic status of propositions in the scheme of direct proof plays a major role in the failure of Maria's proving and in Gianni's success.

On the communicative side of rationality, the ineffective (in the case of Maria) and effective (in the case of Gianni) uses of representations (geometrical drawings) play an important role for the subsequent proving choices.

Properties related to π as a transcendental number

Another activity of the 2017 laboratory concerned some proving tasks involving π. Student already knew from other courses that π is a transcendental number, and the distinction between numbers that are algebraic (i.e., solutions of algebraic equations), and irrational numbers that are transcendental (i.e., not solutions of algebraic equations). During the laboratory they had reconstructed the proof that sqrt( 2) is irrational, already met in high school, and the teacher had explained how Lambert had proven the irrationality of π, and of how Lindemann had proven that is transcendental, after the proof that e is transcendental. Then tasks for students concerned some properties of 2π, π+1, 1/π, π 2 . The tasks were aimed at developing students' awareness about chains of implications, reasoning by contradiction and reasoning by contraposition. Let us consider the last task: "What about π 2 ? Is it rational?" rational => …=> π is algebraic. FALSE! Here is the contradiction. Thus the thesis is true: π 2 is NOT rational.

At the beginning, after an unsuccessful trial ("nothing new"), Ambra consciously reconsiders her proving strategy (teleological rationality: it is like if she asks herself "why did I fail?" at the meta-level, and then: "How to get a contradiction?") with an eye to the knowledge level (hence the re-interpretation of the expression nπ 2 -m =0 as concerning π).

But she is unable to realize that the consequence: 'π is algebraic' at the knowledge level is the contradiction suitable to get the validity of the proof. Then Ambra reconsiders the strategy (teleological rationality) at the meta-level (the scheme of proof by contradiction), and so she identifies 'π is algebraic' as the contradiction for her proof by absurd.

Ambra was one of the four students (out of 13) who succeeded to prove that π 2 is an irrational number. However in this case even Ambra met some difficulties. She overcame them thanks to a secure mastery of strategic choices (teleological rationality) exercised at the meta-level. I try with a proof by absurd. I suppose that π 2 is rational.

Then I may write: π 2 = m/n , thus nπ 2 =m, nπ 2 -m=0.

Thus π 2 would be algebraic (as solution of nx-m=0). It proves by absurd the thesis, because algebraic numbers cannot be rational numbers.

The first attempt is well managed on the teleological side at the meta-level, also due to memory from experience at the knowledge level (on the communicative side). The second attempt results in a failure, deriving from a confuse and misleading representation of real numbers (at the knowledge level, on the communicative side -and perhaps even on the epistemic side?) which brings to the logically correct conclusion (at the meta-level: scheme of proof by contradiction) that the negation of the thesis brings to a false proposition, thus to the truth of the thesis. While in the reality 'π 2 is algebraic' does not contradict the assumption:

'π 2 is rational' at the knowledge level. Maria reflects (on the epistemic side) on the result of her strategy (on the teleological side) and realizes (at the knowledge level) that there is no contradiction, thus the result is useless (at the meta-level). However she does not leave her reasoning and searches (at the meta-level) for a contradiction, which emerges at the knowledge level. At the end, under epistemic constraint at the meta-level, she presents in a standard proof text the valid part of her reasoning.

Both Gianni and Maria at the knowledge level search for a contradiction (needed at the meta-level for the schemes of the proof by absurd). The set-representations of real numbers (on the communication side) works as a useful tool in the case of Maria, and (probably) as a misleading factor in the case of Gianni, who does not control knowledge of real numbers on the epistemic side.

Conclusions and discussion

The RMT of proof has been used as a tool for the analysis of the evolution of the interplay between the meta-level and the knowledge level of proving, from exploration to writing of the proof text. In the analyses, what students wrote looks corresponding to their thoughts, as it corresponds to their drawings, formulas, subsequent actions (cf. Boero & Turiano, in press). Meta-knowledge of proof and proving emerged from the performed analyses as a fundamental tool for students to orient and regulate their proving process on the three sides of rationality. For instance, we identified weaknesses at the meta-level (as concerns the concept of proof) on the epistemic side in Maria's mistaken proving of the geometry theorem. On the same side we have seen how Ambra effectively managed the transition from exploratory abduction to deduction in the geometry theorem. Ambra overcame difficulties (in the π 2 proving), thanks to her secure mastery of meta-knowledge of proving on the teleological side. On this side Gianni was successful at the meta-level in evaluating symbolic (digit) representation of real numbers as a useless tool for proving the π 2 theorem. Ambra and Gianni exploited the evidence of the drawing of the segment TH, given that HC<TC, to get a second intersection point of t with the circumference (it is legitimate in Euclidean geometry on the epistemic side at the meta-level). While at the knowledge level obstacles emerged in Maria's proving of the geometry theorem and in Gianni's proving of the π 2 theorem, due to useless (or misleading) representations on the communicative side.

The performed analyses suggest that a successful, rational proving process requires:

A) mathematical knowledge (concepts and schemes) related to the proving problem; B) meta-knowledge of proof as a concept [START_REF] Azrou | Framing students' difficulties with the concept of proof, with reference to Vergnauds' Conceptual Fields Theory[END_REF]; and reference of validity of proof to the epistemological assumptions of a theory [START_REF] Mariotti | Proof and proving in Mathematics Education[END_REF]) (e.g., as concerns the epistemic role of geometric figures in Euclid's geometry); C) meta-knowledge of the proving process, as the knowledge of the necessity of:

 a functional connection of proving strategies with their aim (proof), with reference to possible schemes of proof [START_REF] Azrou | Framing students' difficulties with the concept of proof, with reference to Vergnauds' Conceptual Fields Theory[END_REF] for the logical organization of proof;  systematic taking care of epistemic, teleological and communicative requirements for the used mathematical knowledge throughout the proving process;  effectiveness of communication with herself (in the proving phase) and with the addressees (in the proof writing phase, taking cultural format constraints into account).

In the perspective of rationality, "meta-knowledge" needed to get a valid proof should at least consist of all the above B) and C) knowledge. How can students be helped to develop such knowledge? The intertwining of the following activities through a long-term teaching and learning path looks as a reasonable working hypothesis for future experimental activities (see Boero & Turiano, in press):

-Students' solving of "authentic" proving problems followed by classroom comparison (guided by the teacher) of proofs produced by the students and selected by the teacher. -Students' individual self-reflecting on their proving activities for a set of theorems. -Teacher's gradually making explicit the different components of meta-knowledge of proof, by going back and forth students' proving, comparison of proofs and self-reflective activities. -Developing students' consciousness of the logical aspects of proof and of the format of proof text through cloze activities (proofs to be completed by specifying the justifications for inferences and their epistemic nature related to definitions, axioms, theorems).

  Ambra's Text Analysis Perhaps a proof by absurd might work well, like for the inverse theorem 1 . False thesis => negation of the hypothesis, or contradiction. t tangent line is the hypothesis. We could arrive to negate it. Not tangent line, let us see. Now I see: if I draw a not-tangent line, the perpendicular from C is different from the radius. It is shorter! => A second intersection point t/crf. Backwards: not-perpendicular radius => negation of the hypothesis!! OK: now I can write the proof. I arrange in a proof what I have found. I negate the thesis: let t be not perpendicular to CT. Then I draw the perpendicular, let H be the intersection point. CH<CT because CH is a side shorter than the hypothenuse=radius CT. Then H is within the circle, then t meets the circumference in another point, then t is not tangent, against the hypothesis. The thesis is true. Ambra makes a strategic choice at the meta-level (to try a proof by absurd), suggested by the proof of the inverse theorem (on the teleological side: Habermas, 1998, p. 314). On the epistemic side, Ambra recalls what proof by absurd means. According to one of the two possible outcomes of that scheme of proof, i.e., the negation of the hypothesis, Ambra produces and explores (at the knowledge level) the corresponding drawing (on the communicative side -Ambra is the interlocutor of herself). Exploration suggests to draw the perpendicular from C that looks shorter than the radius, which (in Euclid's geometry) results in a second intersection of t with the circumference, thus, the link with the negation of the thesis becomes available at the knowledge level. At the meta-level, Ambra knows how the proof by contraposition needs to be organized and presented (a requirement on the epistemic side and the communicative side: "I arrange in a proof what I have found"). Some elements for it are available and enter in the proof text. We may observe that an element (the reason why CH<CT) was implicit in the exploration phase (or perhaps absent: the drawing was enough!) and becomes explicit at the knowledge level in the proof text, probably under epistemic control of validity of the reasoning at the meta-level.

  t tangent) was proven by absurd. Perhaps now I can prove by a direct proof. t is tangent => only T in common with the circumference. t must be perpendicular to the radius. But why? Perhaps I must use properties of the tangent. The theorem on the proportional mean. Yes, it is in the list. PT 2 =PA.PB => PT perp. to CT? No, the contrary: the property is used for proof. Better to try by absurd. Let us suppose: t not perpendicular . OK, the perpendicular must be shorter! I draw it better: H cannot be on the crf, CH is shorter than the radius! It means that TH is a piece of a chord. Then t cannot be tangent! The hypothesis is falsified. Now I can prove by absurd: Let t be not perpendicular to CT. I draw the perpendicular from C to T. I get the segment CH < CT. The straight line TH=t meets the circumference in another point, thus it is not the tangent, against the hypothesis. Then the thesis is true.Gianni tries a direct proof according to a personal hypothesis at the meta-level (a direct method of proof would be suitable for the inverse theorem of a theorem proven by absurd). The difficulty of getting a direct proof results (at the meta-level) in the strategic choice of searching for another theorem concerning the tangent to the circumference. Then the proof of "PT proportional mean" theorem is explored (on the epistemic side of rationality) at the meta-level, which results in the discovery that "the tangent perpendicular to the radius" is not a product of the proving process, but a known theorem exploited to prove it (the mastery of the operational invariants of the concept of proof looks good). On the teleological side Gianni realizes that the strategic decision of trying a direct proof was unsuccessful, then he moves to a proof by absurd. At the meta-level the strategy of negating the thesis results (according to the scheme of proof by contraposition) in the expected negation of the hypothesis through a sequence of steps at the knowledge level. On the teleological side the strategy results, for Gianni, in a success at the meta-level. Like in the case of Ambra, the outcomes of exploration during proving are exploited to get a well organized proof text ("Now I can prove by absurd"). Differently from Ambra, the reason why CH<CT is not taken into consideration in the proof writing phase, thus the proof presents a bug at the meta-level.

I

  try a proof by absurd: the negation of the thesis is that the tangent is not perpendicular to the radius CT is not perpendicular, CT' is perpendicular. I do not see any contradiction, it looks possible. In the list I search for another theorem with a tangent to a circle. This theorem may be useful: If t is tangent, then PT2= PA.PB. Let us look at the proof. In the proof, we prove that PTB is similar to PTA. Yes, and in the proof the angle PTC is a right angle! On the communicative side, the drawing is a rough representation of the starting point of proving by absurd. It makes difficult to find the reason (on the epistemic side) for negating the hypothesis at the knowledge level. Teleological rationality does not result in himself). While trying to understand the proof of the "PT proportional mean" theorem, Maria (on the epistemic side) does not reconstruct the proving process at the meta-level (taking care of what is assumed as known, and what must be proven). She looks at the propositions only, not at their epistemic status in the proof. She finds "…PTC is a right angle.

  => π2 has a period. I try with my computer: 3,141x3,141=9,865881 3,14159x3,14159=9,8695877281 No period, with 10 digits. But not a good strategy for proof! Moreover: I remember that in the case of sqrt(2) it does not give exact digits of (sqrt(2))2=2

  a, b natural numbers, π 2 =a/b => b π 2 = a => b π 2 -a=0 => π 2 algebraic: solution of bx-a=0. What did I get? Obvious. I have supposed π 2 rational. Contradiction?? Also π would be algebraic! As a solution of bx 2 -a=0: I see, contradiction. π is transcendental! Thus the thesis is true: π 2 is irrational because the negation (π 2 =a/b, a,b natural numbers) of the thesis brings to a contradiction (π algebraic as a solution of bx 2 -a=0) with a known property of π (π is a transcendental number). Maria at the meta-level makes the choice of proving by absurd, then (on the epistemic and teleological sides) she manages it at the knowledge level coherently with the meta-knowledge of the schemes of proof by absurd. After having identified π 2 as a solution of an algebraic equation at the knowledge level, Maria decides to make a visual representation of the situation (for communication with herself) at the knowledge level.

Table 3 : Maria's text and our analysis of it
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	Maria's Text	Analysis

Table 4 : Ambra's text and our analysis of it
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	Ambra's text	Analysis
	It looks strange, but not impossible. sqrt (2) is
	irrational but (sqrt (2))2 is rational. By absurd: let us
	suppose that π 2 =m/n	π 2 n=m	nπ 2 -m =0 =>
	π 2 algebraic. Nothing new: π 2 rational => π 2
	algebraic. How to get a contradiction? I look at all
	the steps. Now I see: nπ 2 -m =0 => π solution of nx 2 -
	m=0 => π algebraic. It is false. π is transcendental.
	But we have to prove that π 2 IS NOT RATIONAL. I
	have a confusion in my mind. To the beginning,
	proof by absurd: the negation of the thesis: π 2

Table 5 : Gianni's text and our analysis of it
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Table 6 : Maria's text and our analysis of it

 6