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To enable students to perform a graphical analysis of inequalities graphs, a proper symbolic reading of these representations is required, which implies a linking between the graphs and their algebraic expression. We proposed to a high school student the use of an auxiliary line as a semiotic artefact to make connections between the locus of inequalities and their algebraic expression. Through an online questionnaire and an intervention, we observed that the student underused the given artefact and instead used the equation of the line that divides the plane to make the connection between algebraic and graph representations. We found that the semiotic mediation of the artefact allowed a local interpretation of the locus of the points on the auxiliary line, but the equation of the dividing line played a crucial role in associating the algebraic expression of the inequalities with their loci, which was the basis for the connection between the two types of representations.

Introduction

To encourage students to engage with the symbolic aspect of mathematics, this research proposes the use of both graphical and analytical representations. Indeed, it is crucial for students to develop a proper interpretation and reading of both types of representations to establish the relationships between them. At school, inequalities should be shown as the algebraic rule associated with points whose values are also solutions of inequalities, which could be an approach that would allow linking the points to their locus defined by the inequalities. Students consider the graphs of inequalities as areas or zones associated with a certain position, rather than as an infinite set of points with properties.

Considering this, we investigate how a high school student relates the algebraic representation of a linear inequality with its respective graphical representation considered as a locus, so we proposed the help of an auxiliary line as a semiotic artefact that emphasises the property of belonging of the points in the graphs of inequalities.

In this direction, we analysed the process that a student goes through to make sense of the connection between these representations. We take advantage of the auxiliary line that organises the spatial information and reduces the observable dimension of the plane, highlighting the general invariant property of the points on that line, the aim is to identify this property in the coordinates of the points, and then move on to the generalisation of this procedure through the dynamic visualisation of the auxiliary line to cover the whole inequality graph.

Theoretical background

When we use graphical representations to interpret the solutions of inequalities, the relevant information of the locus must be considered and related to the inequalities and inversely. This relationship requires graphical literacy understood as: "the ability to construct, produce, present, read and interpret charts, maps, graphs, and other visual presentations and graphical inscriptions" (Gan et al., 2007, p. 2). We consider that there is a need to provide a meaningful bridge between the values of the coordinates of the point -which determine their loci -and the algebraic expressions of the inequalities for which they are the solution.

To establish this relationship between representations, the so-called Cartesian Connection was defined by Moschkovich et al. as follows: "A point is on the graph of the line L if and only if and only its coordinates satisfy the equation of L" (1993, p. 73). This proposition is taken up by [START_REF] Glen | On linear functions and their graphs: Refining the cartesian connection[END_REF], who find that students make incomplete connections due to the lack of implementation of the double implication of the Cartesian Connection definition. From our point of view, this definition is overly formal and therefore we investigate the conditions that allow or do not allow a clear connection between the algebraic expressions of linear inequalities and their respective graphs.

The theory of Objectification proposed by [START_REF] Radford | Elementos de una teoría cultural de la objetivación [Elements of a cultural theory of objectification[END_REF][START_REF] Radford | On the cognitive, epistemic, and ontological roles of artifacts[END_REF][START_REF] Radford | Un recorrido a través de la teoría de la objetivación [A journey through the theory of objectification[END_REF] advocates the objectification of knowledge, i.e., the encounter between being and knowledge as the foundation of learning. This encounter can occur when symbolic artefacts are used as semiotic mediators in reflective practices.

In our investigation, we intend to develop a reflective practice using an auxiliary line as a symbolic artefact, to achieve a semiotic mediation that promotes a meaningful connection between representations.

We assume that graphs represent not only mathematical properties but also figural properties such as position, size, and shape [START_REF] Fischbein | The theory of figural concepts[END_REF], and they are considered relevant by students due to their ostensive role. Therefore, figural properties should be highlighted to help students develop their symbol sense, defined by [START_REF] Kop | The relation between graphing formulas by hand and students' symbol sense[END_REF] as: "the general ability to deal with symbols and to recognise the structure of algebraic formulas" (p. 1). In line with these authors, we assume that it is necessary to emphasise one of the aspects of the symbol sense, where it is stated that: "graphing a formula can be considered a visualization of a formula, and [...] requires knowing about what is represented and where to look for it" (Kop et al., 2020, p. 3). In our case, the activity that needs to be developed to carry out the reflective practice involves distinguishing between the position of the graphical points and their description through the algebraic considerations of the inequalities.

Methods

A case study was conducted with a 17-year-old high school student through a virtual intervention between the researcher, who is the first author, and the participant, this provided an opportunity for a collaborative reflection about the student's responses to the designed activities.

The selected case was sufficiently illustrative to show the mediation process of making sense of the relationship between graphical and algebraic representation or inequality graphs and coordinate point values. The interventions were conducted individually with this student because this case was relevant and allowed us to observe how the participant made a reading and made sense of the link between both types of representations. The intervention consisted of four one-hour sessions, which were conducted under pandemic conditions and outside of a required school programme.

During the sessions, an interactive questionnaire was proposed in GeoGebra Classroom, which facilitated the examination of real-time responses and the development of an intervention process with the student. The data source relied on video recordings of the sessions, which were transcribed for further analysis.

The student had knowledge of the location of points on the Cartesian plane and the solution of equations, but not of algebraic or graphical procedures for solving systems of linear inequalities or of the relationship between the coordinates values of the points and their belonging to the solution set in the inequalities graph.

To describe the position of the points as a locus, we proposed the use of the graphic artefact consisting of a vertical line, which allowed the analysis of the invariant values of the abscissas of the points and the values of the ordinates that satisfied the respective inequality. The analysed planes were divided by lines parallel to the horizontal axis, which initially provide an idea of the upper and lower planes, perceptible at first sight; this feature changed when the dividing lines were oblique, and the spontaneous reference of upper and lower could not be used.

Over the course of the sessions, the student had time to respond to each activity and then discuss it with the researcher, who is the first author. Previous tasks were reviewed if the student faced difficulties, particularly those related to planes cut by lines with non-zero slopes.

The activities aimed to show the relationship between the representations through the idea of the correlation between the loci and their respective inequalities. 

Analysis of results

Session 1

In the first activity of session 1, we worked with a line 𝑦𝑦 = 5 that divides the plane, as shown in Figure 1.

In this activity, it was required to identify the invariant property of the coordinate values of the points on the line 𝑦𝑦 = 5.

Together with the researcher, the coordinate values of specific points on the auxiliary line were analysed; for example, certain points were given to the student for analysis, or the student was asked to find points that fulfilled the condition to establish the relationships between these values and the position of the points.

After these interventions, finally the student successfully identified that some coordinates were invariant while the others varied, and this relationship determined the position of the points on the line 𝑦𝑦 = 5. In the second activity of session 1, the auxiliary line was introduced (see Figure 2), which provides a visual reference that reduces the amount of visual information needed to describe the position of the set of points on the line and therefore on the corresponding inequality graph. When the student was asked to describe the position of the set of points according to the conditions of the values of their coordinates, he only used the auxiliary line in some cases. Moreover, he used different references as support, which were based on some ostensive figural aspects, using phrases such as: "this is below the line"; "this is below the dot" or "this is less than 𝑦𝑦 = 5".

After the interventions in which we highlighted the information on the values of the ordinates of points on an auxiliary line, the student gave the symbol sense to the coordinate values of the points on the plane, considering their symbolic properties and relating them to the algebraic expressions of the inequalities. With the aid of the auxiliary line, the student identified that the coordinates of a point provide information to analyse the belonging of the point to its locus, this allowed the student to make the connection between the representations when the planes are horizontal. At the end of this session, we also used the movement of the auxiliary line across the entire Cartesian plane to propose a generalisation of the analysis of all the points on the graph.

Session 2

In this session, the line cutting the plane was 𝑦𝑦 = 𝑥𝑥 (see Figure 3). We emphasised the idea that the intersection point between the line that divides the plane and the auxiliary line splits the set of points into two sets so that each set is defined by an inequality. Then the researcher's request for an algebraic expression to describe the inequality graph triggered the following dialogue:

Tutor: What happens if I move the auxiliary line to x=20? What will happen with all the points on the line... from the point of intersection upwards... on this line? [pointing out the top of the line with the cursor] Student:

Are they going to be greater? Tutor:

Greater, correct! How will their coordinates be compared? Student:

That "y is greater than x" [in this case]

Up to this point, the student seemed to have considered the general conditions that described the position of the points on the auxiliary line by infusing the symbol sense to the coordinate values of the points recognising the structure that allowed him to make comparisons between these values and identify the inequality that is satisfied in each case.

However, when working with the configuration of the equation 𝑦𝑦 = -𝑥𝑥 + 3 (see Figure 4), the student became confused and did not use the auxiliary line to establish the properties of the inequality graph or to make sense of the relationship between an algebraic expression and an inequality graph. The student returned to the case of the line 𝑦𝑦 = 𝑥𝑥 to look at the associated inequalities, which apparently allowed him to make the connection between equations (of the dividing line) and inequalities, as we see in the following dialogue:

Student:

[After a long silence and after returning to activity with the line y = x] One of these is greater than... and the other one is less than... Tutor:

Ok but tell me the complete condition. Who is greater than... and who is less than...? Student:

The x-coordinate is... [The student is silent] Tutor:

Go back to the exercise [where we worked with the dividing line y = x] and see what it looked like. Student:

That the x-coordinate is greater than 3 or less than 3 [Here only refers to the conditions y > 3 and y < 3] Tutor:

It's near, but it's not the same case... [the expression is now 𝑦𝑦 > -𝑥𝑥 + 3] Student:

That… will it always be plus 3?

In this situation, the student must coordinate both, the position of the points and the inequality that establishes the general condition, but he has carried out an incomplete reading of the equation which manifests the complexity of reading the expression that includes terms like 𝑦𝑦 = -𝑥𝑥 + 3.

Returning to the previous task, where the plane was divided by the line 𝑦𝑦 = 𝑥𝑥, to discuss the student's answers, the researcher moved the cursor from the division line equation to the associated inequalities. We consider that this was the crucial reflective practice to facilitate the comprehension of the relationship between the equation and its inequalities. This practice triggered a process of objectification of knowledge that permitted the analysis of the cases of the inequality graphs with dividing lines of the form 𝑦𝑦 = -𝑥𝑥 + 3, as we are shown below:

Student: That… y is greater than -x Tutor:

But tell me the complete condition Student:

It is -x plus 3 Tutor:

Correct! And what is the other condition? Student:

That y is less than -x plus 3

We observe that when the graphs of inequalities are described by numerical expression of inequalities it is easier to relate them to their respective locus, this is due to the characterisation of the position through the indications: below and above, provided by the auxiliary line. However, when the expression contains variables, these indications and observations are not enough to establish a connection between the graph and the algebraic expression of the inequality. This is because the variables cannot be directly interpreted as the numerical values; for example, to relate the position of a point to the coordinate values and determine whether a point is above or below the line 𝑦𝑦 = -𝑥𝑥 + 3, a value must be assigned to 𝑥𝑥 to calculate 𝑦𝑦 and inversely.

Sessions 3 and 4

In the third session, when we proposed a system of two linear inequalities, the student analysed individually the algebraic conditions that describe the graph of inequalities, he could not yet identify, at the same time, all the conditions that describe each zone, so we proceeded to shade them. As shown in Figure 5. For the analysis of the zones where the conditions 𝑦𝑦 < 𝑥𝑥, 𝑦𝑦 > 4𝑥𝑥 are simultaneously satisfied, the student used the auxiliary line following the researcher's suggestion. We observed that he used the auxiliary line by moving it over different zones until he placed it in a suitable area for the analysis, initiating a symbolic use of the line and transforming it into a semiotic mediator on the graph, which allowed him to associate the position of the points with the property of belonging to the corresponding inequalities graph.

In the fourth session, where we worked with a system of three linear inequalities, the student identified the equation of the dividing line and he used them to establish simultaneously all the algebraic conditions that described each zone on the graph of these inequalities and related the equation of the dividing line to the corresponded inequalities, without the support of marks on the plane or the use of the auxiliary line. Following this procedure, the student marks with black colour the area where the following inequalities were simultaneously satisfied: 𝑦𝑦 < 2𝑥𝑥 + 20, 𝑦𝑦 < -3𝑥𝑥 -15 y 𝑦𝑦 > -5, (see Figure 6). In this session, the student used the auxiliary line only when explicitly instructed to do so, to analyse the coordinates of points that satisfied the inequalities in certain zones of the inequalities graph.

Conclusions

In this research, we observed that the auxiliary line allowed the student to recognise that the coordinates values of the points are relevant information for analysing their position on the corresponding graph of inequalities. However, the connection between the general algebraic conditions and their respective graphical representations was not attained until the third session. This connection was developed by identifying the form of the equations of the lines that split the plane and the corresponding inequalities.

Therefore, we infer that the semiotic mediation between the graphic and algebraic representation, in this case, was based on the detection of the relationship between equations of the lines that divided the planes and their corresponding algebraic expression of the inequalities, while the relationship between the relative position of the points on the graph of inequality to which they belonged, was supported by the auxiliary line, that gave meaning to the relative position, first on the line and then in the graph of inequalities. Nevertheless, this explanation was not generalised by the student through the movement of the auxiliary line that covered the plane when we worked with inequalities such as 𝑦𝑦 > -𝑥𝑥 + 3.

We notice that, when we are working with numerical inequalities and they are associated with graphs where the planes are split into two visually horizontal blocks, it seems to be easier for the student to relate them to their loci using the below/above relationship.

We can conclude that making the connection between graphical and algebraic representations of inequalities requires considering them as the general rule that determines a locus, so it is necessary to specify the role of the variables in this description.

In the future, we intend to highlight the idea of "the solutions" of linear inequalities by emphasising the essential connection between the coordinate values, linked to the position of points, and the algebraic condition they satisfy. This research suggests that students do not consistently identify the relationship between the coordinate values of points in the plane and the algebraic condition they satisfy. To grasp these connections, students need to discern the correlation between position and algebraic condition, without being distracted by the ostensive references of objects in the inequality graph. Therefore, our approach seeks to facilitate the understanding of this relationship by considering the coordinate values associated with the points as "solutions" of the algebraic inequalities.

  Differentiate between values of the coordinates of the points on an auxiliary line and their belonging to the inequality graph formed by lines with equal and non-zero slopes. Description of inequalities graphs formed by systems of two or three linear inequalities associated with their respective inequalities. Using the auxiliary line for the identification of the properties of the values of the points on the inequality graph.

Figure 1 .

 1 Figure 1. First activity graph Figure 2. Use of an auxiliary line

Figure 3 .

 3 Figure 3. Plane divided by line 𝒚𝒚 = 𝒙𝒙 Figure 4. Plane divided by line 𝒚𝒚 = -𝒙𝒙 + 𝟑𝟑

Figure 5 .

 5 Figure 5. Inequalities graph shading

Figure 6 .

 6 Figure 6. A system with three linear inequalities

Table 1 . Objectives of the intervention activities

 1