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Crystallization and dynamics of defects in a magnetic
fluctuating medium

Jean-Yves Fortin
Laboratoire de Physique et Chimie Théoriques, CNRS UMR 7019,
Université de Lorraine, F-54000 Nancy, France

E-mail: jean-yves.fortin@univ-lorraine.fr

Abstract. We consider the dynamics of classical particles or defects moving in a fluctuating
two-dimensional magnetic medium made of Ising spins. These defects occupy empty sites, and
each of them can move according to simple rules, by exchanging its location with one of the
neighboring or distant spin if the energy is favorable, conserving the magnetization. We use a
fermionic representation of the theory in order to map the partition function into an integral over
Grassmannian variables. This model of annealed disorder can be described by a Grassmannian
action containing quartic interaction terms. We study the critical behavior of this system as well
as the entropy, specific heat, and residual correlation functions which are evaluated within this
Grassmannian formalism. We found in particular that the correlations are strongly attractive
at short distances in the low temperature regime and for a broader range of distances near the
spin critical regime, and slightly repulsive at large distances. These results are compared with
Monte-Carlo simulations.

PACS numbers: 05.40.-a,05.10.Ln,05.70.Fh,05.65.4+b,64.60.De

1. Introduction

The emergence of cooperative phenomena in interacting spin systems, quantum or classical,
with mobile defects [1] reveals the role of the magnetic fluctuations in the dynamics of these
defects. For example there is evidence of the existence of correlated stripes of charges or
holes in two-dimensional copper oxide superconducting materials that are closely related to the
commensurability between the lattice and the spin spatial structure when dilution is present [2].
In the classical case of dilute spin models where annealing disorder is represented by moving holes
or defects, critical and thermodynamical properties have been investigated using exact models on
special lattice structures. In early works, exact calculations were performed on decorated square,
hexagonal, or diced lattices [3] where magnetic or nonmagnetic ions occupy a sublattice formed by
the centers of the bonds between magnetic sites on the main lattice. The magnetic ions of the main
lattice interact via couplings which can be ferromagnetic, antiferromagnetic, or zero depending on
the presence of magnetic or nonmagnetic ions on the bonds. When the concentration of magnetic
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ions on the sublattice is varied, there is a specific value below which magnetic order vanishes
and cluster percolation disappears. Annealed Ising models with site dilution on self-similar or
hierarchical structures were also studied, for example on the triangular Apollonian network [4, 5]
with a random distribution of vacant sites that are thermalized. The transfer matrix method
in the Grand Ensemble reveals that the presence of magnetic order depends not only on the
chemical potential of vacancies but also on the lattice choice. In these models it is also worth
noticing the presence of a residual macroscopic entropy at zero temperature due to the complex
geometrical and random connectivity between magnetic sites, and the contribution of nonactive
magnetic sites. Non zero residual entropy is also seen in spin-ice models with quenched disorder on
similar hierarchical lattices mimicking the tetrahedral three dimensional structures [6]. However
the precise value of the residual entropy is not always understood in general in terms of simple
local spin configurations contributing to highly degenerate ground states. Dynamical properties
of mobile defects were also studied on a dilute Ising chain and within the Bethe approximation
(7, 8, 9], when a short range potential is introduced between magnetic ions. Spatial correlation
functions were evaluated between the mobile impurities as function of the dilution and different
parameters such as the temperature or potential strength, which reveals the degree of randomness
of the impurities in the system at thermal equilibrium.

In this context, we would like to analyze the degree of correlation between mobile defects in
the simple case of the classical dilute Ising model on a square lattice. In particular, the knowledge
of the spatial correlation functions between mobile defects at equilibrium can shed light on the
contribution of the local magnetic fluctuations to the dynamics of these impurities. We expect that
these magnetic fluctuations induce some effective potential between the non-magnetic particles,
which can be seen by studying the different thermodynamical quantities as well. Analytically, we
will consider a method based on Grassmann variables in order to fermionize the theory, in parallel
to a previous work on quenched disorder [10]. We will show that we can transform the original
spin and defect or hole model into a non-linear fermionic action, depending on the positional
configuration of the defects represented by bosonic nilpotent variables. The advantage of this
formulation is that corrections to non-linear terms are usually small due to the nilpotent properties
of the Grassmann variables and good approximations to the thermodynamical quantities can be
achieved. The present model is actually similar to a three-states Blume-Capel model [11], with
spin zero representing the defects, however the main difference is that the number of variables with
spin zero representing the presence onsite of nonmagnetic impurities is fixed by their concentration,
either in the Canonical Ensemble or in the Grand Canonical Ensemble with a chemical potential.

From a numerical point of view, we have performed Monte-Carlo (MC) simulations and
investigated two cases for the dynamics of the mobile defects, considered as hard core particles: first
we will study the local diffusion (model A), where a particle can hop to one of the four neighboring
sites by exchange of the local state with the corresponding spin, if the energy is favorable and
if no other particle is already present. In the second case (model B), we consider that particles
can hop to any site distant on the lattice with the same previous rules. In both cases there is



Crystallization and dynamics of defects in a magnetic fluctuating medium 3

no change in the magnetization. Configurations with the highest probability are counted by the
partition function mixing particles and spins. In particular, we observe that the low temperature
properties display a crystallization of small clusters of particles in the model A, due to the fact
that it is favorable energetically for particles to aggregate in a medium where most of the spins are
polarized in one direction. Once a particle reaches a local cluster, its motion is frozen since there
is almost no possibility that it can leave this cluster. The number of small clusters depends on the
space configuration of the particles just above the crystallization temperature. In the model B,
we expect that all particles aggregate into a single giant cluster due to the possibility of reducing
the total surface of the clusters by non-local diffusion.

In the high temperature regime however, the particles tend to localize near the domain walls,
as seen in the two examples of figure 1, since it is energetically beneficial to take advantage of the
discontinuity in spin polarity, especially near the critical regime. The interparticle correlations can
be evaluated through the thermal space correlation functions. At high temperature, we expect
that the strong thermal fluctuations will not contribute to the particle dynamics, and that free
diffusion of uncorrelated particles will occur.

The paper is organized as follow: In section 2 we introduce the model and explain how
to transform the Hamiltonian into a fermionic action, using Grassmann algebra. This is an
extension of the Grassmann representation of the Ising model that includes defects. In relation
with fluid theory, we introduce the notion of fugacity or activity in the description of our model.
In section 3, we analyze the critical properties of the model, in particular we give an estimation
of the critical concentration of defects above which magnetization disappears. In section 4, we
consider the entropy and specific heat and discuss the differences between the analytical results
and simulations in the low temperature regime. This is supplemented by the computation of the
two-point correlation functions in section 5 where an estimation of the long distance behavior is
given. Finally we summarize and discuss the physical findings of this work in the conclusion,
section 6.

2. Effective interaction with the magnetic fluctuations

In this part, we introduce the model and consider a square lattice of size N = L? on which each
site is occupied either by a spin or a non-magnetic particle or vacancy. The spin Hamiltonian
describing this system is represented by an Ising model with ferromagnetic coupling J > 0

HSP = ——= (]_ — nr)ar(l — nr/)O'r/, Oy = :|:]., ny = 0, 1, (]-)

where the sites occupied by diffusive particles are represented by the variable n, = 1, whereas
the spins are represented by the local state (o, = £1,n, = 0). The total number of vacancies on
the lattice is given by Np < N. The brackets < r,r’ > take into account only next neighboring
sites r and r’. The subscripts S and P indicate, in the subsequent notations, the spins and
particles respectively. It is well known that the Ising spin system in absence of vacancies, or
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Figure 1: Spin configurations between two domains of opposite polarity, with a particle (solid
circle) along the domain wall, case (a), or inside the domain of spins up, case (b). The energy for
the spin configuration (a) has a lower energy than (b), and the energy difference is 4.J. The red
crosses in (a) indicate that the domain wall is interrupted by the presence of the particle.

Hg = —%J Y <rw 00w, has a fermionic representation of its partition function Zg in terms of
one pair of Grassmann variables (ay, @, ) per site [12, 13]

g = H Z e PHs — oN cosh(BJ) 2N/ (H dardar> , (2)

r or=+1

where the Grassmannian action .75 is defined by s = )" .7, with the local quantities
= Qply + u(ay + Qp)(Ap—x — Gry) — uzar,x&r,y. (3)

In this expression u = tanh(/3.J), and x and y are the elementary unit steps in the = and y
directions respectively. We recall the main following Grassmannian integration rules: [ da,a, = 1,
f da, = 0, and a,a, = —aya,. The factor 2V counts the number of spin configurations and one
cosh(B.J) has been factorized for each coupling in the two directions.

2.1. Fermionic representation in presence of vacancies

In presence of vacancies, we can derive a similar and more general result in more details. We first
consider the decoupling of the spins using two pairs of Grassmann variables per site (a,,a,) and
(be, by ), or one pair for each direction, such that

Zsp {nr H Z —BHsp

r or=

= cosh(BJ) 2N H Z (14 u€rOr€rixOrix) (1 + UrOreriyOriy)

r or=%1
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= cosh(B1)"M [T / day daye™ / dby by’

r op=%1
X (14 ap€rop) (1 + Ubp€rix0pix) (1 + breroy ) (1 + u5r6r+yar+y), (4)

where we have defined €, = 1 — n, for simplification. The last line can be rewritten as the product
of four non-commutative quantities ArlexBrBHx, which then have to be rearranged inside the
overall integral in order to group together the weights containing the same spin o, or index r, that
can be summed up independently. The overall product in (4) can be rearranged in the correct order
by considering a mirror-ordering factorization procedure, which has a valid meaning under the sign
of integration. Free boundary conditions are taken here, as it simplifies the problem of ordering
at the border of the lattice. When double periodic boundary conditions are considered, we can
cite for more details the Appendix of the reference [14], which proposes a straightforward solution
for this problem of periodicity at the borders using a general symmetry identity for Grassmannian
polynomial functions. The exponential terms in (4) are commuting variables and can be factorized
easily. We obtain, using the notation r = (m,n)

Zsp[{n.}] = cosh(ﬁJ)QNH Z /dardarear“r/dbrdbreb”br

? r—Lc;r:il T
X HglnAln H/_lmannAmn Han Blna (5)
n=1 m=2 m=2

where the arrows indicate the ordering of the products. We can then perform iteratively the
summation over the spin variables, since in this form the four weights that share the same spin
variable are grouped together. In particular we can exponentiate the resulting quadratic and
quartic Grassmannian polynomial terms after summation over the spin variable, which commute
with the rest of the products and therefore can be factorized before the next iterative summation
is performed
Z A.B, A, B, = 2exp [arbrer + U(@p—x + by )(ar + bp)er + qur,xBr,yer] . (6)
or==%1
We finally obtain

Zsp[{n:}] = 2~ cosh(B.J)*N / 1] darda,db,db, (7)

X exp [Z ply + beby + apbrer 4+ U(Gr_x + be_y ) (A + bp)ér + U2Ar 1 br_yé;

r

We can further reduce the number of variables by performing an integration over (ay,b;), which
leads to a simplification of the previous expression

Zspl{ne}] = 2V cosh(B.1)2 / I davdb. (8)
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X exp [Z betiy + U(lr—x + be_y ) (be — )€ + U2arxbry€r] )
This expression is compared to (3) in the case where ¢, = 1, by formally replacing the pair
(ar, by) — (ay, —a,), which leads to the expression of .%, containing only one pair of Grassmann
variables per site. In the general case, we obtain instead [10, 15, 16]

Zspl[{n.}] = 2" cosh(3.J) 2N/l_[alaralar 9)

X exp [Z Arly + U(ay + Ar)(Ar—x — Gr_y )€ — WPy by yer] )

r

In terms of the variables {n,} describing the particle positions, the partition function can be
expressed as

Zspl{ne}] = 2V cosh(.J)2Vs / TT dGedax [Buoe” + b raeti] (10)

where we have replaced the number of spins /N in the overall factor by the number of active spins
Ng = N — Np, since there are Np hidden spins which does not contribute to the thermodynamics.
Indeed we have to formally remove the spin degrees of freedom per site occupied by the particles
as well as the absence of couplings between spins and particles. This partition function can be
further rewritten as

Zspl[{n.}] = 2% cosh(p.J)*s /l_ldarda,r 1+ (arare™” — 1) ny] 7. (11)

To simplify the problem, we first diagonalize .#s, using the Fourier space transformation a, =
L7y axe™T @, = L7 Y7, axe ™T, and express the partition function Zs as a product over
momentum dependent factors, after relabeling momenta k, — —k,:
Sy = Z [gxaxax + Gra_xa_x — 2iusin(k,)axa_x + 2iusin(ky)axa_x]
Kk

g = 1 — u<esz + eiky) U ezky—i-zky (12)

The partition function Zg can then be easily factorized using Grassmannian integral rules

(Ns = N)

Zg = 2N cosh(BJ)*N / H dadarda_yda_yxe”
N cosh(BJ)QNH (gxgx — 4u® sin(k,) sin(k,))
k

N cosh(ﬁJ)NH/ [(1+u?)® = 2u(l — v?)(cos(k,) + cos(ky))] - (13)

The prime symbol corresponds to the set of momenta k located in one half of the Brillouin zone,
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the opposite momenta ” — k” completing the zone, see figure 2. The opposite momentum ” — k”
is related to k by the fact that (k +” —k”) is zero modulo the period (2, 27) of the lattice. The
particular momentum contribution (ag, ag) could be included formally into the reduced sum but
this term should be negligible in the thermodynamical limit as it corresponds to a single value
in the large asymptotic sum and will be omitted. One can write an effective action for (11) by
introducing nilpotent commuting variables p, such that p? = 0 and

Zsp[{n.}] = 2% cosh(p.J)*s (14)

X /H da,da,dp, exp (ys + Z pr(l—ny) + Z prnrarareﬂ> .

One should notice that p, can always be written as a product of two Grassmann variables. The
term apape " = apa, — uzarar_xdrdr_y will be approximated in the following by the quadratic
part since the quartic part contains second order derivatives which will be assumed to be negligible
for small momenta and small concentration of particles. However the corrections to the quartic
part are studied in Appendix A. We can now construct the total partition function Zgp in the
Grand Canonical Ensemble for the spin-particles system that includes the vacancies in thermal
equilibrium

Zsp =] DY Zsrl{n:}]exp (ﬁuz nr>

r ny=0,1

= 9N cosh(ﬂJ)ZN / H da.da, exp <§”g + z Z ardre’%>

(0,7) (0,)
®eoo0o o0 o0 o0
eo0o0o0 00,00

0O ¢ @0 O e e e 8w«
-k
o0 00 o000 o0
oo o0 o000 o0
(0,-m) (0,-7)

Figure 2: Reduced Brillouin zone located in the yellow shade area with momenta k, or red circles,
contributing to the pairs of Grassmann variables (ay, ax), for L even L = 4 (left) and odd L =5
(right). The other momenta, or black circles, are related by the relation k — —k and contribute
to the pairs (a_x,a_x). The blue circle is the zero momentum k = 0 corresponding to (ay, ap)-
When L is even, momenta in green have their counterparts in both zones since a, 12 = ar, —1/2
or ar/2k, = G-r/2,k,, and should be counted with a factor 1/2.
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=N cosh(ﬂJ)QN/Hdardar exp(-Lsp), (15)

where we have introduced a chemical potential p that fixes the average number of particles Np
in this representation. The parameter z = e’#/2cosh?(.J) is called the activity or fugacity,
incorporating a spin chemical potential that we can define as being equal to — log(2 cosh®(3.J))/ =~
—2J at low temperature. The parameter Ng¢ = N — Np in the overall factor has been replaced
by N and the corrective factor, corresponding to remaining part Np, has been included with the
chemical potential in the definition of z. The expression (15) is exact and comprises not only
quadratic but also quartic terms in the Grassmannian action, which can not be integrated by
means of a determinant without approximation. The chemical potential is defined by the implicit
relation

oY)
NP: a8 0= _kBTlogzspv (16)

o
with € the Grand Potential. After summation over the particle variables and using the quadratic
approximation for the term in factor of z, the effective action .#sp in equation (15) can be written

in the Fourier space as

/

Ssp = Z [(z + gk )axax + (2 + gk )a—_ka_x — 2iusin(k,)axa_x + 2iu sin(k‘y)dkd,k} . (17)
k

When there is no particle in the system, 4 = —oo and z = 0 as expected. It is straightforward
to perform the integration over the Grassmann variables in (17), which leads to the Fourier
factorization

Zgp = 2N cosh(ﬂJ)QNH/ [(z + gi) (2 + Gic) — 4u®sin(k,) sin(ky)}
= 2% cosh(B7) T [+ 22 + w22+ u?) — 2u(1 + 2 — w?)(cos(ks) + cos(k,))

—2u?z cos(k, + ky)] =2V cosh(ﬁJ)zNH Zx(2). (18)
K
We will consider in the following the free energy F' in the Canonical Ensemble, for a fixed

concentration of defects, using the Legendre transformation

2.2. Equation for the fugacity

The average number of particles is then defined by Np = 20, log Zsp, and the density by p =
Np/N. The local density n, is represented formally by the Grassmann variable 2apape " ™~ za,pay
in the averaging process. If we define (- --) as the Boltzmann thermal average, then we have

<nr> = Z<ardr> — %Z'< (akeik,r + aikefik.r> (C_Lkleiik/'r i C_L,k/eik/'r> >

%
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= %Z <akak + a_ka_k>. (20)
k

The last line results from the admissible combinations between the quadratic operators imposed
by the action (17). Only quadratic terms such as ayxay, a_xa_x, axa_x, and axa_yx, lead to non
zero averages. Their corresponding thermal averages are given by

<a&> :Z-i-gk <a a >:z+gk
kQk Ze —kA—x Ze
in(k in(k,
(aka,k> = —2iuSln( y)’ <C_LkC_L,k> = QiUSIH( ) (21)
Zk Zk
Therefore the local density, which is independent of the position, is given by
B _z 22 4+ gk + 9k
p= <nr> - N; Zk
_ 22y~'1+4 2z — u(cos(ky) + cos(ky)) — u? cos(k, + k) (o), (22)
N ” Zy

where ®(z) can be expressed exactly in terms of complete elliptic integrals in the continuum
or asymptotic limit, see in reference [17] the Appendix C for precise details. In particular, the
complete expression at finite temperature is given by

1 1 1-22+4*2+4?) K; 1 u(l — u?) K,

(z) = 2z z2(1+22+uw22+u2) 82 z(1+2)% +u2(2+ u?) 2n2 (23)
where K, and K, are given by
_ 8 K(q) 2 _ i (rire — 1)
AR (R ) (1 NGED G 1>) ’ 2
and
_8m 1 1+ R, o (=R’
T T D 7 Ry [K(q) ! ( 1R, q)] |
2 (Tl — 1)(7’2 _ 1) (25)

HGCESICESE
K and II are the complete elliptic integrals of the first and third kind, respectively. The quantities
ry > ro > 1 are parametrized by factors a; and as, such that

2u(l+ 2z — u?) 2u?z
ap = Ao =
T2+ 22 +w?) T A+ 22+ w22+ )
14 ay + /a2 + 2a2(1 + ay) 14 ay — v/a? + 2ax(1 + ay)
ry = , Tg = . (26)
ay aq

In figure 3 is plotted the function ®(z) for different temperatures, as well as z®(z). The latter is
bounded by unity for large z, or when the concentration of particles is close to p = 1.
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Figure 3: Functions ®(z) and 2®(z) (inset) for different temperatures (L = 400). z®(z) is positive
and monotonic and bounded by unity.

3. Critical properties

In presence of dilution, the usual second order critical line for the spin sector has a reduced critical
temperature T,(p). The critical temperature corresponds to the singular value for which Zy in
(18) vanishes at long momenta, or when k = 0. This gives an equation between u and z at T.(p).
In this limit, we can show that

e = (1 4+ 2 —2u —u?)> =m? >0, (27)

where m is defined as the mass of the theory. The critical point is then simply determined by
u = v/z+2 — 1, with z defined by equation (22). The critical temperature is then uniquely
determined. When p = 0, z = 0 and we have the usual value 7.(0) = 1/arctanh(v/2 — 1) ~ 2.269.
When p increases, this value diminishes as more particles destroy the magnetic order until the
percolation of large clusters is rendered impossible. Since u < 1, the density for which 7. = 0 is
given by z = 2, corresponding to a system half populated by particles, or p = 1/2, see equation
(34) in the next section for the exact expression of ®(2) in this limit. In figure 4 is plotted the
analytical solution T.(p) as function of p, in the last lower right panel with blue circle symbols.
For comparison, we have performed MC simulations for the model A and evaluated the fourth
order cumulant [18] of the magnetization m, = ) o.(1 —n,)/Ng

()

3(mg)?

for different sizes L = 20, 50, 80 as function of the temperature, see figure 4. For each case, we have

ug=1-— (28)

performed 10°® MC steps, each step corresponding to N = L? iterations, starting with a random
configuration of particles. The asymptotic value T.(p) when N — oo is localized where all the
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curves intersect, and this value is displayed as the black filled circles on the last lower right panel
of the figure, for each concentration p. Although the analytical results predicts that 7. vanishes
at p = 1/2, the MC results suggests that the critical temperature vanishes at p ~ 0.570, after
a quadratic fit of the data was performed, see the black dashed line. A linear fit gives instead
p ~ 0.606. It is however difficult to extract a precise value of T, when the density of particles
is close to 1/2 and the analytical result shows important non linearity deviation near this value.
To put these results into perspective, we can mention that the percolation threshold for particles
on a square lattice is given with high accuracy by p ~ 0.593 [19, 20]. For mobile electrons on a
square lattice with Ising spins, using the quadratic approximation of the Grassmann action and
self-consistent equations for the fermionic Green functions, we found that the critical density is
instead p = 2/3 ~ 0.667 [17], which is a larger value.

T | T | T | T | T | T

2
>

o

N

a

o
fop)
a1

\IIIII|IIII|IIII|

4
>/3<m
a
o
»

1-<m
o
(&) ]
(&) ]

I|I|I|I|I|I | | | | | | | |
1.819 2 212217 18 19 2 13 14 15 16 1.7 1.8
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0.7I|III|III|IIII_I III|III IIII T T T |

4
o
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IIII|IIII|II
_l
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T P

Figure 4: Fourth order cumulant us of the magnetization, for different values of p and sizes

Ay

o

(L = 20,50,80). The value of the critical temperature (blue circles, lower right panel) from
the analytical result is compared with the MC simulations (black filled circles) of the finite size
estimation of uy, see (28). The asymptotic critical temperature for a given concentration is located
where the curves for different L intersect.
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4. Entropy and specific heat

The free energy density per site in the Canonical Ensemble is given by the expression

F kT ~—='

N —kgT(1—p) [10g2 + 2logcosh BJ| + kpTplog z — %; log Zy. (29)
The entropy per site is defined by S(T) = —N'9F/OT. At high temperature, the previous

expression can be simplified (u ~ 0) by expanding the free energy and keeping the leading terms
S(T > 1)/kg ~ (1 —p)log2+ plogz + log(1 + 2). (30)

The value of z in this limit, given by the implicit equation (22), yields the simple relation
z = p/(1 — p). Therefore, we deduce that the entropy is simply given by the sum of the spin
contribution, log 2, on each site where a spin is present, and the entropy for Np free particles

S(T > 1)/kp ~ (1 —p)log2 — plogp — (1 — p)log(1 — p). (31)

The particle contribution corresponds to the number of ways to put randomly Np particles on a
square lattice with each site containing at most one particle. This contribution is equivalent to
the logarithm of the combinatorial factor ( ]\J,\;
Stirling formula. In figure 5(a) is represented the temperature dependent entropy from expression

) in the thermodynamical limit N — oo using the

(b)

o o
o »
—
| |

o
®
T
I
~

o
w

o
o
T T

entropy per site S(0)/kg
o
o

entropy per site S(T)/kg

I
~
T T

0.207”‘\“‘\“‘\“‘\“‘7 ol
1T

Figure 5: (a) Entropy per site as function of the temperature 7" for different values of p (L = 1500),
with the variation of the activity z with 7" in inset. (b) Entropy per site at zero temperature as
function of the density of particles p. The black dashed line represents the entropy with the
quartic corrections, see Appendix A. For comparison, the red dashed line represents the free
entropy S/kgp = —plogp — (1 — p)log(1 — p) if the particles were all independent. In inset is the
corresponding value of z.

(29), and for different concentrations of particles. At high temperature, the entropy reaches the
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value given by (31), and a crossover around T ~ 1 is observed below which the entropy tends to
a low temperature macroscopic residual value.

In the low temperature regime, this residual entropy is less obvious to determine analytically.
In absence of any particle, the entropy is simply zero since there are only two possible ground
states with all spins up or all spins down. However, in presence of particles, this entropy is not
zero as the particles tend naively to arrange themselves in clusters with non-trivial geometry in
order to minimize the energy and maximize the coupling between spins, either with the models
A or B. After expanding equation (29) at small 7" and keeping the dominant terms which are not
exponentially small, we find

S(0)/kp = —(1—p)log2 —plog =
LS
- N; log (2° + 2z + 4 — 2z [cos(ky) + cos(ky) + cos(ky + ky)]) (32)

where z is obtained from (22) at zero temperature. We can notice that if p = 0, then z = 0,
and plogz — 0 since ®(z) is finite near z = 0, see figure 3. Then the expression above reduces
to S(0) = 0 as expected. Function ®(z) has the following expression at zero temperature in the
thermodynamical limit, after setting u = 1 in (23)

1 (z—2) 1-R
O(z)= — + 2 g =),
(2) 22 mwan/22—4 < 2)
24+ 423 + 162 + 16
R = ) 33
(2 + 2)2]22 — 4] (33)

In this formula, K is the complete elliptic integral of the first kind with imaginary modulus since

the quantity (1 — R)/2 in the square root of the previous expression is found to be negative. We
obtain in particular

1 1 /2—z , 234+ z)
=Y =5 VX (Z\/(2+z)3(2—z)>’

Bz >2) = 2—1Z+é ZEK (@'\/(2 fggz;z_) 2)>. (34)

At the special singular point z = 2, we have simply ®(2) = 1/4. This corresponds graphically

to the peak of the function ®(z) displayed in figure 3. In figure 5(b) is plotted the entropy
S(0)/kp at zero temperature as function of the particle density. We have used (34) to determine
z and computed the entropy from (32) with L = 2500 to evaluate the finite sum. The entropy
is symmetrical around p ~ 0.5 where it reaches its maximum S(0) ~ 0.461 k. It is given in the
thermodynamical limit by the integral

1 ™ ™
S(0)/kp = @/ / dk,dk, log [3 — cos(k,) — cos(k,) — cos(k, + k)] ~ 0.46108. (35)

The black dashed curve in figure 5(b) corresponds to the contribution of the quartic terms in the
main action .sp defined in (15), see Appendix A for analytical details. The improved value of the
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entropy is now slightly lower and non symmetrical about p = 0.5 but close to the approximated
entropy with quadratic terms only. In addition, the residual entropy is lower than the one for Np
hard core independent particles, see red dashed line on the same figure. This nonzero entropy at
first could be attributed to a crystallization effect at low temperature, where particles tend to form
independent clusters or one giant unique cluster, in models A and B, as we can see in figures 6 and
7 respectively. From a random configuration of particles, the unique cluster is rapidly formed
in the model B, as expected from nonlocal hopping particles, see for example the configuration
at T = 0.1 in figure 7. In the model A, starting from a random configuration of particles in
the low temperature regime, small clusters are formed principally since such configurations are
metastable states. At zero temperature, these configurations are stable, unless a cooling procedure
is performed from a high temperature. At slightly higher temperatures, for example 7' = 0.3 and
T = 0.5, the mobility of the particles, or diffusivity, is larger and bigger clusters can be formed
after some time. Close to the critical point 7" ~ 1.98 for p = 0.1, or even at high temperature
regimes, 1" = 3, many particles are located near the domain walls.

In order to probe the existence of phases, in the spin and impurity sectors, we evaluate
numerically the specific heat by considering the energy fluctuations

Co(T) = kpp* ((H5p) — (Hsp)?) (36)

or C, = —T9*F/IT?. From the expression (36) we can in principle deduce the entropy at finite
temperature from the exact value at infinite temperature

o0 !
S(T) = S(oc0) —/ —Cvj(f >dT', (37)
T

with S(o0) given by (31). In figures 8(a) and (b) we have plotted the specific heat from the MC
results, for several particle concentrations, in a system of size L = 100 with 10® MCS, and for
the two models A and B respectively. We have evaluated C, up to T' = 10 for fitting analytically
C, at large temperature in order to compute the entropy, but we have restricted the figures at
a maximum temperature 7' = 5 for display purpose. In figure 9, for p = 0.1, is plotted the
analytical result from (29), as well as the corrective contributions from the quartic term in the
action .Zsp. The corrective terms agree well with the numerical results around the critical point
for this concentration, however C, is slightly larger than the MC data at higher temperature.

In the low temperature regime, T' < 1, the MC data in figures 8(a) and (b) present a peak
structure at low temperature, around T ~ 0.5 for all defect concentrations, which we attribute to
the formation of particle clusters when they crystallize. These clusters are usually not extended,
see figure 7 for example, and we may assume that this peak represent an anomaly but they possess
a sharp structure which is more compatible to the presence of large energy fluctuations associated
with the formation of metastable states. The amplitude of this peak is slightly dependent of the
model A or B chosen: In model A the peak amplitude is larger than in model B which displays
additional fluctuations at temperatures 7' < 0.2 due to a possible residual particle activity. These
peaks are however not accounted for by the theory which does not present such a peak in the
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Figure 6: Spin and particle MC configurations for different temperatures, model A: the white

squares represent spins up, black squares spins downs, and red squares the particle positions.
For each temperature, the initial particle and spin configuration of the MC simulation is chosen

randomly:.

analytical expressions. However we can numerically compute the contribution of this peak to the

entropy (model B) as function of 7" from the data of figure 8(b) using equation (37). Since we
know the exact expression of the entropy at infinite temperature (31), an analytical fit of the form
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Figure 7: Spin and particle MC configurations for different temperatures, model B. The initial
particle and spin configuration of the MC simulation is chosen randomly.

C /g per site
C /g per site

051 X 0.5

Figure 8: (a) Specific heat per site for L = 100 with 105 MCS, model A, as function of the
temperature. (b) Specific heat per site, model B, as function of the temperature. In both cases
the numerical data were recorded by decreasing the temperature (cooling).

C, ~ T b7 is performed from T > 2 to T = 10. The resulting expression is integrated from
T =5to T = oo, then we use the data between T' = 5 and a reduced temperature 7' to extract
the entropy by integration, see figure 10. We observe that the entropy tends to vanish at T~ 0.1
for the three concentrations considered, within approximation errors since the entropy becomes
negative below this limit. We conclude that the low temperature peak that we observe around
T = 0.5 is compatible with the existence of a unique ground state or giant cluster. In figure 10,
we also have extrapolated the entropy for two concentration values (solid lines black and red)
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Figure 9: Comparison of C, for p = 0.1 with the equations (29) and (36), using quadratic and

quartic approximations from Appendix A, model A.
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Figure 10: Low temperature entropy deduced from the MC data of figure 8(b) down to 7" = 0.1 for
p =0.05,0.1 and 0.2, using the integration (37) and a fit at high temperature of the specific heat.
The cross symbols in the inset are deduced from the exact expression (31) at infinite temperature.

and measured the zero temperature entropy without the effect of the first peak at 7'~ 0.5. For
p = 0.05, we find that S(0)/kp ~ 0.173, close to the theoretical value 0.160, and for p = 0.1, we
find that S(0)/kp ~ 0.283, close to 0.260. This shows that the first peak contribution corresponds
almost exactly to the excess of entropy that was predicted by the theory.
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5. Two-points correlation functions

We would like to evaluate the connected two-points correlation function G(r,r’) = (nyny) —
(ny)(n.) between the particle densities at two points r # r’. We consider as before the Fourier

transformation to evaluate the pair correlations with the action (17)
2 ’
z , . L y
G(I’, r/) _ m Z <<akezk.r + a_ke—zk.r> (C_Lk/G_Zk T C—L_klezk .r)
kk/ k"’ k"
% <ak”€iku_r/ + a,_k//e_ik”‘r,> <dk///6_ikm'r, + d_k/’/eik//l'r/> > _ p2‘ (38)
There are three possible contractions between the four different pairs, with one giving simply the
disconnected term p?, independent of the position. We find that the dominant contributions, up
to 1/N corrections, yield

22

~ N2
kX

G(r,v') = ’[2 sin(k.[r — ') (axai).2sin(K.[r — 1']) (@ d_w) (39)

+<akak6ik'(r_r/) + a—kd—ke_ik'(r_rl)><ak’dk/€_ik/'(r_rl) + a_k/d_k/eik,'(r_r,)ﬂ '

The correlation function depends therefore only on the distance d = r’ — r between the two
points, or G(r,r') = G(d) = G(d,, d,). Using the rules (21), we obtain, after integrating over the
Grassmann variables

'sin(k, ) sin(k’.d)

162%u® —'sin(k,) sin(k.d)
G(d) = — 40
22 (2T 0k ika |  Z T Ok _ika (T O _awa | AT K wa
_ﬁ;< 7 ¢ T ¢ )Z< Ze ¢ T g ¢ )

This function is symmetric by inversion G(—d) = G(d). The expression is also symmetric along

the diagonal axis, G(d;,d,) = G(dy,d,). We can also define a susceptibility x = >_4.,G(d) from

k.

the previous expression using the relation ), £0 e’®d = N§ o — 1, and we find after some algebra

the leading terms

822u? 'sin(k,) sin(k A~ (2 + g)? + (2 + k)?
, (st _ 2~ b0 (2 "
K

X=P 77N Z2 Z2
In figure 11(a) is plotted the residual correlation function G(|d|), averaged on different points of
the lattices and for different temperatures, in the case p = 0.1 and L = 50. At low temperature
G is maximum near |d| = 1 and decreases rapidly with the distance, as particles tends to cluster.
(G is negative at larger distances but very close to zero, leading to a slightly anti-correlation effect
between particles which tend to reduce their distances. In the paramagnetic region, T' = 3 for
example, GG is close to zero for all distances, which implies that particles are mostly uncorrelated.
In the critical region, T" = 2, G has a broader distribution over larger distances and stays positive.
This can be explained by noticing that spin fluctuations are correlated at large distances, which
leads to an indirect correlation between particles accordingly over the same range of distances.
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Figure 11: (a) Correlation function as function of the distance |d| > 1, for p = 0.1 and L = 50.
The filled symbols for T'= 1 and T" = 2 are the corresponding values from the MC simulation. At
large distances, the correlation is always slightly negative except around the critical region 7' = 2.
(b) Susceptibility as function of temperature for several particle densities.

The numerical simulations lead to results that are in agreement with the theory, see the filled
symbols in figure 11(a) for T'= 1 and T' = 2. The amount of correlation can be quantitatively
represented in figure 11(b) where y measures the sum of residual correlation between particles.
Near the critical temperature y is maximal, and in the low temperature regime it decreases to
a non-zero limit. We can notice that y is always positive, which is due to the main positive
contribution at small distances for all the temperature range, except when T" — oo where the
residual correlations are vanishing at all distances. At high temperature, we can indeed show that
X — 0 as expected by considering the asymptotic limit of the formula (41). In this limit we have
the simple relations p ~ z/(1 + z), Zx ~ (1 + 2)?, and g ~ 1, which implies that x ~ 0. At low
temperature, or 7' < 0.5, y reaches a constant and non-zero limit, due to the fact that particles
are strongly correlated at short distances. The correlation strength is in addition higher between
next neighboring sites than in the spin critical regime, as seen in the inset of figure 11(a), for
T = 0.5 and T = 2. Conversely, these correlations decay faster at longer distances due to the lack
of spin fluctuations at low temperature.

We can try to evaluate analytically the asymptotic behavior of the correlation function (40)
at large distance, in the thermodynamical limit L — oo, and around the critical point, in order to
show that it is slightly negative. The expansion is performed in Appendix B, in the regime where
|d| = d > 1 and the temperature is close to the critical transition where m is small, and for a
small concentration of defects z < 1. We define the following quantities, see also Appendix B

oo = u(l+ 2z —u?), and By = u*z. (42)
In this regime, we can define the spin correlation length given by & = \/agp/(2|m]), and a

characteristic length L. = ag/(260&) = /ao|m|/Bo, which is proportional to L. ~ (&p)~! for
small z as fy ~ z and p ~ z®(0) with ®(0) # 0. After applying a saddle point method to (40), see
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Appendix B for details, we find that the dominant behavior of the correlation function is given by

2m? d 2 d
Gla) = -5 8o (-2 -2 2 (1) 1+ 067 (43

with the two asymptotic regimes, depending on whether d is larger or smaller than L.

22m2&, d —2
d~—>= —— ] (1 1 d L
G(d) Trald exp( 50) (1+0(& 7)), 1<d <K L,
2’m? d 2
= ot P g ) (1O 4 L <M)

The correlation function is slightly negative since m is considered as small, and proportional to
2%, or p?. This result is coherent with the data presented in figure (11) as at some distance G is
negative outside the critical regime where G is always positive and displays power law behavior as
all defects are correlated at long distances. Defects tend therefore to cluster and make the residual
correlation function negative above some typical distance that depends on the temperature. We
can notice that (44) displays a crossover behavior between two regimes where the correlation
function, apart from the exponential decay, presents corrections in d~2 when d > L., and in d*
at shorter distances. The presence of two lengths &, and L. is characteristic of a system where
the spin medium has its own dynamics and correlations characterized by &y, while L. is associated
with the mediated spin correlations between defects and which should depends on &, as well as

the concentration p.

6. Conclusion

We have quantified the strength of the attractive correlations between diffusive defects in a
magnetic medium, which are mediated by spin fluctuations that induce a crystallization of the
defects at low temperature, namely a phenomenon of particle clustering in the low temperature
region with weak spin fluctuations. We have used a fermionization technique of the action based on
Grassmann variables which leads to an exact expression with non-local quartic contributions, and
corrections are expected to be relatively small at small concentration of particles. Strong deviations
are however observed when the defect concentration is large. The fermionization technique using
the Grassmann algebra is intrinsic to the Ising model and the correspondence between pairs of
Grassmann variables and particle density, such that n, ~ za.a,, leads to a simple representation of
the thermodynamical quantities of the defects. We found in the MC simulations that the specific
heat presents two peaks, one corresponding to the usual spin critical transition with a reduced
temperature, and the other peak, around 7" = 0.5, seems to correspond to the condensation
of defects when the spin fluctuations are strongly reduced, at least for a system with periodic
conditions. However we found that this phenomenon is not present in the fermionic theory, and is
replaced by a macroscopic entropy at low temperature, which is nonetheless lower than the entropy
for the arrangement of independent hard core particles on a square lattice. This discrepancy needs
to be addressed in a future study. The correlation function between defects presents short range
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attraction, as expected, and anticorrelation at larger distances. This is supported by the MC
simulations and by an asymptotic study of these correlations. Moreover, the susceptibility shows
that the critical regime, for which long-range spin correlations are dominant, contributes the most
to the dynamics of the defects.
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Appendix A. Corrections including the quartic terms

The Grassmannian action .#sp for the Ising model in presence of particles is defined by equation
(15), and we have made the approximation that only quadratic terms are dominant for the
evaluation of the thermodynamical quantities, see equation (14). If we take into account the
quartic terms that appears as factors of the activity z, we have the following action instead

Sop = S5+ 2 Z apape r = So+ 2 Z ey — 2U° Z Ay Oy —x Oy Oy —y;
:Ys+z2ardr+%nt. (A.1)

The quartic terms in .%;,,; can rewritten in the Fourier space, using as before the transformations
ap = L7157 axe™ T and @, = L7 Y7, age kT

7i(k2)z+’i(k4

1
2 2 : _
t%nt = — kU N ak1a/k2ak3ak4e )y6k1+k27k37k470
k;

1
2 _ _
= T U N E :aklak2a’k3ak4Vk27k46k1+k2*k3*k4,07 (A2)
i

where the Grassmannian potential V' is defined by
Vi, = ekl (A3

In the manuscript, we have renamed for convenience the momenta k, — —k, and therefore we
will consider

Viwses = ik (A4)

We would like to approximate the quartic term as the product of a quadratic operator and a scalar
which corresponds to some thermal average, and obtain self-consistent equations by neglecting
higher order fluctuations [21]. The aim is to estimate the contribution magnitude of the quadratic
terms in the thermodynamics quantities. There are three different possibilities to contract a pair
of Grassmann variables in the quartic term, where k; can be contracted with ks, k3, or ky. We

define

iy Uy = (@i, Uiy ) + (g A, — (e Ay )) = (A Aey) + oy ey (A.5)
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where 9, is the fluctuation of the pair ay,ax,. We can expand the quartic term, using the

ax, Ok,
three possible contractions, as
o 1 o
Ak, Aky Ak3Aky = g ((akl a’k2> + 6ak1ak2)<<ak3ak4> + 5ﬁk3ak4)
- (<ak1 ak3> + 5ak1 ﬁks)(<ak2ak4> + 5ak2flk4)
+ (<ak1ak4> + 5ak1 ak4)(<ak26’k3> + 5ak2?lk3) : (A6)
If we neglect the terms in 6%, we obtain
1
A, Ay Qe Ay = g - <ak1 ak2><dk3ak4> + <ak1ak3><ak2dk4> - <akzdk3><akldk4>

+<ak1 ak2>ak3ak4 + <C_”ksak4>ak1ak2 - <ak1 ak3>ak2ak4 - <ak2ak4>a’k1 (kg
+<ak1dk4>ak2dk3 + <ak2dk3>ak1ak4 : (A7)
The only nonzero correlators are (ayay), (axa_y) and (axa_y), since these are the only possibilities
in 5. The sum over momenta gives therefore, after grouping the terms (ayay, axa_x, Gxa_x)
2u? 1 o _ _
Tﬁ [ - <aka7k><ak/a7k’>vfk,7k’ + <akak><ak'ak'>(vk/,k' - Vk,k/)
kK’

Lyént:_

+(awa_w)axa_xVow —x + (awa_w)axa_x Vox —x + (awax yaxax(—Vix — View + Vix + Viex) |-

The last step is to restrict the double sum to half the Brillouin zone, see figure 2, and keep the

quadratic terms corresponding to (ayxax, G_xa_k, k0 _x, Gx0_k)

2u? 1 !
3 N o

+ <ak@k>{<ak/@k'>(Vk/,k' — Vikw) + {awa ) (Vo 1 — Vk,—k')}

+ <a—kd—k>{<akfdk'>(ka,k' —Vokw) + (a-wa_w) (Vo —x — V—k,—k/)H (A.8)

it = — [— (aa_y) (a1 )(Vox - — Vi — Voxw + Vi)

2u? 1 ! _
By [aka—k<ak’a—k’>(v—k,—k' — Vi — Vo + Viw)

1K/
+ axa—yx{awa—w) (Vo —x — Vi, .k — Vo x + Vie k)

+ akdk{ (awaw)(—Vix — Viex + Vi + Vie x)
+ <a,k/d,k/>(—Vk,k — ka’,fk/ + Vk,*k/ —+ ka’,k)}
+ afkafk{ (awaw)(—Vokx — View + Vo + Vie—x)

+ <(l_k/C_L_k/>(—V_k’_k - V_k/’_k/ + V—k,—k’ + V_k/’_k)}] . (Ag)
This yields, after replacing the Vi s by their value

2u? 1 ! . ) , o
it = — [4 sin(k,) sin(k’ ) {(axa 1) (dwd_)
3 N y
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+6ik’y (eik; . eikx ) <akdk> <ak'@k’>
+(ethe — o7 o) (e — k) (agan) (a1
e Mu(em e — ) (q g a ) (awidw)
2u? 1 ' _ - (! G i in(k;
L2 |:4aka_k<ak’a—k’> sin(k,) sin(k},) + 4axa_x(awa 1) sin(k,) sin(k;, )
Kk’

+ak&k{(ak/dk/)(eikz _ eik;)(eikzy N ezk;) + <az_k/d_k/>(eikz _ e—ik;)(eikzy N e—ik;)}

+a,k&,k{(ak/dk/>(e’ik1 _ eikg)(efiky . ezké) + (a,k/&,k/>(e”'k” _ e*ikg)(efiky _ efzk;)}]

Let define the following averages, all real quantities
20—’ 20—’

g =+ 2 (aka_x) sin(ky), a, = N a (axa ) sin(k,), (A.10)
and

1 ’
By = N (axay) + (a—xa_y),

1 _ ik — ik
By = N (axax)e™ + (a_xa_x)e "™,

- . -
b= L5 e + oo

Kk

1 ' oL o

fo = NZ (aran)e™ ™ 4 (agay)e * . (A.11)

Kk
The modified action for the quartic term is then equal to

2
U
%nt = _?N<axay + 505@ - ﬁmﬁy)

2 /
+ % [ — 2isin(k, )opara_i + 2i sin(ky oy i (A.12)
k

+ akak{ﬁzyeik1+iky . Bzeikz o 6yeiky + 60}

+ a—ka—k{ﬁzye_ikx_iky - ﬁxe_ikm - 63;6_“% + 50}]

2u?

= _?N<axay + Bofay — 5$By>

2 /
+ % [ — 2isin(k,)ogaxa_x + 2isin(ky )y, axa_x + hxaxax + hxa_xa_x|. (A.13)

with
hx = 5a:yeikz+iky - 5aseikz - 5yeiky + Po,

Bk =h_y= ﬁxye_ik”_iky - 6x€_ikz - Bye_iky + Bo. (A14)
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Therefore we can write the total action containing the Ising part and interacting part with particles

as

2
ySP = _%N(O@vay + 505@ - Bmﬁy>

! ZU2 _ _ ZU2 _ _
+ Z [(z + 9k + Thk)akak + (z 4 gk + Thk)a,ka,k
k

— 2iusin(k,)(1 4+ %ax)aka_k + 2iusin(k,) (1 + %ay)dkd_k . (A.15)

The single terms z in the coefficients of axax and a_xa_x come from z ) a,a, in equation (A.1)
and which can be decomposed as 2, (axax +a_xa_x). We can therefore write the total partition
function in the Grand Canonical Ensemble as

ZSP = 2N COSh(ﬁJ)ZNH /dakdakddkdak exp(ygp) <A16)
Kk
= 2% cosh(BJ)*N exp [—quN/B <ozxozy + BoBuy — ﬁxﬁyﬂ
’ 2 2
xE[ [(z + gt %hk)(z ¥ gt %ﬁk) — 4u?sin(k,) sin(k,)(1 + Z—;ax)(l + Z—;ay)].
In the following, we will set
2 2
Zi= (2 + g+ %hk)(z + Gk + %m — 4w sin(k,) sin(k,) (1 + %%)u + %o@, (A.17)
such that Zgp is proportional to Hk/Zk. The different averages can be performed after integration
4 "1
a, = _N“ k 7 sin(hs)sin(k,)(1+ %%),
dux—="1 . ) 2U
ay === 7 sin(k,) sin(k,)(1 + ?ay), (A.18)
and
2 "1 2u?
ﬁxy = NRG; Z—k(Z + gk + Thk),
2 "1 L
B NRQ; Z_k(z + gk + ?hk)e ;
2 "1 2u? —
By NRG; Z—k(Z + gk + Thk)e k”,
2 "1 2u? "
_~ il i —ike—iky Al
Bo NRGE Zk(z okt 3 hi)e (A.19)

From equation (A.18), by space invariance in both directions, we have a, = «, as a solution.
Therefore we are left with real five quantities to compute self-consistently: (o, So, Bz, By, Bay)-
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Function ®(z) is then defined by ®(z) = 0, log(Zsp), 0
2

i <axay + 505&:3} - ﬁxﬁy)} + %%ZI log Zk <A20>
k

MZ):Q[_ 3

0z

If we neglect the quartic term, we recover instead the original function

d(z) = %%Z/ log [(z + gi) (2 + gi) — 4u®sin(k,) sin(/fy)]

I 22 + gk + 9k
= — ) A.21
NZ (2 + gx) (2 + gx) — 4u?sin(k,) sin(k,) ( )

Appendix B. Two-point correlation functions and their asymptotic behavior

We consider in this appendix the expression given by (40), and try to obtain some analytical limit
when the concentration is low, or z < 1, and the distance |d| large. We begin to rewrite the
Boltzmann weight Zy as

Zi=(1+2)2+u*2+u?) — 2u(l + 2z — u*)(cos(k,) + cos(k,)) — 2uz cos(k, + k,)
= m? + 2a0(2 — cos(k,) — cos(ky,)) + 2B8o(1 — cos(k, + k), (B.1)

where
m? = (v’ +2u—1-2)% ag=u(l+ 2z —u?), and By = u’z. (B.2)

In order to simplify the expression (40), we would like to take the limit L — oo and replace the
momenta k, and &, by their continuous counterparts, while keeping d, and d, as integers with
d # 0. We will need to introduce the following quantities

dk ezekz +i€'kytio(kzdo+kydy)
/ 0 Zx ’

(B.3)

where 0 = £1, and ¢, ¢ take the values 1, —1, or 0. It is clear that I%, = I~7 ... The correlation
function (40) can be expressed using these functions, and we find

G(d) —2u (]110 + [_10 11_01 - Ill()) (151 + I(;}l - ]571 - IO_ll)
—2 [(1 + Z)([&o + ]00 ) — ([110 +17 10+ [51 + [0111) - UQ([lll + [:1171)}
X [(1 + Z)(Iéo + I&JI) - u<[10 + [ilo + [01 + [(%—1) - UQ(Iﬂl + [il—l)] . (B.4)

In this expression, only the real part of 17, is needed, as each term is added to its conjugate. To
evaluate 17, it is useful to separate the variables k, and k,, using the following transformation

Ige’(d) _ / d)\e—)\ 2+4a0+250)/ / dky zskz—‘rze'k +io(kzdz+kydy)
0

X exp [20&0)\(008(]%) + cos(ky)) + 2BpA cos(ky + ky)} : (B.5)
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We can then use the series representation of the cosine exponentials in terms of modified Bessel
functions, in order to integrate over the momenta separately

[‘7 (d) = / d\e —A(m2+4ao+2ﬁo)/ / dky piekatic'kytio(kedet+kydy)

X3 T(2000) Ly (200A) Ly (2B X e he onburtin (hath), (B.6)
n n n'/
where the three indices run over the positive and negative integers. After integrating over the
momenta, we obtain the real part as the following series

1 [ 2
Re (Ige/(d)) = 5/0 d)\ef)‘(m +dao+26o) Z [n+e+odz (2a0)\>In+e’+Udy(2050)\)In<2/80)\)~ (B7>

This expression is exact in the limit L — oo. To simplify the problem, we will consider the small
concentration limit, where z < 1. Since G(d) in (B.4) is proportional to 2%, we can take the term
n = 0 in the previous expression since I,,(25oA) ~ (Bo\)™ /(1 4 |n|) for small argument and only
the term n = 0 is non negligible. We then have the approximation

1 o0
Re (I%(d)) = 5 /0 dre MM HAa0t200) [ (9000 Ly pa, (2000) T(2600). (B.8)

We would like to take the asymptotic limit of the previous, when |d| is large, in order to check
in particular the sign of the correlation function at large distances. We can use the following
asymptotic expansion of the modified Bessel function for large order [22]

<z):m+1og(

1 edn(2)
Vamd (L+ 27"

Then (B.8) can be rewritten as

z
1+\/1+22)'

(m2+4ao+280)+din(2a0)/d1)+dzn(2a0 1/ dz)
I7,(d
Re ( ee( )) 47.‘_@/ ]_—|— 204(]/\/d1> )1/4(]_ + (20{0A/d2) )1/4

where dy = |d, + eo| and dy = |d, + € o|. We can then use the saddle point approximation to the

Io(260A),  (B.10)

previous integral, in the limit where d; and dy are large. We define the following ratio r = d; /ds,
and perform a change of variable v = 2ap\/d; such that

o0 —2d1v(mo®+Po/(2a0))+din(v)+din(rv)/r d
Re (1) ~ Y [ NN (B.11)
8may Jo (1 + v2)VA(1 + r2p2)l/4 ap
where
2
mo? = 4%0 Y (B.12)

The integral is well defined if mg? > 1. Since d; is large, we can a priori expand the Bessel function
Iy(z) ~ €*/v/27z, and simplify the previous expression

\/F 00 €—2d1vm02+d1n(v)—i—dln(rv)/r

Re (12,(d)) ~ d .
e( ee( )) 4(27T)3/2\/m o Uﬁ(1+v2)1/4(1+r202)1/4

(B.13)
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This expression should be valid if the distance d; is larger than some characteristic length related

~1/2 o 2712 for z small) and a typical length defined by the saddle

to the inter-particle distance (p
point solution v*, which, from the argument of the exponential, is homogeneous to a length, as
the product djv*z or div*p should be dimensionless. Here a typical length would be (v*p)~L.
This translates into saying that d; > ag(v*f)~" in the argument of I, above in equation (B.11).
Otherwise, we should treat the product e v#f/a0 [y (vd,fBy/ag) as a regular function when we
apply the saddle point method to the exponential argument which is proportional to d;. In this
case we should consider instead
o0 —2d1vmo2+din(v)+din(re)/r d
Re (17, () ~ Y [T e—vtsofan p (VD1B0) (B.14)
8rag J (1 + v2)VA(1 + r2o2)l/4 ap
and consider the extrema v* of the following function
d(v) = —2vmg? +n(v) + n(rv)/r. (B.15)
Using 7/ (v) = V1 +v2/v, and n"(v) = —v™2/v/1 + v2, the saddle point solution of ¢'(v) = 0 is
equal to the positive value
. 1 \/(1 +1r2)mo? + /(1 + r2)2 + 4r2(mot — 1)
v 2rmg? vmoet —1 '
The second derivative is always negative, and we can perform a Gaussian integration after
expanding ¢(v) =~ ¢(v*) + 3(v — v*)%¢”(v*) up to the second order. We obtain
VT e o) emvidibo/eo [y (v*dy By /o)

dagr/—2md ¢ (v*) (1 + V)41 4 r2p*2)1/4

Near the critical temperature where m = 0 or mg = 1, we can approximate the saddle solution
(B.16) by

(B.16)

Re (12,(d)) ~ (B.17)

I e Y

o 4ymy—1 r
where we define & as the correlation length. 1In this limit we can show that ¢(v*) =~
—(26) VI +r2/r, ¢"(v*) ~ —16V2(r/vV1+12)(mg — 1)*? = —(2&)7%r/v/1+ 12, and after

some algebra, assuming that v* is large compared to unity

50 ( dea o dea o ) (deo eo )
Re (17,(d)) ~ — Y50 oy (= Zeode _ Ceoda ) p o Qoo ) B.19
( ee( )) 4@0\/@ Xp 250 L. 0 L. ( )

where dey g = \/(dy + €0)2 + (dy + €0)% =~ d+0(ed, +€dy) /d, with d = |d|, and L. = ap/(260&)
a characteristic length depending on the activity z and spin correlation length &,. There are two

% (B.18)

limits for (B.19), depending on whether d, ¢, is larger or smaller than L.
\/5 < dea,e’a
4O‘O \V4 7T-dea,e’a 2&)
dea o
’ > , dea,e’a > L. (B20)

1
~ ex —
81 \% aO/BOdEO',€/O' P ( 250

Re (I&(d)) ~

> ) dea,e’cf < LC7

Re (I%(d))
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We can therefore write in general, after expanding d., ., with d and discarding the terms in 1/d

d, +€d
Re (1%,(d)) ~ I(d) exp (—0622_#) : (B.21)
with
o Vo <_i)
) = Ve P g, ) < e
1 d

We can therefore deduce the form of the correlation function G(d) at long distance, by replacing
1%, in (B.4) by their value above, and expand up to second order in &; !

d, +d,

2
G(d) ~ —42°1(d)* |m* — L2 1+2z—u+zu ( 7 ) + 05| . (B.23)
0

4
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