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This paper discusses the development and implementation of a digital game with a focus on the multiple representations it allows learners to interact with. A case study approach was adopted to examine two third-grade students' mathematical practices as they played the game in which they needed to help an alien farmer called Gleeb to solve subtraction word problems. There are five levels to this game with all levels requiring working with three different representations: a game board, a bar model, and a number sentence. Students first represent problem situations using these multiple representations and then solve the initial problem. As the participating students progressed through the game, they engaged in important mathematical practices about subtraction and multiplication. They also successfully related the quantities involved in subtraction word problems to each other.

Introduction and theoretical framework

Representations have a key role in students' meaning-making processes in mathematical activities and thus have long been studied extensively by mathematics educators [START_REF] Bruner | Toward a theory of instruction[END_REF][START_REF] Font | An onto-semiotic approach to representations in mathematics education[END_REF][START_REF] Pape | The role of representation(s) in developing mathematical understanding[END_REF][START_REF] Radford | On the role of representations and artefacts in knowing and learning[END_REF]. Students' use of representations provides educators with important information regarding what and how mathematical understandings, connections, and transformations are constructed by the learners [START_REF] Font | An onto-semiotic approach to representations in mathematics education[END_REF][START_REF] Radford | On the role of representations and artefacts in knowing and learning[END_REF]. Students' engagement in exploring mathematical concepts using multiple representations enhances their conceptual learning and improves problem-solving skills [START_REF] Porzio | Effects of differing emphases in the use of multiple representations and technology on students' understanding of calculus concepts[END_REF]. Nevertheless, it is challenging to find free digital games that integrate multiple representations of mathematical concepts for some content strands of mathematics such as numbers and operations [START_REF] Joung | Content analysis of digital mathematics games based on the NCTM content and process standards: An exploratory study[END_REF]. This paper reports on the development and implementation of a digital mathematics game with a focus on the representations it allows learners to work with. The game involves solving subtraction word problems using three different representations and was developed and implemented as part of collaborative action research [START_REF] Erbilgin | A subtraction game to scaffold primary students' word problem solving skills[END_REF].

Representations

Representations have been conceptually viewed differently by various researchers. [START_REF] Bruner | Toward a theory of instruction[END_REF] discussed three different types of representations: enactive (representing through action), iconic (representing through images), and symbolic (representing through symbols and language). According to this categorization, learners need to manipulate concrete objects before working with more abstract models. Bruner's categorization of representations would fall under the concept of external representation described by [START_REF] Pape | The role of representation(s) in developing mathematical understanding[END_REF] according to whom representations could be external (e.g., tables, equations) or internal (cognitive schemata constructed by the learner). [START_REF] Pape | The role of representation(s) in developing mathematical understanding[END_REF] emphasize that connections among different representations should be made in social contexts where students construct and co-construct mathematical meanings. Gamebased learning can provide a meaningful context for young learners to build mathematical knowledge by working with multiple representations. [START_REF] Font | An onto-semiotic approach to representations in mathematics education[END_REF] define representations using the notion of semiotic functions based on the ontosemiotic approach framework. A semiotic function is a correspondence between a signifier (expression) and a signified (content), constructed by a person or an institution (a community of practice) according to a certain rule. According to [START_REF] Font | An onto-semiotic approach to representations in mathematics education[END_REF], the idea that different representations (e.g., graphs, equations) show different meanings of the same mathematical object is naive. Rather, they argue that mathematical objects are related to each other through semiotic functions during mathematical practices. Any operation or expression used by someone to solve a mathematics problem, justify the solution, or communicate the solution to others is considered a mathematical practice. Mathematical objects are entities that emerge from mathematical practice and could be linguistic elements (words, graphs, drawings, etc.), situations (tasks, problems), concepts, procedures, propositions, or arguments [START_REF] Godino | The onto-semiotic approach to research in mathematics education[END_REF]. An object can represent another object or can be represented by another object depending on the context. Each object/representation (the other object) pair enables learners to use different systems of practices and leads to a new meaning of the object. The more semiotic functions established between mathematical objects by the learners, the richer meanings they create [START_REF] Font | An onto-semiotic approach to representations in mathematics education[END_REF][START_REF] Radford | On the role of representations and artefacts in knowing and learning[END_REF]. This paper will examine a digital game with a focus on what mathematical practices and semiotic functions it can enable learners to establish regarding arithmetic word problems.

Arithmetic word problems

One of the main challenges that students experience when solving arithmetic word problems is understanding the problem structure and relating different quantities involved in the problem situation to each other [START_REF] Daroczy | Word problems: A review of linguistic and numerical factors contributing to their difficulty[END_REF][START_REF] Mason | Structuring structural awareness: A commentary on chapter 13[END_REF]. Students who can represent the structure in arithmetic word problems tend to solve the problem correctly [START_REF] Carpenter | Representation of addition and subtraction word problems[END_REF]. It is also important for students to build connections between different representations of the problem situation, in other words, create multiple semiotic functions about the problem. The related literature [START_REF] Carey | Number sentences: Linking addition and subtraction word problems and symbols[END_REF][START_REF] Kaur | The why, what and how of the 'Model' method: A tool for representing and visualising relationships when solving whole number arithmetic word problems[END_REF] highlights several representations used by students in solving arithmetic word problems: concrete models (e.g., unit cubes), drawings, number lines, and number equations (e.g., 40-? = 34). The game examined in this paper engages students in working with multiple representations to scaffold their subtraction word problem-solving skills. The game is named Subtraction with Gleeb.

Subtraction with Gleeb game

Students are given a word problem (written verbal representation) at the beginning of the game (Figure 1). To make the problem situation interesting for the students, all the problems are constructed using the context of a Martian child, Gleeb. Gleeb grows blue fruits in his garden and needs help in figuring out the number of fruits as he collects them. Next in the game, students work with three types of representations to solve the given problem: a discrete visual model (game board), a bar model, and a number sentence. These representations are ordered from concrete to more abstract in line with the related literature [START_REF] Bruner | Toward a theory of instruction[END_REF][START_REF] Kaur | The why, what and how of the 'Model' method: A tool for representing and visualising relationships when solving whole number arithmetic word problems[END_REF][START_REF] Pape | The role of representation(s) in developing mathematical understanding[END_REF]. We consider the game board as an integrated-concrete representation [START_REF] Sarama | Physical and virtual manipulatives: What is "concrete[END_REF] because it allows students to make meaningful connections to the problem situation and notice the structure of the problem. Students can collect/replace fruits by clicking on the game board one by one. Alternatively, they can use the arrows on the sides to collect/replace the fruits for the whole row or column. Students check their answers and receive verbal feedback before moving to the next representation, the bar model. The bar model is a more abstract representation as there is no context anymore and number symbols are used only. It helps students to relate the quantities involved in a problem situation to each other [START_REF] Osman | Enhancing students' mathematical problem-solving skills through bar model visualisation technique[END_REF]. It has three sections; the top part shows the start number (whole) while the left bottom part is for the change amount (part), and the right bottom is for the result (part). Next, students write a number sentence for the problem situation. Working with number sentences in arithmetic word problems is important for students to make sense of the mathematical symbols and to deepen their understanding of the structure of the problem [START_REF] Carey | Number sentences: Linking addition and subtraction word problems and symbols[END_REF]. Finally, students enter the answer for the problem. The procedures followed in each representation of the game are analogous to each other to help students make meaningful connections [START_REF] Pape | The role of representation(s) in developing mathematical understanding[END_REF]. For example, the number sentence is rewriting the situation in the bar model using mathematical symbols of subtraction and equal sign. However, this transformation would allow students to form a semiotic function between the visual model and the number sentence and enrich the configuration of objects established between the situation (problem) and linguistic and visual elements (game board and bar model).

The game has five levels with six rounds at each level. Table 1 presents the description of each level. Once students complete each level successfully, their reward is an interesting picture such as a cartoon character. At each round of a level, a section of the picture is revealed, with the full picture shown at the end of round 6. Also, students earn points as they work with each representation. If they complete each step correctly on the first try, they earn 4 points at each round, making 24 points for one level. Level 1 includes problems with an unknown result. The change is randomly determined by the program between 1 and 15. The start is 60 for all questions.

Level 2 includes problems with an unknown result. The change is randomly determined by the program between 20 and 40. The start is 60 for all questions.

Level 3 involves problems with an unknown change. The result is randomly determined by the program between 45 and 60. The start is 60 for all questions.

Level 4 involves problems with an unknown change. The result is randomly determined by the program between 20 and 45. The start is 60 for all questions.

Level 5 includes problems with an unknown start. Both the change and result are randomly selected between 20 and 30.

The game was implemented as part of a 5-day unit plan in two different second-grade classrooms in Turkiye and China by the authors. The game supported students' performance in using multiple representations and solving subtraction word problems [START_REF] Erbilgin | A subtraction game to scaffold primary students' word problem solving skills[END_REF]. The first author also used the game with two students to investigate their emerging mathematical practices and knowledge closely. This paper focuses on this small-group implementation. The research question is as follows: What mathematical practices emerge as two students work with multiple representations within the Subtraction with Gleeb game?

Methods

The case study approach within the qualitative research paradigm was followed in this study. The case study approach is suitable when researchers investigate the processes involved in a bounded system [START_REF] Merriam | Qualitative research and case study applications in education[END_REF]. The current study aimed to explore how two students used different representations as they played the Subtraction with Gleeb game and what mathematical practices emerged from their interaction with multiple representations. Two students, Ali and Rana (pseudonyms) formed the case of the study. They were both eight years old and were at the beginning of third grade at the time of the study. Both students attended the same class at a private school in Turkiye. Their class teacher reported that Ali and Rana were average-performing students in mathematics.

Rana and Ali had participated the levels 1 and 2 of the game in their class when they were in the second grade. The first author worked with these two students for levels 3, 4, and 5. The session took about 1.5 hours and was audio recorded. The audio recording was analysed with a focus on students' interaction with the representations involved in the game. Specifically, the mathematical practices students engaged in as a result of playing the game were explored from the lens of the onto-semiotic approach [START_REF] Font | An onto-semiotic approach to representations in mathematics education[END_REF]. The students spoke Turkish during the session. The conversations were later translated into English for data analysis.

Findings

Even though the students had interacted with the game in their regular mathematics class in the previous year, as it was a long time ago, the researcher introduced the basic features of the game to the students at the beginning of the session. Then, one of the students, Rana, read the problem aloud. The researcher asked questions to help the students understand the problem situation:

Researcher: What is the problem about? Rana:

Gleeb is Martian, and he has lots of blue fruits in his garden. He collected some of these fruits and now has 58 left. Researcher: Yes, there are 58 fruits left in the garden. What is it asking you to figure out? Rana:

The number of fruits he collected. Researcher: (pointing to the game board) This is Gleeb's garden. Before finding the answer, first, we are going to show the problem situation using different tools, starting with the garden. How many fruits are there in the garden? Rana:

Are we going to count? Researcher: Up to you. Rana:

Can I count by two? Five? Ali:

Wait, I found it. If we find the number in each row or column, I can count by that number.

The students counted that there are 6 fruits in one column and 10 fruits in one row. They decided to count by 10 as "It is easier." (Rana) and found that there are 60 fruits in the garden at the beginning. Next, they showed the problem situation using the bar model and number sentence (60 -? =58). Finally, they figured out the answer as 2 and explained: "60 minus 2 is 58" (Ali).

The students completed 12 questions in total at Levels 3 and 4 in a similar manner. Even though the game requires students to move from integrated-concrete to more abstract representations, upon the researcher's questions, students flexibly moved between different representations. For example, to represent the problem situation "…He collected some fruits. Now there are 34 fruits in his garden. How many blue fruits did Gleeb collect?", the students formed the game board given in Figure 2, forming a semiotic function between the situation and the game board. The game board signifies the situation. As students worked with the bar model and the number sentence, they continued to form semiotic functions (game board/bar model and bar model/number sentence). To find the number of collected fruits in Figure 2, they took away 34 from 60 (Rana's method: 60-30=30, 30-4=26). When the researcher asked how they could check their answer, they referred back to the game board and counted the brown blocks using different skip counting methods: counting by 3 and then adding 2 (8x3+2), counting by 9 and adding 8 (2x9+8), and counting by 8 and adding 2 (3x8+2). Students typically checked their answers using the game board. Being a more concrete representation of the situation, the game board provided a justification tool to the students. Its interactive feature allowed students to try and test different arrangements of the fruits. A similar trial and test process would be cumbersome with paper and pencil. Moreover, the rectangular array design of the game board allowed students to use skip counting and multiplication skills in figuring out the answers. In other words, the semiotic functions formed between the other representations and the game board opened opportunities for mathematical practices related to multiplication and skip counting. Another strategy that could be partly promoted by the game board as each of its rows included 10 fruits was partitioning numbers using 10 or multiples of 10. For example, to show that there are 29 fruits in the garden, Ali clicked on three rows (30) and then clicked on 1 block to replace 1 fruit back, representing 29 as 30-1. They used a similar strategy to figure out some of the answers. For example, for a problem situation in which there are 25 fruits left in the garden, Ali reasoned as follows:

Ali: This is easy, 35. Researcher: How did you do that? Ali: 60 minus 20 is 40, and then 40 minus 5 is 35.

In Levels 3 and 4, the students figured out the answer by subtracting the number of fruits left over from the total number of fruits, 60. When the researcher asked how they figured out the answer, they typically said that they needed to do the subtraction. In Level 5, the start was unknown, so they added the number of collected fruit with the number of the remaining fruit. This (pointing to the top part of the bar model) is the total number of fruits in the garden, this (pointing to the left bottom part of the bar model) is how many we collect, and this (pointing to the right bottom part of the bar model) is how many are left in the garden.

To explain the relationship between the quantities involved in the problem, Rana used an example, however, this example seems to be a generic object that signifies the general relationship as she continues the example without specific numbers. She first related the bar model to the number sentence (minuend, subtrahend, and difference) and then later she was able to relate the numbers in the bar model to the quantities involved in the problem situation. Ali generalized the relationship between the quantities by referring to any number using the words "this number". The deictic word "this" signifies the position of the number on the bar model while his use of "this number" refers to any number in that position. Both students were aware of the relationship between the bar model and the problem situation. Overall, they seemed to form a knowledge configuration about the numbers involved in the subtraction situation presented in the problem by using multiple representations.

The students frequently checked their total scores, indicating that earning scores is a motivation for them. They were also very curious to unlock the pictures given at the levels. Adding these types of rewards as a game feature seemed to motivate the students to continue to play the game.

Discussion and conclusion

Before developing the game used in the current study, we looked for a conceptual game that we could use to support our students' arithmetic word problem-solving skills. We designed this game as we could not find any such digital free game. Many of the games that are available on free websites are procedural and do not integrate multiple representations. Subtraction with Gleeb game has several original features compared to other games available online. First, it involves written verbal, visual, and symbolic representations ordered from integrated-concrete to more abstract. Students manipulate the existing representations to make sense of the problems and solve them. Second, it encourages students to represent the problem situation before finding the answer. Third, the students can represent the problem situation using an interactive game board and test different solution methods easily. The findings from the case study reveal that the students were able to work flexibly with different representations involved in the game, forming semiotic functions. They were able to explain how different representations relate to each other. They also were able to make sense of each representation, such as explaining how the numbers in the bar model relate to each other. Playing the game using these multiple representations seemed to help the students engage in important mathematics practices including skip counting, doing basic multiplication facts, partitioning numbers, explaining the relationships between different representations, and relating the quantities involved in a word problem to each other. These practices are important to scaffold students' problem-solving skills in subtraction situations [START_REF] Carpenter | Representation of addition and subtraction word problems[END_REF][START_REF] Daroczy | Word problems: A review of linguistic and numerical factors contributing to their difficulty[END_REF].

Although the game supported students' problem-solving skills, it has room for improvement. The feedback from the conference participants will be used to enhance the game. For example, in all levels except Level 5, the start number is limited to 60. In future versions, the questions might include different start numbers. Students might create the game board using this number, allowing different sizes of rectangles. In addition, the current design of the representations is more appropriate for the take away subtraction problems. The game does not ask any comparison questions. Moreover, the game is limited to the subtraction operation. Future versions can include more types of arithmetic word problems.

Figure 1 :

 1 Figure 1: The representations used in subtraction with the Gleeb game

Figure 2 :

 2 Figure 2: The game board representing a Level 4 problem

Table 1 : The description of the game's levels
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	Level 1
	Level 2
	Level 3
	Level 4
	Level 5

  The researcher wanted to understand if the students made sense of these operations in relation to the problem context and if they made sense of the bar model as it was not typically used in their school learning resources:

	Researcher: Let's discuss how the numbers on the bar model relate to each other. What does
		each part represent?
	Rana:	Minuend, subtrahend, and difference.
	Researcher: Okay, how do they relate to each other?
	Rana:	For example, 27 subtracted from this number (pointing to the top part of the bar
		model) is 22. And if we add the two numbers (pointing to the bottom parts), we get
		this number here (pointing to the top part).
	Ali:	Or if we subtract this number (subtrahend) from this number (minuend), we get this
		number (difference). Or if we subtract this number (difference) from this number
		(minuend), we get this number (subtrahend). It works both ways.
		…(further similar elaboration was done by the students)
	Researcher: Can you relate these numbers (on the bar model) to the problem situation, I mean
		Gleeb's garden and the fruits?
	Rana:	
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