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Problem solving is an endorsed but still rare activity in school mathematics instruction. The current study explores the assumption that research-practice partnerships conducted in a co-learning agreement mode can support implementation of problem solving in middle school. Within a colearning agreement, three researchers developed a questionnaire aimed at characterizing students' struggle with mathematical problems, and four teachers administered the questionnaire to their students after conducting problem-solving lessons. Both parties attended to the student responses in the hope to learn something useful. A protocol of the data-analysis session by the researchers and semi-structured interviews with three teachers were analysed to reveal what exactly each party could infer from the same data. Essential differences were found. However, the researcher and the teacher learning seemed to be mutually enriching, which is important from the implementation perspective.

Introduction

This paper is part of a series of reports based on a long-term study on systematic implementation of problem solving (PS) as a desirable innovation in regular mathematics classrooms. In the previous reports, we proposed that the complexity of PS implementation can usefully be tackled by means of a theoretical-organizational framework entitled Problem-Solving Implementation Chain (Cooper & Koichu, 2022;[START_REF] Koichu | Implementation of problem solving in school: from intended to experienced[END_REF]. The chain consists of the following links: (i) PS as intended by those specialists who design and propose PS resources (e.g., mathematics education researchers, task designers), (ii) PS as planned by teachers who interact with the proponents or with the resources, (iii) PS as enacted by the teachers in their classrooms, and (iv) PS as experienced by students.

The framework relies on two assumptions. First, PS resources can attain different characteristics at each link of the chain or, metaphorically speaking, evolve. Second, since the evolution occurs in interaction of different stakeholders (e.g., researchers, task designers, professional development facilitators, teachers, and students), study of these interactions can (partially) explain the evolution and shed light on several long-standing queries, such as: Why PS is still a rare activity in a regular mathematics classroom [START_REF] Schoenfeld | Why are learning and teaching mathematics so difficult?[END_REF]; why instructional materials intended to provide students with opportunities for PS are frequently experienced as drill and practice (Felmer et al., 2019); how PS can be taught [START_REF] Lester | Can mathematical problem solving be taught? Preliminary answers from 30 years of research[END_REF]; how evidence of enactment of PS resources with students can be used by the resource-enactors and the resource-proponents [START_REF] Koichu | Implementation of problem solving in school: from intended to experienced[END_REF].

Our current study is related to the last query, and, accordingly, focuses on the fourth link of the implementation chain and its relation to the rest of the links. In addition, our study is deeply rooted in a perspective on educational research as a co-learning agreement between researchers and practitioners [START_REF] Wagner | The unavoidable intervention of educational research: A framework for reconsidering researcher-practitioner cooperation[END_REF]. To recall, this perspective aspires to create opportunities for co-learning by reducing asymmetry between educational researchers and practitioners, recognizing their different types of expertise and agendas as equally and mutually important. As Wagner states, By working together, each [researchers and practitioners] might learn something more about the world of the other. Of equal importance, however, each may learn something more about his or her own world and its connection to institutions of schooling. (Wagner, 1997, p. 16) Co-learning agreements that involve joint collecting and analysing data on teaching and learning mathematics have been shown (e.g., by [START_REF] Pinto | Implementation of mathematics education research as crossing the boundary between disciplined inquiry and teacher inquiry[END_REF] to be promising for implementation research on innovations [START_REF] Century | Implementation research: Finding common ground on what, how, why, where, and who[END_REF], in our case, on implementation of PS in regular classrooms. In these terms, our study addresses the following question: What can mathematics education researchers and mathematics teachers, who cooperate within a co-learning agreement, infer from shared research data on students' PS experiences? For practical considerations and with an eye on scaling up, we focus on a single data source, namely, a questionnaire on students' experienced PS which is designed to be administered immediately after a PS lesson.

Theoretical framework and the questionnaire in question

In this section we operationalize PS as experienced, present the rationale and structure of the questionnaire and discuss its learning potential from two perspectives, of researchers and of teachers.

A researcher perspective: Focus on characteristics of student struggle

As mentioned, instructional resources intended to facilitate PS sometimes reach students in ways that facilitate drill and practice. To this end, the main conceptual distinction is between a problem and an exercise, the former referring to a task for which the solution method is not known in advance to the solver, and the latterto a task whose solution method requires recall rather than invention (e.g., [START_REF] Kilpatrick | A retrospective account of the past 25 years of research on teaching mathematical problem solving[END_REF]. Note that a mathematical task cannot be classified as problem or exercise based on its formulation only. As Kilpatrick asserted, "Researchers in mathematics education have long accepted the truth that a problem for you today may not be one for me today or for you tomorrow" (Kilpatrick, 1985, p. 3). Therefore, the solvers' subjective experiences should be considered. [START_REF] Hiebert | The effects of classroom mathematics teaching on students' learning[END_REF] use the word struggle to mean that students must expend effort to figure out something that is not immediately apparent. In our study, we treat evidence of struggle as a signal that a solver experienced a task as a problem. We operationalize struggle as a self-reported difficulty that has required from the solver effort or help to overcome, as well as a difficulty that the solver experienced but did not overcome. Such difficulties can be of different nature and be handled by different means. Capitalizing on Pólya's PS model and additional resources, [START_REF] Warshauer | Productive struggle in middle school mathematics classrooms[END_REF] developed a categorization of kinds of struggle, as follows: (1) struggle to get started (e.g., confusion about what the task is asking), (2) struggle to carry out a process (e.g., encountering an impasse), (3) struggle related to uncertainty in explaining and sense-making (e.g., difficulty in communicating the solution), (4) expressing misconceptions and errors (e.g., difficulty in finding mistakes in the solution). Based on this categorization, we developed 10 multiple-choice questions, four of which are presented in Table 1 as examples. For us, low levels of struggle (1-2) in relation to all 10 items is a signal that the task was too easy for the solver to qualify as a problem, and the intermediate or high level of struggle (3-5) in relation to at least one item means that the task was experienced as a problem, and also indicates which aspects of the task were problematic. We also wished to obtain evidence of what the students did when encountering difficulties. In line with [START_REF] Warshauer | Productive struggle in middle school mathematics classrooms[END_REF], we assumed that PS lessons are likely to include independent or small-group PS and whole-class discussions, so the questions are formatted accordingly (see the right column below). The open part of the questionnaire (see Table 2) was designed to elicit student's elaborated reflections on the lesson. It was designed with an eye on characterizing the productiveness of the student struggle. Productive struggle is associated with a positive attitude towards challenges and setbacks and with students' satisfaction with learning new mathematics [START_REF] Warshauer | Productive struggle in middle school mathematics classrooms[END_REF]. This is why the questions request students to recall significant, novel or pleasant for them moments and aspects of the PS lesson. In other words, we chose to use evidence of students' satisfaction with aspects of the lesson, if any, as indicators of whether their struggle was productive for them in some sense.

Table 2: Open questions from the questionnaire on PS as experienced 1. While working on the problem, were there any significant moments for you? If so, what was their significance? 2. Complete the following sentence: While working on the problem, I was pleased that… 3. Complete the following sentence: I would be more pleased while working on the problem if… 4. Did the whole-class discussion raise something that was new for you? If so, what was it? 5. Complete the following sentence: During the whole-class discussion, I was pleased that… 6. Complete the following sentence: I would be more pleased by the whole-class discussion if…

A teacher perspective: Focus on what was successful or could be improved

Even though struggle is a widespread term in the mathematics education professional literature (e.g., [START_REF] Hiebert | The effects of classroom mathematics teaching on students' learning[END_REF][START_REF] Warshauer | Productive struggle in middle school mathematics classrooms[END_REF], this term is hardly used in mathematics teachers' discourse on their lessons, at least not in Israel where the study was conducted. Therefore, we deemed it unlikely that mathematics teachers would find a research agenda of characterizing students' struggle particularly attuned to their interests. However, we hoped that students' responses to the questionnaire would be of interest to the teachers as artefacts beyond their usual reach, and that these artefacts would stimulate the teachers' in-depth reflection and create new learning opportunities.

To initially make sense of the learning opportunities for teachers in relation to the developed questionnaire, we rely on a teaching triad model [START_REF] Jaworski | Investigating Mathematics Teaching: A Constructivist Enquiry[END_REF][START_REF] Potari | Tackling the complexity of mathematics teaching: Using the teaching triad as a tool for reflection and analysis[END_REF]. To recall, the teaching triad consists of three domains of activity in which teachers were seen to engage when using open-ended problems in teaching: management of learning (ML); sensitivity to students (SS) and mathematical challenge (MC). In the words of Potari and Jaworski:

Management of learning describes the teacher's role in the constitution of the classroom learning environment by the teacher and students. It includes classroom groupings; planning of tasks and activity; setting of norms and so on. Sensitivity to students describes the teacher's knowledge of students and attention to their needs; the ways in which the teacher interacts with individuals and guides group interactions. Mathematical challenge describes the challenges offered to students to engender mathematical thinking and activity. (Potari & Jaworski, 2002, pp. 352-353) In our study, ML, SS and MC are used as categories in the analysis of teachers' assertions on what they learned on their PS lessons when exposed to the student responses to the questionnaire.

Method

This study was conducted as part of the Raising the Bar in Mathematics Classrooms (RBMC) R&D project. The project team consists of 10 specialists of different professional profiles. Since 2020, the team developed a bank of challenging mathematical problems. These problems have been exposed to more than 200 secondary-school mathematics teachers (teachers of grades 8-10 with 14-16-year-old students) in the projects' workshops and professional learning communities. In these workshops and communities, the problems, and their schemes of enactment (see [START_REF] Koichu | Implementation of problem solving in school: from intended to experienced[END_REF], for details and examples) are discussed, and then the teachers implement the problems in their classes. As a rule, the teachers describe the enactment orally during the workshop and in writing, by means of a semistructured reflective protocol (Cooper & Gruenhut, 2023).

The data on the teacher-perspective for the current study were collected in semi-structured interviews with three teachers, Yana, Maya, and Ella (the names are pseudonyms), who took active part in the RBMC activities and were familiar with the authors of this paper for at least a year. All three teachers hold a M.Ed. degree in mathematics education and have more than 15 years of experience in teaching mathematics. In January 2023, these teachers agreed to administer the questionnaire to their students after their PS lessons, then to read the students' responses and be individually interviewed. The interviews were conducted via Zoom and lasted for 45 minutes each. The interviews included five thematic clusters: (1) background questions (e.g., "tell us about your class"); (2) questions about the lesson (e.g., "how did you organize the class in small groups?"); (3) questions about particular students (e.g., "tell us about two students who were the first to solve the problem"; (4) questions on the lessons learned from the questionnaire (e.g., "is there something new that you learned from the closed/open part of the questionnaire?"); (5) questions on the questionnaire itself (e.g., "would you advise us to remove or add some questions?"). The interviews were recorded and transcribed. Parts of the transcripts related to the fourth cluster were categorized using thematic analysis [START_REF] Saldaña | The coding manual for qualitative researchers[END_REF]. The categorization was in terms of the teaching triad presented above.

The data on the researcher-perspective were collected from а three-hour recorded Zoom meeting of the three authors. A protocol of this meeting was used as the main data source. During the meeting, we attended to the Excel table consisting of responses to the questionnaire of 71 students, but mainly focused on the data from one class taught by Sorina. We raised suggestions about what was happening in the lesson and then tried to support or refute these conjectures by means of applying descriptive statistics to the closed part of the questionnaire or freely interpreting the open responses.

Findings

To recall, the research question was about what mathematics education researchers and mathematics teachers can infer from consideration of the questionnaire data. In this section, we provide a two-part answer to this question. Due to the space constraints, we address the first part by providing characteristic examples and the second part by presenting thematic summaries of findings.

A researcher-perspective on learning from the questionnaire

Given the goals of the questionnaire, it is not surprising that we first learned about the extent and characteristics of the students' struggle with a particular problem (see Figure 1) taught by Sorina, Yana and Maya1 . Overall, we felt that we could see quite a nuanced picture of the lessons without being there, though some of our conjectures called for additional data to be tested. Based on student-responses to Q1 (see Table 1) we learned that 11 out of 26 students who took part in Sorina's lesson had not struggled to understand the problem formulation and 15 students had. We also learned that 25 students eventually understood the problem, 16 by themselves and ninewith the help of the teacher. From Q2 we learned that most of the students (21) immediately had an initial idea of how to approach the problem once the formulation had been understood and that five students had not. However, these five students overcame the difficulty, onewith the help of a classmate, and fourof the teacher. Interestingly, there was no significant Pearson correlation between the answers to Q1 and Q2 (r=0.003, p>0.05), which means that the students could begin to solve the problem regardless of whether it was difficult or not to understand the problem formulation. This observation led us to the following conjecture: if teachers wish to preserve students' PS autonomy, assistance with understanding the problem formulation might not be a hindrance to the independent search for solution ideas. However, one would need more information to test this conjecture.

Based on Q3, we learned that 20 students felt that their initial idea was unsuccessful at least to some extent, but all 26 students figured out how to proceed, including six students who consulted peers and five who consulted the teacher. Twelve students reported, in response to Q4, that they had encountered a dead-end at some stage but 10 of them found a way out. The means of getting out of the dead-end varied, but, interestingly, the group work was less common when trying to overcome impasses, and more common in consideration of solution ideas produced by individual effort. We also learned that the Three-Square Problem was indeed a problem for all students in the class, and, as intended, its solution was surprising but within reach.

The open part of the questionnaire was informative to us mainly regarding the whole-class discussion. For example, we learned that some students wanted more room for student-presentations, somefor the teacher's presentation, which might have put things in good order, and some wanted more time for the discussion to attain both goals. Regarding the rest of the open items, we concluded that most of the students positively valued their experience, but we assessed many answers as too general.

A teacher-perspective on learning from the questionnaire

In contrast to the researchers, the teachers found the open part of the questionnaire more instructive than the closed part. Yana explained that drawing conclusions from the closed part was difficult. She said: "I think that I, and many other teachers, would consider the first part only if you [the researchers] tell us what we can learn from it". Maya indicated that the open part was more interesting because it gave her ideas for what she could have done differently and how to improve in the future. Ella noted that reading through the closed questions had been difficult, and also said that the closed part gave her a picture per student whereas the open parta picture of the entire class, which she valued. When the interviewers presented the teachers with examples of what could be concluded from the closed questions (see above), Ella and Yana reconsidered. They re-engaged in reading the quantitative data and made several observations. For example, Ella proudly said: "See? I really did not help them!" In contrast, Yana was surprised to find that several of her students credited her for help when she thought she was not helping them. Upon elaboration, it became clear that Yana made encouraging remarks (e.g., "keep trying") that the students interpreted as help and Yana did not.

We continue with brief summaries of teachers' assertions about their learning from the questionnaire in terms of three elements of the teaching triad, ML, SS and MC (see above).

In relation to ML: Yana and Maya indicated that the questionnaire made them think about time allocation in the different parts of the lessons. Yana said: "I should have known better how to divide time between the problem presentation, work in small groups and whole-class discussion." Maya discovered that time she allocated for the whole-class discussion was insufficient.

In relation to SS:

The teachers discovered some surprising aspects of their students' experiences and sometimes transformed these surprises into ideas for what they might do in the future. For example, Maya said: "I did not realize that they are so eager to discuss. I thought that [small-group and whole-class] discussions were like a competition for them, but they really wanted to learn from each other." Yana was also surprised that her students were willing to discuss but in her view, "the students competed with each other for whose explanation or solution is better." Ella learned that some of those students that she perceived as "passive" based on her in-the-field impression, were engaged in the whole-class discussion, and enjoyed it. All three teachers were surprised to see the diversity of their students' reflections on different stages of the lesson and reasoned how to personalize their teaching.

In relation to MC: Maya and Yana made comments about the difficulty and appropriateness of the Three-Square Problem for their students. Yana was encouraged by the fact that the students apparently liked the problem as "not standard and inviting discussions", whereas Maya pointed out that she identified several students for whom the problem was very challenging, more so than she had expected. Ella noticed that her prior perception of some of her students as "stronger" and "weaker" did not correspond with the students' responses on how difficult or easy the lesson had been for them.

Concluding remarks

Accumulating and analysing data on enacting an innovation with students is a cornerstone of implementation research [START_REF] Century | Implementation research: Finding common ground on what, how, why, where, and who[END_REF]. However, the question of how different stakeholders of implementation can be involved in this process along the links of the implementation chain remains open [START_REF] Koichu | Implementation of problem solving in school: from intended to experienced[END_REF]. In addition, the potential of learning from research data for teachers has been recognized decades ago (e.g., Bishop, 1977, cited in Kilpatrick, 1981) but little is known about how this learning can actually take place. These observations motivated our small-scope study, which showcases that co-learning of researchers and teachers from the shared datasets is possible and even desirable.

In our study, the researchers and the teachers chose to attend to different clusters of the data on students' experiences in problem-solving lessons, looked at the data from different angles and reached different conclusions. The researchers mainly produced conjectures about what was happening in the lessons and about phenomena related to students' struggle in individual and group work, and in turn, about characteristics of the instructional materials as intended vs. as enacted and experienced. The teachers mainly sought practical insights in relation to what could be improved in the lessons. Both parties were surprised by some of the findings as well as by some of the observations made by the other party. To this end, the researcher learning and the teacher learning seem to be complementary and mutually enriching. Needless to say, our study is only a small step in revealing the potential of co-learning agreements in implementation research, and that many measures for making such colearnings relevant, useful and productive can be thought of.
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 1 Figure 1: Three-Square Problem (adapted from https://adasha.weizmann.ac.il)

Table 1 : Sample multiple-choice questions from the questionnaire on PS as experienced

 1 

		Extent of agreement,		How did I overcome the difficulty? (denote by X all appropriate options)	
	Statement of difficulty	from 1 (fully disagree) to 5 (fully agree)	I did not	By myself	With the classmates help of the	With the help teacher's	Not relevant
	Q1. At first, it was difficult for me to						
	understand the problem formulation.						
	Q2. When I had understood the						
	problem formulation, I felt that I						
	didn't know how to begin solving it.						
	Q3. My first initial idea appeared to						
	be not really productive.						

Q4. I began solving the task and felt that I reached a dead-end.

Ella was teaching another problem, which is not presented here due to the space constraints.Three identical squares are given, and three identical right-angle triangles are placed on them, such that the vertex of the right angle is exactly on the center of the square. Arrange the figures according to the area that is common to the square and the triangle, from least to greatest. Justify your claims!
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