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Implementation research often entails two parallel goalsresearching implementation in a naturalistic setting while maintaining a commitment to the quality of the implementation. We are investigating models of research-practice partnerships to reconcile these potentially conflicting goals. Here we investigate affordances of teachers' reflective questionnaires on their implementation of Problem Solving as a tool for investigating and supporting the teachers' work. Two questions guide this work. One, led by an education researcher, aims to describe and understand the implementation process, the other, led by a teacher-educator, aims to guide and improve implementation. We show how these two perspective, each valuable in its own right, inspire and enrich each other, thus suggesting a model for research-practice partnerships around challenges of implementation.

Introduction

When it comes to implementation of educational innovations in classrooms, fidelity of implementation is a common concern. Referring to the implementation of a curriculum, [START_REF] Schoenfeld | What doesn't work: The challenge and failure of the What Works Clearinghouse to conduct meaningful reviews of studies of mathematics curricula[END_REF] suggested that "data gathering, coding, and analysis must try to indicate the character of the implementation and its fidelity to intended practice" (p. 17). This notion of fidelity takes an outsider's perspective, where the proponent of an innovation (e.g. education researcher) decides how the innovation should be implemented. Yet teachers have an insider perspective on the context in which the innovation is implemented, and possess what [START_REF] Herbst | Mathematics teaching has its own imperatives: Mathematical practice and the work of mathematics instruction[END_REF] have termed "practical rationality"a sensitivity to what is practical in practice. Hence, [START_REF] Koichu | Implementation-related research in mathematics education: The search for identity[END_REF], in their definition of implementation, speak not of adopters of an innovation, but of adapters, stressing that adaptation should not be seen as loss of fidelity, but rather as a necessary shift in agency from proponents of the innovation to its adapters. Furthermore, teachers' adaptations should "reflect back on the proponents, including evolution of the innovation, of the associated action plan and of the theories underlying their development" (ibid., p. 986). This adaptation approach should not be read as "anything goes". In fact, adaptation can alter an innovation beyond recognition. Rather, we have proposed [START_REF] Koichu | Implementation of problem solving in school: From intended to experienced[END_REF] that adaptations can be an object of study in the process of implementation: rather than merely measuring and judging fidelity of implementation, researchers can make an effort to understand the rationality of teachers' adaptations. This reflection on teachers' adaptation can deepen researchers' understanding of their own innovation and its underlying theories, and may suggest new ways of enacting the innovation that they did not previously envision.

Our current study is on the implementation of Problem Solving (PS) in middle school. While decades of educational research have highlighted the benefits of PS activity in mathematics classrooms, such activity remains rare, and thus must still be considered an innovation in most educational contexts. We have put forth the notion of problem solving implementation chain [START_REF] Koichu | Implementation of problem solving in school: From intended to experienced[END_REF] to describe junctions at which the PS activity can undergo adaptation. Education researchers may present their intended use of PS resources in professional development (PD), yet interactions among teachers and researchers will often result in planned enactments that are adaptations of the original intentions. Furthermore, the PS that is eventually enacted by teachersin interaction with studentsmay diverge from what was planned, and students' experienced PS may diverge from their teachers' intentions. We conceptualize this process through the lens of the Documentational Approach to Didactics (DAD, Trouche et al., 2020), focusing on changes in educational resources (e.g. problems) and in their scheme of enactment, which include: 1. the aims toward which they are put to use (e.g. to engage students with particular mathematical strategies or to create opportunities for productive struggle), 2. the rules of enactment (e.g. orchestrating a classroom discussion based on students' mathematical ideas), 3. operational invariants of enactment (e.g. that students should be allowed to "get stuck" before the teacher offers hints), and 4. possibilities of adaptation (e.g. what to do if some students fail to make progress).

In our current work, our focus is on the part of the implementation chain that takes place in classrooms. Namely, we explore how the planned PS is enacted by teachers and how PS experienced by students may diverge from the teachers' plans or from the proponents' intentions. To study this, we analyse teachers' structured reflective reports on enactment in their classrooms. We strongly believe that impactful research on implementation requires a partnership between teachers and researchers (see series of JRME editorials in 2017-2019, e.g. [START_REF] Cai | Reconceptualizing the roles of researchers and teachers to bring research closer to teaching[END_REF] that does not exploit teachers. Accordingly, we designed these reflective reports to also serve practical purposes, e.g. as a resource for supporting current and future PD (discussed in more detail in the following section). Here, our practical focus is on how to (re)design PD in light of teachers' reflections.

Thus, this article aims to address two related questions:

• How did teachers' implementation of PS evolve, from that planned by teachers to enacted in classrooms and experienced by students? • How can structured self-reflection on PS contribute to the (re)design of professional development?

In the following sections we present the research setting and methodology, present results for each of the research questions separately, and finally discuss the results and how the two research agendas, conducted separately by an education researcher and by a teacher educator, enriched each other.

Setting

The research reported herein took place in the context of a professional development program called RBMC (Raising the Bar in Mathematics Classrooms, see [START_REF] Cooper | In the pursuit of impact: Design and practice of three innovative professional development programs for mathematics teachers[END_REF] for a detailed description). The goal of this project is to encourage and support middle-school teachers in the implementation of PS, both as a goal in its own rightstudents should be able to apply the mathematics they have learned to solve problemsand as a means toward achieving curricular goals, such as deepening understanding of key ideas and concepts [START_REF] Schroeder | Developing understanding in mathematics via problem solving[END_REF]. In this program, communities of approximately 20 teachers each solve grade-appropriate mathematical problems, discuss the mathematics they entail and how best they can be brought to their classrooms, enact them in their classrooms, and submit a reflective questionnaire following the lesson that is visible to the teachers and facilitators of the community. Teachers participated in the PD for professional credit. The PD program was piloted in 2020-21. Data for this research was collected in the following year. The extent of teachers' work on the implementation of PS varied. Some of the communities dedicated 30 or 60 hours of PD to the RBMC program, in others teachers had a shorter "exposure" to the program (12 hours). All of the communities met online. Teachers' enactment of PS in their classrooms was face-to-face. Most teachers enacted PS in their classrooms three time over the duration of the PD. In total 130 reflective reports, submitted by 53 different teachers from six communities, constitute the data for this research.

As explained, the reflective questionnaire served a double purposeas a tool to promote in the PD and as a tool to investigate the implementation chain. There is some tension between these purposes, mainly because for practical purposes teachers should be able to complete the questionnaire in 5-10 minutes, while a full-fledged research tool should be more extensive. To reconcile this tension, a long list of fields was developed with research in mind, and each community facilitator selected subsets of these fields to tailor questionnaires for each community. Furthermore, only technical fields (e.g. name, date of enactment, grade level, etc.) were compulsory; teachers could skip other fields if they so wished.

Methodology

We began by restricting our analysis to questionnaire items that we deemed pertinent for analysing the implementation chainfields that could reveal discrepancies between planned, enacted and experienced PS. Two families of fields were pertinent. These fields are connected to our research questions and to the notion of scheme of enactment in the DAD frame as follows: Aspects of enactment that teachers chose to attend to regarding their (dis)satisfaction (e.g. how many students solved the problem) allowed us to infer their goals, what was (un)successful revealed some rules of enactment, what they would have done differently revealed emerging invariants in their enactment (validated in later enactments), students' ideas, difficulties and motivation revealed teachers' adaptation in real-time and the nature of students' PS experience.

Here our analysis diverged, yet after analysing the data separately, the researchers shared their findings and each revisited the data with the other's findings in mind.

Methodology for research question 1

Investigation of research question 1 was led by the first authora mathematics education researcher.

For an in-depth multi-faceted investigation of implementation chains, we chose a case-study methodology. We did not seek typical cases, but rather decided to focus on cases where teachers felt that something had gone wrong, assuming that this was most likely to trigger significant adaptation. Thus, our first data-reduction step targeted reports where the teacher liked the problem yet was unsatisfied with the enactment (10 reports). The emergence of invariantsrules of action that teachers apply in all enactments of PSis an important aspect of the implementation chain, hence we eliminated reports of teachers who enacted PS lessons less than 3 time, leaving 5 cases. One more case was eliminated due to insufficient detail in the teacher's reports. In each case we first sought to what the teacher attributed the unsuccessfulness of the enactment. We then compared the scheme of enactment (aims, rules of enactment, adaptation to situations) in each of the teacher's three reports to see how changes in scheme of enactment were connected to the teacher's satisfaction. We present finding for each of the four teachers, elaborating one case (Rob) that offered the richest data.

Methodology for research question 2

Investigation of research question 2 was led by the second authora mathematics teacher who participated in the development of problems, piloted them in her classrooms, and whose current role in the RBMC project is leading PD in teacher communities. The rationale for this question was that teachers' PD should be organized around authentic affordances and challenges of PS. Hence, our aim was to uncover recurring themes in teachers' reflective reports, and utilize them as a resource for future PD. We began with an in-depth reading of 30 randomly selected reports to get acquainted with teachers' interpretation of the questions and the scope of their responses. We then moved on to a "vertical" reading of individual fields across all reports, to seek recurring themesaspects of schemes of enactment that many teachers referred to.

For each theme that emerged, we articulated a goal of the PD related to the theme, and proposed a PD activity to address the goal. For example, many teachers noted that it took students longer to solve the problem than they had anticipated. A PD goal around this theme is for teachers not to rush their students, and not to provide "spoiler" hints while they are still making progress on their own. A PD activity around this goal is to contrast the activities of solving "problems" and "exercises", stressing that in PS, students getting the right answer is less important than the opportunity for them to engage in mathematical reasoning, which takes time. One aim of this methodology was to make explicit some of the tacit principles that guide the PD work in the program.

Results

Results for research question 1

There were two main reasons for teachers' dissatisfaction with PS enactment: Students' frustration when they could not solve the problems, and students' lack of interest or engagement with the problems. One teacher (Nama) did not suggest what she could have done differently, perhaps because she was reflecting on her third (and last) enactment. Other teachers did draw conclusions (see table 1), which in some cases they implemented in the following enactments.

Nama was unsatisfied with her third enactment, after 2 successful enactments. She deviated from the intended enactment-rule of giving students time to experience struggle by elaborating and explaining the problem to her class at the outset. She was surprised that her students found the problem difficult in spite of this, and attributed the unsuccessful enactment to the difficulty of the problem.

Table 1: Teachers' reports on unsatisfactory enactments

Mary was unsatisfied with her second enactment. As in her first (successful) enactment, she followed the intended enactment-rule whereby students should be given time to experience struggle ("I let them stew"). In her first enactment, interactions among struggling students (working in pairs) led to productive PS, yet in the second enactment many students remained stuck and eventually relied on the teacher's guidance to make progress. In retrospect, she thought she should have provided more scaffolding from the start, in the form of intermediate questions.

Jenny was unsatisfied with her first enactment. She allowed students to form groups on their own, and as a result they enjoyed the group work, yet she felt that interactions in the groups were not conducive to effective collaboration. In retrospect, she thought she should have taken responsibility for forming the groups and not allowed students to break out according to social preferences. In her second enactment (with which she was satisfied) she assigned students to groups, and was pleasantly surprised to find that not only was their work more productive, but they were enthusiastic about the group-work, even though they were not partnered with their closest friends.

Rob was unsatisfied with his first enactment, which he conducted as individual work with frequent whole-class interventions (clarifications, hints, etc) on his part. He felt the students were not sufficiently engaged, and they did not find the problem interesting. He attributed this to two factors the problem was not connected to the curricular topic they had been covering, and the class arrangement (individual work with whole-class interventions) was not appropriate for PS. In retrospect, he felt that PS should be conducted in special lessons that are not part of the regular schedule, and that arranging students in pairs or in groups is crucial for their engagement. He applied these insights in later enactments, where students worked in groups. Not only did he find students to be more engaged, he also found that when students needed help, he could tailor his interventions to particular groups, and help one group without "spoiling" the problem for others who were making progress. He described this as "all groups worked optimally". In his third (successful) enactment Rob allowed students to form pairs according to their own preferences. In his reflection on what students had learned, he mentioned "working in pairs effectively". In this he was coming to see collaboration not only as a means toward effective PS, but also as a goal in its own right.

Results for research question 2

The emergent themes and related PD goals are summarized in Table 2. strategies and pedagogical teaching strategies so that teachers will be able to make informed choices.

PS takes longer than anticipated

Encourage teachers to give time for productive struggle.

Students' collaboration and engagement in group-work, in particular low achievers

Encourage teachers to help students break away from their fixed classroom roles.

Curricular continuity of PS activity

Suggest ways and rationales for integrating PS in teaching routine, either connected with or independent of current curricular topic.

Class arrangement, how to form groups

Share novel class arrangements that teachers tried, and discuss affordances and challenges.

Theme 1: Variety of students' solution strategies. Many teachers were delighted to see a multitude of solution strategies, including ones they themselves had not considered. Related PD activity: By virtue of working in groups, usually more than one strategy for solving the problem comes up. Discussing the mathematics of these strategies can prepare teachers to encounter, and even encourage, a variety of strategies amongst their students, thus shifting pedagogical focus from correctly applying a strategy in a given situation to the quality and originality of students' reasoning and PS.

Theme 2: PS takes longer than anticipated. While some teachers were surprised at how quickly students solved problems that they had considered challenging, many more were surprised by how long it took students to solve problems for which they already had the necessary mathematical tools. Related PD activity: Reflect on the time it takes teachers themselves to solve a problem in PD and discuss in depth the mathematical principles involved. Also, discuss how formulation as a problem, where the underlying mathematical principles are not pre-specified, increases the time during which students need to struggle before they make progress.

Theme 3: Students' experience of PS. Many teachers were surprised by how well their students collaborated, at how engaged they were, and in particular how students who do not normally participateoften low-achieverswere engaged and contributed mathematical ideas. Related PD activity: Following PD work on a problem, discuss for which students it is appropriate. Contrast answers with testimonials from reflections.

Theme 4: Curricular continuity. This theme emerged as a result of data analysis for research question 1, where some teachers attributed the unsuccessfulness of their enactment to the lack of curricular relevance (applying mathematical tools that are not directly related to the current curricular topic). Not all the teachers answered this question directly, but of those who did, roughly half chose an activity connected to the topic they were teaching, while the others decided to conduct an unrelated activity. Related PD activity: Discuss advantages and disadvantages of these approaches. Suggest how PS can be integrated in the curriculum, e.g. opening a new topic or for assessment.

Theme 5: Class arrangement. This theme emerged as a result of data analysis for research question 1, where some teachers attributed the (un)successfulness of their enactment not only to the class arrangement (whole-class or group/pair-work), but also to the how groups were organizedby students according to social preferences or by the teacher. Related PD activity: Expose teachers to a variety of class arrangements in the PD, and discuss the kinds of collaboration and interactions each one can support and encourage, based on teachers' reflective testimonials.

Discussion

We have attended to two research questions separately. We now turn to discuss connections and interactions between them. First, we note that while the two questions served different goals, three of the emergent themes with respect to teachers' enactment schemes of PS were common to the two: 1. The difficulty of PS for some students (RQ1: Nama and Mary, RQ2: theme 2); 2. Class arrangement and its connection to student engagement (RQ1: Jenny, Rob, RQ2: themes 3, 5); 3. Curricular continuitywhether and how PS should be integrated with particular curricular topics (RQ1: Rob, RQ2: theme 4). In other words, concerns of teachers who were unsatisfied with an enactment were not particular to these teachers, and emerged as general themes across many teachers. Furthermore, themes that emerged in only the first question were found, upon reflection, to be pertinent for the second as well. Thus the researcher's perspective enriched the work of the teacher-educator's.

Our approach to implementation favours adaptation over fidelity. We do not believe that researchers, as outsiders to the practice of classroom teaching, should presume to prescribe exactly how educational innovations should be implemented. Rather, our theoretical model [START_REF] Koichu | Implementation-related research in mathematics education: The search for identity[END_REF] posits that an important object of research is how enactment schemes evolve through interactions among education researchers, teacher educators, teachers and students. In attending to the first research question, we contrasted intended and enacted rules of enactment, and highlighted some invariants of enactment that were beginning to emerge for some teachers. Rob was convinced that group work was essential for the success of PS in his class, and that PS should not be enacted as part of the regular curricular progression, but rather should be left for special enrichment lessons. Jenny was coming to believe that students should not be allowed to decide on their own with whom to collaborate in group work, Nama was coming to believe that low achieving students should be assigned less challenging problems, and Mary was coming to believe that for low achieving classes, problems should be scaffold with intermediate questions. We do not wish to challenge the practical rationality of any of these emergent invariants. However, other conclusions could have been reached based on this evidence. Hence, our stance is not to judge these schemes of enactment, but rather to offer PD interactions that may introduce to teachers a broad pedagogical repertoire from which they can make informed choices. This is where the second research question enters. Many of the PD activities proposed in the context of research question 2 did not aim to prescribe an invariant of enactment. Rather, reflection themes were harnessed as a springboard for revealing the complexity of PS in mathematics classrooms, and discussing affordances of different enactment schemes.

Exceptions to this rule -the importance of students' productive struggle and foregrounding the quality of reasoning over the correctness of solutionshighlight intended enactment invariants that the proponents considered crucial. In fact, denying them might even be considered loss of fidelity.

The work reported herein suggests a possible model for researcher-practice partnership in the context of implementation research. Two investigatorsan education researcher and a teacher-educatorjoined forces to uncover the spontaneous evolution of teachers' enactment schemes, to understand how teachers' practical rationality shaped the evolution, and based on this, to plan how future interactions in PD could introduce teachers to a wider range of enactment schemes.

Table 2 : Recurring themes in teachers' reflections
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	Theme	Goal(s) for PD
	1. Variety of students' solution strategies	Engage teachers in PS to elicit a multitude of mathematical solution
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