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Especially in primary school, manipulatives are used to represent mathematical concepts and structures. The way they are used is fundamental to support mathematical learning. It can be assumed that teachers' beliefs about using manipulatives can influence their classroom actions and therefore are worth to be investigated. In this study, we focus on German primary school teachers' beliefs about their use of manipulatives in first-class math lessons. Semi-structured narrative interviews were conducted to gain profound findings about implicit and explicit beliefs. Subsequently, the interviews were analysed using the Documentary Method as it provides an interpretative approach for reconstructing beliefs, especially on an implicit layer. The 12 teachers interviewed showed a wide range of beliefs concerning manipulatives, their quantity, and the way they are used in the classroom. Teacher training can be developed considering the investigated differences in teacher beliefs.

Theoretical Background

The use of manipulatives to support learning

One key aspect of teaching mathematics in primary school is learning various arithmetic concepts. Already theories of Bruner and Piaget emphasise hands-on learning. Acting with concrete objects supports the internalisation of structures and learning new concepts. Therefore, manipulatives are used in the classroom to represent abstract mathematical structures and relationships and promote mathematical learning. Uribe-Flórez andWilkins (2017, p. 1543) define manipulatives as "objects that can be touched, moved about, and rearranged or stacked". Unlike the term material, which in a broader meaning includes any teaching equipment (e.g., textbook, worksheets), the term manipulative refers more specifically to objects that can be handled to represent mathematical concepts. In this study, we focus on arithmetic manipulatives, like unifix cubes, the abacus, or base ten blocks.

To internalise mathematical concepts, the manipulative's properties are to be ignored and the illustrated mathematical concepts must be focussed. Therefore, it is essential to describe the actions and explicitly address the structures of the manipulative to draw attention to relevant aspects [START_REF] Lüken | School starters' early structure sense. PNA[END_REF]. To abstract from the manipulative's properties and generalise mental representations, it is necessary to fade out the concreteness and thus the concrete manipulative [START_REF] Fyfe | Concreteness Fading in Mathematics and Science Instruction: a Systematic Review[END_REF].

Positive effects of learning mathematics with manipulatives compared to learning without manipulatives were evident in several studies and meta-analyses (e.g., [START_REF] Abarquez | The Use of Manipulative in Teaching Elementary Mathematics[END_REF][START_REF] Carbonneau | A meta-analysis of the efficacy of teaching mathematics with concrete manipulatives[END_REF]. More precisely, depending on the manipulatives' properties (e.g., perceptual richness, groundedness) and the way manipulatives are used by the teachers in the classroom, various effects emerged. For example, using a manipulative over a long period of time, minimising irrelevant features and perceptual richness as well as explicitly addressing structures in the manipulative have a positive effect on mathematical learning (e.g., [START_REF] Carbonneau | A meta-analysis of the efficacy of teaching mathematics with concrete manipulatives[END_REF][START_REF] Laski | What Makes Mathematics Manipulatives Effective? Lessons From Cognitive Science and Montessori Education[END_REF]. In summary, these studies show beneficial effects on learning when manipulatives are used under certain conditions in the classroom.

To conclude, manipulatives are important for learning arithmetic concepts in primary school. Looking at commercially available manipulatives, a wide range of different manipulatives is presented. Since there is neither a universally usable manipulative nor the mere use of it guarantees success [START_REF] Uttal | Manipulatives as symbols: A new perspective on the use of concrete objects to teach mathematics[END_REF], teachers play an essential role in using manipulatives in a way that is beneficial to students learning. More precisely, teachers must select an adequate manipulative relative to the particular content, implement it in class, and support the fading.

Influence of beliefs on teaching practice

Beliefs can be seen as stable over time, simultaneously changeable through reflection, and intertwined with knowledge (e.g., [START_REF] Fives | Spring cleaning for the "messy" construct of teachers' beliefs: What are they? Which have been examined? What can they tell us[END_REF]. Moreover, beliefs affect teachers' practice, even though practice and beliefs are not always congruent and sometimes contradictory [START_REF] Philipp | Mathematics teachers' beliefs and affect[END_REF]. Possible reasons are the existence of several beliefs in the belief system, such as central and peripheral ones. It is also relevant to consider beliefs situated and domain-specifically, because beliefs "have a reciprocal, interactive relationship with contexts and experiences" (Fives & Buehl, 2012, p. 488). Beliefs can be held explicitly and consciously as well as implicitly and unconsciously. Especially implicit beliefs are difficult to investigate. On the one hand, because they cannot be gathered through direct questions on an explicit level. And on the other hand, because they are not necessarily free of contradictions and moreover can also be contradictory to actions in the classroom. Thus, they have to be reconstructed by the researcher, for example, on the basis of reported teaching practice, language, interactions and metaphors.

In the context of teacher training, beliefs influence the extent to which teachers perceive, accept, and value training opportunities [START_REF] Fives | Spring cleaning for the "messy" construct of teachers' beliefs: What are they? Which have been examined? What can they tell us[END_REF]. As a concept for influencing or changing beliefs, [START_REF] Patrick | Conceptual Change in Teachers' Intuitive Conceptions of Learning, Motivation, and Instruction: The Role of Motivational and Epistemological Beliefs[END_REF] adapt the concept of conceptual change for teachers' beliefs. By discussing prior naive theories and confronting them with new information supported by motivation, a change in beliefs can be facilitated.

Teachers' beliefs and their use of manipulatives

More specifically, there is evidence that teachers' beliefs influence the use of manipulatives in math lessons [START_REF] Uribe-Flórez | Elementary School Teachers' Manipulative Use[END_REF]). An analysis of teachers' background characteristics, beliefs and their use of manipulatives in the classroom identified the grade level and teachers' beliefs as predicting aspects of the (frequency of) manipulative use (Uribe-Flórez & Wilkins, 2010). For example, manipulatives were used more often in Kindergarten and lower primary school than in higher grades [START_REF] Marshall | Exploring the Use of Mathematics Manipulative Materials: Is It What We Think It Is[END_REF][START_REF] Uribe-Flórez | Elementary School Teachers' Manipulative Use[END_REF]. The authors assume a relationship between teachers' beliefs concerning the importance of hands-on activities and the grade level. Since teachers' beliefs influence the use of manipulatives in the classroom, it is critical what beliefs teachers actually hold.

A teacher must answer essential questions such as: Which manipulatives do I use in class, when, for what purpose and how often. How can I fade out the manipulative again? Previous research suggests that teachers have a general consciousness that manipulatives are essential for mathematical learning and evaluate them genuinely positively (e.g., [START_REF] Golafshani | Teachers' Beliefs and Teaching Mathematics with Manipulatives[END_REF][START_REF] Marshall | Exploring the Use of Mathematics Manipulative Materials: Is It What We Think It Is[END_REF]. However, the way they use it in the classroom does not always correspond to didactic standards. For example, a study by [START_REF] Puchner | Teacher Learning and Mathematics Manipulatives: A Collective Case Study About Teacher Use of Manipulatives in Elementary and Middle School Mathematics Lessons[END_REF] guided four groups of teachers in a lesson study approach and revealed that the use of manipulatives became an end in itself in three out of four cases and did not support mathematical learning. The focus of the lessons was more on reproducing the teacher's presentation and handling the manipulative than on understanding an arithmetic concept such as place value.

Other studies investigated teachers' concerns and reasons for using manipulatives. Frequently expressed disabling factors were of an organisational level, like the availability of manipulatives, general classroom management, and the fear of disruption [START_REF] Golafshani | Teachers' Beliefs and Teaching Mathematics with Manipulatives[END_REF][START_REF] Marshall | Exploring the Use of Mathematics Manipulative Materials: Is It What We Think It Is[END_REF]. A need for more knowledge about using manipulatives was also expressed [START_REF] Golafshani | Teachers' Beliefs and Teaching Mathematics with Manipulatives[END_REF]. For middle-grade teachers, [START_REF] Moyer | Are We Having Fun Yet? How Teachers Use Manipulatives to Teach Mathematics[END_REF] investigated multiple reasons for using manipulatives. Teachers talked about content-related reasons like "for problem solving and enrichment" and "to provide a visual model" as well as about motivational reasons such as "change of pace", "a reward and a privilege" or "to make it more fun" (Moyer, 2001, p. 185). However, observations showed that manipulatives were not used in a constructivist way, which the author attributes to a lack of understanding of arithmetic concepts. Rather, teachers used them in a supplementary way and as motivation if there is time during the math lesson. The teachers distinguished "real math" without manipulatives from "fun math" with manipulatives (Moyer, 2001, p. 187).

Summarised, various research highlights the importance of investigating teachers' beliefs about using manipulatives, given that they guide teachers' actions in the classroom. This study aims to follow up on two aspects: First, existing research has not yet addressed the special role of manipulatives to learn central arithmetic concepts in grade one (e.g., [START_REF] Moyer | Are We Having Fun Yet? How Teachers Use Manipulatives to Teach Mathematics[END_REF][START_REF] Marshall | Exploring the Use of Mathematics Manipulative Materials: Is It What We Think It Is[END_REF]. Second, the importance of investigating teachers' beliefs applies in particular to implicit beliefs. Implicit beliefs cannot be collected through direct questions, but must be reconstructed from reported teaching practice, for example. Knowledge and awareness of implicit beliefs about using manipulatives can be a starting point for belief change. Thus, this study attempts to reconstruct implicit and explicit beliefs of German primary school teachers' using manipulatives in first-class math lessons.

Methods

Research questions

The study intends to provide new insights into teachers' use and beliefs about manipulatives to further enhance teacher training by addressing and, if necessary, changing existing beliefs. Following [START_REF] Moyer | Are We Having Fun Yet? How Teachers Use Manipulatives to Teach Mathematics[END_REF], a broader aim is to improve the use of manipulatives in primary school in a sustainable way by taking beliefs into account. This study aims to answer the following research questions:

1. What and how do teachers report selecting and using manipulatives in first-class lessons? 2. What beliefs do primary school teachers hold about the use and selection of manipulatives in first class?

Data Collection

We chose a qualitative approach to focus on the investigation of beliefs even when teachers cannot explicitly express them, and the beliefs remain on an implicit layer. For data collection, we selected semi-structured narrative interviews, thus referring to reported teaching practice. According to Nohl (2010, p. 206) "we can assume that there is a close connection between what is narrated and what was actually experienced here". The interviews were conducted with twelve primary school teachers from different public schools. Since standards for school mathematics do not prescribe specific manipulatives, teachers are largely free in their choice. All teachers have already taught mathematics in first class. The theoretical sampling according to [START_REF] Glaser | The discovery of grounded theory[END_REF] is oriented towards minimising and maximising contrasts, to represent a wide range of teachers. Systematically varying factors were professional experience (1 to 35 years) and study of mathematics (out-of-field teaching to an in-depth subject at university).

All interviews were conducted by the first author and most of them in the teacher's classroom. At the beginning, the teachers were invited to talk about their use of manipulatives in first-class math lessons. The open-ended stimulus created an environment for the teachers to report freely on their teaching practice, thus structuring the course of the interview [START_REF] Nohl | Narrative Interview and Documentary Interpretation[END_REF]. Immanent follow-up questions could be asked in relation to the topics mentioned by the interviewee to elucidate their teaching practice. However, it is important to keep in mind that the teachers' utterances are reports of their teaching practice and are thus guided by their perception.

For reasons of comparability, a semi-structured interview guide was used. It was organised from general to specific and had the following structure:

(1) Presentation of teachers' manipulatives and their use (brought by the interviewee)

(2) Presentation of calculations with self-selected manipulative (3) Assessment of further manipulatives and their use (brought by the interviewer) (4) Comment on the views of other teachers

The interview guide is only a rough structure for the interviewer, rather than a fixed set of questions.

It allows the interviewee to shape the order and elaboration of issues relevant to him or her. Impulses to tell focus on the interviewees and bring their relevance system to the fore. Finally, teachers were invited to comment on and evaluate quotes from potential other teachers about their use of manipulatives to frame the interviewees' views. Quotes such as the following were used: "Special manipulatives are not needed to learn mathematics; the children can calculate just as well with chestnuts or beans.", "I think manipulatives are important, but only up to a certain point." or "The manipulatives are always accessible to all children in my classroom."

Data Analysis

The interviews were analysed following the Documentary Method. The method was initially developed by Ralf Bohnsack for investigating familiar hold orientation frameworks. These refer to the way a person deals with a topic, i.e., the modus operandi or habitus. [START_REF] Nohl | Narrative Interview and Documentary Interpretation[END_REF] transferred the method to the analysis of interviews.

Based on certain similarities of the two constructs' beliefs and orientations (e.g., implicit and explicit, influence actions, partly contradictory) the Documentary Method was chosen to examine familiar held teachers' beliefs.

The main intention is to reconstruct implicit regularities in teachers' utterances and actions and thus the orientation framework (inner logic) that mainly remains on an implicit layer and cannot be made explicit by the teachers themselves. By constantly contrasting the modus operandi, the way a teacher deals with a topic, with the modi operandi of other teachers, these implicit regularities can be made accessible. It should be mentioned that the separation between implicit and explicit is only an analytical one [START_REF] Nohl | Narrative Interview and Documentary Interpretation[END_REF]. During the interview, there is an interplay between the two layers, which must be uncovered by the researcher. [START_REF] Nohl | Narrative Interview and Documentary Interpretation[END_REF] proposes the following procedure:

(1) Formulating Interpretation (2) Reflecting Interpretation (3) Comparative Analysis (4) Type Formation

The distinction between the two interpretative steps ( 1) and ( 2) highlights the change of perspective that is necessary to make the implicit parts accessible. The critical element of the formulating interpretation is the identification of topics and subtopics as well as summarising the topics (1). Paraphrasing relevant aspects in own words is intended to create a distance and provide an overview of the data material. Both, topics mentioned and elaborated by the interviewee and topics relevant to the interviewer are considered. Whereas the what-layer is analysed in the formulating interpretation, the reflecting interpretation concentrates on how a topic is dealt with (2). It contains the analysis of the formal structure (differentiation of text genres), and the analysis of semantic aspects (sequential analysis). Four text genres are differentiated to illustrate the formal structure of a topic. While narrations and descriptions serve as text genres of implicit, atheoretical knowledge, argumentations and evaluations are subsumed under explicable, theoretical knowledge. The sequential analysis of semantic aspects aims to reconstruct the modus operandi, i.e., the way something is uttered, involving the previous categorisation into the four text genres. Various orientation frameworks are reconstructed and distinguished by consistently contrasting different modi operandi in homologous and heterologous utterances [START_REF] Carbonneau | A meta-analysis of the efficacy of teaching mathematics with concrete manipulatives[END_REF]. The comparative analysis is essential to contrast one single case against broader other empirical horizons, i.e., other single cases, to prevent one's own subjective horizons from directing the interpretation. Comparative analysis "is the golden standard of methodically controlled research" (Nohl, 2010, p. 203). The last step and result of the Documentary Method is a type formation (4). Abstracted from specific single cases, one tertium comparationis is identified to structure the type formation and characterised for each type. For several tertia comparationis, a multidimensional type formation can be developed, for example, involving teaching experience and (non-)in-depth studies of mathematics. [START_REF] Nohl | Narrative Interview and Documentary Interpretation[END_REF] 

First Results

Following the structure of the Documentary Method, we first present results on the use and selection of manipulatives and explicitly reconstructed beliefs analysed in the formulating interpretation. Afterwards, the results of the reflecting interpretation are presented.

The analysis of the interviews revealed a wide range in the use of manipulatives, big differences in quantity as well as in the way they are selected and used in the classroom. Looking closer at the addressed criteria for selecting manipulatives, we found four major categories (see Figure 1): organisational, mathematical, pedagogical, and personal criteria. Further organisational criteria are the availability at school or low costs. One teacher stated that a manipulative must be easy to handle. Based on a negative experience, she explained that counters always get lost, children cannot grasp them, and thus she does not use When arguing with mathematical criteria, teachers referred to useful structures of the manipulative (e.g., fives, tens) and the visualisation of mathematical concepts. The possibility to use the manipulative with respect to diverse arithmetic topics and in the range of numbers up to 20 as well as up to 100 were further criteria. Building up mental representations was also mentioned. However, the process of internalisation leading to mental representations was barely addressed. From a pedagogical point of view, teachers mentioned criteria such as hands-on or holistic learning. In contrast to mathematical criteria, pedagogical criteria are independent of the mathematical content and objectives. Teachers argued with the importance of students' self-performed actions and haptic experiences for learning in the first grade. A teacher's preference for wooden material over plastic shows the relevance of aesthetic aspects. Finally, teachers also included personal criteria in their justifications. Personal criteria range from individual conviction to justifications based on individual experience and were not necessarily further differentiated. One teacher stated that she must sympathise with the manipulative. In addition, the need of using the manipulative authentically in the classroom was expressed.

In teachers' utterances, criteria from more than one major category are included (see Figure 1). For example, one teacher argued in favour of the abacus because hands-on learning is important (pedagogical criterion: hands-on learning). In further utterances, she mentioned the two colours of the manipulative, which highlight the structure of the fives and tens (mathematical criterion: structures).

Involving findings of the reflecting interpretation, teachers' utterances range from superficial descriptions to more profound elaborations. At a superficial level, one teacher found it practical when single parts of the manipulative can be removed, without giving further reasons for it. At a more profound level, another teacher expressed that the possibility to actually remove single parts supports the understanding of a concept of subtraction, referring to the task 3 -1. To emphasise her assessment, she distinguished the manipulative from others, where parts are simply greyed out, recoloured or moved around.

As teachers referred to more than one major category, we were able to reconstruct different emphases on an implicit layer. For example, organisational criteria are dominant, when they surround a whole interview section: As a proposition, the section is introduced with an organisational utterance and ends in the same way as a conclusion. Other criteria, especially mathematical ones, are simply mentioned in between. In contrast, an emphasis on mathematical criteria was reconstructed in longer lasting and profound argumentations on didactical aspects. For example, by addressing the structures of the manipulative and detailed descriptions of mathematical activities using the manipulative in class. Criteria from other categories were only mentioned in passing.

Conclusions

In this paper, we presented a study on teachers' beliefs on using manipulatives in grade one. Findings show that the analysis of utterances using the Documentary Method provides insight into explicit and implicit beliefs. The method particularly allows the reconstruction of beliefs that teachers themselves do not make explicit [START_REF] Nohl | Narrative Interview and Documentary Interpretation[END_REF]. As the study refers to German primary school teachers, cultural and educational traditions must be considered as they influence content-related beliefs about manipulatives and their use.

Teachers refer to and emphasise different aspects when selecting and using manipulatives. Consistent with previous research, there is a genuinely positive perception and awareness of manipulative use for mathematical learning [START_REF] Golafshani | Teachers' Beliefs and Teaching Mathematics with Manipulatives[END_REF][START_REF] Marshall | Exploring the Use of Mathematics Manipulative Materials: Is It What We Think It Is[END_REF]. From a didactical perspective, however, the reconstructed beliefs differ in terms of their viability and profundity. On the one hand, there are teachers who mainly focus on organisational, pedagogical or personal criteria. Mathematical criteria play a secondary role. On the other hand, there are teachers who argue mainly mathematically. For example, they address structures and describe meaningful and appropriate activities in detail.

Our next step is to run a type formation [START_REF] Nohl | Narrative Interview and Documentary Interpretation[END_REF] as an approach to gain more abstract and general results. Detailed descriptions on types of teachers' beliefs can support the design of teacher training.
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 1 Figure 1: Criteria for selecting manipulativesAn initial point of teachers' argumentation is the textbook: I use it because it is used in the textbook. Further organisational criteria are the availability at school or low costs. One teacher stated that a manipulative must be easy to handle. Based on a negative experience, she explained that counters always get lost, children cannot grasp them, and thus she does not use When arguing with mathematical criteria, teachers referred to useful structures of the manipulative (e.g., fives, tens) and the visualisation of mathematical concepts. The possibility to use the manipulative with respect to diverse arithmetic topics and in the range of numbers up to 20 as well as up to 100 were further criteria. Building up mental representations was also mentioned. However, the process of internalisation leading to mental representations was barely addressed. From a pedagogical point of view, teachers mentioned criteria such as hands-on or holistic learning. In contrast to mathematical criteria, pedagogical criteria are independent of the mathematical content and objectives. Teachers argued with the importance of students' self-performed actions and haptic experiences for learning in the first grade. A teacher's preference for wooden material over plastic shows the relevance of aesthetic aspects. Finally, teachers also included personal criteria in their justifications. Personal criteria range from individual conviction to justifications based on individual experience and were not necessarily further differentiated. One teacher stated that she must sympathise with the manipulative. In addition, the need of using the manipulative authentically in the classroom was expressed.