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This study aims to examine the design considerations and resulting decisions made by mathematics teachers when planning dialogical situations for their students. The data were collected in a taskbased professional development program aimed at fostering dialogical teaching in mathematics classrooms. The results indicate that the requirement to pay attention to how students argue with each other led teachers to employ considerations consistent with elements of task-knowledge related to selecting and implementing tasks having high cognitive demand. However, teachers also extended their task-knowledge to dialogical task-knowledge by identifying and liberating the dialogical affordances embedded in tasks involving cognitive conflict, mathematics complexity and multiple solutions. The results are organized around an emergent model of teachers' design considerations for planning dialogical situations.

Introduction

The importance of dialogical teaching, which emphasizes collaborative problem solving and critical discussions among school students, is widely recognized in the professional literature. The implementation of this approach is dependent on the nature of the tasks chosen by the teacher as well as the pedagogical design of the educational situation (e.g., [START_REF] Schwarz | Dialogue, argumentation and education: History, theory and practice[END_REF]. Indeed, influenced by their knowledge, beliefs and attitudes, teachers might implement the same task in different ways. For instance, they might organize the class in different settings, and might change the level of challenge (e.g., Sullivan et al., 2013a).

In the last two decades, a growing body of literature has identified types of knowledge specific to the teaching profession, particularly related to selecting, designing, and implementing mathematical tasks. For example, [START_REF] Liljedahl | Interweaving mathematics and pedagogy in task design: A tale of one task[END_REF] distinguished between Task knowledge and Pedagogical task knowledge; [START_REF] Chapman | Mathematical-task knowledge for teaching[END_REF] coined the notion of Mathematical task-knowledge for teaching; and [START_REF] Jones | Research on mathematics teachers as partners in task design[END_REF] attended to mathematics-didactical and pedagogical design capabilities. Generally, these notions refer to the knowledge teachers need in order to select and develop mathematical tasks that enhance students' conceptual understanding, and optimize the learning potential of such tasks. Various frameworks have been developed to promote this task-knowledge and help teachers use it to facilitate mathematically meaningful and communicative learning situations in a classroom (e.g., [START_REF] Smith | Thinking through a lesson: Successfully implementing high-level tasks[END_REF][START_REF] Stein | Orchestrating productive mathematical discussions: Five practices for helping teachers move beyond show and tell[END_REF][START_REF] Swan | Improving learning in mathematics: Challenges and strategies[END_REF]Sullivan et al., 2013a;[START_REF] Resnick | Accountable talk: Instructional dialogue that builds the mind[END_REF]. Each framework contains a list of elements that teachers should consider when planning a teaching situation. However, despite these efforts, and despite of the well-recognized importance of dialogical teaching, the use of tasks evoking dialogic argumentation among students is still not common. This is due, in part, to institutional constraints [START_REF] Zafrani | Dialog-constraining institutional logics and their interactional manifestation in the science classroom[END_REF] or teachers' individual professional capacities and beliefs regarding the use of dialogue in teaching mathematics (e.g., [START_REF] Schwarz | Dialogue, argumentation and education: History, theory and practice[END_REF]. Thus, to assist teachers in designing classroom environments that foster argumentation and dialogue among students, it is crucial to grasp teachers' perspectives on the specific elements of taskknowledge they consider significant, applicable, and feasible. Specifically, what are these essential elements, and how can they be put into practice? While previous research has explored teachers' perspectives in the context of implementing new curricula (Sullivan et al., 2013b) and high-cognitivedemand tasks (Shao, 2021), their perspectives are still insufficiently known when it comes to tasks that have the potential to stimulate an argumentative dialogue among students.

The goal of the current study is to examine the ways in which teachers, who are not experts in dialogic teaching, utilize their knowledge and experience to design dialogical learning situations for their students, in a task-based professional development (PD) program. More specifically, the study aims at unpacking teachers' design considerations and decisions in planning dialogical situations for their students. [START_REF] Schwarz | Dialogue, argumentation and education: History, theory and practice[END_REF] describe argumentation in education as a dialogue that combines rigorous reasoning and respectful consideration of others' perspectives. They found that dialectical moves, rather than consensus-seeking explanations, lead to greater conceptual understanding and suggest that this type of talk is beneficial for learning. Therefore, we view argumentative dialogue as a collaborative exploration of differing views among students, and dialogical tasks as mathematical tasks that can elicit respectful disagreement among students working together.

Theoretical framework and research question

However, the task itself is not enough to capture the complexity of learning in the mathematics classroom. [START_REF] Brousseau | Theory of didactical situations in mathematics[END_REF] indicates factors to consider in understanding a classroom context, including a task given to students, the teacher's method of facilitating the task, and the students' learning actions. In line with Brousseau's concept of a teaching situation, we define a Dialogical Situation (DS) as a coherent and reproducible set of context circumstances necessary for understanding the occurrence of argumentative dialogue among students in a mathematics classroom. This study focuses on the planning DSs, including the considerations and decisions (or actions) made by teachers in selecting or designing dialogical tasks, as well as the intended pedagogical strategies for achieving the goal of eliciting and maintaining the desired dialogue.

In a recent study [START_REF] Parasha | Types and features of dialogical tasks from mathematics teachers' perspective[END_REF], we found three not mutually exclusive features that make mathematical tasks dialogical from teachers' perspective: tasks that create cognitive conflict, tasks that involve mathematical complexity, and tasks that allow for multiple solutions or approaches. In the current study, we use these features to define and explore the planning phase of three types of DSs. For example, a planned DS of cognitive conflict involves the teacher's considerations and decisions about task design and pedagogical activity. These considerations and decisions aim to elicit argumentative dialogue among students when, from the teacher's perspective, it is triggered by cognitive conflict. DS of mathematical complexity and DS of multiple solutions are conceptualized in the same manner. Using these conceptualizations, our research question is as follows.

While participating in a task-based PD program aimed at fostering dialogue in the mathematics classroom, what are the key considerations and resulting decisions (or actions) of teachers regarding task selection/design and associated pedagogical activity when planning a dialogical situation of cognitive conflict, complexity, and multiple solutions?

Methods

Context, participants and data sources

The data were collected from 2018 to 2021, as part of the DIALOGOS project aimed at developing dialogical instructional materials and promoting dialogical teaching in science, mathematics, and philosophy in six secondary schools located in central Israel. The mathematics R&D group of the project collaborated with 26 in-service teachers (4 males and 22 females), with teaching experience ranging from 1 to 20 years. These teachers, who typically had no prior experience in dialogical teaching, participated in a PD course facilitated by the DIALOGOS team. The mathematical part of the PD (20 to 30 hours per year) focused on design, enactment in classrooms and reflection on dialogical mathematical tasks and lessons.

The data used in this study consisted of three sources: written midterm and final assignments of the PD, and video-recorded oral presentations during the PD meetings. The final assignment included two requests. The first was to plan a lesson to promote argumentative dialogue "up to disagreement" among students. The second required selecting two "standard", curricular tasks and modifying them to achieve the same goal. During the oral presentation, teachers were instructed to present and describe a mathematical task that evoked an interesting dialogue in a class, or a task having the potential to do so. As part of a midterm assignment, some teachers incorporated dialogical lessons into their classes and submitted lesson plans. They were asked to explain how the task could encourage dialogue, and how does its enactment differ from a traditional lesson. Not all teachers performed all types of assignments. Twenty teachers submitted a lesson plan as part of the final assignment and 9 teachers also reported conducting dialogic lessons during the PD. Twelve teachers orally presented a dialogical task or experience during the PD, and 19modified tasks to be more dialogical. In total, 60 dialogical tasks chosen or designed by 26 teachers were analysed along with accompanying information related to the teachers' considerations and decisions (or actions) related to selecting or designing the task and to planning how to enact it.

Data analysis

The data analysis consisted of five phases. Initially, we classified 60 tasks, recommended by teachers as dialogical, into seven realms based on their dialogical nature [START_REF] Parasha | Types and features of dialogical tasks from mathematics teachers' perspective[END_REF]. The next phases were guided by two aspects of our research question: teachers' decisions on task and activity design, and their underlying considerations. Employing an open, iterative coding process [START_REF] Creswell | Educational research: Planning, conducting, and evaluating quantitative and qualitative research[END_REF], we assigned descriptive codes to the data for teachers' decisions (Phase 2), such as "designing tasks based on students' known mistakes" and "introducing competition". At Phase 3, we identified recurring themes in teachers' justifications (hereafter, considerations) for these decisions, like explicating students' mistakes as a means to evoke dialogue. At Phase 4, we summarized each theme's rationale and associated decisions. Finally, we constructed a model that accounts for interconnectedness of these considerations in the planned DS.

Findings

We identified six design considerations in the teachers' works, which were divided into two categories: macro-level considerations, which were generally applied to all DSs, and micro-level considerations, which were associated with particular DSs. (See Figure 1 and Figure 2). Three (idealized) DSs in Figure 1 correspond to three types of dialogical tasks reported in [START_REF] Parasha | Types and features of dialogical tasks from mathematics teachers' perspective[END_REF]. However, categories of dialogical tasks are not mutually exclusiveone task can belong to more than one categoryand so do DSs. Figure 2 illustrates how different teachers' considerations came along to result in seven realms of DSs. Each coloured point represents the respective design considerations (as seen in Figure 1) utilized by the teachers when elaborating on the dialogical potential of the tasks they considered. Each column of points represents the considerations made for one task out of 60. To recall, by considerations we refer to aspects that are taken into account by the teachers when making a decision about the design of a dialogical task and activity. In what follows, we will delve into the six design considerations and some of their resulting decisions.

Macro-level considerations

Enhancing students' engagement: cultivating interest, perseverance, and task feasibility -When planning a DS, the teachers often worried that students would be unengaged, refrain from participating in conversations, or give up too easily. Fourteen teachers, in 21 planned DSs explicitly considered the need for the DS to be interesting, motivating, and accessible to students of varying levels. Three teachers designed dialogical tasks requiring students to identify and correct mistakes in others' solutions to problems from recent exams. These tasks were deemed appropriate for engaging the students because, as one teacher said, "students were enthusiastic about searching for errors and were quick to find them". One teacher adapted a question from the national matriculation mathematics exam to 9th-grade students and considered it a "challenge that increases student motivation". Seven teachers chose tasks having real-life contexts because, as one teacher explained, "these questions really grasped their interest". Four teachers put forward feasibility for all students by assuring that the task can be approached in different ways and "…even lower-achieving students are encouraged to participate and share their thought processes". Five teachers introduced elements of play or competition to increase "commitment", "interest" and "a sense of pleasure".

Using and advancing pre-existing knowledge -Eleven teachers in 20 DSs explicitly considered capitalizing upon students' prior knowledge to further advance it through argumentative dialogue. They approached this with two stated objectives: (1) to enhance and refine existing conceptual knowledge by collaboratively challenging it, and (2) to co-construct new knowledge by linking and synthesizing prior knowledge. Teachers created sequences of tasks, where each consequent task requires the use of knowledge gained (or recalled) from the previous tasks. They also decided on the "perfect timing" of the DS in relation to the curriculum and students' prior knowledge, to provide students with enough knowledge to argue with but not so much that they can easily solve the task.

Creating a dialogue-friendly classroom environment -Twenty-two teachers in 35 DSs referred to different aspects of classroom environment. They considered pedagogical, social and disciplinary issues associated with managing small-group work, including an optimal group size (e.g., "The groups will only consist of pairs or trios since a group of four students tends to be too big and often one student is not participating"), whether the groups should be formed by students or teachers (e.g., "I would have assigned the groups myself and not allowed the students to choose because some pairs spent most of their time chatting instead of working"), and how (e.g., "I divided the class into pairs that are generally on the same level"). The teachers outlined three types of whole-class discussions:

(1) a whole-class discussion as a DS, (2) a whole-class discussion followed by work in small groups, and (3) a concluding teacher-led discussion to ensure that the "correct answers" are articulated and understood. The teachers emphasized the importance of "allowing enough time for in-depth thinking" and "not exhausting the students" with a never-ending task. Two teachers highlighted the need to allocate different times to different groups. Three teachers argued for the use of external resources such as textbooks, the internet, or apps as resources supporting student dialogue or as a means of providing automatic feedback.

Micro-level considerations

Explicating students' common mistakes and misconceptions -To design DSs, 17 teachers in 29 DSs considered how to stimulate disagreements by explicating students' errors and creating cognitive conflict. As one teacher stated, "an effective dialogue can be instigated by presenting students with conflicting solutions that seem to be correct. This can cause cognitive conflict and a doubt in their own solutions". The teachers selected or designed tasks that explicitly solicited disagreements by asking "who is right?" or designing multiple-choice questions including distractors based on the teacher knowledge of students' mistakes. One teacher argued: "the students should persuade each other. A student who asserts that a statement is true must prove it with relevant mathematical reasoning. A student who disputes the statement must provide a counterexample". Furthermore, as demonstrated by two teachers, "by explicitly highlighting incorrect answers, the dialogue is enhanced as the students strive to understand why their answers are incorrect rather than just why the other answer is correct". Pedagogical activities aimed at uncovering conflicting opinions among students included writing alternative solutions on the board or using digital tools that allow students to present their solutions simultaneously and discuss any observed discrepancies.

Raising or monitoring the difficulty level of the task -To foster DSs, 20 teachers in 30 DSs considered using procedural or conceptual tasks, which for the students would be not easy to solve. The use of the word "deep" and its variations (e.g., "deepen", "deep understanding", and "think deeply") in the task descriptions shows the teachers' considerations. They argued that dialogues around difficult tasks occur when students exhaust their personal resources hence seeking information from others and collaborate to find the best solution strategy. To create such DSs, teachers used tasks that they deemed to be of high difficulty. However, they also recognized the importance of monitoring the difficulty level to prevent the tasks from becoming inaccessible and, consequently, impeding the dialogue. The tasks teachers considered as difficult, involved investigating properties of mathematical objects or practices, connecting prior knowledge from different contexts, and solving problems that require qualitative understanding or problem-solving strategies. To increase the difficulty of the task, teachers added questions to formulations of the existing tasks, used unfamiliar to the students formats (e.g., evaluating mathematical statements as 'always', 'sometimes' or 'never' true), removed scaffolding, made tasks more abstract, added restrictive guidelines, and instructed to solve the tasks in more than one way. At the same time, they sometimes removed too difficult items of the tasks or added scaffolding by sequencing the tasks, providing hints, or introducing the use of dynamic software as a tool for visualization and exploration.

Creating opportunities for multiplicity -While designing DSs, 21 teachers in 32 DSs explicitly considered multiplicity of solutions, methods and opinions as significant for eliciting dialogue. They explained that multiplicity "provides an opportunity for students to discuss different approaches to a problem", and "allows the differences between the students in a heterogeneous class to be expressed". One teacher mentioned that "disagreements can arise around the question of whether the two methods demonstrated are truly distinct". As part of the dialogue, "each new solution requires the student to discuss its mathematical validity", while being open for new ideas. The teachers considered the multiplicity of viewpoints as allowing students to gain new perspectives and develop collective ideas. They selected or designed tasks, such as open investigations, sorting tasks, and problem-posing tasks, which inherently elicit diverse solutions. They also designed or selected tasks that stimulate different methods of solving, such as advanced questions about functions, that "can be solved through formal methods, drawings, or verbal explanations". Additionally, two tasks with open-to-interpretation data were presented so that different solutions would correspond to different interpretations. To modify tasks that do not naturally allow for multiplicity, teachers added explicit instructions for finding multiple solutions or solving in different ways, or added questions that allow for personal perspectives and everyday life considerations. The pedagogical activity was also adjusted to encourage multiplicity, such as displaying correct solutions on the board for discussion or using a competitive element through instructions like "Find as many solutions as possible" or "Find the best solution". A competitive setting where groups strive to outperform each other, were also considered by the teachers as a situation that would yield a dialogue based on variety of students' solutions.

Concluding remarks

Mathematics teachers continually plan and implement teaching situations having various goals. The learning potential of these situations is largely dependent on teachers' task-knowledge, which allows them to effectively identify and utilize the mathematical affordances of the task. In this study, we examined teachers' planning of three (idealized) types of dialogical situations (DSs). Our analysis reveals six themes of key considerations, divided into two levels, which shape teachers' decisions about the dialogical task and activity for these DSs.

Macro-level considerations were linked to all three idealized DSs depicted in Figure 1. They aimed to foster a conducive environment for dialogue, promote active engagement, and leverage students' existing knowledge as a foundation for discussions. at the micro-level, teachers pondered the characteristics of the desired dialogue and the potential triggers for it. These two levels of considerations were interconnected through subsequent actions or decisions. For instance, the decision to enact competitive activity by asking "find the best solution" may increase student engagement as well as fostering a richer dialogue with multiple solutions. The decision to design a who-is-right task may stimulate disagreements rooted in students' misconceptions, while also challenging their existing knowledge. Moreover, decisions are not always self-explanatory, and teachers may interpret the same decision differently in terms of its impact on the DS. For example, asking students to solve a task in multiple ways could either stimulate discussion on diverse solutions or trigger dialogue due to increased task complexity.

Six design considerations identified in this study align with task-knowledge elements outlined in prior studies on selecting and enacting tasks of high cognitive demand [START_REF] Smith | Thinking through a lesson: Successfully implementing high-level tasks[END_REF][START_REF] Chapman | Mathematical-task knowledge for teaching[END_REF], Sullivan et al., 2013a). However, our model (see Figure 1) shows that teachers' awareness of how students communicate and what they might disagree about empowers them to create diverse DSs rooted in different design considerations and decisions. We suggest the concept of dialogical taskknowledge to encompass the skills and knowledge imperative for mathematics teachers to identify and harness the dialogical affordances inherent in a task or activity. The core methodological principle of our study leverages the teachers' expertise to augment their knowledge through research. We hope that the empirical model, built upon teachers' perceptions of relevant and feasible design considerations and decisions, will serve as a useful resource for teachers and PD facilitators seeking to cultivate their dialogical-task knowledge and implement DSs in their classrooms.
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 1 Figure 1: A model of teachers' design considerations in planning dialogical situations
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 2 Figure 2: Combinations of design considerations in planned dialogical situations
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