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This paper presents the partial results of a study on the relationships between the specialized knowledge of a mathematics teacher and their noticing competency when teaching the Pythagorean Theorem. To achieve this, we described the research gap that is intended to be covered and detailed the theoretical foundations of selective attention and interpretation of noticing dimensions, and the Mathematics Teacher's Specialized Knowledge (MTSK) model. The data was collected from observing an eighth-grade class developed by a mathematics teacher in a school in Chile and from the following interview with the teacher. The results of the study reveal some relationships between both theoretical constructs. Finally, we mention future challenges to continue exploring the relationships between MTSK and noticing.

Introduction

Due to the relevant role of teachers in the classroom, their knowledge, beliefs, practices, and other factors related to their performance have become the center of interest in research on mathematics education. The knowledge and beliefs of teachers are important elements that affect the processes that take place in a classroom [START_REF] Santagata | The role of perception, interpretation, and decision making in the development of beginning teachers' competence[END_REF]; therefore, understanding the knowledge of a teacher, its characteristics, connections, how it is developed, and how it develops potency, is currently a focus of attention. This has led to the creation of different conceptualizations of the knowledge of mathematics teachers to answer important questions, such as what distinguishes mathematics teachers from other teachers and what a mathematics teacher should know and know how to do.

Meanwhile, another construct that has gained relevance in the debates on the competencies and professional development of teachers is "noticing" (Köning et al., 2022). Although there are different ways of conceptualizing noticing, in a simplified way, it has been defined as the act that allows a teacher to perceive and become aware of relevant events that happen in the classroom and orient his or her teaching practice toward more meaningful learning among students [START_REF] López | Noticing: Una revisión bibliográfica sobre los orígenes y perspectivas actuales [Noticing: A literature review on the origins and current perspectives[END_REF]. In the literature, noticing has been approached from different perspectives and has been segregated into certain dimensions and facets for study.

A literature review shows that noticing is typically investigated not as a dimension of knowledge but as a phenomenon of interest itself (Sherin et al., 2011), either as a professional competence [START_REF] Llinares | Mirar profesionalmente» las situaciones de enseñanza: una competencia en el conocimiento[END_REF] or as a specific skill set [START_REF] Kaiser | Professional competencies of (prospective) mathematics teachers-cognitive versus situated approaches[END_REF]. Consequently, it is not surprising that the close relationship between a teacher's knowledge and noticing has been the object of study in different investigations (e.g., [START_REF] Kaiser | Professional competencies of (prospective) mathematics teachers-cognitive versus situated approaches[END_REF].

Regarding the relationship between a teacher's knowledge and noticing, different points have been argued; for example, in one of them, the use that a teacher assigns to knowledge is studied to attend, interpret, and decide in situations related to the teaching of mathematics [START_REF] Llinares | Mirar profesionalmente» las situaciones de enseñanza: una competencia en el conocimiento[END_REF], which has elements in common with what he or she considers it to be. [START_REF] Van Es | Extending on prior conceptualizations of teacher noticing[END_REF] suggest that teachers use their own knowledge and experiences to make sense of what is observed, that is, their knowledge and experience help them interpret what is attended. Another position defines noticing as a mediator between knowledge and teaching performance (e.g. [START_REF] Kaiser | Professional competencies of (prospective) mathematics teachers-cognitive versus situated approaches[END_REF].

However, few investigations have studied the relationship between noticing and the (or only some) dimensions of teacher knowledge; therefore, this research remains limited (Köning et al., 2022), and although some studies indicate a positive relationship between teacher knowledge and noticing, the exact nature of their interaction requires clarification and specification [START_REF] Blömeke | Opening up the black box: Teacher competence, instructional quality, and students' learning progress[END_REF].

Our research contributes to this line of study based on the Mathematics Teacher's Specialized Knowledge (MTSK) model of Carrillo-Yañez and colleagues (2018). This analytical model considers the knowledge of a mathematics teacher from an intrinsic perspective (Schneider et al., 2019); that is, it differentiates the knowledge of a mathematics teacher from the knowledge of other professionals. It also distinguishes it with respect to the knowledge of pedagogy, psychology, and related sciences. In addition, the MTSK model recognizes that there are elements that concern a teacher but that remain outside the model since they are not part of specialized knowledge [START_REF] Carrillo-Yañez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF]. Thus, in this paper, we present preliminary results on the relationship between the mathematics teachers' noticing and their knowledge when teaching the Pythagorean Theorem, particularly when teaching the Converse Pythagorean Theorem (CPT) to an eighth-grade class (children from 12 to 14 years old) of a Chilean educational center.

Theoretical foundations MTSK

The MTSK [START_REF] Carrillo-Yañez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF] is structured with two large domains of knowledge: mathematical knowledge (MK) and pedagogical content knowledge (PCK). In the center of the model, permeating all other knowledge, the domain of a teacher's beliefs is included. Each domain is subdivided into three subdomains, and these subdomains are further divided into categories. This subdivision allows us to characterize the knowledge of a teacher without forgetting that it is a single kind of knowledge (Schneider et al., 2019). Thus, for MK, the subdomains Knowledge of Topics (KoT), Knowledge of the Structure of Mathematics (KSM), and Knowledge of Practices in Mathematics (KPM) have been defined; for PCK, the subdomains are Knowledge of Mathematics Teaching (KMT), Knowledge of Features of Learning Mathematics (KFLM) and Knowledge of Mathematics Learning Standards (KMLS). Below, we present a brief description [START_REF] Carrillo-Yañez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF] and give examples of each of the subdomains.

Knowledge of Topics (KoT):

This subdomain assumes what and how a mathematics teacher knows the subjects he or she is going to teach, for example, the CPT, its algebraic and geometric representation, the meaning it has and how it is applied.

Knowledge of the Structure of Mathematics (KSM):

This concerns the knowledge that a mathematics teacher has about the connections that exist between mathematical elements, for example, how the CPT relates to the meaning of equality, to the right triangle, and to powers.

Knowledge of Practices in Mathematics (KPM):

This is about knowing how knowledge is explored and built-into mathematics, how relationships, correspondences and equivalences are established, how they are argued, reasoned, and generalized, what roles and what characteristics shape some of the elements with which mathematics is performed, for example, a teacher's knowledge of the different methods and types of CPT demonstration.

Knowledge of Mathematics Teaching (KMT):

This refers to the knowledge that a teacher has about teaching mathematical content and its potentiality, for example, the potentialities and limitations of the use of various material and digital resources in teaching the CPT (Geogebra, tangrams, puzzles, calculator, etc.) and the strategies, techniques, tasks, and examples that can be designed and/or used for teaching the CPT.

Knowledge of Features of Learning Mathematics (KFLM):

This is the knowledge of the characteristics of the process of understanding of the students regarding different content, of the language associated with each concept, and of any errors, difficulties, or possible obstacles, for example, the difficulties related to the correct interpretation of the Converse or with the correct performance of the resolution steps of an exercise or problem situation.

Knowledge of Mathematics Learning Standards (KMLS):

This is the knowledge about what a student should/can achieve in a given school year. It is what a teacher knows about the conceptual, procedural and mathematical reasoning capacities that are promoted in certain educational moments, for example, the curricular changes that the subject of the CPT has undergone in recent years.

Noticing

van Es and [START_REF] Van Es | Extending on prior conceptualizations of teacher noticing[END_REF] theorize that noticing has three dimensions: attending, interpreting, and shaping. We focus on the first two. For the authors, the Attending dimension or selective attention consists of identifying the notable events that take place in a classroom. This dimension of noticing refers to the teacher's direct attention in their classroom. Although teachers cannot focus on everything that happens in their classroom at the same time, they can pay attention to specific aspects relevant to teaching [START_REF] Van Es | Extending on prior conceptualizations of teacher noticing[END_REF]. [START_REF] Mason | Researching your own practice: The discipline of noticing[END_REF] notes that teachers with a high level of awareness may intentionally notice the characteristics, events, interactions, ways of thinking, strategies, etc., that arise in their classroom, a fact that allows them to improve their practice. According to van Es and Sherin (2021), while a teacher's attention is focused more on their students' thinking or mathematical concepts, less attention is given to other aspects that arise from interactions.

Regarding the Interpreting dimension, van Es and [START_REF] Van Es | Extending on prior conceptualizations of teacher noticing[END_REF] propose that it has two facets. The first, use one's knowledge and experiences to make sense of what is observed, implies using one's knowledge of the context itself to make sense of a situation. The authors suggest that teachers have many resources to marshal to give meaning to interactions in their classroom: their understanding of the discipline, knowledge of teaching content, knowledge of their students and learning, student understanding, and more. In other words, these comprise the specialized knowledge of a teacher. The second facet consists of adopt a stance of inquiry, which for the researchers consists of teachers taking a position that allows them to try to understand what their students want to say, i.e., to put themselves in the place of their students.

Based on the theoretical frameworks mentioned above, we have asked ourselves, what relationships are presented between the specialized knowledge of a middle school mathematics teacher and his noticing competence about the Pythagorean Theorem? In this paper, we present the preliminary results of this research.

Methods

Adopting a qualitative approach, we explore the noticing and specialized knowledge of a mathematics teacher (hereafter Benjamin, a pseudonym) that is presented in a class session while teaching the CPT to eighth-grade students at a Chilean educational center.

Data collection and analysis

The data were collected for this research during the observation of a class dedicated to the CPT and an interview with the teacher. The class observation was recorded on audio and video, while the interview was recorded only on audio. In classes prior to the one observed, Benjamin had taught the Pythagorean Theorem, which he used as prior knowledge for the introduction of the subject matter. Benjamin had designed a worksheet with five open-ended questions for this class, and for its implementation, he organized the students into eight work teams, each with three or four people.

Once the teams were distributed, they began to complete the worksheet while Benjamin supervised their work, moving from one group to another. At times, he motivated them to keep working in the worksheet, while at other times, he answered specific questions, helped them in the development of the questions or indicated the next step to take. After this teamwork, a plenary session was held in the class. As a team, some students came to the board and presented their resolution of a question in the worksheet.

As one of the focuses here is to study the noticing that Benjamin engages while developing the class, based on the ideas of [START_REF] Sherin | Reflections on the study of Teacher noticing[END_REF], we decided to conduct the interview immediately after the conclusion of the session, without any visual aids. This after-class interview invited the teacher to retrospectively discuss what he was seeing and thinking during the class. So, immediately after the class, an interview was conducted with the teacher, which lasted approximately 15 minutes. Thus, the interview was transcribed and studied considering the noticing dimensions (van Es, 2011) and the MTSK subdomains [START_REF] Carrillo-Yañez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF]. For the noticing, moments were identified in which Benjamín showed his noticing competency; this was perceived when his performance responded to the questions: What does he notice? and How does he notice? [START_REF] Van Es | A framework for learning to notice student thinking[END_REF]. For the MTSK, data that could be considered clues or evidence were identified. The clues require confirmation of the knowledge through other data, while the evidence allows us to affirm that the knowledge is present and there is no doubt about it [START_REF] Climent | El Modelo MTSK: antecedentes y estructura [The MTSK Model: background and structure[END_REF]. Finally, through a cross-category analysis of both theoretical constructs, relationships are established between Benjamin's specialized knowledge and his noticing competence. The data were triangles between data sources and researchers.

Results and discussion

The data analysis allowed us to identify three interview fragments (F1, F2, and F3) and three class episodes (E1, E2, and E3) in which the categories of both constructs were evidenced. Table 1 presents the results on the relationships between specialized knowledge and Benjamin's noticing competence. As shown, each row of Table 1 presents the relationships evidenced between the two noticing dimensions and the different MTSK subdomains. We explain these relationships below.

First, in the interview, the teacher was asked about the events in the class that caught his attention. His response was the following:

F1

Benjamin: Positive aspects... In general, the class is always participatory, so I do not highlight it as a positive aspect of today, in particular, because today, there was still good participation. In fact, the boys who came out to present did so because they decided to.

Benjamin's response refers to his previous experiences. Notably, he starts with the idea of positive aspects, although at no time was such a rating requested. Moreover, as van Es (2011) suggests, it is common for teachers to primarily pay attention to the general aspects in their classroom instead of the mathematical aspects. In this Fragment, there is no knowledge or belief related to mathematics and its teaching; rather, it corresponds to situations of classroom climate and behavior. The interpretation one makes is a general impression of what has happened. This result corresponds to the first row of Table 1.

Based on the previous answer, we decided to continue with the interview and ask directly about the mathematical aspects that caught his attention. His reply was as follows:

F2

Benjamin:

It was difficult for them to make the relation (he refers to question 4 in the worksheet that states, "In geometry, the algebraic expressions a 2 and (a is positive) can be interpreted, respectively as the measure of the area of a square whose side measures precisely a. In geometric terms, explain what is being affirmed when the following deduction is made:

(3 2 +4 2 = x) ⇒ (3 + 4 = x)
. Show, graphically, that the square with side 7 is larger than the square whose area (x 2 ) is equal to the sum of the areas of the two given squares"), but some groups were still able to make the relation in regard to the geometrical aspects. Most of them only focused on one aspect; most of the groups focused on an algebraic aspect (…), as they were left with a numerical proof, but they were not led to the use of a triangle or the calculation of the area. Therefore, I felt a bit inclined to take them to the geometry sector, in fact, we had worked that with Tangram.

In Fragment 2 (F2), besides notice that there is a difficulty between the algebraic and geometric relationship and interpreting it, his KFLM is perceived. In Fragment 3 (F3) Benjamin interprets what was previously noticed:

F3

Benjamin: However, in any case it is normal that it is difficult... Also, it is a general difficulty when learning mathematics to establish relationships between mathematical objects, to go from an algebraic representation to a geometric representation or another type of representation.

In this interpretation, we observe clue of Benjamin's KFLM regarding his knowledge of the difficulties that students may present in learning mathematics regarding mathematical representations, but we can also observe the teacher's KoT related to the representation registers associated with mathematical content (second row of Table 1). As a result of the answer given by Benjamin in F2, three class episodes were detected (E1, E2, E3) where the teacher interacted with the students from three different teams and in which it was possible to observe how effectively the teacher ensures that the students make the connection between algebra and geometry in the situation raised in question 4. Next, we present the preliminary results we obtained from the analysis of these episodes.

In these three episodes, we observe that Benjamin approaches the student teams to ask them if they have questions and with these guides them towards the expected answer, that is, to identify the relationship between algebra and geometry, as stated in Fragment 2. In Episode 1, a student calls the teacher to ask about question 5, but when Benjamin reviews the work, his attention is focused on a square that does not have the numerical representation as follows:

Episode 1. Student 1 shows the teacher the resolution of his team's task: Very well, write it there.

Although there is no evidence of any sub-domain knowledge in this episode, we believe that there are clues that reveal his knowledge of the definition and properties of the area of a square (KoT) and strategies for teaching this topic (KMT), such as using squares to establish the algebraic-geometric relationship presented in the problem. On the other hand, from the interpretation dimension of the noticing, it is perceived that Benjamín adopts a position of inquiry and tries to understand what the students are suggesting, which leads him to ask them to indicate the value of the area of the third square [E1.1-E1.3] (third row, Table 1).

In Episode 2, Benjamin's intention to establish the algebraic and geometric relationship of the CPT is reaffirmed:

Episode 2 E2.1 Student 2: You could say that in this (points at (3 2 +4 2 = x 2 )) we are seeing how... ehh... the result as a power, but in this (point (3 + 4 = x)), we are also taking numbers, but without the power. E2.2 Benjamin:

Well, we are seeing it as numbers and operations between two numbers. However, it tells us from geometry...

According to the noticing, the teacher addresses the wrong strategy used by Student 2 (E2.1); he interprets that the student understands the relationship based on powers and not with the algebraic idea or with the geometric representation that is described in the worksheet. This leads the teacher to adopt a different inquiry position from the one he took with E1: he asks a series of questions to guide the students to solve the problem; however, since the students have not been able to establish the connection, he ends up drawing the squares. In this episode, it is possible to detect clues and evidence of the teacher's MK (KoT, KSM) and PCK (KFLM, KMT) (fourth row, Table 1). The relationships identified in Episode 2 are repeated in Episode 3, which, for reasons of space, is not presented.

Final comments

We have established an initial approach to identifying the relationship between the specialized knowledge of a mathematics teacher and his or her noticing. This relationship seems to be more explicit when interpreting the situations addressed by a teacher. This suggests that the issues that a teacher addresses and interprets are related to his or her experience, knowledge, and own identity [START_REF] Schoenfeld | Noticing matters. A lot. Now what[END_REF]. For our part, we highlight the importance of continuing the research that contributes to understanding the relationship between knowledge and noticing, that is, to continue identifying the relationship between both constructs more explicitly.

Figure

  Figure 1: Student's work E1.1 Benjamin:Ok. What should be the area of that square (points to the third square from left to right)? E1.2 Student 1:Five. E1.3 Benjamin:Very well, write it there.

Table 1 : Synthesis of results: Relationships between noticing and MTSK.

 1 

	Attending	Interpretation	MTSK
	Order and participation of students [F1]	Make descriptive comments	Not observed
	Difficulty to find the algebraic and	Make interpretative comments	KFLM, KoT
	geometric relationship [F2] [F3]	[F2] F [3]	
	Completion of a representation [E1]	Take a stance of inquiry [E1]	KoT, KMT
	Strategies used by the students [E2, E3] Take a stance of inquiry [E2, E3]	KoT, KSM, KFLM, KMT
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