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Educational research emphasizes the importance of complex and realistic tasks for contemporary teaching. However, the beliefs of both students and teachers regarding such tasks can have an impact on learning outcomes. Therefore, it is of great interest to investigate these attitudes in more detail. The main goal of this study is to contribute to this field of research by analysing the beliefs of 20 mathematics teachers in the context of tasks derived from a complex and authentic problem. Our findings suggest that teachers generally view tasks like these as relevant to education, but to a lesser extent feel sufficiently qualified (both mathematically and pedagogically) to use them in the classroom. Based on these findings, we develop several hypotheses which we intend to analyze more rigorously in further quantitative research.

Introduction

Since the so-called "Practice Turn" [START_REF] Forman | The practice turn in learning theory and science education[END_REF], the focus of modern instruction has shifted "from simply teaching science ideas to helping students figure out phenomena and design solutions to problems" [START_REF] Krajcik | Three-dimensional instruction[END_REF]. This played a major role in justifying complex and authentic mathematical problems in the class-room and also led to the use of appropriate technologies to facilitate or enable the solution of such tasks (c.f. [START_REF] Gilbert | Models and modelling: Routes to more authentic science education[END_REF]. However, resistance from some students and teachers can challenge the integration of complex and authentic mathematical problems into the classroom:

This resistance to active learning may have more to do with [students'] epistemological development than a true preference for passivity. Entering freshmen are likely to use a right-or-wrong, black-or-white mental model. [...] Authentic learning exercises expose the messiness of real-life decision making, where there may not be a right or a wrong answer per se, although one solution may be better or worse than others depending on the particular context. (Lombardi, 2007) Given that beliefs can have a major impact on learning outcomes, research on this topic has re-ceived increased attention in recent years (e.g., [START_REF] Geisler | Sometimes it goes wrong!"-Teachers' beliefs concerning experiments in mathematics[END_REF]. This article aims to further advance research in this area by examining ideas on a topic largely ignored so far: Exercises involving complex and real-world mathematical and technical problems. This type of task is often used in socalled modelling weeks, in which students spend an entire week working on a single complex, realitybased problem, often with the help of technology(c.f., [START_REF] Kaiser | Authentic modelling problems in mathematics education[END_REF]. Similar tasks are also addressed in teaching-learning labs at universities, where students work on a specific problem for one day (c.f. [START_REF] Klock | Die Bedeutung der Diagnose für adaptive Interventionen beim mathematischen Modellieren[END_REF] We focus on beliefs focusing on the nature of mathematics, i.e., suppositions directly relevant on how teachers see their subject and what kind of exercises they deem suitable for their teaching:

Teacher beliefs are implicit and explicit suppositions held by educators which have relevance for their professional and instructional practices, interactions with students, and learning processes. (Ferguson & Brownlee, 2021) In this paper, we present results of an exploratory analysis into the beliefs of 20 mathematics and computer science teachers after working with such exercises. In the exercise chosen for the study (presented later), the teachers were asked to estimate the duration it takes to evacuate a building given two simulation environments and evaluate the realism of these results afterwards.

After they solved the exercises, we posed several questions to examine their beliefs towards these and similar exercises. In this paper, we will report on the results of this exploratory research and derive hypothesis for potential underlying beliefs of those teachers.

Type of problem chosen for this study

We focus on complex and authentic problems such as are commonly used in modelling weeks or teaching-learning labs. While the exact definition of such problems differ, a key characteristics of them is that students work on the problem and corresponding exercises for an extended period of time: at least hours; commonly full time on multiple, consecutive days. Thus, exercises take far longer than typical school assignments. Moreover, these problems are specifically chosen to encourage mathematical engagement. Many problems have been proposed for this (e.g., [START_REF] Kaiser | Authentic modelling problems in mathematics education[END_REF] and two characteristics of such tasks were identified as especially relevant: complexity and authenticity.

As it is necessary here to clarify exactly what is meant by we will try to give a rough definition of these two concepts in the following paragraphs: Problems are considered to be complex by three key properties: first, the number of variables describing the problem typically is large. Second, these variables frequently depend on each other. Fourth, not all variables and goals are known or available [START_REF] Funke | Complex problem solving[END_REF]. Working on complex problems in education is "generally considered critical in the 21st century workplace" [START_REF] De Fruyt | Employability in the 21st century: Complex (interactive) problem solving and other essential skills[END_REF].

Despite its relevance (c.f., e.g., [START_REF] Roth | Authentic school science: Knowing and learning in open-inquiry science laboratories[END_REF], authenticity is harder to define: Usage of the term varies "greatly from referring to externally defined practices to student relevance" [START_REF] Anker-Hansen | In pursuit of authenticity in science education[END_REF]. For the purposes of this study, we call a problem authentic, if it is grounded in the world of the students or requires activities that are useful outside of an educational setting, e.g., because they are comparable with practices of professional scientists [START_REF] Anker-Hansen | In pursuit of authenticity in science education[END_REF].

The problem we chose for our study itself is taken from the domain of building evacuation as this domain allows for complex problems, interesting and authentic activities, and meaningful inclusion of technologywhile not being too reliant on domain knowledge or sophisticated mathematical methods (c.f. [START_REF] Greubel | Teaching Mathematical Modeling with Computing Technology[END_REF]. The problem was presented with an introductory text explaining the goal (estimate the duration to evacuate a sport hall) and both simulation environments. The first environment is based on a grid automaton (c.f. [START_REF] Greubel | EvaWeb: A web app for simulating the evacuation of buildings with a grid automaton[END_REF], the second on a flow network (c.f. [START_REF] Greubel | Teaching simulation literacy with evacuations In[END_REF]. The problem statement itself consisted of four exercises for which the participants had up to four hours to solve them. The exercise sheet is only available online: https://evadid.it/workbook/20220420StudyExEng.pdf.

They are authentic as they include activities typical for mathematicians (e.g., model evaluation) and they are complex because many connected variables (e.g., the model parameters) have to be analyzed.

Central questions for exploration

The central questions this research is based on can be stated as follows:

CQ1

How do educators evaluate the educational relevance of these exercises?

CQ2

What arguments are educators using to evaluate their educational relevance?

Method of the Questionnaire

We approach these questions with a questionnaire, followed by open questions for some participants.

Notably, this questionnaire was given after the participants solved the problem for themselves. While this significantly limits the amount of data that could be collected, it also ensures that the participants are aware of the type of exercises asked about and potential problems during the solving process.

Directly after submitting their solutions, nine participants were asked the following, open questions:

• Did working on the exercises rather feel like fun or like work?

• Did you find the mathematics within the exercises interesting?

• Do you think exercises like these are suitable for mathematical learning?

Follow-up questions were asked as deemed necessary. We analyse the answers to these questions with a type-building content analysis to identify classes of arguments used to answer them.

Furthermore, 19 of the 20 participants filled out a questionnaire with the following, closed questions.

The answer to these questions was given with a five-point Likert-Scale (-2 = do not agree, 2 = agree):

Q1)

The exercises can be used for the learning of mathematics or mathematical activities Q2)

The exercises allow for the learning of mathematics in a bigger context Q3)

The exercises can be used within the current curricula Q4)

I would use the exercises in my own lessons Q5)

I feel sufficiently educated in mathematics to work on such exercises Q6) I feel sufficiently educated in mathematics to teach with such exercises Q7) I feel sufficiently educated in mathematics education to teach with such exercises

Based on the answers submitted, we derive the following hypothesis about the beliefs of teachers.

Afterwards, based on the answers submitted, we derive the hypothesis about the beliefs of teachers.

This was done via two approaches. First, the raw results of the quantitative survey was used to inspire a first set of hypothesis. The hypotheses were worded as "<amount> teacher believe" and we used most if more than 15 (rather) agreed, many if more than 10 (rather) agreed and some if more than 5 (rather) agreed to the corresponding hypothesis.

Second, we extracted multiple lines of argumentations (like the one shown above regarding the potential struggle of students outlined by participant 5) from the interviews by using a structuring content analysis using the iterative process of Kuckartz (c.f., [START_REF] Kuckartz | Qualitative Content Analysis: Methods, Practice and Software[END_REF]. Then, we analysed whether there were relationships between the lines of argumentation and whether participants tend to agree or reject certain statements from the questionnaires.

Report on the results

Answers to the closed questions

Most participants rather agreed that the material enables learning of mathematics, also in a bigger context. Participants were rather neutral about the ability to use it in the current curricula or their own lessons. While they rather agreed to be sufficiently educated to work with the material, they were more neutral about being sufficiently educated (mathematically and educationally) to teach with it. 

Arguments about engagement while working on the exercises

Out of the nine participants, five argued that the tasks were "more fun than work", two argued that in some situation it was more fun while in others it was more work, and two said it felt more like work.

Aspects that made it feel more like work include the setting that felt like being surveilled (P3) or an exam (P8), a temporary feeling of being overwhelmed by the tasks (P10), and the need to perform some tedious calculations (P2). Aspects that made it fun include the challenge provided by the exercises (P7) and playing with the simulation and observing its behaviour (P2, P8, P9).

Arguments about the mathematical content in the exercises

From the nine participants, 3 argued the mathematical content was less interesting, 2 argued that there was no mathematical content, and 4 argued that the mathematical content was rather interesting.

One participant stated that the simulations are interesting and motivating, but the mathematical content underlying it is not inherently interesting (P8). One participant was overwhelmed by the complexity of the mathematical content found it frustrating and, as such, less interesting (P13). Two participants questioned the mathematical content hidden in those exercises, especially since it is unrelated to anything in the current curriculum (P1). However, the other person thought that it is still interesting for getting a broader view of mathematical applications (P1)

Two participants (P7, P13) highlighted that the modelling approaches used are interesting and three participants were interested to find out more about approaches to model evacuations, e.g., regarding to the algorithms used (P2, P9) as well as the precision of such approaches (P7).

Arguments towards learning with such exercises

From the nine participants, one found exercises like this suitable for learning and one did not think so. The remaining 7 reasoned that it can be interesting for learning in certain situations.

One participant stated that it could be applied in an university setting (P2). Two argued that it could potentially be used in an interdisciplinary setting, but not in mathematics education (P1, P3). Two further participants highlighted that such exercises are incompatible with the current curriculum (P7, P8). Three participant argued that they think such exercises are useful (only) for a course of gifted students to teach a broader view of mathematical activities and applications (P7, P10, P13). This focus on the complexity of the exercises was wide-spread: Five further participants found them too complex for a school setting in general (P1, P2, P3, P5, P8); while two highlighted that they are too complex for some students (P7, P10)and even for some teachers (P3, P7).

However, it was also highlighted that the general evacuation setting can be very motivating for the students (P7, P8) that this might make mathematics interesting for pupils usually not fond of mathematics (P7), and that such exercises might improve the creativity of pupils (P3).

Arguments based on the nature of mathematics

Multiple participants used arguments about the nature of mathematics to argue for the interest in the topic or the relevance of such exercises for learning. Importantly, there were incompatible opinions about the nature of mathematics education itself. One participant argued (translated from German):

Interviewer: Did you find the exercises interesting from a mathematical perspective? [...] Participant 5: No, because I find modelling exercises horrible -seriously! [...] I always have problems, explaining those [...] But I find it really horrible if you have to make so many assumptions which can be totally different and where nothing is really false. For me, there always exists a calculation in mathematics that is either right or wrong and modelling exercises are different. Interviewer: Why? I admit that right or wrong is something that can be forced in mathematics if one provides a certain kind of exercise. This is not always possible in different subjects. Do you think it´s good, if it´s done this way? Participant 5: Yes, I find it good for me as a teacher. It´s not so good for the creativity of the students, that´s right. My second subject is English and there I am the kind of teacher explaining that you can find solutions with rules. I hate to say: "You have to do it based on your feelings", because that´s not easy for our students: They don´t have a feeling for language, e.g., for English. And then I want to explain: [...] These are the rules and it works like that and if you always do it like that, you will always get to a solution. And this is not the case for modelling exercises. Interviewer: Right. Modelling exercises require a equivalent of a feeling for language: a feeling for mathematics. Participant 5: Exactly! Interviewer: But is this desirable? Participant 5: If I think about my students, then I don´t knowthey really struggle with it. Interviewer: So to put it cynically: It is desirable but unrealistic? Participant 5: Yes! Another participant argued that exercises like the one provided can be used for desirable change: Participant 7: And I find this super interesting. I mean generally, the program itself and its usage as a learning environment. I find it very interesting to have a realistic situation and to think about how to approach it mathematically: What strategies are available? 

Built hypothesis

First, we summarize the perceived relevance of exercises stemming from complex and authentic problems with the following, central hypothesis:

H1)

Most teachers believe such exercises are suitable to learn mathematics.

However, this does not necessarily imply that they are also relevant for learning mathematics: H2) Some teachers believe such exercises are relevant to learn mathematics in general.

H3)

Many teachers believe such exercises do not fit within the current curriculum.

Additionally, the attributed relevance is likely mediated by the perceived nature of mathematics:

H4)

The educational relevance attributed to exercises stemming from complex and authentic problems is dependent on the perceived nature of mathematics.

More precisely, this correlation can potentially be broken down into the following two hypothesis:

H5)

Teachers that believe that mathematic activities should primarily focus on formulae and the execution of a given approaches argue for lower educational relevance.

H6)

Teachers that believe that mathematics is a toolbox enabling a formal approach to realworld problems via mathematizing and modelling argue for higher educational relevance.

Another set of beliefs refer to the relationship of such exercises with other exercises: H7)

Most teachers believe they are sufficiently educated to work on such exercises H8)

Many teachers believe they are sufficiently educated to teach with such exercises

The sufficiently educated relates both to the mathematical and didactical education received. However, they have a bleaker opinion on the relationship of such exercises with other entities: H9) Many teachers believe that such exercises are too difficult for many students H10) Some teacher believe that such exercises are too difficult for some teachers

As in the example shown earlier (participant 5), there potentially is a relationship between the perceived nature of mathematics and the belief whether students are overwhelmed by such exercises:

H11)

Teachers that have a more traditional view of mathematics education are more likely to believe that complex and authentic problems overwhelm students or teachers. Notably, while teachers sometimes referenced other modelling activities and outlined similarities between complex and authentic problems, nobody explicitly contrasted these two. This could hint to the fact that teachers themselves see little difference between H12)

Teachers rarely differentiate between complex and authentic problems (solved over multiple hours or days) and other modelling tasks (solved in several minutes within a lesson) while analysing the suitability for education or expected struggles of students. This was the case in our study design where teacher had to solve such an exercise first.

Conclusion and future work

We conducted an exploratory study into the beliefs of teachers about complex and authentic mathematical tasks. To do so, we gave 20 mathematics educators four exercises from the domain of building evacuation. 19 of these educators answered a questionnaire with closed questions; nine of them additionally participated in an interview with three open questions.

Our results show that most educators asked, agree that complex and authentic mathematical problems are suitable to learn mathematics, especially in a broader context. They felt weakly positive about being sufficiently educated (mathematically and educationally) to teach with them. The relevance of such tasks for mathematical education was perceived rather positive and might be related to the nature of mathematics perceived by this teacher. However, they have serious concerns about the ability of pupils (and even some teachers) to work on such tasks. This concern should be further analysed as it could either indicate at an inappropriate level of complexity of such tasks -or a lack of knowledge about an "adequate level of difficulty of the problems assigned" which is seen as central for the proficiency of teaching problem-solving (Chapman, 2015).

As our hypothesis were derived from an exploratory analysis, quantitative confirmation of them is necessary. Therein, it would also be interesting to analyse whether solving the exercises beforehand influences how sceptical teachers are regarding the ability of pupils to work on such tasks. Furthermore, it is desirable to analyse how much the exact kind of tasks influence the teachers' beliefs.

Lastly, it would be desirable to extend the line of research beyond the beliefs of teachers about certain problems (tackled in this paper) towards the attitude of teachers towards teaching with such problems.

Table 1 : Full overview to the closed questions in the questionnaire

 1 

	Question	⌀ (Avg)	σ (Stddev)	Disagree	Rather Disagree	Neutral	Rather Agree	Agree
	Q1	1.11	1.05	0	2	3	5	9
	Q2	1.21	1.03	0	2	2	5	10
	Q3	0.42	1.26	1	4	5	4	5
	Q4	0.33	1.33	2	3	4	5	4
	Q5	1.16	0.90	0	1	3	7	8
	Q6	0.47	1.02	0	4	5	7	3
	Q7	0.42	1.12	0	5	5	5	4

  How can one simulate something like that?[...] And in an ideal situation, one would also simulate it [in real life] and compare how realistic the [mathematical] results were [...] [This approach] is going to shape school [in the future], because if one is honest: When in mathematics lessons do you do something like this? Yes, I do calculations with exponential or polynomial functions [...] But almost always you just calculate some stuff until the final exams and every student is asking: "What do I need this for?" And that´s rather boring. [...] So this would be an approach where one would say: This is the direction schools could go. This way, it would maybe be fun. And I think, that such [real-world] stories can also evoke interest in pupils less inter-ested in mathematics, who think mathematics is [extremely] boring [...] But maybe then [these pupils] say: "hey, this is cool." And obviously, you will not spark interest in everyone [...] One never does. But this would be a good direction to head. So yeah, I really find it interesting. Seriously. And also finding the approach yourself after having no idea how to approach such a situation, like I just did. This way, learning is way more sustainable. [...] one does not forget it so fast afterwards.