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Abstract

Following White’s approach of robust multiple linear regression [21], we give asymptotic confidence
intervals for the multiple correlation coefficient R? under minimal moment conditions. We also give
the asymptotic joint distribution of the empirical estimators of the individual R?’s. Through different
sets of simulations, we show that the procedure is indeed robust (contrary to the procedure involving
the near exact distribution of the empirical estimator of R? is the multivariate Gaussian case) and
can be also applied to count linear regression. Several extensions are also discussed, as well as an
application to robust screening.
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1 Introduction

Let (Y, X W ...X (P)) be a random vector with value in RP*!. The variable Y is the response variable, and
(X O ¢ (p)) is the vector of explanatory variables. Assume that all the variables are square integrable.
The multiple correlation between Y and (X W X (p)) can be expressed using the orthogonal projection
of Y onto the L2-subspace V generated by the variables (X(O), xM ,X(p)), where we denote by X (©)
the constant variable X(°) = 1. Let then Proj;-(Y) be the orthogonal projection of Y onto V. The
response variable Y is uncorrelated to the vector (X, ..., X)) if and only if Proj, (V) = E(Y).

To measure the strength of the correlation between Y and (X WX (p)), the usual measure is the
coefficient R? defined by (assuming that Var(Y') > 0):

2 Var(Projy (Y))

Var(Y)
The coefficient R? is often referred as ”the population variance-accounted-for effect size”. As we see, it is
defined as the proportion of the variance of Y that is explained by the best linear predictor in L? based
on the variables 1, XM ... xX®)



In this paper, we consider the empirical estimator R? of the coefficient R? based on n independent
copies (Yi,Xi(l), .. ~aXZ'(p))1§i§n of the vector (Y, XM ,X(p)). We prove its consistency, asymptotic
normality, and we give an asymptotic confidence interval for R2. Our approach is a robust one: we
will make no additional assumptions on the distribution of the vector (Y, X W X (p)), except moment
assumptions necessary for the Central Limit Theorem (CLT) to hold, and to estimate consistently the
limiting variance.

Most of the existing literature on the distribution of R? deals with the case where the vector
(v, XM ... X®) is normally distributed. In this context, Fisher (1928) [5] obtained the first exact
expression of the density function of EZ, involving a Gauss hypergeometric series. Other exact expres-
sions for the distribution and the cumulative distribution were given by Lee [13]. An exact expression
of the cumulative distribution in terms of a series of Gamma distributions is given in Muirhead (1982,
Theorem 5.2.5) [15]. The first two principal terms of the latter development were given earlier by Lee [13].
Some quantile tables were derived by Lee [14] from this second-order approximation of the cumulative
distribution function. Lee’s results were then implemented by Kelley [11] in his R MBESS package.

In the non-Gaussian case, there are relatively few results. Let us cite Muirhead [15] Theorem 5.1.6,
who gave the asymptotic normality of R2 assuming that (Y, X WX (p)) has an elliptical distribution.
The paper closest to ours is that of Ogasawara [16], who gave an Edgeworth expansion for \/ﬁ(}? — R?),
under some conditions on the distributions of the variables, assuming in particular that all the variables
Y, XM, ... X® have a moment of order 8. We will compare our result to that of Ogasawara in more
details in Remark 3.1 of Section 3. Let us also mention the results of Ogasawara (2008) [17] for partial
correlation (see Subsection 5.1 for the extension of our method to the the case of partial correlation).

As the previous two paragraphs show, the study of the distribution of R? s important from a historical
point of view, the first work on this question being prior to 1930. It is also important from a practical
point of view, since R? is systematically computed in the case of the multivariate linear model, its
interpretation being particularly clear in this case. Obtaining a confidence interval of the true R? from
R? is therefore a perfectly natural question; it gives numerical precision to the quality of the forecasts
obtained from the best linear combination of the explanatory variables. We refer to Kelley’s article [12]
for further discussion of the practical applications of these confidence intervals.

As a referee suggested, some of the results of this article may be of interest to practitioners in the
Machine Learning community, as R? (or some related quantities, such as LMG/PLMV indices - see
for instance Gromping [8]) is often used in this field. Again, we wish to note here that our approach
(inspired by White [21]) is a robust one in the sense that we never assume the existence of a model to
describe the relationship between the variable Y and the explanatory variables (X W X (p)). This
robustness property, which is also highlighted in Section 6.3 devoted to screening, could naturally fit
into the context of SAFE Machine learning, as described for example in Guidici and Raffinetti [7]. The
concept of SAFE machine learning is taken up and developed in detail in the recent article by Giudici
[6]. Our robust method could then fall under two principles presented in this article: accuracy in the
sense that confidence intervals for R? make it possible to obtain precision on the predictive capacities of
the best linear predictor, sustainability in the sense that we work in a model-free context, which does
not require the verification of prior hypotheses. Similarly, confidence intervals on the LMG importance
measure (see Gromping [8]) in a model-free context would be interesting in terms of the explainability
principle (even if the notion of variable importance does not always help to explain or interpret the link
between the output and the explanatory variables).

The article is organized as follows: in Section 2, we recall some earlier results due to White [21]



necessary for understanding the rest of the article. In Section 3 we prove the consistency and asymptotic
normality of R%2. We also give an estimator of the limiting variance, which together with asymptotic
normality provide an asymptotic confidence interval for R?. In Section 4, we evaluate the performance
of our confidence interval on different sets of simulations, and we compare this performance with that of
the confidence interval that assumes that the vector (Y, X, ... X®)) is Gaussian. In Section 5, we give
the extension of our procedure to the cases of partial correlation, vector-valued random variables, and
dependent (a-mixing) random variables. In Section 6, we present additional results and some possible
applications of the techniques developed in Section 3. In Section 6.1, we give the asymptotic distribution
of the joint law of the estimators of the individual R?’s. In Sections 6.2 and 6.3 we briefly discuss the
connections between our results and sensitivity analysis or screening methods (in the latter case, a small
simulation study is carried out).

2 Previous known results

In this section, we recall White’s results [21] concerning the least squares estimator of the coefficients of
the orthogonal projection Projy (V) = ap+ a1 X 4. FopX (») (consistency, asymptotic normality and
estimation of the limiting covariance matrix). This serves two purposes: it recalls the robust procedure
described by White [21] in the linear model (without the assumption of normality or homoscedasticity),
and it gives an initial idea of the proofs that will enable us to obtain an asymptotic confidence interval
for R? in Section 3.

Let V; be the L2-subspace generated by the variables (XZ-(O),Xi(l), e XZ.(p)). Let e =Y — Proj, (V)
and ¢; = Y; — Projy, (Y;). We can then write

Y; = Projy, (Y;) + &
where the variables €; are such that E(Xi(j)si) =0 for any j € {0,...,p}.
Consider the following assumption:

Assumption 2.1. Assume that 1, XY, ... X® are linearly independent. By linearly independent, we
mean “as a family of random variables in the space .27, that is: one cannot find v = (70,1, . - - Yp) N
RPHL with 4 # 0 such that y9 + 11 XM + -+ 3, XP) = 0 almost surely.

Note that Assumption 2.1 is true iff the distribution of (X W X (p)) is not supported on an affine
subspace of dimension k < p.
Under Assumption 2.1 one can uniquely write

Yi=ao+ OllXi(l) + apXi(p) +é&;.
Let agp = (ap, a1, ..., ap)t € RPTL and X be the matrix whose jth column is
X0 = (xD . xWy.
Let Y = (Y1,...,Y,)  and € = (e1,...,&,)". One can write
Y = Xag, + €.

Let M be the matrix such that M;, = E(X)X®). By Assumption (2.1) the matrix M is invertible
and one can easily show that

g, = MTHE(Y),E(XVY) .. E(XPY)).



2.1 Least square estimator of «y,,

Let 1
M=-X'X
n
By the strong law of large numbers
lim M = M almost surely. (2.1)

n—oo
Under Assumption 2.1, M is invertible and for large enough n, X! X is also invertible, and one can define
a();p = (ap, . - - ,ap)t = (Xt X)fl X'y,

Let V,11 be the sub-space of R" generated by the p + 1 columns X XM X of the matrix X,
and Ily,, (Y) be the orthogonal projection of Y on V1 (with respect to the euclidean norm). We have

Qo x(0) +aq x® +---+ ap XP) = HVp+1 (Y),
and

R R . _ — 1
Qop — Qo = (Qoy -+, ap)' — (g, .-, ap) = (XIX) T XPe =M 1EX%:. (2.2)

2.2 Consistency and asymptotic normality of o,

Following White [21], we obtain the consistency and asymptotic normality of the least square estimators.
The proofs of these results being simple and enlightening, we have chosen to recall them because they
may make it easier to understand the proofs of Section 3.

Proposition 2.1. Under Assumption 2.1, &, converges almost surely to o, as n — 0o.

Proof of Proposition 2.1. From (2.1), we get that

lim M~! = M"™! almost surely. (2.3)

n—oo

Starting from (2.2) and using (2.3), it suffices to show that

1
lim — X"e = 0 almost surely. (2.4)

n—oo n

By definition of ¢, for any j € {0,...,p}, E(XU)e) = 0. Applying the strong law of large numbers to the
jth coordinate of n=! X' e, we get

n—o0

1 (G
lim < X! s) = lim — Z Xi(])si = 0 almost surely. O (2.5)
" J i=1

To prove the asymptotic normality, we need moment assumptions.

Assumption 2.2. Assume that E(X(j)252) < oo forallj=0,...,p.



Proposition 2.2. Under Assumptions 2.1 and 2.2, let M(g) be the matriz defined by
M(e)je = E(XVXOe?) for any 0 < j, 0 < p. (2.6)

Then L
\/ﬁ(aO:p - 0fO:p) n:; Np+1(0, M_IM(€)M_1).

Remark 2.1. Assume that €2 — E(e2) is orthogonal to the space S generated by the variables X)X (©)
for all 0 < j < £ < p (which is true, for instance, if € is independent of (X, ..., X®))). Then the
limiting variance matriz in Proposition 2.2 writes

M 'M(e)M ! =E(A)M !,

and is the same as in the case where the conditional distribution of Y giwen (XU, ... X®)) is Gaussian
with Var(Y|XW ..., X®)) = 62 (homoscedastic case; in that case E(?) = 02). This simple observation
enabled White [21] to formulate his famous homoscedasticity test, which in fact consists of testing whether

g2 — E(e?) is orthogonal to S (Hy hypothesis) or not.

Proof of Proposition 2.2. Starting from (2.2) and using (2.3), it suffices to prove that

1 c

%th — Npi1(0,M(¢)). (2.7)

ow ( .7) follows from a direct application of the central limit theorem in RP*! since for any 0 < j < p,
XU)e) = 0 and since Assumption 2.2 holds.

(

O
2.3 Estimation of the limiting covariance matrix
Under Assumption 2.2, by the strong law of large numbers, for any j,¢ € {0,...,p},
lim fZX(j X(Z e = M(e)jr almost surely. (2.8)

n—oo n

Of course, the quantity on right hand is not an estimator of M(e);  since the ¢;’s are not observed. White
[21] proposed then to replace the g;’s by the residuals.

&= Y — (Xauwy)i = Vi — o X" = —a, X",

Let then

n

M(g)],é — E ZXZ(J)X( )2
=1

To prove the consistency of M(e) o We shall assume that Assumption 2.2 holds and that:

Assumption 2.3. E(X(j)4) < oo forall j € {0,...,p}.



Proposition 2.3. Under Assumptions 2.2 and 2.3, for any j,¢ € {0,...,p},

lim M( )ie

Jim jo=Mi(e)je almost surely.

Consequently, under Assumptions 2.1-2.3,

lim ﬁ_lﬁ(g\)l/\\/l_l =M 'M(@E)M™  almost surely.
n—oo

Remark 2.2. The Assumptions 2.2 and 2.3 are equivalent to: E(X(j)2Y2) < 00 and E(X(j)4) < oo for
any j €40,...,p}.

Remark 2.3. As usual, Propositions 2.2 and 2.3 enable to obtain confidence regions or test procedures
for the coefficients c;. For instance, if one wants to test

Hy:ap = =a;, =0 forsome0<i3 <ig<---<ip<p

one can proceed as follows. Let Cy be the matriz with k rows and p columns, such that all coordinates of
the jth row are 0 except the coordinate i; which is equal to 1. Then, by Proposition 2.2,

~ ~ L _ _
\/ﬁ((a’il? R a’ik)t - (aila SO aik)t) n;)o Nk(oa CiM IM(E)M ICIISC)
Now, under Assumptions 2.1-2.3, by applying Proposition 2.3
Vi = Ckﬁ*@ﬁ_lc}i converges almost surely to CpM 'M(e)M~'CY .

If M(e) is invertible, then the matriz CxM™'M(e)M™'CY is also invertible and {7;1/2 is well defined
(for n large enough). Let then (&1,...,&) = \/ﬁ\Aflzlﬂ(ail, .., a;,)t. Under Hy, we see that the test

statistic Y% €2 is such that
k

Zg n—00 )

Proof of Proposition 2.3. Write £2 = 2 + R;, with R; = 2¢;(¢; — ;) + (£; — :)%. The following upper

bound holds ,

p
2
R <23 (@ — a)Xeil + (0 + 1)) (@ — an)? X" (2.9)
=0

Tacking into account (2.8), to prove Proposition 2.3, it suffices to show that, for 0 < j,k < p and
1<1<n,

1 .
lim — Z |X-(])XZ-(k)RZ-| =0 almost surely. (2.10)

By (2.9), we have

n

1 3 ) x (%) Zp . 1~ v() P LN ) ) o0
n P ‘ ¢ t Z‘ - 2Z:0 ‘(OM aﬂ)‘n — |XZ XZ Ez| + p+ 1 Z_EO Qy OKE) n ;:1 |“<z ‘<z Xz ‘



Since |ay — ay| converges almost surely to 0, (2.10) will be satisfied provided, for 0 < j, k, ¢ < p,

lim sup — Z |X X(k)X(Z)sﬁ < oo and limsup— Z | X J)X(k)X | < oo almost surely,

n—oo N n—oo TN

which is true by applying once again the strong law of large numbers, since under Assumptions 2.2 and
2.3 we have E(| X X® XWe|) < 00 and E(| XD X® X©O?|) < 00 for any 0 < j, &, £ < p. O

3 Asymptotic distribution and confidence interval for R?

In this Section we prove the consistency and asymptotic normality of R? (see Proposition 3.2). We
also give an estimator of the limiting variance, which together with asymptotic normality provide an
asymptotic confidence interval for R? (see Corollary (3.1)).

Assuming that Var(Y) > 0 (which means that the random variable Y is not almost surely constant),
the multiple correlation coefficient R? is defined by:

Var(Projy, (Y))

2 _
i = Var(Y)

For ¢; = Y; — Projy, (Y), recall that under Assumption 2.1 one can uniquely write

Y; = Projy. (Y;) + & = apl + alXZ-(l) 4t oszi(p) + &;.

For any vector z = (z1,...,2,)! in R™, the empirical variance of z is given by

n

1
Var,(z) = - Z(zz —2)2
=1
Let 1, = (1,...,1)! and let IIg be the orthogonal projection (with respect to the Euclidean norm) on
a subspace E of R™. Let V1 be the subspace of R" generated by (1, XM, ,X(p)). The empirical

estimator R2 of R2 is then
~ Varn(HVpH(Y))

3.1
Var,(Y) (3.1)
Our first goal is to give a simple expression of this estimator. Let a1, = (aq,...,qp)" and @y, =
(@1, ...,ap)" for the sake of simplicity, we shall omit the indexes and write & = a1, and & = @.p. Let
also @ = (01,...,0,)" and 6 = (64,...,6,)", where
Y, X ) - Y, - Y)(x® - x®
Qk = 700\7( . ) and Hk = Zz 1( )( ) . (32)
Var(Y) S, (Vi —Y)?

The following lemma gives the expression of R? and R? in terms of 0, a, 6 and a.

Lemma 3.1. Under Assumption 2.1, R> = 8'a and R? = 0'a.



Proof of Lemma 3.1. We prove the second point, the first point being proved in the same way. Write
[ ~ J— 1 ~ J—
My, (Y) = Ty (V)1 = & (XD X1, 4+ 4 6,(XP -X"1,,).

Now, if S, is the subspace of R" generated by ((X" —X(l)ln)), L (X® —X(p)ln))) it is easy to check
that
a1 (XO —XW1,)) -+ @,(X® —XW1,,)) = g (Y —Y1,,).

Since by Assumption 2.1 the variables 1, X1, ..., X®) are linearly independent in L2, the variance
matrix Mg of (X1, ..., X®)! defined by
(Mp)je = Cov(XV, X0 j 0 efL,....p} (3.3)

is invertible. Denote by Xy the matrix defined by

Xo = ((Xi(j) - X(j)))lgign,lgjgp' (3.4)

By the strong law of large numbers

1
lim —XEXO = M, almost surely.

n—oo n

Since My defined in (3.3) is invertible, it follows that X}Xj is also invertible for n large enough, in such

a way that
a = (XEXo)'XE(Y - Y1,), (3.5)

and
g, (Y =Y1,)) = Xo(X{Xo) 'XE(Y —Y1,).

Let || - [[eu be the Euclidean norm on R™. The following equality hold:
iV (I, ., (Y)) = [[Ts, (Y =Y 1),
= (Y —Y1,)"Xo(X5X0) ™ X Xo (X5X0) ' Xp(Y —Y1,,)
= (Y —Y1,) Xo(XpX0) ' X5(Y —Y1,)
= (Y -Y1,)'Xpa. (3.6)
The result follows from (3.1) and (3.6) since

(Y-Y1,)%0 _ 5
nVar,(Y)

Now, to build a confidence interval for R?, we need to describe the asymptotic distribution of

~

\/ﬁ([a 0] - | 9]) - \/ﬁ((al,...,apﬁl,...,ep)t— (al,...,ap,el,...,ep)t) :
Let us then define the two matrices involved in this asymptotic distribution. For k € {1,...,p}, let
e®) = X® _ Proji, (X®) and e* = X — Projy, (X)), (3.8)

where W is the subspace of L2 generated by 1 and Y, and W is the subspace of .2 generated by 1 and
Y;. Let also e(®) = (egk)’ o ,e?(f))t.



)2

Assumption 3.1. E((XU) — E(X1))2e?) < 0o and E((Y — E(Y))2eW)%) < 0o for all j € {1,...,p}.

Let then A be the 2p x 2p symmetric matrix defined as follows:
o If (j,k) € {1,...,p}? then

A= B((XU) — E(XU))(X® — BX0)e);

o If (j,k) € {p+1,...,2p}? then

A =E((Y —E(Y))2eUPekp).

o (j,k)ye{l,...,p} x{p+1,...,2p} then

Ao = E((XD ~ E(XU)(Y — E(V))eelt )

Let 0j, = 01if j # k and d;; = 1 and let B be the 2p x 2p symetric matrix defined as follows:
o If (j,k) € {1,...,p}? then B,; = (My');x (see (3.3) for the definition of My);
o If (j,k) € {p+1,...,2p}? then B, = (Var(Y)) 18 ;
o If (k) e {1,...,p} x{p+1,...,2p} then B;; = 0.

Proposition 3.1. Under Assumptions 2.1 and 3.1

\/ﬁ([aﬁ] - [a:@]) £, Nop(0,BAB).

n—oo
Proof of Proposition 3.1. Let B be the 2p x 2p symetric matrix defined as follows:
o If (j,k) € {1,...,p}? then ]§j7k = n(XBXO)j_é;
o If (j,k) € {p+1,....2p}? then Bjj = (Var,(Y))'d;4;
o If (j,k) e {l,...,p} x{p+1,...,2p} then ﬁj,k =0.
Starting from (3.2) and (3.5), and noting that
V=¥ =ar(XV =X 40X - X) 4 (6 -9,
(x® X"y =0, =) + (e —e®) for ke {1,...,p} ,
we see that
Jn ([a 0] — [a: 0]) — B (e'X, (Y —-Y1,)'E), (3.9)
where E is the n X p matrix such that, for (t,7) e {1,...,n} x {1,...p}, (E;;) = el(-j).
Denote by Xy the matrix defined by

Ko = (XY~ E(XD))1<icn1<j<p - (3.10)



One can easily check that

1 Y YV X P
NG ((sfxo, Vi -Y,....Y - V)E) — (X0, (V1 — E(Y),...,Y, — E(Y))E)t> 0. 31
Now, by the multivariate central limit theorem,
1 -
('K, (Vi —E(Y), ..., Y, —E(Y)E): -5 N5p(0,A). (3.12)

\/ﬁ n—00

The result follows from (3.9), (3.11) and (3.12), since by the strong law of large numbers,

lim B=B almost surely. (3.13)

n—o0

As a consequence, we get

Proposition 3.2. Under Assumptions 2.1 and 3.1

NG (fz? - R2> -5 N(O,V).

where
V= (91, ce ,Hp,al, ce ,Oép)BAB(Ql, .. .,Gp,al, .. .,Oép)t . (314)

Remark 3.1. Ogasawara [16] has given an Edgeworth expansion of \/ﬁ(ﬁz —R?), which is a more precise
result than Proposition 3.2, but requires some conditions on the distribution of (Y,X(l), e ,X(p)). In
particular, he required that the all the variables have a moment of order 8. Note that, if we do not look for
an Edgeworth expansion, the method of Ogasawara consists in expressing R% as a differentiable function
of S = ((Cov(XD, X)) 1<icicp, (Cov(Y, X D)1 <icp, Var(Y)), proving the CLT for V(S —8) (S being
the empirical estimator of S), and applying the delta method. The differences with our approach are the
following :

e To prove the CLT for \/ﬁ(g— S), one needs moments of order 4 for all variables, which is a more
restrictive condition than the moment conditions of our Proposition 3.2.

o Applying the delta method to a function of S implies that the limiting variance V will be expressed
as a function of a q¢ X q matriz, where ¢ = (p+ 1)(p + 2)/2 (the matriz Q in [16]), while we can
express V' as a function of a 2p X 2p matriz (the matric BAB, see (3.14)). Note that, with our

expression of V. we are able to give simple sufficient conditions ensuring that V > 0 (see Lemma
3.2 below).

e Finally our approach can be easily extended to the the case where the variables Y, XW ... X
are vector-valued (see Section 5.2).

Proof of Proposition 3.2. Starting from Lemma 3.1 and Proposition 3.1, it suffices to apply the
delta-method to the function ¢ : RP x RP — R defined by

ow,y) =a'y.

10



The proof Proposition 3.2 is complete by evaluating the differential D¢, , of ¢ at point (z,y):

D¢y y(h1,ha) = y'hy + 2'hay = (y,2)"(h1, ha) . 0

To build a confidence interval for R?, it remains to find a consistent estimator of V. We shall simply

replace each element in the definition of V' by its empirical counterpart.
Let then A be the 2p x 2p symmetric matrix defined as follows:

e If (j,k) € {1,...,p}? then

n

N 1 ) Wy B _ k)
Aji = 5 P =X =X
o If (k) e {p+1,...,2p}? then
—~ 1 " — i k—
A= = Z(Yz _ Y)2€Z(J p)gg p)’

where El(-k_p) = (Xi(k_p) — X(k_p)) —Op (Vi = Y);
o If (j,k) e {l,...,p} x{p+1,...,2p} then

~ 1< - - _
A== > (X7 =X\ - Yz .
=1

Proposition 3.3. Let

PPN

Vo= (01,...,0p,01,...,0,)BAB(0y,...,0,,d1,...,4,)" .
Under Assumptions 2.1 and 2.3 and E(Y?) < oo, we have

lim YA/n =V almost surely.
n—oo

Proof of Proposition 3.3. Recall that, by the strong law of large numbers,

: ~ ~ 7 0\t t
nll_)rgo(al,...,ap,el,...,é?p) = (a1,...,0ap,61,...,0,)" almost surely,

and

lim B=B almost surely.
n—oo

Hence, it remains to prove that A converges to A almost surely.
To prove this point, we first introduce the matrix A defined as follows:

o If (j,k) € {1,...,p}? then

Z(XZ(]) _ X(j))(XZ(k) _ K(k))E,?,
i=1

Ajy =

1
n

11

(3.15)



o If (k) e {p+1,...,2p}* then

Aj =

o If (j,k)e{l,...,p} x{p+1,...,2p} then
L) 50) 7. (k—p)
Aji=— E'_l:(xﬁ — XN (Y = Y)eies P

Since E(Y*4) < oo and E(X (j)4) < 00, we deduce from the strong law of large numbers that

lim A=A almost surely.
n—oo

Let us now prove that, for (j,k) € {1,...,p}?,

lim |AJ k— j,k| =0 almost surely.
n—oo

We write 7 = ¢? + R;, with R; = 2¢;(; — ;) + (€; — &;)?. One can easily see that

p P
2
Ril <23 1@ — a) X Vel + (0 + 1) (@ — a)?x.” (3.16)
=0 =0
Moreover
A = Z (X Nx® -X)Ry). (3.17)

Combining (3.16) and (3.17), and using that |@;—a;| converges almost surely to 0, we infer that ;&j,k_;‘j,k
converges almost surely to 0 as soon as

lim sup — Z ]X 51] < oo and limsup— Z | X ])X(k)X Ch | < oo almost surely,

n—oo N n—oo TN -

which is true (applying once again the strong law of large numbers) since E(Y*) < 0o and E(XU )4) < 00

for any j € {1,...,p}. N
Let us now prove that, for (j,k) € {p+1,...,2p}2, A — A, converges almost surely to 0 as n — oo.

We write ¢ A(J p)A(k p) _ (J -p) (k )+Tz, with

IT;| < |€Z(jfp) (ggkfp) _ el(kfp)” + ‘egkfp) (ggjfp) _ el(jfp)

~—

|
(@D _ 2 Lalon _ Gomye (31

+ 5 i

N | =

For ¢ € {1,...,p}, let By = E(Xg) —6,E(Y) and 3, = X - 54?. With these notations

=B+ 0,Y + 6( ) and X ,Bg + ngk + /é(k) (3.19)
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From (3.18) and (3.19), we infer that

T3] < 167 By — Brp)| + e PYilBrp — O1y)|
e P (Bimp — Bip)| + e PYi(Bj—p — 0;-p)]
+(ﬁk*p_5k‘fp) (B] -p /Bj p)
(9k p_ek p) Yz2+(03 p_ej p)zYz‘Q' (3-20)

Moreover

~ ~ 1 _
Aju = Ajul < = 31 - )T (3.21)
=1

Combining (3.20) and (3.21), and using that |Bg Be| and |§g 6| converge almost surely to 0, we infer
that A; ) — Aj converges almost surely to 0 as soon as, almost surely

1 n
lim su Y2 -P) < 00, limsup — Y-3 < 0o, and limsu Y4 < 00,
n%oop n Z | | ’ n—>oop n ; | ! ’ n—>oop n zz;

which is true (applying once again the strong law of large numbers) since E(Y*) < oo and E(XU )4) < 00

for any j € {1,...,p}. N
The fact that, for (j,k) € {1,...,p} x {p+1,...,2p}, Aj — A;; converges almost surely to 0 as
n — oo may be proved exactly in the same way. O

As an immediate Corollary, we get

Corollary 3.1. Assume that Assumptions 2.1 and 2.3 hold, and that E(Y*) < co. Assume also that
V' >0, where V is defined by (3.14). For § € (0,1), let ci_(5/2) be the quantile of order 1 —§ of the

N(0,1)-distribution, and let V,, be defined by (3.15). Then

R 017(5/2)\/177 72 6/2>\F

vn

is an asymptotic confidence interval for R? of level 1 — 4.

Remark 3.2. As is sensitivity analysis, one can also define

R2 _q_ Var(PrOjv(_i)(Y))
T Var(Y) ’

where V(_;) is the linear space of L2 generated by the variables 1, XM ... x0-D x6+D) — x®)  Then
R%i 1s the proportion of the variance of Y that is not explained by the best linear predictor based on the
variables 1, XM .. x (-1 x G+ x (@), Denoting by R?_i) the proportion of the variance of Y that
1s explained by the best linear predictor based on 1, XO o xD x DX ®) e immediately see
that RT =1- R% i) Consequently, a confidence interval for R% 1s directly obtained from a confidence
interval for R2_z)

13



To be complete, we discuss the positivity of the variance term V.
Lemma 3.2. Assume that My is invertible, that E((X) —E(X1))22) < oo and Assumption 3.1 holds.
1. If R?> =1 then R? =1 almost surely, and V = 0.

2. If R> =0 then V =0, and nR? converges in distribution to (G1,...,Gp)(Gpi1, ..., Gap)t, where
(G1,...,Gyp) is the Gaussian random vector with covariance matric BAB.

3. If R? > 0 and if the family
(Y =E(Y))% (Y =EX) (X -E(XY)1<jcp, (XD -EXD) (XD -E(XD)))1<icjzp) (3.22)
is linearly independent, then V > 0.

Remark 3.3. The fact that the family (3.22) is linearly independent implies that (Y, XM, ... X®)) js
also linearly independent, so that R? < 1.

Remark 3.4. Note that one can easily check that the variable (Gi,...,Gp)(Gpi1,...,Gap)t of Item 2 is
non negative. Indeed, in that particular case, (G, ...,Gp)t = My (Zy,...,Zy)t and (Gpy1,...,Gap)t =
(Var(Y))"Y(Z1, ..., Zp)t, where (Z1,...,Z,) is a Gaussian vector with covariance matriz (A; j)1<i j<p-
The asymptotic distribution of Item 2 may be used to test Hy : R?> = 0 against Hy : R? # 0, but it
is simpler to test the equivalent hypothesis Hy : oy = -+ = «ap = 0 against Hy : a; # 0 for some
ie{l,...,p} (see Remark 2.3).

Proof of Lemma 3.2. Item 1 is clear: R2 = 1 if and only if ¥ = ap + oy XM + -+« + osz(p)
almost surely. In that case R? = 1 almost surely. Consequently R? — R? = 0 almost surely, and
V = 0. We now prove Item 2. R? = 0 if and only if Y — E(Y) is orthogonal to the space generated by
(XM —EXWM),... (X® —E(XP)). This is equivalent to a; = - -+ = a;, = 0, which is also equivalent
to 0y = --- =0, = 0. This implies that V = 0. Applying Proposition 3.1, we see that

V(@i ..., 8,,01,...,0,)" =5 N3p(0,BAB).

n—o0

The last assertion of Item 2 follows by noting that

nR? = (ﬁ@,...,ép)) (Va(@a, ..., 6p)".

t

We now prove Item 3. Since R? > 0, it follows that the two vectors (a1, ..., a;)! and (61, ...,60,)" are
not equal to (0,...,0)% Let
(al,...,ap,bl,...,bp)t = B(Gl,...,ﬁp,al,...,ap)t.
By definition of the matrix B, and since My is invertible, we infer that the two vectors (a1, ...,a,)" and
(b1, ...,by)" are not equal to (0,...,0)".
Now, by definition, V' = (a1,...,ap,b1,...,by) A(as,...,ap,b1,...,by)". Since A is the covariance

matrix of the vector

((X<1> CEXD))e, L (XP CEXP))e (v —E(Y))eD, .. (Y — E(Y))e(p)>t :
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we can write
V = Var (al(X(l) —EXDONe+ -+ ay(XP —EXP))e + by (Y —E(Y))eV) + - 4 b, (Y — E(Y))e(p)> .
Hence V = 0 if and only if

ar (XY -E(XD))et - 4a,( XP-EXP))e = —(by (Y -E(Y))eWD4- - +b,(Y —E(Y))e®)  almost surely.
(3.23)
Recall now that

e= (Y —E(Y) —ar(XW —E(XM)) - — (X — E(XP)))
e = (x®) —g(x®)) — g, (Y —E(Y)) for ke {1,...,p}.

Without loss of generality, assume that «; # 0. Then, on the left side of (3.23) the terms

_ alal(X(l) _ E(X(l)))Q, —a2a1(X(1) _ E(X(l)))(X(Q) _ E(X(g))),
o —apor (XY —E(X W) (x P (X))

appear, but they do not appear in the right side of (3.23). Since we assumed that the family (3.22) is
linearly independent, we infer that V' = 0 implies a; = -+ = a, = 0. Since we know that (a1,...,a,)" is
not equal to (0,...,0)!, we conclude that V > 0. O

4 Simulations

In this section, we evaluate the performance of the confidence interval of Corollary 3.1 on different sets
of simulations, and we compare this performance with that of the confidence interval that assumes that
the vector (Y, XM, ... X®)) is Gaussian.

We shall consider different models. For each model, we shall estimate the coverage level of two
confidence intervals of level 95% for the R2, for n = 200 to n = 1000, via a basic Monte-Carlo procedure
(with N = 3000 repetitions).

The first confidence interval (CI1) is the one described in Corollary 3.1 (with the small change that
we take the quantile ¢, 0975 of the Student distribution St(n) instead of the quantile ¢g g75; this has no
theoretical justification, but can improve a bit the coverage level for small n). The second confidence
interval (CI2) is the non-asymptotic confidence interval ci.R2 of the R package MBESS, as described
by Kelley [11], and based on a precise approximation of the distribution of R2 given by Lee [13], [14],
when the vector (Y, XM ... X®)) is Gaussian. It is clearly indicated in Kelley [12] (Discussion, page
552-553) that CI2 is not robust to the non-normality of (Y,X(l)7 e ,X(p)), which will be confirmed by
the simulations.

4.1 An example where (Y, X)), X)) is Gaussian

We consider here the model
Y =05405X"0 4+ X 4 ¢ (4.1)
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n 200 300 400 500 600 700 800 900 | 1000
CI1 | 0.942 | 0.945 | 0.952 | 0.949 | 0.951 | 0.947 | 0.947 | 0.952 | 0.95
CI2 | 0.949 | 0.952 | 0.954 | 0.95 | 0.953 | 0.951 | 0.949 | 0.951 | 0.951

Table 1: Estimated coverage levels of CI1 and CI2 at level 95% for model (4.1) with ¢ ~ A(0,1) and
Projy, (Y) = 0.5+ 0.5X1) + X,

n 200 300 400 500 600 700 800 900 | 1000
CI1 | 0.934 | 0.937 | 0.941 | 0.942 | 0.947 | 0.949 | 0.95 | 0.945 | 0.95
CI2 | 0.936 | 0.932 | 0.933 | 0.936 | 0.937 | 0.936 | 0.939 | 0.935 | 0.934

Table 2: Estimated coverage levels of CI1 and CI2 at level 95% for model (4.1) with ¢ ~ St(10) and
Proj, (V) = 0.5+ 0.5X 1 + X,

where X1, Xo,¢ are iid. with N(0,1) distribution. Let V be the sub-space of L2 generated by
1, XM, X® 5o that Proj(Y) = 0.5+ 0.5X® + X One can then easily check that R? = 5/9.

The estimated coverage levels for CI1 and CI2 are given in Table 1 below.

We see that the estimated coverage level of CI2 is always close to 0.95, which is not a surprise since
CI2 is based on a precise approximation of the distribution of R? in the case where (Y, X M, x (2)) is
Gaussian. We see that CI1 also gives very good results, with estimated coverage levels between 0.945
and 0.952 as soon as n > 300.

4.2 An example where the error term has a Student distribution

We consider here a slight modification of the model (4.1), where € ~ St(10). Again, V is the sub-space of
L2 generated by 1, X, X2 5o that Projy,(Y) =0.5+ 0.5X™ + X®) . One can then easily check that
R? =0.5.

The estimated coverage levels for CI1 and CI2 are given in Table 2 below.

We see that the estimated coverage level of CI2 is always between 0.932 and 0.94, and is not getting
closer to 0.95 as n increases. This confirms that CI2 is not robust to non normality, even when the
distribution of the error is symmetric. We see that CI1 is always better than CI2 as soon as n > 300,
with a coverage level between 0.94 and 0.95 when n > 400.

4.3 An heteroscedastic example

We continue with a modification of the model (4.1). We consider the model

Y =054+05X0 4+ x@ 4 (\/ 0.2+ 0.8X(1)2> e, (4.2)

where XV, X@ ¢ are i.i.d. with N(0,1) distribution. Let V be the sub-space of L? generated by
1, XM, X® 5o that Proj, (Y) = 0.5+ 0.5XM 4+ X Again, one can easily check that R? = 5/9.

The estimated coverage levels for CI1 and CI2 are given in Table 3 below.

We see that the estimated coverage level of CI2 is always around 0.88. Again, this confirms that CI2
is not robust to non normality. We see that CI1 is always better than CI2, with a coverage level greater
than 0.935 for n > 500, and greater than 0.94 for n > 800.
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n 200 300 400 500 600 700 800 900 | 1000
CI1 | 091 | 0.926 | 0.928 | 0.935 | 0.937 | 0.939 | 0.944 | 0.944 | 0.946
CI2 | 0.878 | 0.878 | 0.878 | 0.877 | 0.877 | 0.887 | 0.884 | 0.885 | 0.887

Table 3: Estimated coverage levels of CI1 and CI2 at level 95% for the heteroscedastic model (4.2) with
Projy, (Y) = 0.5+ 0.5X1) + X,

n 200 300 400 500 600 700 800 900 | 1000
CI1 | 0.935 | 0.941 | 0.943 | 0.943 | 0.943 | 0.948 | 0.947 | 0.945 | 0.947
CI2 | 0.875 | 0.871 | 0.885 | 0.868 | 0.861 | 0.87 | 0.866 | 0.874 | 0.878

Table 4: Estimated coverage levels of CI1 and CI2 at level 95% for model (4.3) with Proj (Y) ~
—0.752 + 2.196|X|.

4.4 An example where the model is misspecified

We consider the model
Y =X%+te, (4.3)

where X ~ N(0,1), e ~ N(0,1) and e is independent of X. Let V be the sub-space of L? generated by
1, X,|X|. Elementary computations show that Proj;,(Y) = ag + an X + a2|X| with o9 ~ —0.752, 1 =
0, ~ 2.196, and R? ~ 0.584. The model is misspecified in the sense that X2 does not belong to V. It
follows that the error term € =Y — Projy (Y') is such that

E(e|X) = X% — ap — ag| X| #0.

The estimated coverage levels for CI1 and CI2 are given in Table 4 below.

We see that the estimated coverage level of CI2 is always around 0.87. Again, this confirms that CI2
is not robust to non normality. We see that CI1 is always better than CI2, with a coverage level greater
than 0.94 for n > 300.

4.5 An example of polynomial regression

We consider again the model (4.3), but now V is the sub-space of L? generated by 1, X, X2. It is then
obvious that Proj (Y) = ag + a1 X + as X? with ag = 0,1 = 0,a2 = 1, and R? = 2/3.

The estimated coverage levels for CI1 and CI2 are given in Table 5 below.

We see that the estimated coverage level of CI2 is always around 0.75. Again, this confirms that CI2
is not robust to non normality. We see that CI1 is always much better than CI2, with a coverage level
greater than 0.93 for n > 500 and greater than 0.94 for n > 800.

n 200 300 400 500 600 700 | 800 | 900 | 1000
CI1 | 0.914 | 0.926 | 0.927 | 0.933 | 0.934 | 0.939 | 0.94 | 0.94 | 0.942
CI2 | 0.75 | 0.755 | 0.752 | 0.751 | 0.754 | 0.759 | 0.74 | 0.755 | 0.746

Table 5: Estimated coverage levels of CI1 and CI2 at level 95% for model (4.3) with Proj (V) = X2.
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n 200 300 400 500 600 700 800 900 | 1000
CI1 | 0.922 | 0.932 | 0.933 | 0.936 | 0.94 | 0.941 | 0.946 | 0.943 | 0.943
CI2 | 0.872 | 0.863 | 0.857 | 0.861 | 0.863 | 0.853 | 0.862 | 0.858 | 0.861

Table 6: Estimated coverage levels of CI1 and CI2 at level 95% for The Poisson regression model with
Projy (V) = 0.5+ XM + X

4.6 An example of Poisson regression

In this example, V is the subspace of L2 generated by 1, X W, X@ where XM, X2 are independent,
X is uniformly distributed over [0,1], and X ) is exponentially distributed with parameter 1. The
response variable Y is a count variable, whose conditional distribution given X M, X@ is a Poisson
distribution with parameter 0.5 + X + X3, In that case, we have Proj, (Y) = E(Y|X1), X®?)) =
oy + alX(l) + agX(2) with ag = 0.5,a1 = 2,a9 = 1, and R? = 13/37. Note that this is again an
heteroscedastic model, since

Var(e| XM, X@) = Var(Y — Proj, (V)| X®, Xx@) =054+ XD 4 x@)

The estimated coverage levels for CI1 and CI2 are given in Table 6 below.

We see that the estimated coverage level of CI2 is always around 0.86. Again, this confirms that CI2
is not robust to non normality. We see that CI1 is always much better than CI2, with a coverage level
greater than 0.93 for n > 300 and greater than 0.94 for n > 600.

5 Partial correlations, vector-valued random variables, dependent se-
quences
In this section, we show that the approach developed in Section 3 can be adapted, with minor changes,

to the case of partial correlation coefficients, to the case of vector-valued random variables, and to the
case where the observations come from a stationary a-mixing sequence.

5.1 DPartial correlations

In this section, we show that the approach of Section 3 works also for partial correlations. For the sake of
simplicity, we shall only consider the case where there are two real-valued random variables X,Y in L2,
and a vector of confounding random variables Z = (ZW), ..., Z(®)) (each Z*) being square integrable).
We assume that the variables 1,X,Y,ZM ..., Z®) are linearly independent (as a family of random
variables in IL?).

Let V(Z) be the subspace of . generated by 1, ZW .. ZW and let

X(Z) = X — Projy(zy(X) = X —ap — a1 2V — - —a, 27,
Y(Z) =Y — Projyz(Y) =Y —bg — 01 ZV — .. — 5, Z7).

The square of the partial correlation between X and Y with respect to Z is then simply the R?
coefficient between X (Z) and Y (Z), which we denote by R?(X(Z),Y(Z)). Tt is a way tho measure the
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square of the correlation between X and Y after removing the correlation due the the confounding vector
Z.
Let then

X(Z) = ap+aY(Z) + W,
Y(Z)=0p+0X(Z)+e?

where €M) is orthogonal to 1,Y(Z), and £ is orthogonal to 1, X (Z). From Lemma 3.1, we know that
R*(X(Z),Y(Z)) =af.

Let now (X;,Y;,Z;)1<i<n be n independent copies of (X,Y,Z). The empirical estimator of the coef-
7)Y (Z

ficient R?(X( ,Y(’ ) is then A )
R*(X(2),Y(2)) = @b,
where
a = S (X — g — e — 4 27 ) (X — by — -+ — by Z”)
S (X — g — e — apZP))2
jo T (Xm0 == 2K b= = 0,27
S (Y by — - — bpZ )2 :

To describe the asymptotic behavior of \/n (EQ(X(Z),Y(Z)) - RQ(X(Z),Y(Z)), we need to define the
two 2 X 2 symmetric matrices A and B as follows :

o« Aii =B (X(2)%07), Asp =B (Y(2)%?°), Az = E (X (2)Y (2):V?),
e By = (Var (X(Z)))™ ", Bop = (Var(Y(Z))) ™!, Bi2 = 0.
Proposition 5.1. Assume that the variables 1,X,Y,ZW ... Z®) qre linearly independent. Assume
that E (Z(j)QX(Z)2> < oo, E (Z(j)2Y(Z)2) < oo forany j € {1,...,p}, and that E (X(Z)25(1)2) < o0,
E (Y(Z)26(2)2) < 00. Then
Vi (R(X(2),Y(2)) - RA(X(2),Y(2)) =5 N(OV).

where

V = (0,0)BAB(0, )" .

Remark 5.1. The matrices A and B can be consistently estimated by their empirical counterparts based
on the residuals, provided E(X?*) < oo, E(Y*) < 0o and E(Z(j)4) < oo for any j € {1,...,p} (as done
in the proof Proposition 8.3). As in Proposition 3.3 this provides a consistent estimator of the limiting
variance V.
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Proof of Proposition 5.1. Let R%(X(Z),Y(Z)) = a6, where

NS ISR ) P S L)
Yo (Xi—ag—--— apZi(P))Q

0 — S (X —ap— - —apZP) (X — by — -+ — b, ZP)) |
S (Vi —bg— - — b, ZP))2

Applying Proposition 3.2, we see that Proposition 5.1 is true with R2(X(Z),Y (Z)) instead of the empirical
estimator R?(X(Z),Y(Z)). To conclude, it suffices to prove that

vn ((a, 0) — (a, 5)) converges in probability to 0.
Clearly, it suffice to prove that the two quantities

1 n
\/ﬁ(ﬁ d (Xi—ag—--— apZP) (X — by — - — b2

=1

1< X ) R A
- ﬁZ(XZ —ag— - — ale.(p))(Xi —by— - — pri(p)>>
i=1

and
n

1 1 ) A
vn (n Z(Xi —ag— - — apZi(p))z _ = Z(X,L- —Gg— - — apZi(p))2>

i=1 i=1
converge in probability to 0. We prove the second convergence, the proof of the first one being similar.
By Pythagoras theorem in R",

I 1 ) )
%Z(XZ —ag _...—apZi(P))2 _ EZ(XZ — a _.___apZi(P))Q
i=1 ;

p n
i 1 )2
<p | Vnla; —a;)? <n > zY )
=1 i=1

2

The result follows, since by Proposition 2.2 y/n(a; — a;)* converges in probability to 0. O

5.2 Vector-valued random variables

In this section, we assume that (Y, X1, .. .X(p)) is a random vector with value in HPT!, where H is a
real separable Hilbert space with inner product (-, -) and norm || - ||g. Let L?(H) be the space of H-valued
random variables Z such that E(||Z||%) < oo, and recall that L?(H) is also a separable Hilbert space with
inner product E((-,-)).

We assume in the following that all the variables Y, X() ... X®) belong to L?(H). Let V be the
subspace of L2(H) generated by the variables (X, ..., X®) and let Proj, (Y) be the orthogonal
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projection of Y onto V. To measure the quality of approximation of Y by Proj; (Y), one can consider
the coefficient R? defined by (assuming that E(||Y||%) > 0):

E (||[Projy (Y)|1#)
E (YIf)

Let (Y, X( ) ..X(p))1<i<n be n independent copies of the vector (Y,X(l)7 ... X®) and let V; be

the IL2(H)- ubspace generated by the variables (Xi(l), e XZ-(p)). Let e =Y — Proj,(Y) and ¢; = Y; —
Projy, (Y;). We can then write

R® =

Y; = Projy, (Y;) + .

where the variables ¢; are such that E((XZ-(]), g;)) =0 for any j € {1,...,p}.
Assume that XM .. X®) are linearly independent (as a family of random variables in L2(H)). Then
one can uniquely write
Vi=ar X 4o 4 ap X g

Let a = (v, . .. ,ap)t € RP, and M be the matrix such that
M, = E((XV), X)), (5.1)
Since XM ..., X®) are linearly independent, M is invertible and one can easily show that
a=MYE(XD V). ., E(XP ).
Let now M be the matrix such that ﬁjyg =n! E?:1<Xi(j), Xi(g)). By the strong law of large numbers

lim M = M almost surely. (5.2)

n—o0

Since M is invertible, for n large enough, M is invertible. Consequently, one can define

t
~ ~ . —_ 1 1
a—a=(@,...08) —(0,... o) =M ( S e, = Z<X§p>,ei>> . (5.3)

i=1 =1

Then, proceeding as in Section 2.2, we see that & converges almost surely to «, and that: if for any
j€{0,...,p}, one has E((XU) £)?) < oo, then

vn(a — a) £, Np(O, M *M(e)M ™),

n—oo

where M(e) is the matrix defined by M(e);, = E((X W), e)(X©® ¢)) for any 0 < j,£ < p.
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One can then estimate the matrix M(e) as in Section 2.3. Define the residuals &; by:

s=Yi-ax{) - —axp.
Let then
— 1 & N~ 0 ~
i=1

As in Proposition 2.3, the following consistency result holds: assume that E(|| X )| ||e]|Z) < oo and
E(||XW||4) < oo for any j € {0,...,p}. Then, for any j, ¢ € {0,...,p},

lim M@j,é = M(e);, almost surely.

n—oo

Consequently, since M is invertible,

lim ﬁ_lﬁ(e\)ﬁ_l =M 'M(e)M™! almost surely.

n—oo

The empirical estimator of R? is
s S [Projy, (VI
> Vil

~

Let @ = (6y,...,0,)", with 8 = (6,,...,0,)"

_E9Y) s S x Py
J= 2 an J= n 2
E([YTE) i il

Then, as in Lemma 3.1 one can prove that R?> = 8'a and R? = 0'a. Let

for j e {1,...,p}.

ek — x (k) _ ProjW(X(k)) and el(k) = Xi(k) — Projy, (XZ-(k)), (5.4)

where W is the subspace of L?(H) generated by Y, and W; is the subspace of L?(H) generated by Y;. Let
also e(¥) = (egk), e e,(lk))t. As in Proposition 3.2, one can prove the following result: if E((X () £)?) < oo
and E((Y,e1))2) < oo for all j € {1,...,p}. Then

NG (ﬁ? - R2) £5 N(0,V).

n—o0

where
V= (91,...,9p,a1,...,ap)BAB(Ql,...,9p,a1,...,ap)t.

Here, the matrices A and B are as follows:

o If (j,k) € {1,...,p}? then

o If (k)€ {p+1,...,2p}2 then

A = E((Y, 0Py, elb=P)y);
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o (j,k)e{l,....p} x{p+1,...,2p} then

Ajp = E(XW ) (Y, D)),

Let 0j, = 01if j # k and d;; = 1 and let B be the 2p x 2p matrix defined as follows:
o If (j,k) € {1,...,p}? then B, = (M™1); 1 (see (5.1) for the definition of M);
o If (j,k) € {p+1,...,2p}% then B, = (E(|Y||%)) 10, 4;
o If (j,k) e {1,...,p} x{p+1,...,2p} then B;; = 0.

Now the matrices A and B can be consistently estimated by their empirical counterparts based on the
residuals, provided E(||Y[|#) < oo and E(|XW||&) < oo for any j € {1,...,p} (as done in the proof
Proposition 3.3). As in Proposition 3.3 this provides a consistent estimator of the limiting variance V.

5.3 Dependent sequences

In this section, we consider the case where the observations come from a strictly stationary ergodic
sequence, and give conditions under which Proposition 3.1 remains valid (with a different limiting covari-
ance matrix). This will immediately imply the asymptotic normality of \/ﬁ(§2 — R?) as in Proposition
3.2. For simplicity, we consider only the case of mixing sequences in the sense of Rosenblatt [19], but
similar results under other conditions can of course be obtained.

Let (Yi,Xi(l), ... ,Xi(p ))195” be n RPTl-valued random vectors obtained from a strictly stationary

sequence (Y;, XV .. X icp. Let Fo = o(Ve, XV, XP i < 0) and Fi = o(Vi, XV, X)),

K3 (2

We denote by a(k) the a-mixing coefficient between the o-algebras Fy and Fy:

alk) = a(Fo, Fr) = Ae]gugef P(AN B) —P(A)P(B)| . (5.5)

For any real-valued random variables Z, let @)z be the inverse cadlag of the tail function t — P(|Z] > t)
(note that, by definition, @)z is non increasing on [0, 1}).
Keeping the notations of Section 3, we replace Assumption 3.1 by: for all j € {1,...,p}

a(k)
Z/O Q%xm_zg(x(j)))g(u)du < oo and Z/O

k>0 k>0

a(k)
Q%Y—E(Y))e(j) (u)du < oo. (5.6)

For instance, (5.6) is true if, for some ¢ > 2, ;- k2/(4=2) (k) < oo and

E((XY —E(XUD)e|?) < 0o, E((Y —E(Y))eW]?) < oo for all j € {1,...,p}.
Note also that, if the sequence (Y, XZ-(I), . ,Xi(p))iez is m-dependent (implying that a(k) = 0 for k > m),
then (5.6) is exactly Assumption 3.1.

Let us now described how the matrix A of Proposition 3.1 has to be changed in this dependent setting:
Let then A be the 2p x 2p symmetric matrix defined as follows:
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e If (j,k) € {1,...,p}? then

Ajp= D E(X§ —EXI))XP —EXP))e0em);
meEZ

o If (j,k) € {p+1,...,2p}* then

Ajr= E((Yo —E(Y0)) (Y — E(Yin))ef PelhP);
meZ

o (j,k)e{l,....p} x{p+1,...,2p} then

Ajr = E(XJ —E(XP) (Y — E(Vm))zoel™).
meZ

One can easily check that the matrix A is well defined as soon as (5.6) holds (more precisely each series
described above converges absolutely under (5.6)).

Let B be the matrix defined before Proposition 3.1. We are now in position to state the analogue of
Proposition 3.1 in our a-mixing context.

Proposition 5.2. Under Assumptions 2.1 and (5.6)

ﬁ([&:a] ~ [a:O]) £, Nop(0,BAB).

n—oo
Proof of Proposition 5.2. It is the same as that of Proposition 3.1, by replacing the multivariate
central limit theorem for i.i.d random vectors by the multivariate central limit theorem for a-mixing
random vectors (see Dedecker and Merlevede [2], Corollary 2 Item («)). O

As mentioned at the beginning of this section, the result of Proposition 3.2 (giving the asymptotic
normality of /n(R% — R?)) remains true under the assumptions of Proposition 5.2 (with the matrix A
described above). The matrix B can be estimated as in Section 3 (using the ergodic theorem instead of
the strong law of large numbers). Hence, to get a confidence interval for R?, it remains to estimate the
matrix A. This is not an easy problem, and there is a large literature on this question. A possible way in
the a-mixing framework, is to use the general results on HAC (Heteroskedasticity and Autocorrelation
Consistent) estimators stated in Theorem 1 of Andrews [1].

To conclude, it should be noticed that the results of this section apply to the case of auto-regression,

that is when
Vi, XV XY = (X5 X, X))

where (X;);ez is a stationary sequence of a-mixing random variables. To be more precise, let My =
o(Xii < 0) and My, = o(Xp, Xp—1,...,Xp—p). Then the coefficient a(k) defined in (5.5) is exactly
equal to the coefficient a(Mog, My).
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6 Related results and applications

In this Section, we give some additional results and present some possible applications of the techniques
used in Section 3. In Section 6.1 we establish the asymptotic normality of the vector of individual R2’s
(from which one can obtain confidence ellipsoids for the individual R?’s). In Section 6.2 we present an
alternative to the usual sensitivity analysis. In Section 6.3 we give a detailed outline for a robust screening
method, which we illustrate with simulations when the output is a binary variable.

6.1 Asymptotic joint distribution of individual R¥s

For k € {1,...,p}, let U be the L2-subspace generated by 1 and X (¥ and let (assuming that Var(Y) >
0)
[ Var(Projiyx) (Y))
(k) Var(Y)

From Lemma 3.1, we have R%k) = 70k, where 0y, is defined by (3.2) and

~ Cov(Y, X®)

k= Var(X (%)) (o

The empirical estimator of R%k) is then

> - Y)(x® - x®)
s (x M —x®ye

The asymptotic distribution of \/ﬁ(ﬁ%k) — R%k)) is given in Proposition 3.2. In this section, we give the
asymptotic joint distribution of

]/%%k) = ?ké\ku where 7A'k = (62)

NG ((sz%l) LR (R, R?p))t> .
Let 7 = (11,...,7)"  and 7 = (73, ...,7,)". The first step is to identify the limit distribution of
Vi ([7:0)~[r:6]) .
Let us then define the two matrices involved in this asymptotic distribution. For k € {1,...,p}, let

e® =Y — Projyw (Y) and ") =Y; - Proj,w (¥;),

where Ui(k) is the subspace of IL? generated by 1 and Xi(k). Let also %) = (6%16), e ,ng))t. Recall that
e) and egk) have been defined in (3.8).

Assumption 6.1. E((X0) — E(X1)))2e0 )?

) < 00 and E((Y —E(Y))2eYW?) < oo for all j € {1,...,p}.

Let then C be the 2p x 2p symmetric matrix defined as follows:
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e If (j,k) € {1,...,p}? then

Cja = E(XD — E(XD))(X® — E(X®))el)e®); (6.3)

o If (j,k) € {p+1,...,2p}? then

Cjr = E((Y — E(Y))%elPeltP));

e (j,k)ye{l,...,p} x{p+1,...,2p} then

Cjx = E(XU) —E(XU) (Y — E(Y))eDek—P)),

Let D be the 2p x 2p diagonal matrix defined as follows :
o If j € {1,...,p} then D, ; = (Var(X())~1.
e Ifje{p+1,...,2p} then D;,; = (Var(Y))" L.

Proposition 6.1. Under Assumption 6.1 and assuming that Var(X9)) > 0 for all j € {1,...,p}, we
have

V(78— [r:6]) - Ny(0,DCD).
Proof of Proposition 6.1. Let D be the 2p x 2p diagonal matrix defined as follows :
o If je{1,...,p} then ]A)jvj = (Varn(X(j)))*l.
o If je{p+1,...,2p} then f)j’j = (Var,(Y))" L.

Starting from (3.2) and (3.5), and noting that, for k € {1,...,p},

Yi— ¥ = m (X - XW) 4 () —2®),

(X =X = 0¥ = Y) + (o) — )

we see that (recall that X and X have been defined in (3.4) and (3.10))

Vi (78~ [r:6]) = ﬁ\/lﬁ(s“)txg”, L e®PXP (v ¥, e (Y =Y 1,)e®) . (6.4)

One can easily check that

= ((eU)txg”, e’ (v —¥1,)te® (Y —Y1,) e @)

NG
— (WK eW'RP (v —E(Y)1,)e, .. (Y —E(Y)ln)te(p))t) =5 0. (65)
Now, by the multivariate central limit theorem,
}(ewxgn, L eP'RP (v —E(Y)1,) e, (Y —E(Y)1,) e®)! 5 N3 (0,C). (6.6)
n n—o00
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Moreover, by the strong law of large numbers,

lim D =D almost surely (6.7)
The result follows from (6.4), (6.5), (6.6) and (6.7). O

Let H be the matrix with p rows and 2p column such that

o If (i,5) € {1,...,p}? then H; ; = 6,5, ;.

o Ific{l,....,p}and je{p+1,...,2p} then H;; = 70; pti.
As a consequence of Proposition 6.1, we have

Proposition 6.2. Under Assumption 6.1 and assuming that Var(X)) > 0 for all j € {1,...,p}, we

have
~ /\ E
\/ﬁ((R?l) LR (RE,. R(p))) £, N(0,HDCDH?).

n—oo
Remark 6.1. Other quantities of interest are
Var(Proj;m (Y))
Var(Projy (Y))

)
which are the proportions of the variance of Projy,(Y) that are explained by the best linear predictors in
L2 based on the variables 1, X*®) . Note that

forke{1,...,p},

2
Siky =

g2 _ R, _ Tk
k) 7 R2 T fta

Then, the asymptotic distribution of \/ﬁ<(§(21) ...,§(2p))t - (S?l),...,S(Qp))t) may be derived from the

asymptotic distribution of /n ([i’ :0:a)—[r:0: a]) via the delta method.

Proof of Proposition 6.2. Let ¢ : R? — RP be such that ¢(x1,...,2p, Y1, Yp) = (191, ..., Tpyp)".
Since

(R - B — (R, B2 ) = 6017 2 8]) — 617 - ).

it suffices to apply the delta method to the function ¢. The results follows from Proposition 6.1 and the
fact that the differential D¢, g of ¢ at point (7,8) is given by

D¢, g(h) =Hh. O
To conclude this section, let us a give a consistent estimator of the matrix HDCDH!. We shall

simply replace each matrix by its empirical counterpart.
Let then C be the 2p x 2p symmetric matrix defined as follows:

o If (i,7) € {1,...,p}? then

where 2% = (v; - ¥) — 7, (x ") — X(

27



o If (k) e {p+1,...,2p}* then

Cjr =

AR

Z(YVZ _ ?)Qé\gj—l’)é\gk—l’);
=1

o If (j,k)e{Ll,....p} x{p+1,...,2p} then

~ 1 & N (e
Ck =y O =X - WEPe !

Proposition 6.3. Assume that Var(X)) > 0, that E(Y*) < co and that E(X(j)4) < oo for any j €
{1,...,p}. Then

AN AN A AN A

lim HDCDH! = HDCDH! almost surely.

n—o0

Proof of Proposition 6.3. By the strong law of large numbers, H and D converge almost surely to H
and D respectively. Hence, it remains to prove that C converges to C almost surely, which can be done
as in the proof of Proposition 3.3.

6.2 An alternative to the usual sensitivity analysis

In sensitivity analysis, one usually assumes that
Y =m(xW, ... x®) (6.8)

(or that Y = m(XW ... X®) 4 ¢ as in [9]) where (X1),..., XP)) is a p random vector with a known
distribution = P} ® - -- ® P,, each P; having a moment of order two. The number of variables p may be
large, and the function m is an unknown function from R? to R, which may present strong non-linearities
and high order interaction effects between its coordinates. On the basis of a n-sample (Y;, X Z-(l), e X i(p )),
for i =1,...,n, we want to measure the impact of the main effects or interactions, i.e. to determine the
influence of each variable or group of variables on the output variable Y. The usual sensitivity analysis
is mainly based on Hoeffding’s decomposition, strongly related to the independency between the inputs
variables XU ... X®)  In that latter case, if m is square integrable, one may consider the classical
Hoeffding-Sobol decomposition (Sobol [20]) that leads to write m according to its ANOVA functional
expansion:

m(XD, . XP)) = mg + 3 My (X, X 08 (6.9)
1 <ig < - <,
ii,...,ik € {1,...,])}

where the functions m;, . ;, are centered and orthogonal in L2 involving conditional expectation that is

1k

mo = EmXD,. . Xx®)) m;XD)=EmXD,.. . XP)x0) - my
mj,k(X(j),X(k)) = E(m(XW,. .., x®)x0) x*))_ mj(X(j)) — mp(X®)) = my,
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Under the assumption of independence on the X )’s this decomposition is unique, with
E(mi, i (X, ., x0))) =0
and for all (i1,...,1;) # (¢},...,1)),

E (i i (X, X0y (X6, X)) =0,

15002

This leads to the following variance decomposition:

Var(Y) = Z Var (mi1 ..... i (X(il), o 7X(ik))> )

1<t < ---<1g,
Gy ik €4{1,...,p}

The Sobol sensitivity indices introduced by Sobol [20] are defined for any group (X X (ik)) by

S,  Var (my,,. 5 (X0, X))
R Var (V)

They quantify the contribution of a subset of variables (X W, X (p)) to the output Y. Several ap-
proaches are available for estimating these sensitivity indices, see for example Iooss and Lemaitre [10] for
a recent review.

An alternative approach, which is much less computationally expensive, is as follows. Recall that
the X (s are in .2 and let X() = X — E(X®) (this centering may be done, since the distribution of
(X W X (7’)) is known). Since the variables X (1)’ are independent, the family

F= {X(il)j((iz) LX) << Zk}

is an orthogonal family of L2. We can then compute the individual R?’s for this family, that is

o _ Var (Projyciy,.ip) (Y))
B yeennlke Var (Y)

where V(i) ig the subspace of L2 generated by the product X (1) X (2) ... X (k)
The main difference between the two approaches is that the sum of all the indices R;, .. ;, is not equal
to 1, unless Y belongs to the subspace Vz of L2 generated by the family F. More precisely, we have that
9 B Var (ProjVF(Y))
R I = e v
11 <19 < -0 <,
Tiyeoy bk € {1,...,p}

R

The advantage of using these R?’s is that they are very easy to estimate (based on n independent
observations (Y, Xi(l), e X l-(p ))1§i§n). In addition, as we have seen, we can give confidence intervals for
these quantities.

Of course, the Sobol indexes and the R?’s have not the same interpretation, the former are based on
orthogonal complements obtained from conditional expectations (which are projections onto the spaces
L2(o(X ), X02) X)), the latter are based on orthogonal projections onto the spaces V(1)
generated by the variables X (1) X(2) ... X&) For example, for a single index i € {1,...,p}, since
Vi, € L2(o(X (%)), we always have R?k < Si,-
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6.3 A first step toward robust screening

In this section, we outline a strategy for robust screening based on the results of Section 6.1.

6.3.1 Quick context

The basic idea of screening is to find, among a set of covariates X, ..., X®) the ones having an
association with an outcome Y. One usual way which is often cited consists in computing the p absolute
correlations }Ai(z»)7 as defined in Section 6.1. There are then two ways of thresholding these coefficients:
either by keeping the largest N,, or by keeping all those that exceed a threshold ~,.

To assess the performance of a screening method, whether it is based on computing p correlations as
we mentioned or not, one has to ask two questions:

1. Is the method able to retrieve all the covariates that are associated with the outcome Y7 This
question is known in the literature as the Sure Screening Property (see Fan and Lv [3]).

2. Is the method specific enough, i.e. can we ensure that not too many covariates are wrongly selected?
This question directly relates to the control of the False Positive Rate (FPR).

The questions of the sure screening property and the control of the FPR in a model-free environment is
a growing field of research (see for instance Fan and Lv [3], Zhao and Li [22], Fan and Song [4], Pan et
al. [18]). To answer both questions, the choice of the threshold N,, or ~, is crucial. One paper which
is often cited is the paper by Fan and Lv [3]. Their context is the following: they suppose a true joint
linear model:

p
Y =) XU te (6.10)
j=1

where € is a Gaussian error. The authors consider the screening set:
M = {j : ﬁj is among the N, largest},

where N,, may be chosen as N,, = [n/logn]. Ensuring the Sure Screening Property in that specific case
consists in showing that the support of 8* is at least included in M with a probability close to one.

Under certain conditions on the law of the X ¥)’s and assuming that the number of non-zero coefficients
in (6.10) is smaller than N,, = [n/logn], Fan and Lv [3] are able to prove that the Sure Screening Property
holds (see their Theorem 1). However, the threshold chosen does not limit the number of false positives,
i.e., the covariates that are not in the support of 5* but are marginally selected. This threshold, although
not having any theoretical support for controlling the FPR, is widely used in the screening literature.

The two questions 1. and 2. above are addressed for instance in Zhao and Li [22] in the context of
the Cox model. In this paper the authors propose to choose

M\:{j:\/ﬁkyﬂzv}a

Uj

where @; corresponds to the estimator in the marginal (and possibly misspecified) model, and v; is a
consistent estimator of the asymptotic variance of v/n(a; — ;). According to Zhao and Li [22], denoting
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by @ the distribution function of a standard Gaussian and by ¢ the expected false positive rate, the idea

is to choose q
—o7' (1-2).
7 2
In the screening literature, it is common to consider that independence between X) and Y in the
joint model is equivalent to being marginally associated with Y (see Condition 3 in Fan and Lv [3] and
Assumption 8 in Zhao and Li [22]). However, if we are working in a model-free context as in Section 6.1,
these assumptions are unnecessary and it seems possible to define a threshold ~ using the distribution
function ®.

6.3.2 Our idea

First, we highlight the fact that even in a model-free context, the question of screening the covariates is
still relevant as a lowering dimension step before trying to fit a joint association between the remaining
covariates and the outcome.

Recall from Section 6.1 the expression of 7; and 7; given in Equation (6.1) and (6.2)

_CovrxU) oS- XY
E Var(X () i Zn_l(X(j) —X(j))Q '

Then, Proposition 6.1 gives
VilF =) o N(0v)

n—oo

where

E(X0) — E(X1))2:0)?)
(Var(X0)))2
Moreover, it has been shown in Section 6.1 that if we let
0) _x@)? (200
1o (37 -X7) ()

~ 7
Uj:*

e (Varn(X(j)))2

v; =

then, forall j=1,...,p,

lim v; = v; almost surely.
n—oo

Similarly to Zhao and Li [22], a reasonable screening set rule should be

= /|7 . 1 q
M=1{;. Yl thy=&1(1-2). 6.11
% ¢@_7 with v ( 2) (6.11)

The next step is to show that this rule does indeed allow us to obtain the sure screening property, as
well as satisfactory control of the FPR. We believe that moment assumptions on the variables should be
sufficient to show these two properties, and we plan to study these issues in a future work. For now, in
the subsection below, we provide a short simulation study, which shows that the procedure works well
on a rather complex example.
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6.3.3 Simulation study

For this simulation study the sample size n will be equal to n = 500, n = 1000, n = 1500 or n = 2000,
with 1000 explanatory variables, 14 being correlated to the output ¥ and 986 being not correlated to the
output.

To highlight the robustness of our procedure, we will consider the case where the outputs Y is a binary
random variable. More precisely, the variable Y will be generated by a logistic regression model through
the first 10 explanatory random variables (which we call design). The variables X 1n x(12) x(13) x(14)
are correlated to the design and to Y but are not used to generate Y.

Description of the design. The design is such that
XM x@ xG) x@ x6) are dependent centered Gaussian variables with covariance matrix given
by the following Toeplitz matrix (with p = 0.57)

1 p p* P
p 1 p p* p
=\ p 1 p p?
P opt ot 1 p
pt Pt op 1
- X6 B(O 35) is independent of the other variables of the design.
- X(M ~ x2(2) is independent of the other variables of the design.
- X®) = XM 5 M) where Z() ~ P(2) is independent of the other variables of the design.
- X0 = Xx®@ x Z@) where Z2) ~ N (1,1) is independent of the other variables of the design.

- X190 ~ £(1/2). is independent of the other variables of the design.

Output. The output Y is generated as follows:

Y ~ B <P (X(U,...,X(w))) ,

1
P(xM .. x(00) =
( T ) 14 exp(—fo — 1 XD — oo — B1pX(10)

with

where 8 = (Bo, f1, - - -, P10) is such that

= (—1,46_1/10,—46_2/10,46_3/10,—46_4/10,2,4,6,3, 3,4) .

Other explanatory variables. The variables X (11, xX(12) x(13) x(14) ar¢ ag follows:
S xn) — x() 4 ZB)
-x(2) = xB) L z(4)
XM = x@) 4 706)
- x4 — x(5) 1 7(6)

where (Z®),z% 7 (),Z(G)) are independent of (YV,XW ... X(10) and Z® ~ N(0,0.3%), Z®) ~

N(0,0.22), ZB) ~ N(0,0.352), Z() ~ N(0,0.552).
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n 500 1000 1500 2000
Ry 1 1 1 1
Ro 1 1 1 1
Rs 0.998 1 1 1
Ry 0.483 0.741 0.864 0.940
Rs 0.776 0.935 0.992 0.997
Rg 0.673 0.865 0.949 0.978
Ry 1 1 1 1
Ry 1 1 1 1
Ry 1 1 1 1
Rio 1 1 1 1
R 1 1 1 1
Rio 0.997 1 1 1
Ris3 0.478 0.698 0.828 0.923
Ry 0.690 0.890 0.972 0.988
TPR 0.864 0.938 0.972 0.988
FPR 0.154 0.152 0.151 0.152
mean | M| | 164.408 | 163.108 | 162.875 | 163.464

Table 7: Case ¢ = 15%, n = 500, 1000, 1500, 2000. Selections rates for the indexes i = 1,...,14, True
Positive Rate, False Positive Rate, and mean |[M|.

The variables X (1%, x(16) x(1000) gr6 independent of (Y,X(l), . ,X(14)). These variables form
a stationary Gaussian sequence with mean 0 and variance 1, and covariance matrix similar to the matrix
3 above (but now it is a 986 x 986 square matrix), with p = 0.7.

The results. We apply the screening rule (6.11), with different values of ¢ (recall that ¢ represents the
theoretical False Positive Rate). In our context a True Positive is an index between 1 and 14 selected by
the procedure, since the first 14 variables are correlated with Y. A False Positive is an index between 15
and 1000 selected by the procedure.

The results based on N = 1000 repetitions for ¢ = 15% and different sample sizes, n = 500, 1000, 1500
and 2000 are given in Table 7 below. This table give the rates R; of selection of the index i in {1,...,14},
the True Positive Rate (TPR) and the False Positive Rate (FPR).

The same results for ¢ = 20% are presented in Table 8.

Concluding comments. The results are quite satisfactory, even when ¢ = 15% (that is when we
impose a small fraction of false positive). In that case the TPR increases from 86.4% when n = 500
to 98.8% when n = 2000. We note also that 7 variables among the 14 that are correlated with Y are
systematically detected by the procedure when n = 500, and 9 among 14 when n > 1000. As expected,
the FPR is close (but a little larger) to 15% when ¢ = 15%, and to 20% when ¢ = 20%. The two
objectives of the procedure (TPR close to 1 and FPR close to ¢) are thus achieved.

The advantage of this robust procedure is that we do not assume the existence of a true parametric
relation between the output Y and some of the explanatory variables. This dimension reduction procedure
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n 500 1000 1500 2000
Ry 1 1 1 1
Ry 1 1 1 1
Rs 0.997 1 1 1
Ry 0.579 0.798 0.913 0.949
Ry 0.783 0.956 0.990 0.998
Rg 0.689 0.894 0.964 0.988
Ry 1 1 1 1
Rg 1 1 1 1
Ry 1 1 1 1
R 1 1 1 1
Ry 1 1 1 1
Rio 0.998 1 1 1
Ris 0.549 0.762 0.888 0.928
Ry 0.723 0.904 0.971 0.990
TPR 0.880 0.951 0.980 0.990
FPR 0.205 0.202 0.202 0.202
mean |M]| | 214.161 | 212.603 | 212.976 | 212.928

Table 8: Case ¢ = 20%, n = 500, 1000, 1500, 2000. Selections rates for the indexes i = 1,...,14, True
Positive Rate, False Positive Rate, and mean |[M|.

can therefore be applied in a wide variety of situations.

Acknowledgements. We would like to thank the referees for their suggestions, which have helped to
improve the content and presentation of this article.

References

[1] D. W. K. Andrews, (1991). Heteroskedasticity and autocorrelation consistent covariance matrix
estimation. Econometrica, 59, 817-858.

[2] J. Dedecker and F. Merlevede, (2003). The conditional central limit theorem in Hilbert spaces.
Stochastic Process. Appl., 108, 229-262.

[3] J. Fan and J. Lv, (2008). Sure independence screening for ultrahigh dimensional feature space.
Journal of the Royal Statistical Society: Series B (Statistical Methodology), 70, 849-911.

[4] J. Fan and R. Song, (2010). Sure independence screening in generalized linear models with NP-
dimensionality. Annals of Statistics, 38, 3567-3604.

[5] R. A. Fisher, (1928). The general sampling distribution of the multiple correlation coefficient. Proc.
Roy. Soc. A, 121, pp 654-673.

[6] P. Giudici, (2024). Safe machine learning. Statistics, 58, 473-477.

34



[7]

[17]

[18]

[19]

[20]

[21]

22]

P. Giudici and E. Raffinetti, (2023). SAFE Artificial Intelligence in finance. Finance Research Letters,
56, 104088.

U. Gromping, (2007). Estimators of relative importance in linear regression based on variance de-
composition. Amer. Statist., 61, pp 139-147.

S. Huet and M.-L. Taupin, (2017). Metamodel construction for sensitivity analysis ESAIM: Procs,
60 pp 27-69.

B. Iooss, and P. Lemaitre, (2015). A review on global sensitivity analysis methods. Uncertainty man-
agement in Simulation-Optimization of Complex Systems: Algorithms and Applications, Springer.

K. Kelley, (2007). Confidence Intervals for Standardized Effect Sizes: Theory, Application, and
Implementation Journal of Statistical Software, 20, no 8, 24 pages.

K. Kelley, (2008). Sample Size Planning for the Squared Multiple Correlation Coefficient: Accuracy
in Parameter Estimation via Narrow Confidence Intervals Multivariate Behavioral Research 43, pp
524-555.

Y.-S. Lee, (1971). Some results on the sampling distribution of the multiple correlation coefficient.
J. Roy. Statist. Soc. Ser. B, 33, 117-130.

Y.-S. Lee, (1972). Tables of upper percentage points of the multiple correlation coefficient.
Biometrika, 59, pp 175-189.

R. J. Muirhead, (1982). Aspects of multivariate statistical theory. Wiley Series in Probability and
Mathematical Statistics. John Wiley & Sons, Inc., New York, xix+673 pp

H. Ogasawara, (2006). Asymptotic expansion and conditional robustness for the sample multiple
correlation coefficient under nonnormality. Comm. Statist. Simulation Comput. 35, no. 1, pp 177-
199.

H. Ogasawara, (2008). Asymptotic expansions of the distribution of the estimator for the generalized
partial correlation under non-normality. Behaviormetrika 35, no. 1, pp. 15-33.

W. Pan, X. Wang, W. Xiao, H. Zhu, (2019). A Generic Sure Independence Screening Procedure. J.
Am. Stat Assoc., 114 (526). pp: 928-937.

M.Rosenblatt, (1956). A central limit theorem and strong mixing condition, Proc. Nat. Acad. Sci.
U.S.A. 42, 43-47.

I. M. Sobol, (1993). Sensitivity estimates for nonlinear mathematical models. Journal Math. Model.
Comput. Exp., 1, 407-414.

H. White, (1980). A heteroskedasticity-consistent covariance matrix estimator and a direct test for
heteroskedasticity. Econometrica, 48, no. 4. pp 817-838.

S. D. Zhao and Y. Li, (2012) Principled sure independence screening for Cox models with ultra-
high-dimensional covariates. Journal of Multivariate Analysis, 105, 397—411.

35



