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Abstract

Following White’s approach of robust multiple linear regression [15], we give asymptotic confidence
intervals for the multiple correlation coefficient R? under minimal moment conditions. We also give
the asymptotic joint distribution of the empirical estimators of the individual R?’s. Through different
sets of simulations, we show that the procedure is indeed robust (contrary to the procedure involving
the near exact distribution of the empirical estimator of R? is the multivariate Gaussian case) and can
be also applied to count linear regression.
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Key Words : Multiple correlation coefficient, Asymptotic distribution, Robustness, Heteroscedas-
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1 Introduction

Let (Y, X W X (p)) be a random vector with value in RP*!. The variable Y is the response variable, and
(X O X (p)) is the vector of explanatory variables. Assume that all the variables are square integrable.
The multiple correlation between Y and (X W .. X (p)) can be expressed using the orthogonal projection
of Y onto the L2-subspace V generated by the variables (X©, XM . X®)) where we denote by X(©)
the constant variable X(© = 1. Let then Projy (Y') be the orthogonal projection of ¥ onto V. The
response variable Y is uncorrelated to the vector (X, ..., X®) if and only if Proj, (V) = E(Y).

To measure the strength of the correlation between Y and (X, ..., X(®)), the usual measure is the
coefficient R? defined by (assuming that Var(Y') > 0):

2 _ Var(Projy (Y)) .

R Var(Y)

The coefficient R? is often referred as “the population variance-accounted-for effect size”. As we see, it is
defined as the proportion of the variance of Y that is explained by the best linear predictor in L? based
on the variables 1, XW ... x®)



In this paper, we consider the empirical estimator R? of the coefficient R? based on n independent
copies (Yi,Xi(l), .. ~aXZ'(p))1§i§n of the vector (Y, XM ,X(p)). We prove its consistency, asymptotic
normality, and we give an asymptotic confidence interval for R2. Our approach is a robust one: we
will make no additional assumptions on the distribution of the vector (Y, X W X (p)), except moment
assumptions necessary for the Central Limit Theorem (CLT) to hold, and to estimate consistently the
limiting variance.

Most of the existing literature on the distribution of R? deals with the case where the vector
(v, XM ... X®) is normally distributed. In this context, Fisher (1928) [3] obtained the first exact
expression of the density function of EZ, involving a Gauss hypergeometric series. Other exact expres-
sions for the distribution and the cumulative distribution were given by Lee [8]. An exact expression
of the cumulative distribution in terms of a series of Gamma distributions is given in Muirhead (1982,
Theorem 5.2.5) [10]. The first two principal terms of the latter development were given earlier by Lee
[8]. Some quantile tables were derived by Lee [9] from this second-order approximation of the cumulative
distribution function. Lee’s results were then implemented by Kelley [6] in his R MBESS package.

In the non-Gaussian case, there are relatively few results. Let us cite Muirhead [10] Theorem 5.1.6,
who gave the asymptotic normality of R2 assuming that (Y, X WX (p)) has an elliptical distribution.
The paper closest to ours is that of Ogasawara [11], who gave an Edgeworth expansion for \/ﬁ(}? — R?),
under some conditions on the distributions of the variables, assuming in particular that all the variables
Y, XM, ... X® have a moment of order 8. We will compare our result to that of Ogasawara in more
details in Remark 3.1 of Section 3. Let us also mention the results of Ogasawara (2008) [12] for partial
correlation.

The article is organised as follows: in Section 2, we recall White’s results [15] concerning the least
squares estimator of the coefficients of the orthogonal projection Projy (Y) = ag 4+ a; XM 4. + osz(p)
(consistency, asymptotic normality and estimation of the limiting covariance matrix). This serves two
purposes: it recalls the robust procedure described by White [15] in the linear model (without the as-
sumption of normality or homoscedasticity), and it gives an initial idea of the proofs that will enable us
to obtain an asymptotic confidence interval for R?. In Section 3 we prove the consistency and asymptocic
normality of R2. We also give an estimator of the limiting variance, which together with asymptotic nor-
mality provide an asymptotic confidence interval for R?. In Section 4, we give the asymptotic distribution
of the joint law of the estimators of the individual R?’s. In Section 5, we evaluate the performance of our
confidence interval on different sets of simulations, and we compare this performance with that of the
confidence interval that assumes that the vector (Y, X WX (p)) is Gaussian. Finally, in Section 6, we
give the extension of our procedure to the case of vector-valued random variables, and we briefly discuss
the connections between our results and sensitivity analysis or screening methods.

2 Previous known results

Let V; be the L2-subspace generated by the variables (Xfo),XZ.(l), Cee Xi(p)). Let ¢ =Y — Projy (YY) and
gi = Y; — Projy. (Y;). We can then write

Y; = Projy, (Y;) + e

where the variables ¢; are such that E(X G)

;ei) =0 for any j € {0,...,p}.
Consider the following assumption:



Assumption 2.1. Assume that 1, X1 ... X®) qare linearly independent (as a family of random vari-
ables in 1.2).

Under Assumption 2.1 one can uniquely write
Y; :a0+a1Xi(1) +-~-—|—apXi(p) +ei.
Let o,y = (ap, a1, ..., )t € RPTL and X be the matrix whose jth column is
X0 = (xW . xhe
Let Y = (Y1,...,Y,)" and € = (e1,...,&,)". One can write
Y = Xayg, + €.

Let M be the matrix such that M;, = E(X()X®). By Assumption (2.1) the matrix M is invertible
and one can easily show that

g, = MTHE(Y),E(XVY) ... E(XPY)).

2.1 Least square estimator of «y,,

Let 1
M=-X'X.
n
By the strong law of large numbers
lim M = M almost surely. (2.1)

n—oo
Under Assumption 2.1, M is invertible and for large enough n, X! X is also invertible, and one can define
aO:p = (aoa s 7ap)t - (Xt X)_l XtY

Let V,11 be the sub-space of R" generated by the p + 1 columns XO XM X of the matrix X,
and Ily,, (Y) be the orthogonal projection of Y on V1 (with respect to the euclidean norm). We have

a() X(O) +a1 X(l) + tee + ap X(p) = HVp+1 (Y)7
and

~ N . _ —~ ;1
Qop — op = (Ao -+, 0p) — (a0, .-, 0p) = (XIX) Xl e =M 1EXt€' (2.2)

2.2 Consistency and asymptotic normality of ay,,

Following White [15], we obtain the consistency and asymptotic normality of the least square estimators.
The proofs of these results being simple and enlightening, we have chosen to recall them because they
may make it easier to understand the proofs of Section 3.

Proposition 2.1. Under Assumption 2.1, a., converges almost surely to o, as n — 0o.



Proof of Proposition 2.1. From (2.1), we get that

lim M~ = M~! almost surely. (2.3)

n—oo

Starting from (2.2) and using (2.3), it suffices to show that

1
lim — X'e = 0 almost surely. (2.4)

n—oo n

By definition of e, for any j € {0,...,p}, E(XU)e) = 0. Applying the strong law of large numbers to the
jth coordinate of n=! X' e, we get

1 1~ ()
lim < X* s) = lim — g Xi(])si = 0 almost surely. O (2.5)
j n—oo N —

n—oo \ N

To prove the asymptotic normality, we need moment assumptions.
Assumption 2.2. Assume that E(X(j)252) < oo forallj=0,...,p.

Proposition 2.2. Under Assumptions 2.1 and 2.2, let M(g) be the matriz defined by
M(e)je = E(XDXOe?) for any 0 < j, ¢ < p. (2.6)

Then ﬁ
\/ﬁ(aO:p - 0‘O:p) n?o Np+1(0, M_IM(é‘)M_l).

Remark 2.1. Assume that €2 — E(e?) is orthogonal to the space S generated by the variables X0 x©®
for all 0 < j < £ < p (which is true, for instance, if ¢ is independent of (X, ..., X®))). Then the
limiting variance matrixz in Proposition 2.2 writes

M MM ! =E(A)M !,

and is the same as in the case where the conditional distribution of Y giwen (XU, ... X®)) is Gaussian
with Var(Y|XW ... X®)) = 62 (homoscedastic case; in that case B(e?) = 02). This simple observation
enabled White [15] to formulate his famous homoscedasticity test, which in fact consists of testing whether
e2 —E(£?) is orthogonal to S (Hy hypothesis) or not.

Proof of Proposition 2.2. Starting from (2.2) and using (2.3), it suffices to prove that
1
vn

Now (2.7) follows from a direct application of the central limit theorem in RP*! since for any 0 < j < p,
E(X@We) = 0 and since Assumption 2.2 holds.

X'e nﬁ; N1 (0, M(e)). (2.7)

O



2.3 Estimation of the limiting covariance matrix

Under Assumption 2.2, by the strong law of large numbers, for any j,¢ € {0,...,p},

n

im L () x (02
nlingoﬁ Z;Xi X, 'ei =M(e)je almost surely. (2.8)
1=
Of course, the quantity on right hand is not an estimator of M(e); , since the ¢;’s are not observed. White
[15] proposed then to replace the g;’s by the residuals.

g =Y — (Xapy)i =Y; — aoXi(O) — = ale‘(p)-
Let then
T LN )y 022
M(f)j,e o X XpE
i1

To prove the consistency of M(e) j¢» We shall assume that Assumption 2.2 holds and that:

Assumption 2.3. E(X(j)4) < oo forall j € {0,...,p}.
Proposition 2.3. Under Assumptions 2.2 and 2.3, for any j,¢ € {0,...,p},

lim M@M =M(e)je almost surely.

n—oo

Consequently, under Assumptions 2.1-2.3,

lim ﬁflﬁ(s\)ﬁfl =M 'M(@E)M™  almost surely.

n—oo

Remark 2.2. The Assumptions 2.2 and 2.3 are equivalent to: E(X(j)2Y2) < o0 and E(X(j)4) < oo for
any j €10,...,p}.

Remark 2.3. As usual, Propositions 2.2 and 2.3 enable to obtain confidence regions or test procedures
for the coefficients c;. For instance, if one wants to test

Hy:ap =--=a;, =0 forsome0<i3 <ig<---<ip<p

one can proceed as follows. Let Cy be the matrixz with k rows and p columns, such that all coordinates of
the jth row are 0 except the coordinate ij; which is equal to 1. Then, by Proposition 2.2,

~ ~ c _ _
\/ﬁ((a’h? s aik)t - (O‘ila SR aik)t) n;)o Nk(O, CiM IM(g)M lcllfc)
Now, under Assumptions 2.1-2.8, by applying Proposition 2.3
Vi = Ckﬁ_I@M_ICZ converges almost surely to CyM™'M(e)M™ICL .

If M(g) is invertible, then the matriz CtyM™'M(e)M™'CY is also invertible and {/',:1/2 is well defined
(for n large enough). Let then (&1,...,&) = \/ﬁ\Aflzl/Q(@il, o.,q;,)t. Under Hy, we see that the test

statistic Zle €2 is such that
k

Y& £ k).

4 n—00
=1



Proof of Proposition 2.3. Write £2 = &7 + R;, with R; = 2¢;(8; — &;) + (£; — &;)?. The following upper
bound holds

P
\R|<ZZ 5l|+ p+1z = ay) Xl(j).
=0
Tacking into account (2.8), to prove Proposition 2.3, it suffices to show that, for 1 < j,k < p and
1<1<n,

LN )y )
nh—>Holo - Z | X, X, R;| =0 almost surely. (2.9)
Since |@; — a;| converges almost surely to 0, (2.9) will be satisfied provided, for 1 < j, k, ¢ < p,

2
lim sup — Z ]X X(k)X(e)sl] < oo and limsup— Z | X ])X( ) i(g) | < oo almost surely,

n—00 n—00
=1 =1

which is true by applying once again the strong law of large numbers under Assumptions 2.2 and 2.3. O

3 Confidence interval for R2

Assuming that Var(Y) > 0, the mutliple correlation coefficient R? is defined by:

Var(Projy (Y))

2 _
R = Var(Y)

For &; = Y; — Projy. (Y;), recall that, under Assumption 2.1,

Y; = Projy; (Vi) + i = aogl + an X 4 -+ 4 a, X7 4 &,

For any vector z = (z1,...,2,)! in R™, the empirical variance of z is given by

n

1
Var,(z) = - Z(ZZ —7)%
=1
Let 1, = (1,...,1)! and let IIg be the orthogonal projection (with respect to the the euclidean norm)
on a subspace E of R". Let V, 1 be the subspace of R" generated by (1,, X(l), e ,X(p)). The empirical

estimator R2 of R2 is then
> Varn(HVpH(Y))

3.1
Var,(Y) (3.1)
Our first goal is to give a simple expression of this estimator. Let o, = (ai,... ,ap)t and ., =
(@1,...,ap)" for the sake of simplicity, we shall omit the indexes and write & = a1, and & = @p. Let
also @ = (01,...,0,)" and 6 = (64,...,6,)", where
Cov (¥, X®) =y - -xY)
Op = ——————= and @ === - L . (3.2)
Var(Y) > i (Y= Y)?

The following lemma gives the expression of R? and R? in terms of 0, a, 6 and a.



Lemma 3.1. Under Assumption 2.1, R?> = 0'a and R? =0'a.

Proof of Lemma 3.1. We prove the second point, the first point being proved in the same way. Write

Y) - Ty

Iy )L, =@ (XD X1, oy a,(X® X P1,).

p+1(

Now, if S, is the subspace of R" generated by ((X" —X(l)ln)), (X —X(p)ln))) it is easy to check
that
a1 XV -XW1,)) 4 -+ @,(XP —XW1,,)) = TIg, (Y = Y1,,).

Since by Assumption 2.1 the variables 1, X @, X® are linearly independent in L2, the variance
matrix My of (X1, ..., X®)! defined by

(Mo); ¢ = Cov(XW Xy jre{1,....p} (3.3)
is invertible. Denote by Xy the matrix defined by

Xo = ((Xi(j) - X(j)))lgign,lgjgp' (3.4)

By the strong law of large numbers

1
lim —X6X0 =M, almost surely.
n—oo n

Since M defined in (3.3) is invertible, it follows that XX is also invertible for n large enough, in such
a way that o
a = (XEXo)TIXE (Y — Y1,), (3.5)

and
s, (Y =Y1,)) = Xo(XhXo) 'XE(Y -Y1,).

Let || - |leu be the euclidean norm on R™. The following equality hold:

(Y)) = ||TTs, (Y =¥L.),
= (Y =Y 1,)"X0(XEX0) ™ 1XE X (XEX) I XE(Y —Y1,)
=(Y _?1n)tX0 (XEXO)ilxg (Y _?171)
= (Y -Y1,)Xpax. (3.6)

nVar,, (Ily

p+1

The result follows from (3.1), (3.6) and (3.7) since

(Y-Y1,)X0 _ 5

nVar, (Y) (37)

Now, to build a confidence interval for R?, we need to describe the asymptotic distribution of

~

ﬁ([&:é]—[a:@]) ;:\/ﬁ((al,...,ap,él,...,ep)t_(al,...,a,,,el,...,ep)t) .

7



Let us then define the two matrices involved in this asymptotic distribution. For k € {1,...,p}, let
e = X®) _ Projy, (X®)  and egk) = Xi(k) — Projy, (XZ-(k)), (3.8)

where W is the subspace of L generated by 1 and Y, and W; is the subspace of L2 generated by 1 and
Y;. Let also e®) = (egk), o 7(3;’“))(

Assumption 3.1. E((XY) — E(X1W))2e?) < 0o and E((Y — E(Y))Qe(j)z) < oo forall j €{1,...,p}.
Let then A be the 2p x 2p symmetric matrix defined as follows:
e If (j,k) € {1,...,p}? then

Ao = B((XO) ~ BXD)(X® — BX®)e);

o If (j,k) € {p+1,...,2p}? then

Aji =E((Y = E(Y))?elPlelr));

o (k) €{L,....p} x {p+1,...,2p} then

Ay = E((XV) — E(XU)(Y — E(Y))eelh 7).

Let 0j5, = 01if j # k and d;; = 1 and let B be the 2p x 2p symetric matrix defined as follows:
o If (j,k) € {1,...,p}? then B,; = (M)« (see (3.3) for the definition of My);
o If (j,k) e {p+1,...,2p}* then B, = (Var(Y)) 14,4
o If (4,k) e {1,....,p} x{p+1,...,2p} then B;; = 0.

Proposition 3.1. Under Assumptions 2.1 and 3.1

\/ﬁ([azé] - [a:O]) £, N3, (0, BAB).

n—00
Proof of Proposition 3.1. Let B be the 2p x 2p symetric matrix defined as follows:
e If (j,k) € {1,...,p}? then ]§j7k = n(XBXQ)j_’;;
o If (j,k) € {p+1,....2p}? then Bjj = (Var,(Y))'d;4;
o If (j,k)e{l,....,p} x{p+1,...,2p} then f’mk =0.
Starting from (3.2) and (3.5), and noting that
Vi Y=o (x) = X) - ap(XP =XV 4 (5 - 9),

B XMy =0, = Y) + (e —e®) for ke {1,....p} |

(x]



we see that

NG ([a 10— | : 9]) — B (e'Xo, (Y -Y1,)'E), (3.9)

1
vn
where E is the n x p matrix such that, for (i,7) € {1,...,n} x {1,...p}, (E;;) = egj).

Denote by X the matrix defined by

Xo = (Xz‘(j) - E(X(j)))lgign,lgjgp- (3.10)
One can easily check that
L ((sfxo Vi -Y,....Y, - VE) — (%o, (V1 — E(Y),....Y, —E(Y))E)t) F 0 (3.11)
\/ﬁ ) PR I (4 ) s dn oo .

Now, by the multivariate central limit theorem,
1

%@txo, (Y1 —E(Y),...,Y, — E(Y))E)! Higo Nap(0, A). (3.12)

The result follows from (3.9), (3.11) and (3.12), since by the strong law of large numbers,

lim B=B almost surely. (3.13)
n—oo
0
As a consequence, we get
Proposition 3.2. Under Assumptions 2.1 and 3.1
Jn (1§2 - R2) £y NO,V).
n—oo
where
V=(01,...,0p,a1,...,0,)BAB(01,...,0p,01,...,0p)". (3.14)

Remark 3.1. Ogasawara [11] has given an Edgeworth expansion of \/ﬁ(EQ — R?), which is a more precise
result than Proposition 3.2, but requires some conditions on the distribution of (Y,X(l), e ,X(p)). In
particular, he required that the all the variables have a moment of order 8. Note that, if we do not look for
an Edgeworth expansion, the method of Ogasawara consists in expressing R% as a differentiable function
of S = ((Cov(XD, X)) 1<icj<p, (Cov(Y, XD))1<icp, Var(Y)), proving the CLT for /n(S — S) (§ being
the empirical estimator of S), and applying the delta method. The differences with our approach are the
following :

e To prove the CLT for \/ﬁ(g— S), one needs moments of order 4 for all variables, which is a more
restrictive condition than the moment conditions of our Proposition 3.2.

e Applying the delta method to a function of S implies that the limiting variance V will be expressed
as a function of a q¢ X g matriz, where ¢ = (p+ 1)(p+ 2)/2 (the matriz Q in [11]), while we can
express V' as a function of a 2p X 2p matriz (the matric BAB, see (3.14)). Note that, with our
expression of V. we are able to give simple sufficient conditions ensuring that V > 0 (see Lemma
3.2 below).



e Finally our approach can be easily extended to the the case where the variables Y, XW ... Xx®)
are vector-valued (see Section 6.1).

Proof of Proposition 3.2. Starting from Lemma 3.1 and Proposition 3.1, it suffices to apply the
delta-method to the function ¢ : RP x RP — R defined by

$(x,y) =a'y.
The proof Proposition 3.2 is complete by evaluating the differential D¢, , of ¢ at point (z,y):
Dy y(h1, ho) = y'hy + x'hy = (y,x)"(h1, ha) . O

To build a confidence interval for R?, it remains to find a consistent estimator of V. We shall simply
replace each element in the definition of V' by its empirical counterpart.

Let then A be the 2p x 2p symmetric matrix defined as follows:

o If (j,k) € {1,...,p}? then

n

2 1 ) @y v k) )
A== Zlofi“) - X - XM
o If (j,k) € {p+1,...,2p}? then
~ 1 & — i k—
Aj,k _ E Zl(}/; _ Y)Q’éﬁ] p)’ég p)7

where e = (xkP) _ X" g (v Y,
o If (j,k)e{l,....p} x{p+1,...,2p} then

~ L ) ) o (ke
A = n ;(Xij) — XY - Y)gek .

Proposition 3.3. Let

PPN ~
t

Vo= (01,...,0p,01,...,0,)BAB(0y,...,0,,a1,...,4,) . (3.15)

Under Assumptions 2.1 and 2.3 and E(Y?) < oo, we have

lim XA/n =V almost surely.
n—oo

Proof of Proposition 3.3. Recall that, by the strong law of large numbers,

. ~ ~ Y/ t
7};\1{.10(@1,...,01],,01,...,01)) = (a1,...,0p,01,...,6,)" almost surely,

and

lim B=B almost surely.
n—oo

Hence, it remains to prove that A converges to A almost surely.
To prove this point, we first introduce the matrix A defined as follows:

10



e If (j,k) € {1,...,p}? then

Ajy =

o If (j,k) € {p+1,...,2p}? then

o If (j,k)e{l,....,p} x{p+1,...,2p} then
X IN oy 0) _0y el
A= E-l(Xi(j) XN (¥ = Y)eielF P

Since E(Y*4) < 0o and E(X (j)4) < 00, we deduce from the strong law of large numbers that

lim A=A almost surely.
n—oo

Let us now prove that, for (j,k) € {1,...,p}?,

lim |;&jk — K]k| =0 almost surely.
n—oo

We write 7 = ¢? + R;, with R; = 2¢;(; — ;) + (€; — &;)?. One can easily see that

p p
2
Ri| <23 1@ — a) Xl + (0 + 1)) (@ — ag)? X" (3.16)
=0 £=0
Moreover
N X 1 ¢ U P
Ao = Ayl < 31 =X (x -X )Ry (3.17)
=1

Combining (3.16) and (3.17), and using that |@;—a;| converges almost surely to 0, we infer that K.j7k_g.j7k
converges almost surely to 0 as soon as

lim sup — Z |X X(k)X(e)eJ < oo and limsup— Z | X, J)X(k)X | < oo almost surely,

n—oo N n—oo N

which is true (applying once again the strong law of large numbers) since E(Y*) < 0o and E(XU )4) < o0

for any j € {1,...,p}. N
Let us now prove that, for (j, k) € {p+1,...,2p}? A — A} converges almost surely to 0 as n — oco.

We write ¢ A(J p)A(k p) _ (J -p) (k )+ﬂ, with

Ty < |ez(j—P)(€§k—P) k‘ P))| + |€ (/(J p) el(j—P)”

11



For £ € {1,...,p}, let B = E(X;) — 0,E(Y) and 3, = X - 6,Y. With these notations
X =g+ 6V +e and X =B +6,vi +el. (3.19)

From (3.18) and (3.19), we infer that

T3] < 16V Brep — Brp)l + €7 PYilOr—p — 01p)]
k—p) /5 k— ~
+ 1P Bs = B ) + 1B, — 6;,)]
+ (516710 - kap)Q + (Bj—p - Bj—p)z
+ (Ok—p — ek—p)2Yi2 + (0j—p — ej—p)2yi2 - (3.20)
Moreover

—~ ~ 1 & _
[Ajr = Ajrl < YOIV - Y)*T. (3.21)
i=1

Combining (3.20) and (3.21), and using that ’Bg — B¢| and |§g — 64| converge almost surely to 0, we infer
that A — Aj converges almost surely to 0 as soon as, almost surely

1 o - 1 o - R

lim sup — y2el™P) < 00, limsup — y3el™P) < 00, and limsup — Y < o0,
n%oopniz;|Z ! | nﬁoopniz;|z ! ’ n%wpn; !

which is true (applying once again the strong law of large numbers) since E(Y?) < oo and E(XU )4) < 00

for any j € {1,...,p}. N
The fact that, for (j,k) € {1,...,p} x {p+1,...,2p}, Aj — A;; converges almost surely to 0 as
n — oo may be proved exactly in the same way. O

As an immediate Corollary, we get

Corollary 3.1. Assume that Assumptions 2.1 and 2.8 hold, and that E(Y*) < co. Assume also that
V' > 0, where V is defined by (3.14). For § € (0,1), let ci_(5/2) be the quantile of order 1 — ¢ of the

N(0,1)-distribution, and let V,, be defined by (3.15). Then

p2_ G=6VVn G2V Ve
b \/ﬁ

NLD

is an asymptotic confidence interval for R? of level 1 — 6.

Remark 3.2. As is sensitivity analysis, one can also define

VaI‘(PI‘Oj ‘/(71) (Y) )
Var(Y) ’

R} =1-

where V(_;) is the linear space of L2 generated by the variables 1, XM ... x0-D x6+D) —  x®)  Then
R%, is the proportion of the variance of Y that is not explained by the best linear predictor based on the
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variables 1, XM .. x@=1 x 6+ x®) Denoting by R%ﬂ.) the proportion of the variance of Y that
1s explained by the best linear predictor based on 1, X o x=D x @) x @) e immediately see

that R%, =1- R%ﬂ.). Consequently, a confidence interval for R%, is directly obtained from a confidence

interval for R%ﬂ.) .

To be complete, we discuss the positivity of the variance term V.
Lemma 3.2. Assume that My is invertible, that E(X) —E(X0))2e2) < oo and Assumption 3.1 holds.
1. If R? =1 then R? =1 almost surely, and V = 0.

2. If R> =0 then V =0, and nR? converges in distribution to (Gi,...,Gp)(Gpi1, ..., Gap)t, where
(G1,...,Gyp) is the Gaussian random vector with covariance matric BAB.

3. If R? > 0 and if the family
(Y =E(Y))% (Y =EX) (X -E(XY)1<jcp, (XD -EXD)) (XD -B(XD)))1<ic)zp) (3:22)
1s linearly independent, then V > 0.

Remark 3.3. The fact that the family (3.22) is linearly independent implies that (Y, XM, ... X®)) s
also linearly independent, so that R? < 1.

Remark 3.4. Note that one can easily check that the variable (Gi,...,Gp)(Gpi1,...,Gap)t of Item 2 is
non negative. Indeed, in that particular case, (G1,...,Gp)t = Mal(Zl, vy Zp)tand (Gpya, ..., Gop)t =
(Var(Y)) Y Z1, ..., Zp)t, where (Z1,...,2Zp)t is a Gaussian vector with covariance matriz (A; ;)1<i j<p-
The asymptotic distribution of Item 2 may be used to test Hy : R*> = 0 against Hy : R2 # 0, but it
is simpler to test the equivalent hypothesis Hy : oy = -+ = «a, = 0 against Hy : a; # 0 for some
ie{l,...,p} (see Remark 2.3).

Proof of Lemma 3.2. Item 1 is clear: R? = 1 if and only if ¥ = ap + oy XM + .- + apX(p)
almost surely. In that case R? = 1 almost surely. Consequently R? — R? = 0 almost surely, and
V = 0. We now prove Item 2. R? = 0 if and only if Y — E(Y) is orthogonal to the space generated by
(XM —EBXM), ... (X —E(XP)). This is equivalent to a; = --- = a;, = 0, which is also equivalent
to 04 = --- =0, = 0. This implies that V = 0. Applying Proposition 3.1, we see that

Vi@, ... G, 01, .., 0,) =5 Nyy(0,BAB).

n—o0

The last assertion of Item 2 follows by noting that
nR? = (ﬁ(§2,...,ep)) (Va@a,....a,))"

We now prove Item 3. Since R? > 0, it follows that the two vectors (as,...,a;)! and (64, ...,60,)" are
not equal to (0,...,0)%. Let

(al,...,ap,bl,...,bp)t:B(Hl,...,ep,al,...,ap)t.

13



By definition of the matrix B, and since My is invertible, we infer that the two vectors (a1, ..., a,)" and
(b1,...,by)t are not equal to (0,...,0)".

Now, by definition, V' = (a1,...,ap,b1,...,bp) A(az,...,ap,b1,...,b,)". Since A is the covariance
matrix of the vector

((X<1> CEXD))e, L (XP CE(XP))e (v —E(Y))eD, .., (Y — E(Y))e(p)>t :

we can write
V = Var (al(X(l) —E(XW)e+ - 4 a,(XP —EXPY))e + by (Y —E(Y))eM + -+ b,(Y — E(Y))e(p)> .
Hence V = 0 if and only if

ar (XY -E(XD))et - 4a,( XP-EXP))e = —(by (Y -E(Y))eWD4- - +b,(Y —E(Y))e®))  almost surely.
(3.23)
Recall now that
e= (Y —E(Y) —an(XW —E(XM)) - — (X — E(XP)))
e® = (x® _E(X®)) —0,(Y —E(Y)) forke{l,...,p}

Without loss of generality, assume that oy # 0. Then, on the left side of (3.23) the terms

_ alal(X(l) _ E(X(l)))Q, —agal(X(l) _ E(X(l)))(X(Z) _ E(X(2))),
o —apor (XY — (X W) (x P — E(XP)))

appear, but they do not appear in the right side of (3.23). Since we assumed that the family (3.22) is
linearly independent, we infer that V' = 0 implies a1 = - -+ = a, = 0. Since we know that (a1,...,a,)" is
not equal to (0,...,0)!, we conclude that V > 0. O

4 Asymptotic joint distribution of individual R*’s

For k € {1,...,p}, let U®) be the L2-subspace generated by 1 and X*) and let (assuming that Var(Y") >
0)
R Var(Proj; ) (Y))
(k) Var(Y)

From Lemma 3.1, we have R%k) = 70k, where 0y, is defined by (3.2) and

~ Var(X %) (4.
The empirical estimator of R%k) is then
~ ~ L (Y - Y)(xW - X
R?k) =710k, where T = iz )(X; ) . (4.2)

S () - x Py

%
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The asymptotic distribution of \/ﬁ(ﬁ?k) — R?k)) is given in Proposition 3.2. In this section, we give the
asymptotic joint distribution of

Jn ((fzﬁl) LR (R ,R(Qp))t) .
Let 7 = (11,...,7)" and T = (71, ..., 7,)". The first step is to identify the limit distribution of
Vi ([7:0]~[r:6]) .
Let us then define the two matrices involved in this asymptotic distribution. For k € {1,...,p}, let
e®) =y — Proj, um(Y) and 6Ek) =Y, — ProjUi(k) (Y3),
k)

where Ui( is the subspace of .2 generated by 1 and Xi(k). Let also ¢®) = (5gk), e ,eglk))t. Recall that
e() and egk) have been defined in (3.8).
Assumption 4.1. E((X) — E(X(j)))ze(j)Z) < oo and E((Y — E(Y))Ze(j)z) < oo forall j € {1,...,p}.
Let then C be the 2p x 2p symmetric matrix defined as follows:
e If (j,k) € {1,...,p}? then

Cji = E((X(j) _ E(X(j)))(X(k) _ E(X(k)))s(j)e(k)); (4.3)

o If (k) € {p+1,...,2p}? then

Cjx = E((Y — E(Y))?eVUPeltP));

o (j,k)e{l,....p} x{p+1,...,2p} then

Cjx = E(XU) —E(XU) (Y — E(Y))eDet—P)),

Let D be the 2p x 2p diagonal matrix defined as follows :
o If j € {1,...,p} then D, ; = (Var(X())~1.
e Ifje{p+1,...,2p} then D;,; = (Var(Y)) L.

Proposition 4.1. Under Assumption 4.1 and assuming that Var(X(j)) > 0 for all j € {1,...,p}, we
have

ﬁ([?— 0]~ [r: e]) —£5 Ny, (0,DCD).
Proof of Proposition 4.1. Let D be the 2p x 2p diagonal matrix defined as follows :
e If j€{1,...,p} then f)jJ- = (Var, (X0))~1,

e Ifje{p+1,...,2p} then D;; = (Var,(Y)) ..
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Starting from (3.2) and (3.5), and noting that, for k € {1,...,p},
Y =Y = rp(Xx® - X®y 4 (P gy

(X = XW) = 0¥ = ) + (e — &),

we see that (recall that X and X have been defined in (3.4) and (3.10))

Vi (78]~ [r:6]) = ﬁ}@mtxgﬂ, L, e'XP) (Y ST1,)leM L (Y Y1) ™) (4.4)
n
One can easily check that

1 ((eU)txg”, e (v —¥1,) e (Y —Y1,) e @)

vn
— (WK MR (v —E(Y)1,)e®, .. (Y —E(Y)ln)te(p))t) =5 0. (45)
Now, by the multivariate central limit theorem,
;ﬁ@wszgn, PP (v —E(Y)1,) e, (Y —E(Y)1,)le®) 5 Nyp(0,€). (4.6)
Moreover, by the strong law of large numbers,
nh_{r;o D =D almost surely (4.7)
The result follows from (4.4), (4.5), (4.6) and (4.7). O

Let H be the matrix with p rows and 2p column such that

o If (i,7) € {1,...,p}? then H; ; = 0,6, .

o Ific{l,....,p}and jec{p+1,...,2p} then H;; = 70; pti.
As a consequence of Proposition 4.1, we have

Proposition 4.2. Under Assumption 4.1 and assuming that Var(X9)) > 0 for all j € {1,...,p}, we
have

= = c
\/ﬁ((R%l) B (R?l),...,R%p))t) £, N(0,HDCDHY).

n—o0

Remark 4.1. Other quantities of interest are
2 Var(Proj;;x) (Y))
(k) Var(Projy (Y))

)
which are the proportions of the variance of Projy,(Y) that are explained by the best linear predictors in
L2 based on the variables 1, X¥). Note that

forke{1,...,p},

2
g2 _ Ry by

k) 7 R2 T Ota
Then, the asymptotic distribution of \/ﬁ<(§(21) ...,A(Qp))t - (S%l),...,S?p))t) may be derived from the
asymptotic distribution of v/n <[+ (0:a)—[r:0: a]) via the delta method.
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Proof of Proposition 4.2. Let ¢ : R? — RP be such that ¢(x1,...,2p, Y1, Yp) = (191, .- ., Tpyp)".
Since

(R B — (R B2 = 617 8) — o((r - 0]

it suffices to apply the delta method to the function ¢. The results follows from Proposition 4.1 and the
fact that the differential D¢, g of ¢ at point (7,0) is given by

D¢y g(h) = Hh. O

To conclude this section, let us a give a consistent estimator of the matrix HDCDH!. We shall
simply replace each matrix by its empirical counterpart.
Let then C be the 2p x 2p symmetric matrix defined as follows:

o If (i,7) € {1,...,p}? then

where ?:(ik) =Y, -Y) - ?k(XZ-(k) _ X(k))-

o If (k)€ {p+1,...,2p}? then

o If (k) e{l,...,p} x{p+1,...,2p} then

N 1 o N ==(j () (e
Cj,k _ E Z(Xz(j) . X(J))(}/Z o Y)é\(])/e\(k P)'
=1

Proposition 4.3. Assume that Var(X()) > 0, that E(Y*) < oo and that E(X(j)4) < oo for any j €
{1,...,p}. Then

AN AN AN AN A

lim HDCDH! = HDCDH! almost surely.

n—o0

Proof of Proposition 4.3. By the strong law of large numbers, H and D converge almost surely to H
and D respectively. Hence, it remains to prove that C converges to C almost surely, which can be done
as in the proof of Proposition 3.3.

5 Simulations

We shall consider different models. For each model, we shall estimate the coverage level of two confidence
intervals of level 95% for the R2, for n = 200 to n = 1000, via a basic Monte-Carlo procedure (with
N = 3000 repetitions).
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n 200 300 400 500 600 700 800 900 | 1000
CI1 | 0.942 | 0.945 | 0.952 | 0.949 | 0.951 | 0.947 | 0.947 | 0.952 | 0.95
CI2 | 0.949 | 0.952 | 0.954 | 0.95 | 0.953 | 0.951 | 0.949 | 0.951 | 0.951

Table 1: Estimated coverage levels of CI1 and CI2 at level 95% for model (5.1) with ¢ ~ A(0,1) and
Projy, (Y) = 0.5+ 0.5X1) + X,

n 200 300 400 500 600 700 800 900 | 1000
CI1 | 0.934 | 0.937 | 0.941 | 0.942 | 0.947 | 0.949 | 0.95 | 0.945 | 0.95
CI2 | 0.936 | 0.932 | 0.933 | 0.936 | 0.937 | 0.936 | 0.939 | 0.935 | 0.934

Table 2: Estimated coverage levels of CI1 and CI2 at level 95% for model (5.1) with ¢ ~ St(10) and
Proji (V) = 0.5+ 0.5X1 + X,

The first confidence interval (CI1) is the one described in Corollary 3.1 (with the small change that
we take the quantile t,, 0.975 of the Student distribution St(n) instead of the quantile cg g75; this has no
theoretical justification, but can improve a bit the coverage level for small n). The second confidence
interval (CI2) is the non-asymptotic confidence interval ci.R2 of the R package MBESS, as described by
Kelley [6], and based on a precise approximation of the distribution of R? given by Lee [8], [9], when the
vector (Y, XM, ..., X)) is Gaussian. It is clearly indicated in Kelley [7] (Discussion, page 552-553) that
CI2 is not robust to the non-normality of (Y, X W X (p)), which will be confirmed by the simulations.

5.1 An example where (Y, X X)) is Gaussian

We consider here the model
Y =05405X0 4+ X 4 ¢ (5.1)

where X1, Xo,¢ are i.i.d. with N(0,1) distribution. Let V be the sub-space of L? generated by
1, XM X 5o that Projy (Y) = 0.5+ 0.5X™® + X3). One can then easily check that R? = 5/9.

The estimated coverage levels for CI1 and CI2 are given in Table 1 below.

We see that the estimated coverage level of CI2 is always close to 0.95, which is not a surprise since
CI2 is based on a precise approximation of the distribution of R? in the case where (Y, X W, x (2)) is
Gaussian. We see that CI1 also gives very good results, with estimated coverage levels between 0.945
and 0.952 as soon as n > 300.

5.2 An example where the error term has a Student distribution

We consider here a slight modification of the model (5.1), where ¢ ~ St(10). Again, V is the sub-space of
L2 generated by 1, X, X2 so that Projy(Y) = 0.5+ 0.5X1) + X2 One can then easily check that
R? =0.5.

The estimated coverage levels for CI1 and CI2 are given in Table 2 below.

We see that the estimated coverage level of CI2 is always between 0.932 and 0.94, and is not getting
closer to 0.95 as n increases. This confirms that CI2 is not robust to non normality, even when the
distribution of the error is symmetric. We see that CI1 is always better than CI2 as soon as n > 300,
with a coverage level between 0.94 and 0.95 when n > 400.
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n 200 300 400 500 600 700 800 900 | 1000
CI1 | 091 | 0.926 | 0.928 | 0.935 | 0.937 | 0.939 | 0.944 | 0.944 | 0.946
CI2 | 0.878 | 0.878 | 0.878 | 0.877 | 0.877 | 0.887 | 0.884 | 0.885 | 0.887

Table 3: Estimated coverage levels of CI1 and CI2 at level 95% for the heteroscedastic model (5.2) with
Projy, (Y) = 0.5+ 0.5X1) + X,

n 200 300 400 500 600 700 800 900 | 1000
CI1 | 0.935 | 0.941 | 0.943 | 0.943 | 0.943 | 0.948 | 0.947 | 0.945 | 0.947
CI2 | 0.875 | 0.871 | 0.885 | 0.868 | 0.861 | 0.87 | 0.866 | 0.874 | 0.878

Table 4: Estimated coverage levels of CI1 and CI2 at level 95% for model (5.3) with Projy (Y) ~
—0.752 + 2.196|X|.

5.3 An heteroscedastic example

We continue with a modification of the model (5.1). We consider the model

Y =05+05X1 4+ x4 <\/0.2 + 0.8X(1)2> e, (5.2)

where XM, X ¢ are ii.d. with N(0,1) distribution. Let V be the sub-space of L? generated by
1, XM, X3 o that Projy(Y) =0.5 + 0.5X® + X@) Again, one can easily check that R? = 5/9.

The estimated coverage levels for CI1 and CI2 are given in Table 3 below.

We see that the estimated coverage level of CI2 is always around 0.88. Again, this confirms that CI2
is not robust to non normality. We see that CI1 is always better than CI2, with a coverage level greater
than 0.935 for n > 500, and greater than 0.94 for n > 800.

5.4 An example where the model is misspecified

We consider the model
Y =X?+e, (5.3)

where X ~ N(0,1), e ~ N(0,1) and e is independent of X. Let V be the sub-space of L? generated by
1, X,|X|. Elementary computations show that Proj,(Y) = ag + an X + a2|X| with ap ~ —0.752, 1 =
0, ~ 2.196, and R? ~ 0.584. The model is misspecified in the sense that X? does not belong to V. It
follows that the error term € =Y — Projy (Y") is such that

E(e|X) = X? —ag — | X| #0.

The estimated coverage levels for CI1 and CI2 are given in Table 4 below.

We see that the estimated coverage level of CI2 is always around 0.87. Again, this confirms that CI2
is not robust to non normality. We see that CI1 is always better than CI2, with a coverage level greater
than 0.94 for n > 300.

19



n 200 300 400 500 600 700 | 800 | 900 | 1000
CI1 | 0.914 | 0.926 | 0.927 | 0.933 | 0.934 | 0.939 | 0.94 | 0.94 | 0.942
CI2 | 0.75 | 0.755 | 0.752 | 0.751 | 0.754 | 0.759 | 0.74 | 0.755 | 0.746

Table 5: Estimated coverage levels of CI1 and CI2 at level 95% for model (5.3) with Proj (V) = X2.

n 200 300 400 500 600 700 800 900 | 1000
CI1 | 0.922 | 0.932 | 0.933 | 0.936 | 0.94 | 0.941 | 0.946 | 0.943 | 0.943
CI2 | 0.872 | 0.863 | 0.857 | 0.861 | 0.863 | 0.853 | 0.862 | 0.858 | 0.861

Table 6: Estimated coverage levels of CI1 and CI2 at level 95% for The Poisson regression model with
Projy (Y) = 0.5+ XM + X2,

5.5 An example of polynomial regression

We consider again the model (5.3), but now V is the sub-space of L? generated by 1, X, X2. It is then
obvious that Projy (Y) = ag + a1 X + as X? with ag = 0,07 = 0,0 = 1, and R? = 2/3.

The estimated coverage levels for CI1 and CI2 are given in Table 5 below.

We see that the estimated coverage level of CI2 is always around 0.75. Again, this confirms that CI2
is not robust to non normality. We see that CI1 is always much better than CI2, with a coverage level
greater than 0.93 for n > 500 and greater than 0.94 for n > 800.

5.6 An example of Poisson regression

In this example, V is the subspace of L generated by 1, X W, X@ where XM, X@) are independent,
XM is uniformly distributed over [0,1], and X®) is exponentially distributed with parameter 1. The
response variable Y is a count variable, whose conditional distribution given X1, X2 is a Poisson
distribution with parameter 0.5 + X + X In that case, we have Proj, (V) = E(Y| X1, X?)) =
op + a1 XM 4+ a5 X@ with ag = 0.5,a1 = 2,09 = 1, and R? = 13/37. Note that this is again an
heteroscedastic model, since

Var(e| XM, X@) = Var(Y — Proj, (V)| X®, x@) =054+ XV 4 x@)

The estimated coverage levels for CI1 and CI2 are given in Table 6 below.

We see that the estimated coverage level of CI2 is always around 0.86. Again, this confirms that CI2
is not robust to non normality. We see that CI1 is always much better than CI2, with a coverage level
greater than 0.93 for n > 300 and greater than 0.94 for n > 600.

6 Extension to higher dimension and discussions

6.1 Extension to vector-valued random variables

In this section, we assume that (Y, X W, . ..X (p)) is a random vector with value in HPT!, where H is a
real separable Hilbert space with inner product (-,-) and norm || - ||iz. Let IL?(H) be the space of H-valued
random variables Z such that E(||Z||%) < oo, and recall that L?(H) is also a separable Hilbert space with
inner product E((-,-)).
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We assume in the following that all the variables YV, XM, ... X®) belong to L2(H). Let V be the
subspace of L2(H) generated by the variables (X, ..., X®) and let Proj;(Y) be the orthogonal
projection of Y onto V. To measure the quality of approximation of Y by Proj; (YY), one can consider
the coefficient R? defined by (assuming that E(||Y||%) > 0):

p_ E (IProjy (V)l%)
E (Vi)

Let (Y;,Xi(l), .. .Xz-(p))lgign be n independent copies of the vector (Y, XM ... X®) and let V; be

the L?(H)-subspace generated by the variables (Xi(l), e XZ-(p)). Let e =Y — Proj,(Y) and ¢; = Y; —
Projy, (Y;). We can then write

Y; = Projy, (Y;) + &

where the variables ¢; are such that E((XZ»(j), gi)) =0 for any j € {0,...,p}.
Assume that XM ... X®) are linearly independent (as a family of random variables in L?(H)). Then
one can uniquely write
Y= OélXi(l) +--~—|—apXZ-(p) +é&;.

Let o = (aq,...,ap)" € RP, and M be the matrix such that
M, =E(XY), x1)). (6.1)
Since XM ..., X®) are linearly independent, M is invertible and one can easily show that

a=MYE(XD YY) .. E(XP V).

Let now M be the matrix such that ﬁj,g =n! Z?:1<X§j), Xi(é)>. By the strong law of large numbers
lim M = M almost surely. (6.2)
n—oo

Since M is invertible, for n large enough, M is invertible. Consequently, one can define

n t
&= (a,....a,) =M (1Z(XS),}@,...,1Z<X§p),yi>> .
It follows that
t
. ~ o t_~p1 (1 (1) 1 (p)
a—a=,...,0) —(o,...0p) =M [ =D (X;V &), ..., =D (XPe) ] (6.3)

i=1 i=1

Then, proceeding as in Section 2.2, we see that a converges almost surely to a;, and that: if for any
j €40,...,p}, one has E((X1) £)?) < 0o, then
V(e —a) 5 N,(0,M'M(e)M ™)

n—oo

where M(e) is the matrix defined by M(e);, = E((X W, e)(X ¥ &) for any 0 < 5, < p.
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One can then estimate the matrix M(e) as in Section 2.3. Define the residuals &; by:

s=Yi-ax{) - —axp.
Let then
— 1 & N~ 0 ~
i=1

As in Proposition 2.3, the following consistency result holds: assume that E(|| X )| ||e]|Z) < oo and
E(||XW||4) < oo for any j € {0,...,p}. Then, for any j, ¢ € {0,...,p},

lim M@j,é = M(e);, almost surely.

n—oo

Consequently, since M is invertible,

lim ﬁ_lﬁ(e\)ﬁ_l =M 'M(e)M™! almost surely.

n—oo

The empirical estimator of R? is
s S [Projy, (VI
> Vil

~

Let @ = (6y,...,0,)", with 8 = (6,,...,0,)"

_E9Y) s S x Py
J= 2 an J= n 2
E([YTE) i il

Then, as in Lemma 3.1 one can prove that R?> = 8'a and R? = 0'a. Let

for j e {1,...,p}.

ek — x (k) _ ProjW(X(k)) and el(k) = Xi(k) — Projy, (XZ-(k)), (6.4)

where W is the subspace of L?(H) generated by Y, and W; is the subspace of L?(H) generated by Y;. Let
also e(¥) = (egk), e e,(lk))t. As in Proposition 3.2, one can prove the following result: if E((X () £)?) < oo
and E((Y,e1))2) < oo for all j € {1,...,p}. Then

NG (ﬁ? - R2) £5 N(0,V).

n—o0

where
V= (91,...,9p,a1,...,ap)BAB(Ql,...,9p,a1,...,ap)t.

Here, the matrices A and B are as follows:

o If (j,k) € {1,...,p}? then

o If (k)€ {p+1,...,2p}2 then

A = E((Y, 0Py, elb=P)y);
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o (j,k)e{l,....p} x{p+1,...,2p} then

Aj =E(XY e)(y, ey,

Let 9, =0if j # k and 4;,; = 1 and let B be the 2p x 2p matrix defined as follows:
o If (j,k) € {1,...,p}? then B, = (M™1); . (see (6.1) for the definition of M);
o If (j,k) € {p+1,...,2p}? then B, = (E(||Y||)) 16, x;
o If (j,k)e{1,....,p} x{p+1,...,2p} then B;; = 0.

Now the matrices A and B can be consistently estimated by their empirical counterparts based on the
residuals, provided E(||Y[|4) < oo and E(||XW||4) < oo for any j € {1,...,p} (as done in the proof
Proposition 3.3). As in Proposition 3.3 this provides a consistent estimator of the limiting variance V.

6.2 An alternative to the usual sensitivity analysis

In sensitivity analysis, one usually assumes that
Y =m(xW ... Xx®) (6.5)

(or that Y = m(X® ... X®) 4 ¢ as in [4]) where (X ..., X)) is a p random vector with a known
distribution = P; ® --- ® P, on a compact subset X of RP. The number of variables p may be large,
and the function m is an unknown function from R? to R, which may present strong non-linearities and
high order interaction effects between its coordinates. On the basis of a n-sample (Y;-,Xi(l), . ,Xi(p )),
for : = 1,...,n, we want to measure the impact of the main effects or interactions, i.e. to determine
the influence of each variable or group of variables on the output variable Y. The usual sensitivity
analysis is mainly based on Hoeffding’s decomposition, strongly related to the independency between
the inputs variables XM, ..., X(®) In that latter case, if m is square integrable, one may consider the
classical Hoeffding-Sobol decomposition [14] that leads to write m according to its ANOVA functionnal
expansion:

m(XD, X0 =mg + > i, (X)L X R (6.6)

1 <y < - < g,
Qi yin € {1,...,p}

where the functions m;, are centered and orthogonal in L.? involving conditional expectation that is

----- ik
mo = Em(XM, .. XP)) m(XD)=Em(XD, ..., XP)XD) —my
mM(X(j)’X(k)) = E(m(XW, ..., x®)x0) x®)_ mj<X(j)) — mp(X®)) — my,
Under the assumption of independence on the X )’s this decomposition is unique, with

E(mi,.. i, (X@) . X)) =0

-k

and for all (i1,..., 1) # (¢},...,1)),

E (mil’m,ik (X(Zl), e ,X(Zk))m/

-/
1] 5ensly

u%kwxwﬁzu

23



This leads to the following variance decomposition:

Var(Y) = Z Var (mih“_%(X(“), . 7X(i’c))> .
1 < g < - < g,
iy in €{1,...,p}

The Sobol sensitivity indices introduced by Sobol [14] are defined for any group (X(), ..., X)) by

S  Var (my,,a (X0 X))
Uyl — . (Y) .

They quantify the contribution of a subset of variables (X W X (p)) to the output Y. Several ap-
proaches are available for estimating these sensitivity indices, see for example Iooss and Lemaitre [5] for
a recent review.

An alternative approach, which is much less computationally expensive, is as follows. Recall that the
X (s are bounded and let XV = X(#) — E(X®) (this centering may be done, since the distribution of
(XM, ..., X®)) is known). Since the variables X)’s are independent, the family

F= {Xm)j((m LX) << Zk}
is an orthogonal family of 2. We can then compute the individual R?’s for this family, that is

)  Var (Projy gy...i) (V)

,,,,,

1] 5ol Var (Y)

R

where V(i) ig the subspace of L2 generated by the product X (1) X (2) ... X (k)
The main difference between the two approaches is that the sum of all the indices R;, . ;, is not equal
to 1, unless Y belongs to the subspace Vz of L2 generated by the family F. More precisely, we have that

9 Var (Projy,. (Y))
2 Bt = Var (v)
11 < g < -0 < ik,
By g €{1,...,p}

The advantage of using these R?’s is that they are very easy to estimate (based on n independent
observations (Y, Xi(l), L X (p ))195,1). In addition, as we have seen, we can give confidence intervals for

7
these quantities.
6.3 A first step toward robust screening
In this section, we outline a strategy for robust screening based on the results of Section 4.
Quick context The basic idea of screening is to find, among a set of covariates X MW, ...,X® the ones
having an association with an outcome Y. One usual way which is often cited consists in computing the

p correlations: '
cor(Y,XU)) for 1 < j < p.
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Then, given a threshold +,, we keep the covariates such that:
lcor(Y, X10))| > ..

To assess the performance of a screening method, whether it is based on computing p correlations as we
mentioned or not, one has to ask two questions:

1. Is the method able to retrieve all the covariates that are associated with the outcome Y? This
question is known in the literature as the Sure Screening Property (see Fan and Lv [1]).

2. Is the method specific enough, i.e. can we ensure that not too many covariates are wrongly selected?
This question directly relates to the control of the False Discovery Rate (FDR).

The questions of the sure screening property and the control of the FDR in a model-free environment is
a growing field of research (see for instance Fan and Lv [1], Zhao and Li [16], Fan and Song [2], W. Pan,
X. Wang, W. Xiao, H. Zhu [13]) To answer both questions, the choice of the threshold =, is crucial. One
paper which is often cited is the paper by Fan and Lv [1]. Their context is the following: they suppose
a true joint linear model:

p
Y=Y XU te
j=1

where ¢ is a standard Gaussian error. Moreover, they suppose that for each j = 1,...,p, the X Z-(j ) are i.i.d
(respectively to i = 1,...,n). They also suppose that X () are standardized with mean 0 and standard
deviation 1. They consider the screening set:

i 6) n }
M {g eor(V, X)) 2 s
Ensuring the Sure Screening Property in that specific case consists in showing that the support of g* is
at least included in M with a probability close to one. However, the threshold chosen 7, = n/log(n)
does not limit the number of false positives, i.e., the covariates that are not in the support of S* but
are selected marginally. This threshold, although not having any theoretical support for controlling the
FDR, is widely used in the screening literature.

The two questions 1. and 2. above are addressed for instance in Zhao and Li [16] in the context of
the Cox model. In this paper the authors propose to choose

J

where @&; corresponds to the estimator in the marginal (and possibly misspecified) model, and ?; is a
consistent estimator of the asymptotic variance of v/n(&; — ;). According to Zhao and Li [16], denoting
by @ the distribution function of a standard Gaussian and by g the expected false positive rate, the idea

is to choose 7
-1
V= (1 _ 5) .

It is common in papers dealing with screening to consider that independence beetwen X (7) being truly
associated with Y in the joint model is equivalent to being associated with Y marginally (see Condition
3 in [1] and Assumption 8 in Zhao and Li [16])). However, if we are working in a model-free context as
in Section 4, these assumptions are unnecessary and it seems possible to define a threshold + using the
distribution function ®.
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Our idea. First, we highlight the fact that even in a model-free context, the question of screening the
covariates is still relevant as a lowering dimension step before trying to fit a joint association between
the remaining covariates and the outcome.

Recall from Section 4 the expression of 7; and 7; given in Equation (4.1) and (4.2)

L _Covx0) S 0= Y)Y XY
7T Var(X0) S TINE -

Then, Proposition 4.1 gives
VilF =) o N(0v)

n—oo

where

E(X0) — E(X1))2:0)?)
(Var(X ()))2

Moreover, it has been shown in Section 4 that if we let

v =

then, forall 7=1,...,p,

lim v; = v; almost surely.
n—oo

Similarly to Zhao and Li [16], a reasonnable screening set rule should be

M = j:\/mjﬂzv With'y:qfl(lfg).
Uj 2

The next step is to show that this rule does indeed allow us to obtain the sure screening property, as
well as satisfactory control of the FDR. We believe that moment assumptions on the variables should be
sufficient to show these two properties, and we plan to study these issues in future work.
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