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1 Introduction

Let Q be an open bounded subset of RV, this chapter focuses on the following problem. We
search u, k : 1 — R satisfying

—div(A(k)Vu) = f in Q,
—div(B(k)Vk) = A(k)|Vu|> in Q,
(1) ou
—A(k)a—n =au on 01},
k=0 on 0f2.

In (1), f € L?(Q) is a given source term, o > 0 and there exists two constants v,y > 0
such that both viscosities A and B satisfy

(2) Ve eR, v<A(x),B(z) < p.

The aim of this chapter is proving the existence of a couple (u, k) of distributional solutions
of (1). This is not the only kind of solutions commonly searched. Indeed, some articles deal
with renormalized solutions, which are defined and studied in [3]. This notion is interesting
for the study of a system having a source term in L(§2), as shown in [6].

The source term of the equation in k is in L!(€). Without any better hypothesis, it remains
possible to find distributional solutions of (1).

This figures in the works of L. Boccardo and T. Gallouét in [1], on which is based this
chapter. The associated result, proved in section 4, is a consequence of the washer Lemma,
stated and proved in section 2. This Lemma brings a bound for a solution in I/VO1 9(Q), where
q < % Consequently, some particular function sets are needed.

Then, in section 4, we search weak solutions in V = ﬂ1<q<N, Wol’q(ﬂ), where N’ refers to

2 5 with test functions in W = | >N WO1 1(€2). This method was also used by T. Gallouét

and R. Herbin in [4].

Along this chapter, the viscosities A and B are bounded (assumption (2)). This does not
really correspond to the physical situation, but is a right way to establish some interesting
mathematical results, as a priori estimates, such as in section 3 and 4. The assumption of



bounded viscosities appears in 4], but also in the works of S. Clain and R. Touzani (see [2]),
in which an existence result is proved in the two-dimensional case. In the present work, the
existence results are proved when N = 3.

Of course it is possible to deal with unbounded viscosities, such as in [6], where they
are only bounded from below. Otherwise, if they are not, other assumptions are required,
concerning the decreasing. In addition, other function spaces need to be developped, like in

[5].

In order to find the existence of a solution of (1), this work will be divided into two steps,
that correspond to sections 3 and 4. Section 3 is devoted to the equation in u, which amounts
to a linear problem. But when the problem is obviously non-linear, like the equation in k
considered in section 4, another method is required. This consists in regularizing the system,
then solving it by a linearization and a fixed-point theorem. This method is already used in

2].

Given any borelian subset or RV named A, the Lebesgue measure is simply written |A|.

2 Preliminary results
2.1 The washer lemma

This section aims at proving the following result (already proved by Boccardo-Gallouét in [1]).

Lemma 1. Let g € [1; N'[ where N’ = and u € Wy 9(). We define

N-1’
(3) B,={z€Q/n<|u(x)] <n+1},

and assume that there is a constant C' > 0 such that

(4) Vn €N, / |Vul?> < C.

Then we have the inequality

(5) [ullwra@) < A,
where A depends on ), q and C.

Remark 2. Both constants C' and A do not depend on u. Actually, the result may be rephrased
as: let (uj)jes a family of functions in Wol’q(Q) with q € [1; N'[ satisfying

(6) VijelJ, ¥neEN, /Bj \Vu,(z)|? de < O,

where B refers to B ={z € Q /n < luj(x)] < n+1}.



Then there exists a constant A > 0 only depending on ), q¢ and C' such that

(7) Vied lullwiaq) < A

The proof of lemma 1 is based on a decomposition given by the following lemma.

Lemma 3. Let u satisfy the assumptions of lemma 1. Let q¢* be the critical exponent in Sobolev
embedding WH1(Q) < L9 (Q), and any index ng € N. There exist two constants \; and Ao
depending on ng, q and ) satisfying

a"(2-q)
) T (RN e rl
Moreover, we have: lim Aa(ng) = 0.

nog—-+oo

Proof of lemma 3. At first, we decompose [, [Vu|? as a sum

(9) /Q\wq - iﬁ)/B Ve,

Recalling that B, is bounded, Holder inequality and (4) yield

—q a/2 —q
(10) Lo <im = ([ 1var) < e,
B By

We consider a fixed index ng € N.
If n < ngp, (10) directly yields

no no
(11) 2/ Vulf < C9?) 1Bo| 2" < (ng +1)C9/2)Q) 2"
n=0 n n=0
If n > ng, the definition of B,, yields

* * * 1 *
(12) / lul? 2/ n? =n? |B,|, hence |B,|< / lul?.
B, By, nt Jg,
Inequalities (10) and (12) yield

1 227(1 <\ 2
(13) Vn > ng, Vul! < 0?2 [ — |u| :

which yields by addition

1) > [ rwarcen 3 (f )
U n 2 u .
Bn B By

n=ng+1 n=ng+1

The discrete Holder inequality applied on the right hand side of (14) is written

R e ! = R e a2 ]9
q—4)q * * -
o £ () £ L] [E ]
By Bn

n=nop+1 n=nop+1 n=nop+1
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N(q—2)
The inequality may be useful in the following if and only if the series Zn>n0 an N4

converges, which is equivalent to N(2 — ¢) > N — ¢. Some calculations show it is equivalent
to g < N'.

_9y79/2
Then we set A2(ng,q) = [ IEZOH nNJEfq—qQ) , so that we directly obtain \2(ng, q) nojm
0. With this notation, (14) and (15) become
+oo +o0 2% 2;29
> [ et 00,0 [ > \uvf] < c"xafmnq) [ fur”)
(16) n=no+1- =" n=ng+17°2n Q
a*(2—q)

= Cq/2>\2 (’I’ZO, Q) ||u”Lq*2(Q) .

By setting A1 (no,q) = (no + 1)\Q|2%q, (11) and (16) yield

a*(2—q)
(1) 19l < 2 (u0,a) + ol g )
Q

That corresponds to (8), which concludes the proof. O
This result can now be used to prove Lemma 1.

Proof of lemma 1. We start with the case N = 2, which is easier. In that case, we have
2—q) _Ng2-9q)
2 2(N —q)

= ¢. Then (8) becomes

(18) [Vulld gy < C2 (A1 + Aallu]

QN (I{ﬂ*(ﬂ)) )

Gagliardo-Nirenberg inequality and (18) yield

(19) [l ) < KNVl < KOO ()\1 n /\2Hu||%q*(m> ,

where K > 0 depends on 2 and gq. We recall that if b < 1, the following equivalence stands

(20) xSa—kbx@mﬁﬁ.

Since A2(ng, q) no_ﬁoo 0, it is possible to choose ng € N large enough to have

KC92)\5 < 1. Then by (20), we obtain

KC/2 )\

q
(1) lullior o) < T RGamny

Thus, from (18):

KC2 )\ \
(22) IVl g < C/* <A1+ CU2\1 ) )

1-— KOq/Z/\2



And Poincaré-Friedrichs inequality yields

KC12 )\ )\
(23) lullfyr.0( < LOY? (Al + o ) :

1— KC/2)\,

where L depends on g and §2. This yields the result with

1
KCU2a 0 \
1 — KC4/2),

(24) A =LV /? ()\1 +

We now focus on the case N > 2. Since ¢ < N’ < N, the Sobolev embedding used before
yields

20
(25) el Zor (@) < KN Vullpogyn < Koo ()‘1 + Aol Lo ) .

Inequality (25) is of the form x < a + bx?, with

q(2—¢q N(2—q
2q 2(N —q)
We have already shown that if ¢ € [1; N'[
N(2 - 1 N’
(27) 1<H<N’hence2<7<2<l.

Thus, the inequation we need to solve is of the form: x < a + bz, with v €]0,1[ and
a,b>0.

x
The graph on the side shows the existence of a + bz
T €]0; +0o0o[ depending on a, b and «y such that !
r<a+bx’ s x<rT. |

T x

Let us show it rigorously by studying the variations of F' : x > 0 + a + bx” — z. This
F'(z) =byx’" 1 -1

F'(2) = by(y — 1)g0—2 » therefore F"(z) < 0. We obtain

function is C*° on ]0; 00| and

the following variations



“+0oo

+00 i i
0 |
1 0| « x
F(a) \

—00

F”(:L‘) _

F(z)

Inequality (25) finally ensures the existence of 7 = 7(A1, A2, C') > 0 such that

(28) [ =T

q
Lq* (Q) iy .
Consequently, (8) and Poincaré-Friedrichs inequality yield

(29) Hvu”qum)N < C9% (A + Ao7) hence HUH([J/Vl,q(Q) < LCY? (A + doT),

where L only depends on € and q. With A = Ll/qu/Z()q + )\27')1/‘1, lemma 1 is proved in
case N > 2. O]

The first hypothesis of lemma 1 is g € [1; N'[, where N’ = Ll It has been used many

times, and we are able to show that is impossible to obtain simiﬁr results with higher values
of q.

Indeed, considering the case N > 2, we recall that « is the only point where F’ vanishes,
which means

(30) bya? ' =1 thus o= (b’y)ﬁ.

Replacing b by the constants of lemma 3 yields b(q) = M (¢q)A2(q), where M (q) is bounded
if g € [1; N'[. Consequently, b(q) —]>V +o00 and then
q—=N’

N(2—q) 1 1
31 = ¥ _,2h — =
(31) 1D =5 —g) aon 2 Benee 75 5303
Therefore, (30) yields « — +o0. And since 7 > «, we obtain 7 — +00, which means
q—N' q—N’
A — Ho0.
q—N'

There is a similar result in the case N = 2. The proof of lemma 1 requires to choose an
index ng great enough to have b < 1. But as A2(ng, q) —>N 400, an increase of ¢ implies an
q—N’

increase of ng.



Thus,asz—ngl—% — 1—N7/:O,itfollows

q—N'
(32) A(ng,q) = (n0+1)\Q|2%q — 400 hence A — +o0.
q—N' q—N'
nog——+o00

We have shown that ¢ cannot be larger than the assumptions of lemma 1.

The result shown in this first section will be useful in the following. Generally, solving a
PDE system is divided into two steps:

e simplifying the problem (for example by moving to a finite-dimension space, or by using
a truncation function),

e coming back to the initial problem with the help of compacity results.

2.2 A general result on norms

Theorem 4 (Trace norm on H'). Let the application Ny be defined for any u € H*(Q) by

1/2
(33) No(w) = (IVulZaqys + lullfzony) -

where "ujpn " refers to the trace of u on OS).
Then Ny is a norm, which is equivalent to the classical norm on H* ().

Proof. Ny is non negative, homogeneous and satisfies triangular inequality (direct consequence
of the fact that the norms L? also do). Let us consider u € H*(Q) such that No(u) = 0. It
comes |[Vul|z2qv = 0 and [Jul|z2(90) = 0.

First, this yields that Vu = 0 almost everywhere on Q. We write u = A, where ) is a real
constant. We directly obtain that tru = A a.e. on 02, then A = 0. We deduce that Ny is a
norm.

Equivalence between both norms :
At first, the trace operator tr : H'(Q) — H'/2(99) is surjective (see [7]), and Sobolev
embeddings yield in particular H'/2(9Q) < L?(0Q). Hence

(34) 3C>0,¥ue HY(Q), [ul}2p0) < Clullin)
We deduce
(35) Vue H'(Q), No(w)® < (1+C)|ul3 )

Therefore Ny is dominated by || - || z1(q)-
Conversely, we intend to show

(36) IC>0,Yue H'(Q), |lulfng < CNo(u).
By contradiction, let us suppose the negation of (36), which means in particular

(37) VneN,Ju, € H(Q), [lunlfng) > nNo(un)®.
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Inequality (37) yields that Vn € N*, [lun|z2() > 0. Then, both sides of (37) can be
divided by [|us[z2(q)- Which means, keeping the same notation

(38) VneN,Ju, €5, HUnH%{l(Q) > nNo(un)?,

where S refers to the "L*-sphere" defined by S = {v € H'(Q) / ||[v|[12(q) = 1}. Then (38) can
be rewritten as

1 1
(39) Vi =2~ [ VunlTag)n > lunllzo0) + [ Vunlliz -
Since ”UnH%z(aQ) >0, (39) yields in particular

1
n—1

1 1
(40) (1 B n> IVunllzzy < s then [ Vallz2 gy <

Therefore, the sequence (Vuy,)nen+ is bounded in L2(Q) ; and as (u,)nen+ is a sequence
of points of S, (uy)nen+ is also bounded in L2(2). We deduce (uy,)nen+ is bounded in H'(£2),
and there exists a subsequence also denoted (uy,)nen+ satisfying u, _—\i— u in H(9).

n—-—+0o0

However, (39) yields

1 2 1 2 1 2
(41) Vn > 2, n > HunHL2(aQ) + <1 - n> HvunHL2(Q)N 2 §N0(Un) )

hence Ny(u,) — 0, then u = 0.
n—-+0o
Rellich theorem yields that u,, — 0 in L*(Q), meaning [Juy |12y — 0. But for all
n—+o0 n—+00

n € N*, |lun|[z2(q) = 1, which is a contradiction. O

3 Analysis of the first equation
In this section, given p €]1; 4o0c[ and k € Wy (Q), we consider the system

—div(A(k)Vu) = f  in Q,
(42) {

—A(k)gz =au on 01},

with f € L2(Q), @ > 0 and A : R — R, satisfying
(43) VEeR, 0<v<A(k) <p<+oo.

3.1 Variational formulation and a priori estimates

We remind the Green formula, which is likely to be used all along this thesis.

Theorem 5 (Green formula). Let f € H'(Q) and g € H'(Q)N. Assume that n is the normal
vector of €1, then the following formula stands

(44) [av@r=-[&-vi+ [ @wras

8



Multiplying the first equation of (42) by w € H*(2) and then integrating yields

(45) _ /Q div(A(K)Vu)w /Q fuw.

Then (44) and the second equation of (42) yield

(46) = /Q div(A(k) Va)w — /

A(k)Vu-Vw + a/ uw dS.
Q

o0
We obtain the variational formulation of (42)
u€ HY(Q)

(47) Vwe H'(Q), /QA(k:)Vu-anLoz/muwdS:/wa-

All the terms of (47) are well defined. Moreover, the trace theorem (see |7]) yields that
u,w € HY/2(0Q) < L*(09).

The main result of this section is the following.
Theorem 6. There exists a unique function u € H'(Q) satisfying (47).
Proof. This proof uses the Lax-Milgram theorem on the Hilbert space H'(Q). Let a be the

bilinear form given by

(48) Vu,we HY(Q), ap(u,w) :/

A(k:)Vu-Vw—l—a/ uw dS.
Q

o0
Let u,w € H'(). First we have

lak (u, w)| < / A(k)|Vu - Vu| +a/ luw| dS
Q o9

< pllVull 2w IVl 2)v + allull p2 o) llwll 2200
< (u+ aM)[Jull g llwll 51 (@)

(49)

where M does not depend on u. Therefore, aj, is continuous on H(Q2) x HY(Q).
Then we show the coercivity. Let w € H'(Q), we have

ag(w,w) = /QA(k:)|Vw|2 +a/89 lw|? dS > uHVwH%Q(Q)N —i—anHQLg(aQ)

> inf(v, a) No(w)?,

(50)

hence Theorem 4 yields the coercivity of ay.

Finally, it is clear that the linear form [w — [, fw] is continuous. Problem (47) then
admits a unique solution u € H'(2), by Lax-Milgram theorem. O



Now the existence and uniqueness of u is proved, it is relevant to state some a priori
estimates on it.

Proposition 7. Let k € Wol’p(Q) with p € [1;4+00[. The solution u = u(k) of (47) satisfies
the inequalities

(51) 1wl ) < C1(82 o, v, f),
and
(52) IA(K) 2V u(k)|| oy < Co(S a, v, f).

Proof. Taking w = u as a test in (47) leads to

(53) /QA(k)|Vu]2+a/m\u]2dS:/qu.

Cauchy-Schwarz inequality then yields

(54) VHVUH%Q(Q)N + a||u||%2(asz) < ez llull L2 ),
hence
(55) min(v, o) No(u)* < || fl| 20l 2 2)-

Theorem 4 directly yields

min(v, o
(56) min( &) 2, o <1l
C (@)

hence (51).

To obtain (52), the higher bound on A and Poincaré inequality yield

(57) IAGR) 2V ul 2 @pv < VAl Vull 2oy < ev/allullmq).

Finally, (51) yields (52). O

3.2 An energy method

This subsection is devoted to show the H' convergence of solutions of (42). More precisely,
if (kn)nen is a sequence converging to a certain k in a sense precised after, a subsequence of
(u(kn))nen converges in H'(2) to u(k). An intermediary result is first needed.

Theorem 8 (L? convergence). Letp € [1;4o00[ and (kn)nen @ sequence of functions converging
weakly to k in Wol’p(ﬂ). Let uy, = u(ky) and u = u(k) the associated solutions of problem (42).
There ezists a subsequence still denoted (un)nen Satisfying

(58) Alk)Y?Vu, — Ak)?Vu in L2(Q).

n——+oo
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Proof. The weak convergence of (ky,)nen and compact Sobolev embeddings yield that &, —+>
n—-—+0o0

kin L'(Q2). By Lebesgue inverse theorem, a subsequence named the same way converges a.e.
in Q to k. The continuity of A yields

(59) A(k,) — A(k) a.e. in Q.

n—-+00

We recall that u, and wu satisfy

(60) Vv e H(Q),Vn N, /A(kn)Vun'Vv—i-a/ unvdS:/fv.
Q o0 Q
(61) Vove H(Q), /A(k)Vu-Vv—i—a/ uvdS’:/fv.
Q oN Q

Inequality (51) yields that (uy,)nen is bounded in H'(€2), which ensures the existence of a
same-named subsequence converging weakly to a certain u* € H'(Q2). The continuity of the
trace operator yields in particular

(62) Vove HY(Q), / v dS — / u*v dS.
e e Joa

Then, in order to show the convergence of the first term in (60), an integration lemma is
needed.

Lemma 9 (Convergence of integrals). Let (fu)nen and (gn)nen be two sequences of L*(€2)
functions, and f,g € L*(Q) such that

N 72
(63) fn n—>—+>oo f and In 100 g L (Q)
Then we have
(64) /angn n—>—+)oo /Qfg
This result will be proved after finishing the proof of Theorem 8.

The assumptions of Lemma 9 have to be checked.

e Since the sequence (A(ky))nen converges almost everywhere to A(k), the domination
A(ky)|Vu| < p|Vo| and the Lebesgue theorem yield A(ky,)Vv o A(k)Vov in L2(Q).

e As a consequence of Rellich theorem, Vu, o Vu* in L2(9).
n—-—+0oo

Therefore, Lemma 9 yields
(65) VveHl(Q),/A(k;n)Vun-Vv — /A(k)vu*.w.

Both convergences (62) and (65) ensure that the limit «* satisfies (61). And since the
solution of (61) is unique (by Theorem 6), u* = u = u(k).

11



Hence, Vu, o Vu in L?(Q2), and (52) ensures that there exists a subsequence of
n—-+0o0

(A(k:n)l/ 2Vun)n oy converging weakly in L?. Therefore, Lemma 9 yields

(66) Ak ?Vu, —  A(R)Y?*Vu in L3(Q).

n—-+o0o

In order to obtain the strong convergence of this sequence, the convergence of the norms
remains to be proved. Let us write (60) with v = u,, and (61) with v = u.

(67) Wn €N, /A(k:n)\Vun\2+oz/ |un|2dS:/fun.
Q o0 Q

(68) /QA(k)|Vu|2+a/m\u|2dS:/qu.

The strong convergence of (uy,)nen in L? directly yields

(69) /Q fun — /Q fu.

The compact Sobolev embedding H'/2(99) — L?(9Q) yields in particular

(70) / unl?ds — [ ju?ds.
o2 15)9)

n—-+

Convergences (69) and (70) yield

(M) [t = [ ag)w

The result of Theorem 8 is proved. [
It remains to prove Lemma 9, wo that the proof is complete.

Proof of Lemma 9. The difference between the two integrals is written

(72) [ =90 = [ Ha=0)+ [ (Fu= Do

The weak convergence of (g, )nen yields the convergence of the first integral of (72), and
the fact that (g, )nen is bounded in L?(£2) yields

@ | [

Theorem 10 (H! convergence). With the same assumptions as in Theorem 8, there is a
subsequence of (un)nen still named the same such that

<|lfn = flle2@llgnllz2) < M| fo = fllz2 0.

—>+oo

O

(74) u, — u in H(Q).

n—+4o00o

12



Proof of Theorem 10. The weak convergence and Rellich Theorem ensure that u, —+> u in
n—-+0o0

L?(2). Tt remains to prove that Vu,, = Vu in L?(9).
(75)
VIV =Vl 2@y < HA(kn)1/2Vun - A(’ﬂn)l/QVu‘

L2 (Q)N

< HA(kn)l/QVun _ A(k:)l/QVuHLQ(Q)N v H (A(k:n)l/z _ A(k)1/2> Vu‘

—
L2(Q)N n—+o0

by Theorem 8 and Lebesgue Theorem. O

4 Analysis of the second equation

The system considered in this section is the following

(76)

{ —div(B(k)VEk) = A(k)|Vu(k)]? in Q,
k=0 on 0f).

The notations are lightened by defining

(77) D(k) = A(k)|Vu(k)|?.

4.1 Variational formulation and description of the method

In order to write the variational formulation of (76), we start by defining two function sets,
and stating a regularity result.

Definition 11. Let the sets V and W be defined by

(78) V= (] Wp"(Q) and W= ] W;"(Q)
1<r<N’ N<r<4o00

Note that V' is a vectorial space, but not W.

We aim at writing a variational formulation searching solutions in V' with test functions

in W.
Proposition 12. Let k € V and ¢ € W. Then B(k)Vk -V € LY(Q) and D(k)y € L*(9Q).

Proof. Let k € V and ¢ € W. By applying Holder inequality with » > N such that ¢ €
W, (2), we obtain

(79) | B@IVE- 90l < [ 195961 < ulVE] )|V

Moreover, (52) yields |[D(k)||;1q) < C, then D(k) € L*(Q) and ¢ € L*(Q). Hence
D(k)y € L'(9). O

13



Remark 13. The compact Sobolev embedding

(80) V — L*(Q)

stands if N € {2;3}.

Definition 14 (Variational formulation). A function k is a weak solution of (76) if

keV

(81) vwew,/wahvwz/Dwm.
Q Q

As proved before, D(k) € L'(€2), but it seems difficult to obtain a better regularity. In
addition, (81) is not a linear problem, and could not be solved using only Lax-Milgram theorem,
even if D(k) was in L?(Q). These problems lead to use another method, which is divided into
three steps:

e Regularizing the equation, by changing the source term.
e Linearizing it to solve the regularized problem with a fixed-point theorem.

e Taking the limit when the regularizing parameter goes to zero.

4.2 Two first steps: solving the regularized problem

Before linearizing Problem (81), the source term needs to be approached by a sequence of
regular functions.

Definition 15. If w € L"(Q) with r € [1,400], w € L"(R") refers to the extension by zero

D r s w(z) if © € O
wer 0ifz ¢ Q.

Definition 16 (Mollifier). Let p : RY — R be a C* function satisfying

* Supp(p) = B(0, 1), o Janp(y)dy=1.
*p20,

Let the family (pc)e>0 be defined by

(82) va e RN, p(2) = <0 (2)-
Then (pe)e>o is called a mollifier.

Remark 17. From now on, the term "mollifier" always refers to Definition 16.

14



Definition 18 (Regularized problem). Let the approximated source term D.(k) be defined
for any € > 0 by

2

Y

(83) D.(k) = |U(k) % p.

where U(k) = A(k)Y2Vu(k).
A function k is called a weak solution of the regularized problem if it satisfies

k€ H}(Q)

V€ Hy (), /

Q

(84) B(k)VEk -V = /Q D (k).

Linearizing Problem (84) is useful if and only if Lax-Milgram theorem can be applied in
the Hilbert space H} (). To do so, the linear form [¢ — [, D.(k)1] must be continuous on
HA(Q).

Theorem 19. Let ¢ > 0. The function D.(k) defined just above is in L*(Q)) and there exists
a constant C' > 0 independent of k and € such that

C
(85) D)2y < -

The proof of Theorem 19 is based on a general result.

Lemma 20. Let v € H™(RY), ¢ € N and (p:)e>0 a mollifier. For e > 0 sufficiently close to
0, we have

C(m,¥
(56) o+ pellmssesy < S o gy,

Proof of Lemma 20. The H™* norm can be defined by

(87) HU*P‘E”?{mH(RN): Z Hanrﬁ("U*PS)H%Z(RN)-
la|<m

I81<¢

Let o, 3 € N such that |a] < m and || < £. Plancherel theorem yields

1

(58) 10 (0 ) vy = gy

2
1F (@ (v % pe)) |72y,
where F refers to the Fourier transform operator.

Since v € H™(RY), the derivation formula 97 (v x p.) = (9“v) * (8°p.) and the Fourier
transform yield

(89) F (aW (v % pa)) = F(8°0)F(9°p.).
Then with norms

(90) IO w e p sy = [ OO 1F(@%po)(€) P
RN
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A linear change of variables yields

O Fe©) = [ e (E) de = [ ey = Fp) o).

y=z/e JRN
Then we obtain
[ F(0°pe) () = [E°F(p) ()P = 1€°F(p ><e£)\2

(92) L
= Sl Fp)(Eo)I = M' | F(87p) (€)%

Yet, 0°p € 2(RN) ¢ LY(RY), which yields V¢ € RN, |F(9%p)(¢)| < H@ﬁpﬂp(Rw). Then
(90) ensures the existence of a constant ¢y > 0 independent of v such that

(93) IF @ (v % pe) 72y < QW 1F(0°0) 72 e

Plancherel Theorem then yields
(94) 1020 % o) sy < o 1070l 2 e

Then, by addition

o €o
(95) Z 10 +B(U*p8)|‘%2(RN) < mHUH%}m(RJ\r)-

la<m

Taking € €]0, 1] < -1, Thus, adding for |3| < ¢ yields

c(
(96) o5 e sy < S ol

hence (86). O
We can now apply this result to prove Theorem 19, recalling that

(97) 1UE) 2@~ < C,

where C' > 0 depends on f, Q, o, u and v. This is a rewriting of (52).

Proof of Theorem 19. The definition of D, yields

(98) | D=(k) |20 (/ Uk *pa#)m—HU ) % p-

Sobolev embedding H'(Q) — L*(2) and Lemma 20 then yield

LAQ)N

—— — Co
(99) [T 02 g < | TE #0210 < ZNTE 20
Finally, (97) yields the result. O
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In order to solve the regularized problem (84), we first linearize it, as said before.

Definition 21. A function g = g(k) is said to be a weak solution of the linearized problem
associated to (76) if

9= g(k) € Hy(Q)

(100) Vi e HY(Q), /QB(k)Vg-VllJ = /QDa(k?)w

Lemma 22. Let k € L'(Q), there exists a unique solution to Problem (100).

Proof. This is a consequence of Lax-Milgram theorem. Theorem 19 ensures that [1/1 — fQ Dg(k)l/z]
is a continuous linear form on HJ (). Let the bilinear form b be defined by

(101) b:(g,%) — / B(k)Vg- V.
Q
First, let g, € H}(Q)

(102) 1609, V)| < plIVall 2N IVl L2y < Mgl zr @ 191 51 ()

The continuity of b is proved.
Then, let ¢ € H}(Q2), we have

(103) ) = [ BUIVIE 2 vVl = @l

as a consequence of Poincaré inequality. The coercivity of b is proved.
Lax-Milgram theorem yields the existence and unicity of the solution g. O

Now, we aim at showing the existence of a solution to problem (84). To do so, we recall
the Leray-Schauder fixed-point theorem (see [9]).

Theorem 23 (Leray-Schauder). Let X a Banach space, and B a convex closed bounded
nonempty subset of X. Let f: B — B a conlinuous function with f(B) compact.
Then f admits at least one fized point in B.

This result is the main ingredient of the proof of the following statement.
Theorem 24. The regularized problem (84) admits a solution.

Proof. Let the operator T' be defined by
(104) Tk gk),
where g(k) refers to the solution of Problem (100). In other words, Tk € H{(Q) satisfies
(105) V€ H(Q), /B(k)VTk'V@Z) = / D. (k).
Q Q

The method consists in applying Theorem 23 to the operator T'. First, taking ¢» = Tk in
(105) yields

(106) /B(k)\vm? —/Ds(k)Tk, hence V||VTk| 2y < 1l| De(B)l| 2 -
Q Q
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Then Theorem 19 yields
(107) IVTE| L2y < c2]| De(k)||p2(0) < M,

where M > 0 does not depend on k.

Considering the notations of Theorem 23, in this problem we take X = H{ (), equipped
with the scalar product

(108) (F-9)nyr = [ V1Yo,

and its associated topology.

Moreover, we take B = B(0, M) which is a convex closed bounded nonempty subset of
HZ (). It has been shown that T'(B) C B. Now it remains to prove that T is continuous and
T(B) is a compact set.

Compactness of T'(B) :

Let (kp)nen be any sequence of B. We aim at proving the existence of a subsequence
(named the same way) converging in Hj(Q) to a certain Tk, with k& € B. Given that B is
bounded, there is a subsequence satisfying

(109) k, — k in H}(Q),

where k € B.

The assumptions on B and (107) yield that (B(kn)l/QVTkn)neN is bounded in L?(Q)",
so there exists a subsequence converging weakly to a certain function. In the following, we
state this limit is B(k)/2VTk.

Let (kn)nen be a sequence of elements of B. Since it is bounded, there is a subsequence
named the same satisfying &, e kin HL(Q).

We first aim at showing that for any e > 0 and ¥ € H}(Q2)

(110) R X0

The difference is rewritten as follows
(111) De(kyn) — De(k) = |U(kn) * P6’2 — |U(k) * P6‘2
= [ 0) = TR)) = pe] - [(O ) + TU(R)) 5 pe]

Hoélder and then Gagliardo-Nirenberg inequality yield

JRCACSER YOI

—~—— o~

(112) < || ka) = U®)) <.

—_—~— —~—

(U(kn) + U(K)) * pe

- w1l

—_

<1 || O k) = TR)) # e

—

(U(kn) +U(K)) * pe

[Vl L3(0)-

HY(RN)N H HY(RN)N |
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Lemma 20 and Young convolution inequality yield

(113)

| (D2t = 1) 0] < S8 ~ VR 10 Gn) + U0z 1500

According to Theorem 8, the right hand side of (113) converges to 0 when n goes to +oc.
This yields (110).
Both (110) and (105) imply

(114) Ve HY(Q), /QB(k Tk -V o | BUVTh: Vi,

n—-+o0o

The uniqueness of the limit yields that

(115) B(ky)/*VTk, — B(k)Y?>VTk in L>(Q)Y

n—-+o00

In addition, Lebesgue inverse theorem and the continuity of 1/B yield zA~ — %

B(kn) ns1mo B
a.e. in {2, and in addition B |V¢| < 1|V4|. Then we obtain

VY — Lw in L2(Q)N

1
B(kn)

Convergences (115) and (116), and Lemma 9 then yield for any ¢ € HZ ()
(117) / VTky - Vi) — / VTk - Vi,
Q n——400 Q

In other words, Tk, — Tk in H}(Q).
n—-+0o0o

The convergence of the norms has to be established. To do so, we have to prove

(118) /D )Tk, /D Tk.
n—>+oo

We start by writing the inequality

HDS(kn)Tkn - Ds(k)Tk”Ll(Q) < H(Da(kn) - Da(k))TkHLl(Q)

(119)
+ |1 De(hn)(Thn — TE)|| 1 ()

On one hand, (110) yields [|(De(kn) — D=(k))TE| 11 (o) o 0.
On the other hand, by compact Sobolev embedding, we have Tk, — Tk in L*(f).

n—-+00

Holder inequality then yields

(120) 1De(kn)(Thn = TE) L1(0) < 1De(kn)ll 2@ 1 Thn — ThllL2)  —2 O

Hence, (118) is proved. Reporting in (105) yields

(121) /B(kn)!VTknP — /B(k)WTk\?.
Q n—-+o0o Q
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Both (115) and (121) yield

(122) B(kn)/*VTk, — B(k)Y?>VTk in L*(Q)V.

n—-+o0o

Lebesgue inverse theorem ensures that another subsequence of (VTk,),  is dominated
by a L'(Q)Y function. Lebesgue theorem then yields

(123) /(B(kn) — B(R)|VTk? —> 0.
Q n—-+o0o
Consequently, the following decomposition

/Q(B(kn)!VTknF ~ B(k)|VTEP) = /QB(k:) (N Thal? — [VTE)
(124)
+ [ (Bl0) = BER)IVTE

implies that
2 2
(125) /QB(k) (|VTkn|? — |VTE|?) Rl

Let Np be defined by
(126) Np: f € Hy(Q) — | B(k)V f|| 2oy~ -
The norms || - || mi(e) and Np are equivalent, and (125) ensures that (Tky)nen converges
strongly for the norm Np, so as for the H}(£2) norm.

We now have proved that T'(B) is compact.

Continuity of T :
Let (kn)nen be a sequence of B such that k, = k in H}(2). The computations made
n—-—+0o0

before ensure that a subsequence of (Tky,),en converges to Tk in HE (). Moreover, Tk is the
only accumulation point of this bounded sequence. As a result, the whole sequence satisfies

(127) Tk, — Tk in H}(Q).

n—-+00
All the assumptions of Theorem 23 are satisfied. Consequently, T admits a fixed point in
B, which corresponds to a solution to Problem (84). O
4.3 Last step: Taking the limit when ¢ goes to zero

This subsection aims at proving the existence of a solution to the initial variational TKE
problem, by analyzing the convergence of the approximated solutions found just before.

Theorem 25. There exists a function k € V' satisfying (81).
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Proof. Let (ke)e>0 be the sequence of approximation functions given in the previous subsection.
Then for any ¢ > 0, k. satisfies

(128) vy e B, /Q B(ke) V. - Vi) = /Q D.(ke)

We intend to show that (k:)z>0 is bounded for a certain topology. To do so, we use Lemma
1. A general theorem from Stampacchia (see [8]) is needed before.

Theorem 26 (Regularity and truncation function). Let H € W1°(R) with a finite number
of discontinuities, and such that H(0) = 0. Let q € [1;400] and v € Wy (Q).
Then H(v) € Wy'(Q) and VH(v) = H'(v)Vu.

Until the end of this chapter, for j € N, H; refers to the truncation function defined by

This function satisfies the assumptions of Theorem 26, so that we can take ¢ = H;(k.) in
(128) to obtain

(129) VjeN, /B )| Vk.|>Hj (k. /D

On one hand,
(130) /QB(k:E)\ng]ij"(kg):/ B(ka)|Vk5]221// |Vke|?,
Bj 5

where B¢ refers to the subset {z € Q / j < |ke(z)| <j+ 1}
One the other hand, Young convolution inequality yields

2
(131) [ et 1y < [T e, < N0 oy

Inequalities (130), (131) and (97) reported in (129) yield the existence of a constant C' > 0
not depending on k£ and e such that

(132) VjeEN, / |VE|* < C.
J

Lemma 1 then yields ||k |y1.q¢q) < A, for ¢ € [1; N'[. And given that C' does not depend
on ¢, it is the same for A.
Thus, there exists a sequence (&,,)nen such that e, — Oand k., — kin Wol’q(Q).
n—+oo n—-+o0o

The function k isin V.
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We aim at showing that & is a solution of (81), which means

(133) V€ H(Q), /QB(k:)Vk:-Vw:/QD(k:)@ZJ.

We recall that the intermediary solutions (k., ) satisfy
(134) V€ Hy(9), /QB(ksn)Vken Vi) = /QDE,L(/-@En)w.

Convergence of the left hand side:
Given that k;, — kin V, we have
n—-—+

o

(135) Ve w, /Vkan.w; — /Vk.w;.

In order to add the term B(k,), it seems useful to state a variant of Lemma 9.

Lemma 27 (Double convergence in V and W). Let Q) be an open subset of R, f € ﬂ L"(92)
1<r<nN’

and g € L1(QY), where ¢ > N. Let us consider two sequences (fn)nen and (gn)nen such that
fn — [ in L"(Q) forre[1;N'],

(136) Ty )
gn n—+oo g ’

Then we have

(137) /angn njoo/gfg-

Proof of Lemma 27. The proof of Lemma 27 is similar to the proof of Lemma 9. We write

(138) | =90 = [ (5= Do+ [ Han =)

On one hand, the Holder inequality yields

< ”fn — f”Lq’(Q)Hgn”L‘I(Q) < Man - fHLq’(Q) — 0,

n—-+00

(139) ] /Q (fu — Fom

where ¢’ refers to the conjugate of ¢, which is in [1; N'[.
On the other hand, the weak convergence of (g, )nen yields

(140) /Q(gn—g)f — 0.

n—-+o0o

Hence the result. O
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We now check if the assumptions of Lemma 27 are satisfied.
By compact Sobolev embedding, k., T k in L'(Q). Thus, Lebesgue inverse theorem
n—-+0oo

yields that a subsequence satisfies k., — k a.e. in . The continuity of B yields

n—+oo
B(k.,) = B(k) a.e. in Q2. And the domination B(k., )|V | < p|V| stands. Consequently,
Lebesgue theorem yields
(141) Vre[l;N'[,V¢YeW, Bk, )V — B(k)Vy in L"(Q).

n—-+o0o

The weak convergence of (k, )nen being already established, Lemma 27 yields

(142) Vo eW, | Blk.,)Vke., Vi) — /B(k)w-w.
Q Q

n—-+4o0o

Convergence of the right hand side:
We intend to show that

(143) voew. [ Date)v o [ D

at least for a subsequence.
Given that ¢ € L>°(Q), it is sufficient to prove that

(144) D, (k) — D(k) in LY(Q).

n—-+00

The L' norm is decomposed as follows

(145) Auaww—Dwnséuaw%wlawnﬁém%w—Dw»

Cauchy-Schwarz inequality first yields

. [ 1Deu®) = D01 = [ |00 = e, = 0
< |[0) «pe, — U(R)|

HU % ey + U(k)]

L2(RN)N L2(RN)N

We recall the following classical result.

Theorem 28. Let p € [1;+0cc[, f € LP(RY), and (p:)->0 a mollifier. Then we have
(147) pex f— f in LP(RYN).
e—0

Theorem 28 and (146) yield

(148) [ 1D-.t0) = D] > 0
Similarly, we write
(149)
_ < _ 705 T T7(F)
[ 1Pether) = ey 00 < | (002 = TT0) 5 | o [ (00 + T #2|
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On one hand, Young convolution inequality and (97) yield

150 (k) +T®) *pe,

pey < UGy + VR 2y < C.

On the other hand, Young convolution inequality and Theorem 8 yield for a subsequence

(151) |(U0e) = T®) *p,

< ||U(ke,) =UR) 2@~ —2 0.

L2 (RN)N n—+o0o

We have obtained

(152) /Q D, (ko) — Do (K) —s 0,

n—-+oo

hence (144).

As a conclusion, k satisfies (81). O

4.4 Conclusion: solution of the coupled problem

Let us consider the sequence (&,) mentioned previously, after all the extractions that were
done. We have shown that (k., ) strongly converges in L?(£2) to a function k.

Moreover, (k., ) weakly converges to k in every space VVO1 Q) with ¢ € [1; N'[. Therefore,
theorem 10 yields that (u(k.,)) strongly converges to u(k) in H'(Q).

All of this ensures the existence of a couple (u;k) of solutions of (1) at the distribution
sense, with u € H*(Q) and k € V (in particular k € L?).
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