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1 Introduction

This chapter is focused on the following system:

—div(A(k)Vu) = f in Q,
—div(B(k)Vk) = A(k)|[Vu|*> in Q,
ou (1.1)
—A(k)a—n =au on I,
k=0 onI.

Where €2 is an open bounded set in RV (N > 2), and I' = 99 its boundary. The viscosity
functions are bounded and satisfy:

Jv,u>0, Ve >0, v<A(z),B(z) <p. (1.2)

We also assume that f € L*(Q) and o > 0.



The aim of this chapter is proving the existence of a couple (u, k) of distributional solutions
of (1.1). This is not the only kind of solutions commonly searched. Indeed, some articles deal
with renormalized solutions, which are defined and studied in [3]. This notion is interesting
for the study of a system having one source term in L!(£), as shown in [6].

The source term of the equation in & in (1.1) is in L*(2). Without any better hypothesis, it
remains possible to find distributional solutions of (1.1).

This figures in the works of L. Boccardo and T. Gallouét in [1]|, on which is based this
chapter. The associated result, proved in section 4, is a consequence of the washer Lemma,
stated and proved in section 2. This Lemma brings a bound for a solution in WO1 9(Q), where
q< % Consequently, some particular function sets are needed.

Then, in section 4, we search weak solutions in V=, _,_n» W,(52), where N’ refers to

% ; with test functions in W = {J . v Wol’q(Q). This method was also used by T. Gallouét

and R. Herbin in [4].

Along this chapter, the viscosities A and B are bounded (assumption (1.2)). This does
not really correspond to the physical situation, but is a right way to establish some interesting
mathematical results, as a priori estimates, such as in section 3 and 4. The assumption of
bounded viscosities appears in [4], but also in the works of S. Clain and R. Touzani (see [2]),
in which an existence result is proved in the two-dimensional case. In the present work, the
existence results are proved when N = 3.

Of course it is possible to deal with unbounded viscosities, such as in [6], where they are
only bounded from below. Otherwise, if they are not, other assumptions are required, con-
cerning the decreasing. In addition, other function spaces need to be developped, like in [5].

In order to find the existence of a solution of (1.1), this work will be divided into two steps,
that correspond to sections 3 and 4. Section 3 is devoted to the equation in u, which amounts
to a linear problem. But when the problem is obviously non-linear, like the equation in k
considered in section 4, another method is required. This consists in regularizing the system,
then solving it by a linearization and a fixed-point theorem. This method is already used in

2].

Given m € N and p € [1, +0o0], the norm of W"™P(Q) will be simply written: || - ||, p0. In
particular, || - |lop0 is the LP(2) norm.

2 Preliminary results

2.1 The washer lemma

This section aims at proving the following result (already proved by Boccardo-Gallouét in [1]).

N
Lemma 1 (Washer lemma). Let ¢ €]1, N'[ where N = R and u € Wy'(Q). Let us
write:

B,={xe€Q/n<|u(z) <n+1}. (2.1)



We assume that there is a constant C' > 0 such that:

Vn € N, / \Vu(z)|? dr < C. (2.2)

n

Then we have the inequality:
[ullLq.0 < A (2.3)

Where A depends on 2, q and C' that is introduced by (2.2).

Remark 1. The most important in this result is the fact that the two constants C' and A are
independent of u. Actually, the result that will be used is: let (u;);es a family of functions in
W, () with ¢ €)1, N'[ satisfying:

Vj € J, Vn €N, / | Vu(2)? dr < O, (2.4)
J

where B, refers to: By, ={z € Q /n< luj(x)| <n+ 1}
Then there exists a constant A > 0 only depending on €2, ¢ and C such that:

Vied, |lujlhga <A (2.5)

The proof of lemma 1 is based on a decomposition given by the following lemma.

Lemma 2. Let u satisfying the assumptions of lemma 1. Let q* be the critical exponent in
Sobolev embedding W14(Q) < L9 (Q), and any index ng € N. There exist two constants A\
and Ao depending on ng, q and Q satisfying:

" (2—q

—q)
IVull§,q < CV? <>\1 + Xaflully 4 2q > . (2.6)
Moreover, we have: lim A2(ng) = 0.

nog—-+oo

Proof of lemma 2. At first, we decompose [, [Vu(x)|? dz as a sum:

+oo
/Q|Vu($)] dx:nZO/Bn V()| da. 2.7)

Let us apply Holder inequality, recalling that €2 is bounded, thus for n € N, B,, is bounded.

q

Vn € N, /n |Vu(z)|? dz < (/Bn \vu(x)|2da;)q/2 (/n dm)12
_ Meas(B,) " < /B (o) d:r) "

< Meas(Bn)Q%qu/Q.

(2.8)

Where "Meas" refers to the Lebesgue measure of any borelian subset of RYV. The last inequality
comes from (2.2).



We set ng € N, and we focus on the case n < ng, then n > ng.

On one hand, let n < ng, we have

/ |Vu(z)|? dx < Meas(B ) 7 /2 <Meas(Q)2%qu/2, (2.9)

then by addition

i/B IVu(2)|? dz < (ng + 1)Meas(Q) 2 C7/2, (2.10)

On the other hand, let n > ngy, we have

* * * 1 *
/ lu(x)|? de/ n? dx = n? Meas(B,,), then Meas(B),) < */ lu(x)|? dz. (2.11)

Inequalities (2.8) and (2.11) yield

2—¢q 2—q

Vi > o, / Vu(:z:)\qung/2< 1*) ’ (/ ()]0 dx) " (2.12)
Bn nd Bn

which yields by addition

+o0 " =1
Z / V(@) de < €72 % p </ lu(z)|7" dx) c (2.13)
By

n=ng-+1 n=ng+1

N
|
hQ

We then apply the discrete Holder inequality on the right hand side of (2.13) to obtain

f 2R </B ()| > L %:H/ )| dx]22 [ Z nNﬁq—f)r/z.

n=ng+1 n=ng+1
(2.14)
. Nig=2) Lo .

We need to prove that the series Zn>no 411 N-a converges, which is equivalent to
N(2—q)
N —q

By simple calculations, this inequality is equivalent to g < N’.

> 1.

_79/2
+o0 15;17;)

neng+1 " . And since the series converges, we directly

Then we set A2(ng, q) = [
have: A2(ng,q) — 0. With this notation, (2.14) becomes
no——+oo

o= (¢=2)g* % = 2%(1
)N (/ Ju(z)| dx) < Xa(no.q [ > / z)| 7 dﬂ?]
n=ng+1 B, n=ng+1

(2.15)

< raliosa) [ Juto)l” ac) -
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Hence, (2.15) combined with (2.13) yield

n=ng+1

2—gq
2 *(2-q)

= C2\5(no, 9)lully .7 -

(2.16)
We set A\1(ng,q) = (ng + 1)Meas(9)%, and we add (2.10) to (2.16) to obtain, by (2.7)
/2 7" (2—q)
[ Ivu@ e < 9 (30,0 + Xt s B ) @217
Q
That corresponds to (2.6), which concludes the proof. O

Then we use this result to prove the washer lemma.

Proof of lemma 1. We start with the case N = 2, which is easier. In that case, we have
(2 — Nq(2 —
a( 5 %) = 2((]]57 — qq)) = q. Then (2.6) becomes

1Vl 0 < €72 (M + Naljulll ) - (2.18)

As ¢ < 2, we can apply Sobolev embedding W14(Q) < LI (Q) on the right hand side of
(2.18), and then the Poincaré-Friedrichs inequality

lullg 0 < KIVull, 0 < K (M + allully ) (2.19)
where K > 0 depends on (2 and q. We recall that if b < 1, the following equivalence stands

x§a+bx<:m§1ib. (2.20)

Since A2(ng, q) nojoo 0, it is possible to choose ng € N large enough to have

KC%?)\y < 1. Then by (2.20), we obtain

KC2)\
q
Hu||07q*,9 < 1 KCiln, (2.21)
Thus, from (2.18):
KC2)\
q a/2 142
||VuH07q7Q <C <)\1 + - ch/2A2> (2.22)
And the Poincaré-Friedrichs inequality yields
ul|? o < LCY? [ A M (2.23)
Uhgo = T Ko, ) '
where L depends on g and §2. This yields the result with
1/q
KC2\ )
A=Y 2 |\ 4+ — 2222 2.24
AT (2.24)



Let us focus now on the case N > 2. Since ¢ < N’ < N, the Sobolev embedding used
before yields

a*(2—q)
Hu||g7q*7Q < K||Vu|]8}qvQ < K92 <)\1 + Xallully 420 ) . (2.25)
Inequality (2.25) is of the form = < a + bx?, with
(2 — N(2—
2q 2(N —q)

We have already shown that if ¢ €]1, N'[, then:

N(2 - 1 N’
NE2-aq) < N’ hence - <y < — < 1. (2.27)

1<
N—g¢ 2 2

Thus, the inequation we need to solve is of the form: x < a + bz, with v €]0,1[ and
a,b> 0.

"
The graph on the side shows the existence of a + bz
7 €]0, +0o0o[ depending on a, b and ~y such that !
r<a+bx’ x<rT. |

T x

Let us show it rigorously by studying the variations of F' : x > 0 +— a + bx” — z. This

/ — y—1 _
F'(z) = bya 1 therefore F”'(z) < 0. We obtain

function is C* on ]0; +oo[ and F'(2) = by(y — 1272

the following variations
x |0
F'(x) —

“+0o0

400 i i
0 |
1 0| « x
F(a) \

—00

F(z)

Inequality (2.25) finally ensures the existence of 7 = 7(A1, A2, C') > 0 such that
Jullg o < 7 (2.28)
Thus, (2.6) and Poincaré-Friedrichs inequality yield

IVulld o < CV% (M + Xo7) hence |[ull{, o < LCY? (A + Xo7), (2.29)
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where L only depends on €2 and ¢q. With A = Ll/qu/g(/\l + )\27')1/‘1, lemma 1 is proved in
case N > 2. n

The first hypothesis of lemma 1 is ¢ €]1, N’[, where N’ = &~ It has been used many
times, and we are able to show that is impossible to obtain similar results with higher values
of ¢.

Indeed, considering the case N > 2, we recall that « is the only point where F’ vanishes,
which means )

bya? ' =1 thus a = (by)T7. (2.30)

Replacing b by the constants of lemma 2 yields b(q) = M (q)A2(q), where M (q) is bounded

if g €]1, N'[. Consequently, b(q) HN +o00 and then
q—N’

N(2-q) 1 1
=—=< —2h — . 2.31
1D =5 —g) aon 2 Benee 75 5303 (2:31)
Therefore, (2.30) yields « — +o00. And since 7 > «, we obtain 7 — 400, thus
q—N' q—N'
A — +o0.
q—N'

There is a similar result in the case N = 2. The proof of lemma 1 requires to choose an
index ng great enough to have b < 1. But as A2(ng, q) —J>V 400, an increase of ¢ implies an
q—N’

increase of ng.
— !/ .
Thus, aSQqul_% — 1—N7:O, it follows

q—N'
A1(no, q) = (ng + 1)Meas(Q) 2 — 400 hence 4 — +oo. (2.32)
q—N’ q—N’
ng—-+oo

We have shown that ¢ cannot be larger than the assumptions of lemma 1.

The result shown in this first section will be useful in the following. Generally, solving a
PDE system is divided into two steps:

e simplifying the problem (for example by moving to a finite-dimension space, or by using
a truncation function),

e coming back to the initial problem with the help of compacity results.

2.2 A general result on norms

1/2
Prop./Def. 3 (Trace norm on H'). Let us define the application: No(u) = (HVquzQ + HuH%QF) ,

"wir " referring to the trace of u on T
Then Ny is a norm on H*(Q).



Proof. Ny is non negative, homogeneous and satisfies triangular inequality (direct consequence
of the fact that the norms L? also do). Let us consider u € H(Q) such that No(u) = 0. It
comes ||Vullo2,0 =0 and [Jullg2r = 0.

First, this yields that Vu = 0 almost everywhere on Q. Thus, we write: © = X, where \ is
a real constant. And if u is constant almost everywhere, its trace has the same value almost
everywhere on T'. Yet, tr(u) = 0, therefore u % 0.

Consequently, Ny is a norm on H (). O

Theorem 4 (Two equivalent norms). Let us recall the definition of the classical Sobolev norm
on HY():
1/2
lulliz.0 = (lul§2n + [Vulg2n) " (2.33)

Then this norm and Ny previously defined are equivalent.

Proof. At first, the trace operator tr : H'(€2) — H'/2(T') is surjective (see [7]), and by Sobolev

embedding, H'/?(T") < LI(T"), with % = % — ﬁ, thus ¢ = % > 2.

Then, since  is bounded, we have: H/?(T") < L?*(T). Hence
50> 0, € HY(Q), Nular < Cllul? 0. (2.31)

We deduce
Vue H'(Q), No(w)? < (1+O)llull? . (2.35)

Therefore Ny is dominated by || - ||1,2,0.
Conversely, we intend to show
3C > 0,Yu € H'(Q), |ullfs0 < CNo(u). (2.36)
By contradiction, let us suppose the negation of (2.36), which means
VC > 0,3u € H'(Q), |ullfgq > CNo(u). (2.37)

Then in particular
vn € N, Ju, € H'(Q), ||unH%29 > nNo(up)? (2.38)

Inequality (2.38) yields that Vn € N*, |lupllo2,0 > 0. Then, both sides of (2.38) van be
divided by [|uy|l0,2,0. Which means, keeping the same notation

Vn € N, Ju,, € S, HunH%QQ > nNo(un)?, (2.39)

where S refers to the "L?-sphere" defined by: S = {v € HY(Q) / |[v]o2.0 = 1}. Then (2.39)
can be rewritten as

1 1
Vn>2, —+4 —|Vu,
non

520 > llunllozr + [ Vunl[§2.0- (2.40)

Since ”UnH%,zr >0, (2.40) yields in particular

1
n—1

1 1
(1—) IVunlBe < L, then [VunlZao < (2.41)

n n



Therefore, the sequence (Vuy,)nen+ is bounded in L2(Q) ; and as (u,)nen+ is a sequence
of points of S, (un)nen is also bounded in L?(2). We deduce (u,) is bounded in H!().

Thus, Banach-Alaoglu theorem ensures the existence of a subsequence still denoted (uy,)pen-
1
satisfying u,, A
n—-+o0o

But (2.40) yields
1 2 1 2 1 2
Vn > 2, s unllgor+ (1 — " [Vunllg 2.0 = §N0(Un) ; (2.42)

hence No(up) = 0, then v = 0.

2
Last, by Rellich theorem: wu,, L, 0, which implies: ||un|lo20 — 0. But we have
n—-+0o0o n—-4-o00

assumed that Vn € N, ||uy|lo.2,0 = 1, which is a contradiction. O

3 Analysis of the first equation

In this subsection, given p €]1, +oo[ and k € VVO1 P(Q), we consider the system:

—div(A(k)Vu) = f inQ,
{ a2 (3.1)

au onI'.

87,"’/ =
Where f € L%(Q), and o > 0. We recall that A : R — R, is bounded from above and
below:
VEeR, 0<v<A(k) <p<+oo. (3.2)
3.1 Variational formulation

Let us write the variational form of this equation. To do so, we need the Green formula.

Theorem 5 (Green formula). Let f € H'(Q) and g € H(Q)N. Assume that n is the normal
vector of €1, then the following formula stands

/Qdiv(g)fdx:—/Qg-Vfd:U+/F(g-n)de(x). (3.3)

Let us consider w € H'(2) and multiply the first equation of (3.1) by w, then integrate.

—/ div(A(k)Vu)w dz = / fwdx. (3.4)
Q Q
The Green formula (3.3) yields

i = u - Vwdxr — %w T
—/lev(A(k)Vu)wda:—/QA(k)V Vwd /FA(k)an dS(x)

_AA(k)Vu-dex+aAuwdS($)'

9



That leads to the variational formulation of (3.1):
u € Hl(Q)
1 (3.6)
Vw € H( A )WVu-Vwdr + « uwdS fwdx

All the terms of (3.6) are well defined, since u,w € HI(Q), hence Vu, Vw € L?(Q). And
A is bounded. Moreover, by the trace theorem (see [7]), u,w € HY?(I') < L*(T).

The main result of this section is the following.
Theorem 6. There exists a unique function u € H*(Q) satisfying (3.6).

Proof. This proof uses the Lax-Milgram theorem on the Hilbert space H(). Let a(k,-,-) be
the bilinear form given by

u, w 1 a u,w) = u - w axr (6% uw xX). .
Yu,w € HY(Q), alk,u,w) /QA(k)V v d+/F dS(z) (3.7)

Let u,w € H'()

la(k,u,w)| S/A(k)\Vu-Vw\dx—i—oz/\uw|dS(:z)
Q r

3.8
< il Vulozal Vuloza + aluloarleloar 2
< (p+ aM)ullrz.0llwl2e,
where M does not depend on u. Therefore, a(k, -, -) is continuous on H'(Q) x H(Q).
Then we show the coercivity. Let w € H'(2), we have
a(k, w,w) = /QA(k)NwP dx + a/r wl* dS(z) > v|[Vwl§ 2.0 + allwllf s (3.9)

> inf(v, a) No(w)?,
hence the coercivity of a(k, -,-) by theorem 4.
Finally, it is clear that the linear form [w — [, fw dz] is continuous. Problem (3.6) then
admits a unique solution v € H'(f2), by the Lax-Milgram theorem. O

3.2 A priori estimates for u

Previously, we have shown that for k € VVO1 P(Q), (3.6) admits a unique solution v = u(k). In
this subsection, we give some estimates for this function wu.

Proposition 7. The solution u of (3.6) satisfies the inequality:
Cllfllo,2.0

inf(a,v)

[ulli2.0 < (3.10)

Where C' > 0 only depends on ().

10



Proof. Taking w = u as a test in (3.6) leads to

/A |Vu|2dzn—|—oz/u|2d5 /fud:z: (3.11)

We get by Cauchy-Schwarz inequality

(3.12)
Then by Theorem 4
) inf(v, @)
V[Vullizq + allulldar > inf(v, @) No(w)* > —=—|luliz0- (3.13)
Then (3.12) becomes
inf(v, a
U a0 < 17020 * oz < I lozalul 20 (3.14)
which yields (3.10). O

Proposition 8. Let k € Wol’p(Q), and u = u(k) the solution of (3.6). Then u and k satisfy

the inequality
IV AK)Vu(k) o2

where C' > 0 only depends on ().

Cliflloz0

inf(a, v)

, (3.15)

Proof. Equality (3.11) can be rewritten with norms

VARl 50 + allulZor = /Q fuds. (3.16)

Let us bound from below the left hand side of (3.16):
1 1

VARG 20+ allullizr = SIVARUG20 + 5 / AR)|Vul* dz + afJul§ o r

> *H\/ k)ul§ 2.0 +

f( ) (3.17)
inf(a, v
> *H\/A(k)UHg 20+~ No(u)*
1nf(a v)
> *H\/ UHOQ ot o~ 20 [|u ||%2Q
Then, let us apply Young inequality with weights to the right hand side of (3.16):
inf(a, v) C
/| g a0+ gy Bee (319
Thus, (3.16) can be rewritten
1 C
—|lVA 200 < =—|fII3 1
2|| (k)uHO,Q,Q = 2inf(a, v) HfHO,Q,Qv (3.19)
which yields (3.15). O

These estimates will be useful in the following, to show a strong convergence in H' for
equation (3.1).

11



3.3 A first convergence result: the energy method
This subsection aims at proving the following result.

Theorem 9 (H'! convergence). Let p €]1,+00[, and (kn)nen be a sequence of functions in
Wol’p(Q), Let us suppose that (ky) weakly converges to k in Wol’p(Q). Let u = u(k), and
up = u(ky),n € N.

Then a subsequence still denoted (up)nen strongly converges to u in H'(Q).

This theorem is a consequence of another, which involves A and the previous estimates.

Theorem 10 (L? convergence). With the same notations and assumptions as those of Theorem,

9, we have:
VA(k,)Vu, — - VA(k)Vu. (3.20)
L.p
Proof of Theorem 10. As ky, V_% k, the compact embedding W&’p(Q) — LY(Q) yields
kn _f—} k. By the Lebesgue inverse theorem, there is a subsequence (still named (%))
such that &, j} k. Since A is continuous, we deduce A(k,) j—i> A(k).

We recall that u,, and wu satisfy
Yo € H'(Q),Vn € N, / A(kn)Vuy, - Vo dr + a/ upp dS(x / fodz. (3.21)
Q
Yo € HY(Q), / A(k)Vu-Vedr + a/ up dS(z / fodx. (3.22)
Q

Inequality (3.10) yields that (u,) is bounded in H'(Q2), which ensures the existence of a
subsequence still denoted (uy,)nen such that

H! L2 L2
up, — w and wu, — w, hence Vu, — Vuw, (3.23)
n—-+4o0o n—-+4o0o n—-+4o0o

where w € H(£2). This yields in particular

Yo € HY(), /FungodS(:U) — /chpdS(w). (3.24)

n—-+o0o

Then, in order to show the convergence of the first term in (3.21), an integration lemma
is needed.

Lemma 11 (Convergence of integrals). Let (fn)nen and (gn)nen two sequences of L*(€2)

2 2
functions, and f,g € L*(Q) satisfying fn L, f and gy =N g. Then we have
n——+0oo n—+oo

/fngnda: — /fgdx. (3.25)

This result will be proved after finishing the proof of Theorem 10.

The assumptions of Lemma 11 have to be checked.

12



o As the sequence (A(ky))nen converges almost everywhere to A(k), the domination

A(ky)| V| < pu|Ve| and the Lebesgue theorem yield A(ky,)Vep _f—} A(k)V .

L2
e By (3.23): Vu, — Vuw.

n——+oo

Therefore, Lemma 11 yields

Vo € Hl(Q),/ A(kp)Vu, - Vo dzx / A(k)Vw - Vo dz. (3.26)
Q Q

n—-+o00

Both convergences (3.24) and (3.26) ensure that the limit w satisfies (3.22). And since the
solution of (3.22) is unique (by Theorem 6), we deduce: w = u = u(k).

2
Hence, Vu, % Vu, and (3.15) ensures that there exists a subsequence of ( A(kn)Vun)
n—-+0o0

that weakly converges in L?. Therefore, Lemma 11 yields

VAGIVu, B ARV (3.27)

n—+00

In order to obtain the strong convergence of this sequence, the convergence of the norms
remains to be proved. Let us write (3.21) with ¢ = u,, and (3.22) with ¢ = w.

Vn € N, /A )|V, |? d:l:—i—oz/\un]Q dsS(z /fundx (3.28)
/A )| Vul? da:—i—a/]u\Q ds(z /fudx (3.29)

The strong convergence of (u,) in L? directly yields

fup dx fudzx. (3.30)
Jofete 2

And since H'/?(T") < L*(I) is compact: (un)r T wr. In particular
/ |u, |* dS(x ey / lu|? dS(z (3.31)
Convergences (3.30) and (3.31) yield:
/Q AVl de — /Q A(R)[Vul? da. (3.32)

The result of Theorem 10 is then obtained. O

Finally, Lemma 11 needs to be proved.

13
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Proof of Lemma 11. Let us decompose the difference between the two integrals:

/Q (Fugn — fg) dz = /ﬂ f(gn—g)do + /Q (Fn — F)gn do. (3.33)

On one hand, the weak convergence of (g,,) yields: [, f(gn —g)dz — 0.
n—-+o0o

On the other hand, (g, )nen weakly converges, then is bounded in L?(£2). We deduce

[ 5= D1

<Ifn—1f

lo2.ellgnllo2.e < M| fn— fllogo — 0. (3.34)
n—-+4o0o

O
Theorem 9 can be proved now.

2
Proof of Theorem 9. We have already shown that u, L—+> u, we have to prove that (Vu,)
n—-+0o

strongly converges. Let n € N, we have

VIV = Valosg < | VAR Vitn = /A Vu|

02,8 (3.35)
= H\/mvu” B MVUHO,Q,Q + H (\/A(k") B \/A(k)> VuHo,z,Q S 0
by Theorem 10 and Lebesgue Theorem. O
4 Analysis of the second equation
From now until the end, N = 3. In this section, we consider the system:
{ —div(B(k)Vk) = A(k)|Vu(k)]?> in Q, (4.1)
k=0 onI'.
In order to lighten the writing, we define:
D(k) = A(k)|Vu(k)|*. (4.2)

4.1 Variational formulation and description of the method

Let us define two function spaces:

V= () Wy(Q) and W= ] Wy"(Q).
1<r<N’ r>N

Before stating the variational formulation, we need a result.

Proposition 12. Let k € V and p € W. Then B(k)Vk-Vp € LY(Q) and D(k)p € L*(9).

14



Proof. Let Kk € V and p € W. By applying the Holder inequality with » > N such that
1,r .
p € Wy (2), we obtain

| BNk Vplde < o [ V8- Vpldo < gl Vhlop0 * [Vplora.  (43)

Since r > N, r' < N’, thus k € W&”J (). This yields the first result.

2
The second result comes from (3.15), that yields: |D(k)[jo1,0 < (CHfHO’2’Q) , then D(k) €

inf(a,v)

LY(Q) and p € L>®(Q), by Sobolev embedding. Hence D(k)p € L*(Q). O

It is important to notice that if N =3, V < L?(Q). Indeed, we have the equivalence

1 1 1 2N
wha(Q L*(Q S0 <4 — .
(Q) = L (Q) ¢ > @q<2+N@q>N+2

Then the condition that needs to be satisfied is: N’ > ]\%—JIQ, which is equivalent to N < 4.

We are now able to state the variational formulation of (4.1) ; k is called a weak solution
of (4.1) if

VpeW, /B(k)Vk-Vpdmz/D(k)pdx, (4.4)
Q Q

As a priori D(k) € LY(Q), it is not possible to solve directly (4.4). Indeed, the method
that will be used consists in bringing (4.4) back to a Lax-Milgram problem, which requires
being in a Hilbert space. Yet, W1P(2) with p # 2 is not a Hilbert space. And D(k) is not in
L2(9).

More precisely, the method is divided into three steps:

e Regularizing the equation, by changing the source term.

e Linearizing it to solve the regularized problem with a fixed-point theorem.

e Taking the limit when the regularizing parameter goes to zero.

4.2 Two first steps: solving the regularized problem
In order to set the regularized version of (4.4), several tools must be defined.

Definition 1. If w € L"(Q) with r € [1, +00], @ € L"(RY) refers to the extension by zero

s w(z) if x €
wer 0ifz ¢ Q.

Definition 2 (Mollifier). Let p : RY — R a function such that Supp(p) = B(0,1), p > 0 and
Jen p(y)dy = 1. We define the family (pe)e>o0 by

1 x
N
Ve e RY, pe(z) = NP (E)

15



2
Let £ > 0, and D.(k) given by: D.(k) = A(k) (vu(k) % pe
problem:

, and the following regularized

ke HL Q)

Vp € HY (), /B(k:)Vk:-Vpda::/DE(k:)pdx.
Q Q

(4.5)

Linearizing is only useful if the assumptions of the Lax-Milgram theorem are satisfied.
This is what will be proved now, beginning by a continuity result on the right hand side of
(4.5).

Theorem 13. Let ¢ > 0 and D.(k) defined as in (4.5). Then D.(k) € L?(2) and there erists
a constant C > 0 only depending of the data of the problem such that
1 C
Vk € Hy(Q), ||IDe(k)|o2,0 < 2 (4.6)

The proof of Theorem 13 is based on a general result.

Lemma 14. Let v € H™(Q), £ € N and (pz)e>0 a mollifier defined as previously. For e > 0
sufficiently close to 0, we have

C(m,?
o pelbnssz < C0D i (4.7

Proof of Lemma 14. Let us recall the definition of the Sobolev norm

|l * ,oaanJr&2 = Y lal<m 1095 (v * PE)H(Q),Q- Let o, 3 € N? such that |a| < m and |8] < L.
1B|<t
Plancherel theorem yields

1

« 2
10470 ) 32 = Gy

IF (@9 (v % pe))IIF 2 (4.8)

where F refers to the Fourier transform operator.
Since v € H™(Q), the following derivation formula stands %78 (v x p.) = (9%v) * (0%p.).
And by Fourier transform, we get

F (60‘+5(v * ps)) = F(8%0)F (0" p.). (4.9)
Then with norms:
1F (@ (0% pe) 52 = /RN [ F(0%0) (€)1 - [F (87 pe) ()Pt (4.10)
The definition of p. with respect to p yields, by a change of variables
1 . x .
_ L —izg (T _ —ieyg - , 4.11
Fo©) == [ (2) da = [ oty = Fp)et) (1.11)

Then we obtain
[F(0p) ()P = 1€ Flp) () = 1€°F(p)(6)

4.12
= Sl FOEOR = S FEP )P e

16



Yet, 0°p € 2(RY) c LYRY), which yields V¢ € RN, |F(9%p)(€)] < [10°pllo.1. This
reported in the inequality (4.10) ensure the existence of a constant ¢y > 0 independent of v
such that

IF @ (v pe))lIF 2 < Qw IF(@%0)][5 - (4.13)

Plancherel Theorem then yields

1897 (0 % pe)[If 2 < 2Iﬁ\ 10°0][3 - (4.14)
By addition for |a| < m:
S 10w e pe) R < ol (4.15)
|a|<m

Taking ¢ €0, 1] —z. Thus, adding for |3| < ¢ brings the inequality
( ) 4.16
[ % pe ez < o 7lol7 2 (4.16)
hence (4.7). O

We can now apply this result to prove Theorem 13.

Proof of Theorem 13. The definition of D, yields

0,2,Q = (/ VA Vu ) * p€\4 dw) = H\/ k)Vu(k) * pe

And since N = 3, the Sobolev embedding H'(Q) «— L5(Q) — L*(Q) yields

| De (k)| (4.17)

O4Q

— ¢
\/ < VA — |/ A . .

H Ak)Vulk) % pe 04,0 = H Vu ) pe 1.2, 0 e H k)Vulk Ho,2,Q (4.18)
Finally, (3.15) yields the result. O]

In order to solve the regularized problem (4.5), we first linearize it, as said before.

q = q(k) € Hy(Q)

Vp € HY (), /QB(k:)VmVpdx:/QDg(k)pda;. (4.19)

We have already shown that [p — [, D-(k)p dz] is a continuous linear form on H{(2), and
then it is clear that [(¢,p) — [, B(k)Vq- Vpdz] is a bilinear form on H{} ().

e Let ¢,p € H}(Q):

< plllli2.allplliz.o- (4.20)

/ B(k)Vq-Vpdz| <
Q

Then continuity is proved.

17



e Let p € HI(Q):
2 2 v 2 1
| BOITHE o 2 Va0 > 5 (19000 + 10

2
2 P20
v, 1
> §1Hf (L 0?) lp

Where cq refers to the Poincaré-Friedrichs constant for £2. Then coercivity is proved.

(4.21)

2
1,2,Q-

Until the end, cq keeps the same meaning than in (4.21).

Consequently, problem (4.19) is a Lax-Milgram problem, hence by the same-named theo-
rem, (4.19) has a unique solution ¢ = q(k) € H}(Q). Our goal is applying the Leray-Schauder
fixed-point theorem on the operator [k — ¢(k)].

Taking p = ¢(k) in (4.19) yields

/QB(k)IVQ(k)Ile‘:/QDs(k)q(k) dz, hence v|[Vq(k)|o2.0 < coll De(k)llo2,0.  (4.22)

Then Theorem 13 yields

D.(k
IVa(k)ozg < lIPElo2a  cal _ (1.23)

v ve?

The constant M > 0 does not depend on k. Since 2 is bounded, the norms ||V - HO,Q,Q and
| - l12,0 are equivalent.

The end of this subpart aims at showing the existence of a solution to (4.5). This needs
the Leray-Schauder fixed-point theorem (see [9]).

Theorem 15 (Leray-Schauder). Let X a Banach space, and B a convex closed bounded
nonempty subset of X. Let f: B — B a continuous function with f(B) compact.
Then f admits at least one fized point in B.

In our problem, we set X = H3(Q2), B = B(0, M) and the function

Q: B - B
k— q(k)’

It is clear that B is a convex closed bounded nonempty subset of H}(Q), and Q(B) C B.
Remains to be proved that @ is continuous and Q(B) is compact.

Let us show that Q(B) is compact. Let (k,)nen a sequence of elements of B. Since
(k) is bounded in H'(), a subsequence still named (k,) can be extracted, which satisfies:
1
kny, % k. By theorem 10 with p = 2, this weak convergence is sufficient to obtain (3.20).
n——+0o0
The Young convolution inequality consequently yields

18



[V Alkn)Vu(kyn) x pe — / A(k)Vu(k) * pello,2
< W A(kn)Vu(kn) — / A(k)Vu(k)

log — 0. (424)
n—-+00
=1

This strong convergence in L? and the Lebesgue inverse theorem ensure the existence of a
subsequence of (ky,)nen still named the same way satisfying

VA(kn)Vu(ky) * pe _)'Oo«/A(k)Vu(k)*pE, hence D.(k,) = D.(k). (4.25)

n—-+o0o

By theorem 9, (u(kp))nen strongly converges in H(Q), then (Vu(ky,))nen strongly con-
verges in L2(Q2)". Thus, the Lebesgue inverse theorem yields the existence of h € L?(2) such
that

Vn eN, |Vu(k,)| <h ae. Q, (4.26)

where (ky,)nen refers to another subsequence. Therefore, we obtain

Vu(kn) % pe(x)] < % pa(x). (4.27)

And since h does not depend on n and h * p. is continuous with compact support, D.(ky,)
is bounded by a constant that does not depend on n, then (4.25) and Lebesgue theorem yield

Vp € HO /D n)p dx n%Jroo / D.(k)p dx. (4.28)

Reporting (4.28) in (4.19) yields:
Vp € HY (), / B(k,)Vq(ky) - Vpdz = / B(k)Vq(k) - Vp da. (4.29)
Q n 0 Jo

We have proved that B(k,)Vq(k B(k)q(k). The Lebesgue inverse theorem and

W e
_>—'> %, and in addition B |Vp\ < 1|Vp|. We then
1

the continuity of 1/B yield

obtain

B(kn)

L2
1 "
Bl P e B(k) VP (4:30)

The assumptions of Lemma 11 are satisfied, so that it yields

Vp € HY (), /Vq(k:n)-Vpd:c = /Vq(k:)-Vpdx, hence Vq(ky) N Vq(k). (4.31)
Q n > Jo

n——+o0o

2

We deduce by compact embedding ¢ (k) L q(k). We now intend to show

n——+o0o

/ D.( e / D.(k)q(k) da. (4.32)

Another decomposition is needed:

| De(kn)q(kn) — De(k)q(k)

0,1,2 < [[(De(kn) — De(k))q(k) 0,10

(k
T 1D: (kn)(a(kn) — gk o (4.33)
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On the one hand, the Lebesgue theorem yields ||(Dg(kn) — De(k))q(k)

On the other hand, there exist two constants ¢; and ¢z due to the domination of (D.(ky,))
and the embedding L?(Q) < L'() such that

|071,Q — 0.
n—-+o00

1De (kn)(a(kn) = (k)00 < cillalhn) = a(k)llore < e2lla(kn) = a(k)llozn — 0. (4.34)

Hence, (4.32) is proved. Reporting in (4.19) yields

| BVt de [ BEITa®P . (4.35
Q Q

We need a last decomposition:

/ (B(ka) [Va(ka)? — BU)|Va(k)?) dz = / B(k) (IVq(kn)? — [Va(B)?) de
@ & (4.36)
+ /Q (Blkn) — B(k))|Va(kn)|? da.

Given that the sequence (B(ky,)|Vq(ky)|?)
quence still named (ky)pen:

nen 18 bounded, (4.35) yields for another subse-

VB Va(ka) 5 /B()Va(k). (4.37)

Then, by the Lebesgue inverse theorem, a subsequence still named the same way is dominated.
That means (|Vq(kn)|?), . is dominated by a L' function. Then the Lebesgue theorem yields

[ B = BNVl dr - o (4.39)

n——+0o

Consequently, (4.36) yields

/QB(k:)(!Vq(kn)\Q—|Vq(k)|2) dr —s 0. (4.39)

n—-+o0o

Let Np be defined by
Ng: f € Hy(Q2) = | B(k)V flloz.0. (4.40)

The two norms || - ||1,2,0 and Np are equivalent, and (4.39) ensures that (g(ky,))nen strongly
converges for the norm Np. Thus, it also strongly converges in H}(€2).

We obtain .
H
q(kn) — q(k). (4.41)

Therefore, we have shown that Q(B) is compact, and by a very similar way, the continuity
of @ is deduced. Consequently, Theorem 15 ensures the existence of a fixed-point of @) in B.
Which means there exists a function k € B that satisfies (4.5).
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4.3 Last step: Taking the limit when ¢ goes to zero

Let us define a family of intermediary solutions with respect to what has just been done. For
€ > 0, the intermediary solution k. satisfies

Vp € Hy (), /B(kg)wa.vpdxz/DE(kg)pda;. (4.42)
Q Q

Our next goal is showing that (k.) is bounded uniformly with respect to . For this we use
the washer lemma, (Lemma 1). But a general theorem from Stampacchia (see [8]) is needed
before.

Theorem 16 (Regularity and truncation function). Let H € W1*°(R) having a finite number
of discontinuities, and such that H(0) = 0. Let q € [1,400] and v € Wol’q(Q).
Then H(v) € Wg’q(ﬂ) and we have: VH(v) = H'(v)Vv.

Until the end of this chapter, for j € N, H; refers to the truncation function defined by

This function satisfies the assumptions of 16, so that we can take p = H;(k.) in (4.42) to
obtain

Vj eN, /QB(kE)Nka\QH]’-(ka) da;:/QDa(kg)Hj(ka) dz. (4.43)

On one hand, by writing Bf = {z € Q / j < |ke(z)| <j +1}:
/B(ka)]VkEFHJ’-(ka)da::/ B(ke)|Vke|* dx > y/ |V |* dx. (4.44)
Q BJE. BJ‘—’,

One the other hand, the Young convolution inequality yields

/D dx<HFVu L) * pe <H\ﬁw

(4.45)

02Q

By (3.15), the right hand side is uniformly bounded with respect to €. Both inequalities
(4.44) and (4.45) reported in (4.43) yield

3C > 0,¥e > 0,Vj €N, / |VE|>dz < C. (4.46)
Be
J
This corresponds to the assumptions of lemma 1. Then for any exponent ¢ €]1, N[, we

have: ||kc|1,90 < A. And given that C does not depend on ¢, this is the same for A (as a
consequence of lemma, 1).
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Therefore, (k)0 is bounded in W14(Q) for ¢ €]1, N’[. Banach-Alaoglu theorem yields

1,9
the existence of a sequence (&, )nen such that 6, — 0and k., > k. Therefore, k € V.
n—-+o0o n—-+00

We need to show that k is a solution of (4.4), which means we need to show

vp e HL(9), /

Q
The intermediary solutions (k., ) satisfy

Vp € H}(Q), /

Q

B(k)VEk-Vpdr = / D(k)p dx. (4.47)
Q

B(k., )Vke, - Vpdx = / D., (k.,)p dx. (4.48)
Q

Convergence of the left hand side:

1,9

We have supposed that k., _}—(:\F k, which means in particular
Vpe W, / Vke, -Vpdr — Vk-Vpdz. (4.49)

To add the term B(ky,), it seems useful to state a variant of Lemma 11.

Lemma 17 (Double convergence in V and W). Let Q be an open subset of R, f € ﬂ L")

1<r<N’
and g € L1(QY), where ¢ > N. Let us consider two sequences (fn)nen and (gn)nen such that

Vrell,N'[, fo = f

n—-+o00

Lo (4.50)
gn n—-+00
Then we have the convergence
/ fngndx — / fgdzx. (4.51)
Proof. The proof of Lemma 17 is similar to the proof of Lemma 11. We write
[ s f9)dz = [ (fu = Nawda+ [ Flan = g)d (4.5
On one hand, the Holder inequality yields
/(fn — Ngndz| < || fn = fllogollgnlloge < M| fo = fllogo — 0, (4.53)
Q n—-+00
where ¢’ refers to the conjugate of ¢, which is in |1, N'[.
On the other hand, the weak convergence of (g, )nen yields
/Q(gn —g)fde — 0. (4.54)
Hence the result. O
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Let us now check if the assumptions of Lemma 17 are satisfied.
1
The compact embedding V' < LY(Q) yields k., L—+> k. Thus, the Lebesgue inverse
n—-+0oo

theorem yields k., a—i> k, where (g,,) refers to a subsequence. Hence, by countinuity of
n—-+0o0

B: B(k.,) a—i) B(k). And the domination B(k.,)|Vp| < u|Vp| stands. Consequently, the
n—-—+0o0o
Lebesgue theorem yields

Vr €]l,N'[,Vp e W, B(k.,)Vp — B(k)Vp. (4.55)

n—-+00
And the weak convergence of (k, )nen is already established. Then, Lemma 17 yields the

convergence of the left hand side

Vpe W, / B(k., )Vke, -Vpdr — B(k)VEk - Vpdz. (4.56)
Q

n—-+0o Q

Convergence of the right hand side:

We aim at applying the Lebesgue inverse theorem on (D., (ke, )), so we need to prove

¥p e W, D. (ke)p > D(k)p. (4.57)

n—-+o0o

Yet, it is clear that for n €¢ Nand pe W

[1De,, (ke, )p = D(K)pllo 1.0 = [ De, (ke ) = D(F)llo 1.0 1P|

0,00,02- (4.58)

Then we write a decomposition.

[ 1Deutbe) = D] dz = [ |4k, )(Fulhe,) e, P = ATl do
Q RN

- - (4.59)
< [ 1A = AW V)P e+ [ Al [IValie,) g, = (Fu)?] da.
Q RN
The same argument as in the proof of (4.55) yields
/ (ko) — A(K)| - [Vu(k)2dz —> 0. (4.60)
Q n—-+00
It remains to prove the following
L2 5o,
Vu(ke,) * pe, e Vu(k). (4.61)
First we write
[Vl e, S50 [t e~ 5008 .,
02 02 (4.62)

+ H% * Pen _%Hog'
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On one hand, the Young convolution inequality yields

HW(ken) e — Vu(k) % pe,

1o < IValhe) = Va(B)oan —= 0, (463
as a consequence of theorem 9.
On the other hand, a classical convergence result has to be recalled.

Theorem 18. Let v a LP(RYN) function with compact support (1 < p < +o0), and (p:) a
mollifier. Then
o % pe = olloy — 0. (4.64)

n——+0oo

P

Theorem 18 applied to Vu(k) brings the following convergence

— 0. (4.65)

0,2 n—+00

|2+ . - Tt

This finally yields (4.61).

P P

There is a subsequence, still named (e,,), such that |Vu(k., ) * pe, |? = |Vu(k)|? and

P

\Vu(ks, ) * pe, |2 < g € L>(RY) almost everywhere (g can be taken with compact support).
Therefore, Lebesgue theorem can be used for the last term of (4.59) to obtain

Alke,) [IVulke,) + pe, P = [Vu(k) | do —> 0. (4.66)
RN n——+o00

We finally obtain
1De,, (k) = D(K)llg1.0 =2 O (4.67)

n—-+o0o

Therefore, (4.58) yields the convergence of the right hand side

Vpe W, /Dgn(kgn)pdx — /D(k)pda:. (4.68)
Q n—+oo [o

We have shown that the function k given by the washer lemma satisfies (4.4). Moreover,
since k € V, there exists ¢ €]1, N'[ such that ¢* > 2 (for example by taking ¢ = %, g = % > 2).

As a result, the embedding V < L?(Q2) is compact. Then (k.,) strongly converges to k in
L?(2). This allows us to conclude.

4.4 Conclusion: solution of the coupled problem

Let us consider the sequence (g,) mentioned previously, after all the extractions that were
done. We have shown that (k., ) strongly converges in L?(f2) to a function k.

Moreover, (k.,) weakly converges to k in every space VVO1 1(Q) with ¢ €]1, N[. Therefore,
theorem 9 yields that (u(ke,)) strongly converges to u(k) in H ().

All of this ensures the existence of a couple (u; k) of solutions of (1.1) at the distribution
sense, with u € H*(Q) and k € V (in particular k € L?).

24



References

1]

2|

3]

4]

5]

6]

7]

18]

19]

Lucio Boccardo and Thierry Gallouét. Non-linear elliptic and parabolic equations involving
measure data. Journal of Functional Analysis, 87(1):149-169, 1989.

Stéphane Clain and Rachid Touzani. A two-dimensional stationary induction heating
problem. Mathematical methods in the applied sciences, 20(9):759-766, 1997.

Gianni Dal Maso, Frangois Murat, Luigi Orsina, and Alain Prignet. Renormalized solutions
of elliptic equations with general measure data. Annali della Scuola Normale Superiore di
Pisa-Classe di Scienze, 28(4):741-808, 1999.

Thierry Gallouét and Raphaeéle Herbin. Existence of a solution to a coupled elliptic system.
1994.

Thierry Gallouét, J Lederer, Roger Lewandowski, Frangois Murat, and Luc Tartar. On a
turbulent system with unbounded eddy viscosities. Nonlinear analysis, 52(4):1051-1068,
2003.

Roger Lewandowski. Analyse mathématique et océanographie. Elsevier Masson, 1997.

Jacques Louis Lions and Enrico Magenes. Non-homogeneous boundary value problems and
applications: Vol. 1, volume 181. Springer Science & Business Media, 2012.

Guido Stampacchia. Equations elliptiques du second ordre & coefficients discontinus. Sémi-
naire Jean Leray, (3):1-77, 1963.

Eberhard Zeidler. Nonlinear functional analysis and its applications I: fized-point theorems.
Springer Science & Business Media, 2013.

25



	Introduction
	Preliminary results
	The washer lemma
	A general result on norms

	Analysis of the first equation
	Variational formulation
	A priori estimates for u
	A first convergence result: the energy method

	Analysis of the second equation
	Variational formulation and description of the method
	Two first steps: solving the regularized problem
	Last step: Taking the limit when  goes to zero
	Conclusion: solution of the coupled problem


