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STABILITY OF KDV EQUATION IN A NETWORK WITH BOUNDED AND
UNBOUNDED LENGTHS

HUGO PARADA *, EMMANUELLE CREPEAU f, AND CHRISTOPHE PRIEUR ?

Abstract. In this work, we studied the exponential stability of the nonlinear KdV equation posed in a finite star shaped
network. On each branch of the network we define a KdV equation posed on a finite domain (0, ;) or the half-line (0,00). We
start by proving well-posedness and some regularity results. Then, we state the exponential stability of the linear KdV equation by
acting with a damping term on some branches. The main idea is to prove a suitable observability inequality. In the nonlinear case,
we obtain two kinds of results: The first result holds for small amplitude solutions, and is proved using a perturbation argument
from the linear case but without acting on all edges. The second result is a semiglobal stability result, and it is obtained by
proving an observability inequality directly for the nonlinear system, but we need to act with damping terms in all the branches.
In this case, we are able to prove the stabilization in weighted spaces.

Key words. Korteweg-de Vries equation, star-shaped network, stabilization, half-line.

AMS subject classifications.

Introduction. In [18], the Korteweg-de Vries (KdV) equation was first proposed to model the behavior of
long water waves in a channel. This famous nonlinear third-order dispersive equation arises in various physical
systems, including water waves, tsunamis, transmission of electrical signals in nerve fibers, plasma, cosmology,
etc (see for instance |14} [I7, 19]). It is a prototypical example of a soliton equation, which admits solutions
in the form of solitary waves that preserve their shape and speed during propagation. If we study the KdV
equation in a bounded domain, the following model was suggested in [4]

Oy + Opu 4 O3u + udpu = 0.

The KdV equation has been the subject of extensive research in recent years, with particular focus on its
controllability and stabilization properties, which are detailed for instance in [7] and [34]. When it is defined
on a network, the KdV equation was proposed to model the pressure of an arterial tree [I]. We also mention
[8, 22] where controllability properties were studied and [23] [24] where the exponential stability was achieved
by acting with damping terms with time-delay and saturation, respectively (see [5] for more problems related
to KdV in networks). The main difference of this work with the previously cited is that, we consider a star-
shaped network mixing bounded and unbounded lengths as for example [2] [3] in the case of wave equation.

With respect to the KdV equation defined on the half-line, we can mention, for instance, [4, [I6] which focus
on the well-posedness properties. In [32], the exact controllability of the linear KdV equation defined on the
half-line was obtained by using Carleman estimates. A first result of exponential stability of the KdV equation
in the half-line considering a localized damping was derived in [20] under the assumption that the damping
term a(z) > ¢ > 01in (0,0) U (8,00) with 5 > 0 (see [6] for a similar problem in the context of KdV-Burger
equation in the whole-line and half-line). Then, in [26] exponential decay of the energy in weighted spaces was
derived, and it was noticed that the interval (0,0) can be dropped. We can mention also [27] where similar
ideas of [26] were applied in the case of a Gear-Grimshaw system modeling long waves. This work is the
continuation of [25] (see also [2I]) where the linear case was studied. Here we expose both linear and nonlinear
problems in a sake of completeness.

In this work inspired by [I} 20] we study the exponential stabilization problem of the KdV equation posed on
a star shaped network where the branches mix finite intervals and half-lines.

Let a < b, two real numbers, we set
[a,b] = NNJa,b], Ja,b] = NN (a,b].
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Fic. 0.1. Star shaped network for Np = 4 and Noo = 3.

Let K = {k; : j € [1,N]} be the set of the N = Np + N, edges of a network 7 described as the intervals I;
for j € [1, N, where

{Ij = (0,¢;) with £; >0 j € [1,Np],

I = (0,00) j € [Nr, NJ.
N
The network 7 is defined by 7 = U k;. We consider a network of N = Np + N, damped nonlinear KdV
j=1

equations (see Figure , each one of them defined on I; for j € [1, N], i.e
(Opuj + Opuj + O2uj + ujOpu; + aju;)(t,z) =0, Vo € I;, t > 0.
These equations are connected by transmission conditions at 0 as follows

u;j(t,0) = u; (¢,0), j,5" € [1,N], t>0, (continuity condition) ,

N
N
Z@iuj(t, 0) = —auy(t,0) — E(ul(t,O))z7 t>0, (null—ﬂux like condition) ,
j=1
N . o .
where @ > —. The central node conditions are inspired by [I}, 23] 24]. In the case j € [1, Nr], we complement

the system with the classical null boundary conditions at the right end,

’U,j(t,fj) = &Euj(t,fj) =0,t>0,
and initial condition u;(0,2) = u}(x), = € I; for j € [1, N]. According to the previous hypothesis, the system
studied in this work reads as:

(Opu; + Opuj + ujOpu; + O3uj + aju;)(t,x) =0, Vo €L, t>0, j € [1,N],

u;(t,0) = uj (¢,0), V4,5 € [1, N],

al N

> 02u;(t,0) = —auy(t,0) — E(ul(t,O))Q, t>0, (KdV)
j=1

uj(t,éj) = 8zuj(t, @) =0, t>0, 7€ [[].,NF]],

u; (0, ) = uf(x), zel;,je[1,N],



and its linearization around zero:

(Oruj + Opuj + O3u; + aju;)(t,x) =0, Vzel;, t>0, je[l,N],

Uj(t,O):Uj/(t,O), Vj,jle [[LN]]a

N

> 02u;(t,0) = —auy(t,0), t>0, (LKdV)
j=1

uj(t,éj):awuj(t,fj):Q t >0, j:E [[1,NF]],,

uj(O,x):ug(x), xz € I;,5 €[1,N],

N

where @ > 5 The damping terms (a;);jepi,ny € L°(T), act locally on the branches. Our purpose, is to
achieve the exponential stability by acting with the damping terms not necessarily in all the branches. Let
Toet € [1, N] the set of action index, formally the damping terms are taken in the following way:

e No action index: For j € [1, N]\ I,c, a; = 0.

e Local action: For j € I, a;(x) > ¢; > 0 in a nonempty open set w; of I;.

e Structure of action set in the half-line case: For the index j €|Np, N]| N1,.:, we take a specific

structure of the set w; = (8;, 00), for 8; > 0 given.

This properties are summarized in

a; =0 for j € [[LN]]\Hacta
a;j(x) >¢; >0 inw; CI;, for jé& e, (0.1)
w; = (Bj,00), for j €|[Np, N] Nlse.

wj

Fic. 0.2. Structure of acted region (in red) in the case of bounded and unbounded branch.

To study the well-posedness properties of (KdV]), we need to introduce some specific spaces. Let s = 1,2 and
for j € [1, Np] consider the space

i1
H:(I;) = {veHS(Ij), (;i) v(éj)zo,lgigs},

where the index r is related to the null right boundary conditions, and the space HZ(7) defined by
Np

H(T) = u=(u,...,un)" € [] Hi(I;) x (H*(0,00))N>,u;(0) = uj(0), Vj,j' =1,...,N p ,with s = 1,2,
j=1

with its associated norm:

N
HHHIQHI;(T) = Z ||Uj||§.[1(1j), for s = 1.
i=1

N N N
We introduce also the product spaces: H?(T) = H H3(I1;), L>(T) = H L>(1;), and L*(T) = H L*(I;),
j=1 j=1 j=1

with
N o0
/ wjvidz,  Vu,v € L*(T),

0

Np f]’
(w, v)2() = Z/ ujvd +
j=1"0

j=Nr+1



and the weighted spaces

o0

L?144)(0,00) := {f € L*(0,00) : i (14 z) f2dx < oo},

L(1+x2)(0 o0) := {f € L*(0,00) : (14 2?)f?dx < oo},

(o)

endowed with the norms

00 1/2 00 1/2
125000 = ([ @ 0] Wl ose = ([ 0+ a0)0)

We also define the spaces B; = C([0,T],L*(1;)) N L*(0,T;H*(I;)) for j € [1,Np], B = {f €

Ng
(0,00))}, and B = [[ B; x (Boo)V, endowed with

C([0,T7; L(1+x2)(0,oo)); such that 9, f € L?(0,T; L(21+x)
the norms =
lullB, = llulleqor,L2y)) + lullLz,rim ), 3 € [L NF,
Il = luloqorycs,_y 0o + 195l @ rizs, . 0000
Nrp
Finally, we define the spaces Y = H L*(I;) x (L%ng)(o, 00)) V= and
j=1

Np
X* =[] L*(0,T5 H*(0,4;)) x (L*(0,T; Hj,(0,00)))N>, for s = —2, 1,0, 1.

Jj=1

For the systems (KdV)) and (LKdV)) we define the natural IL?(7) energy of a solution by

N
_ %Z/jv(uj(t,x)fdx. (0.2)

We can check that for every sufficiently smooth solution of (KdV|) or (LKdV) the energy satisfies

E(t)(ai)(ulto ;iau]tO Z/aj )(u;(t,2))da. (0.3)

Observe that, as a; > 0, the term a;u; provides dissipation to the energy, then E(t) < 0. This work is devoted
to prove that indeed the terms aju; provides exponential stability of (LKdV) and . The article is
organized as follows. In Section [l the well-posedness of and (KdV]) is proven using semigroup theory
and a fixed point approach. In Section [2[ some extra regularity results are obtained for and .
In Section [3] the stabilization problem is studied, and an observability inequality is used to prove exponential
stability. Secondly, we deduce a semiglobal exponential stability result for by acting with the damping
terms on all the branches. In Section [4] also using damping terms actives in all the branches, we show the
exponential stability of in Y, that is the same spaces for the well-posedness and stability. Finally, we
present some conclusions and final remarks.

1. Well-posedness and regularity results for LKAV and KdV system. Our idea is the following
one, first we prove a well-posedness result for (LKdV|) then we add a boundary source term g(t) at the central

N
node and internal source terms f;(¢,x) to play the role of the nonlinear boundary condition —guf(t, 0) and

internal terms w;0,u; respectively. Finally, to pass to the nonlinear case (KdV]), we use a fixed point argument.
In what follows, we use the well known definitions of classical and mild solutions |28, Chapter 4].



1.1. Linear case. Note that (LKdV|) can be written as

{ut(t) = Au(t), t>0,
u(0) =

where the operator A is defined by,
Au = —(0, + 02 + a)u,

N
D(A) = u e H¥(T) NHZ(T Z = —auq(0)

Let u € D(A), then, after some integrations by parts,

N 1 N
(w, Au)r2(7) = — (a - 2) (u1(0))% — 3 ;(8 i (0 ;/IJ a;(u;)?dr < 0.
Easy calculations show that A* is defined by
A*v = (9, + 82 + a)v,
D) = { w € BT AT Y S0) = (0= M) 0, 220) = 0,95 € 1, 5]
€ —~ dz? dzx

1

J

Similarly, we get that for all v € D(A*)

Np

(v, A"0)r2 () = — (0‘ - ];[) (01(0))* — ;]ZI 2 0; (£ Z/ a;(vj)*dz < 0.
Finally, A and A* are dissipative, and A is a densely defined closed operator, thus by [28, Corollary 4.4,
Chapter 1] A is the infinitesimal generator of a Cjy semigroup of contractions on L?(7"). Systems and
are equivalent, thus we deduce the following result.
THEOREM 1.1. Let u® € L2(T), then, there exists a unique mild solution u € C([0,00); L?(T)) of (CKdV).
Moreover, if u® € D(A), then u is a classical solution and u € C([0,0); D(A)) N C(][0, oo) L2(T))

1.2. Extra boundary condition and source term. Following [1], we prove now some regularity results
for the linear KdV equation with extra boundary source term ¢(t) at the central node and extra internal term

fj(ta l‘)

(Opu; + Opuj + O3uj + ajuj)(t,z) = fi(t,z), Vo €l;, t>0, j€[1,N],

Uj(t,O) ZUj/(t,0)7 Vj,jl S [[1,N]],

N

Z@guj(t,O) = —auq(t,0) + g(t), t >0, (1.2)

uj(tvgj):afﬁuj(tvgj)zov t>0, jE[[l,NF]],

u; (0, 2) = uf(x), xzelj,je[l,N].
PROPOSITION 1.2. Let T > 0, (u’,g,f) € ILQ(T) x L2(0,T) x L*(0,T;1L2(T)), then there exists a unique mild
solution u € C([0,T ) of [L2). If (u, g, f) € D(A) x C3([0,T]) x C*([0, T|; L*(T)) where C3([0,T]) :=
{p € C?([o, T]) ( ) = O} then, the solution is classical and u € C([0,00); D(A)) N C*([0,00); L3(T)).
Moreover if f =0 and g = 0, the following estimate holds

N T
1
Hﬂ&nﬂ7ﬁwhmwmﬁWMW%wﬁmﬂﬂmmm+ZAl%%WM
=1 i

(1.3)



Proof: Let (u°, g, f) € D(A) x C3([0,T]) x C*([0,T];L?(T)) and the lifting function ¢ defined as

x—0:)? .
NF( j) y o J S [[17NF:H,
02 <2Z€;2+2Noo+a>
¢j(z) = k=l 2
z—1 )
T ), eNe N,
2Z£g2+2Nm+a
k=1

where 7 € C*°(0, 00) is a smooth function such that n(z) = 1, for x € (0, o) and n(xz) = 0 for « € (9 + 1, 00)
for §p > 0 given. We can easily check that

6i(t5) = &(£;) =0, vj € [1, Nrl,
6,(0) = ——— — 6,(0), Vij € [LN],

2> 42 +2Ny + (1.4)
N k=1
> 6;(0) =1 - aei(0).
j=1

Define v := u — g¢, then u is solution of (1.2) if and only if v is solution of ([L.5)

(8yv; + Dpvj + Buj + aju;)(t,x) = fi(t,z), Yxel;, t>0, je[1,N],
vj(t70):’uj'(t30)7 Vjajle [[17N]]7

N

> 02;(t,0) = —aw (¢, 0), t>0, (1.5)
j=

Uj(t7£j):a$vj(t’€j)zo’ t>0,j¢€ [[17NF]]a

v;(0,2) = uj (), w €y, j€[1,N],

where f;(t,z) = f;(t, ) — ¢;(2)g'(t) — (¢ + ¢} + a;¢;)(x)g(t).
Thus, as f — ¢g’ — (¢’ + ¢"" + ag)g € C*([0,T],1*(T)), by the classical semigroup theory and Theorem

we deduce the existence of a unique solution v of (L.5)). Moreover, v € C([0,T], D(A)) N C* ([0, T};L?(T)) and
hence admits a unique classical solution u € C([0,T], D(A)) N C([0, T); L?(T)).

Now, let u be a classical solution of (|1.2]). Multiplying the first line of ([1.2]) by u; and integrating on [0, s] x I,
after some integrations by parts we get for s € (0,7

i/jj(uj(&I))Qd:rJri/os(axuj(t,O))thJr(2aN) /Os(ul(t,O))de?zN:/:/faj(uj)Qdﬂ?dt
i/ (u;(0, ) dJ:—FZZ// fjujdxdt+2/ uy(t, 0)g(t)dt.

(1.6)

Note that
N s s N T T

zz// fjujdxdt+2/ wn (£, 0)g(t)dt §2Z/ ||fj||L2(,j)\|uj||L2(,j)dt+2/ lun (£, 0)g(8)|dt
= JoJi, 0 = o 0

T
3 Inlletomn [ Wil +2 [ ol
J=1 0
(1.7)



Using Young’s inequality, we get for all € > 0

N s s
1 1
QZ // fiujddt + 2/0 i (t,0)g(t)dt <ellullZ o 20y + g”i”%l(O,TﬂL?(T)) +ellur (- 0)1 2201y + g||9||%2(o,T)~

Next, taking the supremum for s € (0,7) in each term of the left-hand-side of (T.6)), recalling o > & and

2
choosing € small enough we deduce

N T
Il 12+ s O o + 100 Oy + 3 [ [ .
= J 1.

< C (I ey + 103 0 ey + NgllEzom )

for a suitable C' > 0, that does not depend on u’, f and g. Thus, by density of D(A) x C3([0,T]) x
CY([0,T;L*(T)) in L3(T) x L*(0,T) x L*(0,T;L3(T)) we extend our result to arbitrary data (u°,g, f) €
L2(T) x L2(0,T) x L}(0,T;L2(T)).

Finally to prove (1.3), consider f = 0 and g = 0. Then, multiplying the first line of (1.2) by (7" — t)u; and
integrating on [0, 7] x I;, after some integrations by parts we get

N ot N T T
T;/O (u;(0,x)) dm:z‘/o/l-(w) dwdt—l—(?a—N)/O (T — t)(uy (t,0))2dt

+Z/ £)(Dwu;(t,0)) dt+22// t)a;(u;)dadt.
we deduce (|1.3) easily from (L.9). ]

REMARK 1. For a single nonlinear KdV equation posed on the half-line, from [12, Theorem 2.1] we know that
for any initial data in L*(0,00) we have a unique solution in C([0,T]; L?(0,00)). In the network case due to
the semigroup approach, an analogous result is quite difficult to achieve. o Motivated by this
remark, we introduce the following proposition to obtain the classical L?(0,T; H'(I;)) regularity for solutions
of the KdV equation, this will help us to deal with the nonlinearities, but the price to pay is to consider more
regular initial conditions on infinite edges.

PROPOSITION 1.3. Let (u°,g,f) € Y x L%(0,T) x LY (0,T;Y), then the mild solution u of (given by
Proposition satisfies u € B. Moreover,

lujlls, < C (W2 + 1172y + l9llzzom) s € [, NF],

l[ujllz. < C (HQOH]L"‘(T) +llufllzz |, 000 F 10 mn20m) + 1 fillromiz |, 000

+llgllz20,m)) » 7 € INF, N].

Proof: Let u be a classical solution to (1.2)), multiplying the first line of (L.2) by zu;, integrating on [0, 7] x I;
after some integrations by parts we get

T T
1/ x(uj(T,w))zdm+§//((%uj)zdmdt—i—// a;x(u;)?drdt = 1/ x(u‘;)2dx
2, 2 Jo Ji, 0J1; 2y,

g ; ’ (1.10)

1 /7 T T
+7//(uj)2dxdt—/ ul(t70)8wuj(t,0)dt+// x fiujdxdt.
2 Jo Ji, 0 0/



Now, using that for all 2 > 0, 2 < 1 + 22, we deduce

¢

1 EHU‘?H%Z(]])) .] € [[17NF]]7
5 / x(u9)2dm <
I; 1
: 201,002 .
2||uj|‘L?1+m2)(0700)a J GHNF7NH
In a similar fashion
Cilluslleqo sz 1 fill o,z (1)) J € [1, Nr],

T
// xu; fidrdt <
0JI;

Thus, using the above inequalities, (1.10) and (L.8]), we can obtain

[l ||C([0,T];L2(0,oo)) Il.f; HLl(O,T;L2
(14

2)(O,oo))a J G]]NFa N]]
100131132 0.2,y < € (I oy + 11 0 222y + Nz oy ) » 5 € L, N,
||8wuj||2L2(o,T;L2(o,oo)) <C (UOHIQB(T) + ||u?|‘%?1+12)(0,oo) + ||f||2Ll(o,T;1L2(T)) (1.11)
+||fj||%1(0,T;L(21+12)(0,oo)) + ||9||%2(0,T)> , J €]Np, N].

From the last inequalities we get d,u € L*(0,T;L2(T)), in particular for j € [1, Ng], d,u; € Bj. Now, for
j €]Ng, N] multiplying by z?u;, integrating on [0, s] x (0, 00) after some integrations by parts we get

o0 S o0 S poO 1 o0
1/ xz(uj(s,:c))2dx+3// x(@zuj)2dxdt+// a;x?(uj)?dodt = 7/ xz(u?)Qd:r
2 Jo 0Jo 0J0 2 Jo

+// x(uj)2dxdt—|—/ (ul(t,O))th—F// 2 fu;dzdt.
0Jo 0 0Jo

(1.12)

Note that, for all € > 0

s poo s T
/0 / () ?dedt < / ot 120,00 1465 1 220,00yt < 1 l(00.27,22 0000 / 511 2 000y

€ 9 T2 9
< 5||xujHC([O,T];L2(O7oo)) + EHUJ'HC’([O,T};L2(O700))'

(1.13)

S poO s T
/0 / 22 fyuydadt < / ot 22000 2551 22 00y < 11725 071522 0.00) / 0.0y
€ 2 1 2
< S llzuslleo.mizao.00) + %Hfj||L1(0,T;L(21+12>(0,oo))'

Then, taking the supremum for s € (0,7) in (1.12)), using (1.8)) and choosing e small enough we deduce

x2)

||$Uszc([o,T];L2(o,oo)) + ||\/§a$uj“2L2(0,T;L2(O,oo)) <C (HUOH]%?(T) + HU?Hi(ZH (0,00)
(1.14)

"‘HiHZLl(O,T;LZ(T)) + Hfj||%1(07T;L?1+I2)(0,00)) + ||9||2L2(0,T)> , J €]NF, NJ.



We observe from (1.14), u; € B for j €]Np, N] and by (1.11), d,u € L*(0,T;L*(T)), therefore u € B. O

REMARK 2. Note that in the proof of Proposz'tion we consider for the unbounded branches (j € [Nr,N])
initial data such that u® € L?HIQ)(O, o). One could asks why not only consider u° € L%l_m)(()7 o0). First note
that an estimate as (L.11)) it is possible to obtain too

(0,00) T ”i”%l(O,T;]L?(T)) + ”fjHil(O,T;LZ (0,00))

1014312 0 7322 0,000y SC (I My + 12 -

(142)

+gll3zm)) »  EINF, N,

this means that if u§ € L?Hm) (0,00) for j €]Ng, N], we still have d,u € L*(0,T;1L3(T)). But we can not
prove that u; € By for j €|Np, N]|, because the multiplier x* is needed. The space Bo it is strongly used to
deal with the nonlinearity see Lemma[I1.5 o

1.3. Nonlinear case. The aim of this subsection is to use the well-posedness result for and a
fixed point approach to obtain the well-posedness of . In this spirit, the next three lemmas are needed
to deal with the nonlinearities.

LEMMA 1.4. Lety, z € L*(0,T; H'(0,L)). Then yd,y € L*(0,T; L*(0,L)) and the map

y € L*(0,T; H'(0,L)) — ydyy € L*(0,T; L*(0, L))

is continuous. Moreover, we have

Y02y — 20u2l| L1 (0,75220,0)) < C (1llL20,m:81 0,0)) + 2l 20,7501 0,00)) 1y = 2l L2070 0,2))- (1.15)
LEMMA 1.5. Lety, z € Boo. Then yd,y € LY(0,T; L%I_HJQ)(O7 o0)) and the map

y € Boo = y0,y € L*(0,T; L%H_mz)((), 00))
is continuous. Moreover, we have

1902y — 2022\ L1 0,7522 , , (0,00)) < C (IYllBec +1I2llB2) 1y = 2l Boc - (1.16)

(1+z2)(

Finally, for the nonlinearity in the central node condition we have the following result
LEMMA 1.6. Let u € B, then, (ui(t,0))* € L?(0,T) and the map

u € B (ur(t,0))* € L*(0,T)

s continuous. Moreover, we have the estimate,

[u? (-, 0)]| 2 0.1y < (1.17)

1 2
— |5
5l
The proofs of Lemma and Lemma can be found in [31, Proposition 4.1] and [I, Proposition 2.6]
respectively. Concerning Lemma [I.5] the proof is done in Appendix [A]

Now, we are ready to prove the well-posedness result for using the tools developed in the past sections.
We call mild solution of any mild solution of with f; = —u;0,u; and g = —%(ul (t,0))?, i.e. For
given u® € Y we search for a fix point of the map that for any (g, f) € xL?(0,T) x L*(0,T;Y) associate the
respective mild solution of . B
THEOREM 1.7. Let (@)évzpl C (0,400)NF, T > 0, there exist C,e > 0 such that for all u® € Y, with ||u®|ly <,
then has a unique mild solution uw € B. Moreover, it satisfies

lulle < Clluly-

Proof: Let u’ € Y, with ||u®||y < e where € > 0 will be chosen later and u € B. Thanks to Lemmas

N
andwe get that (uo, *g(m(', 0))?, u@xu> €Y x L?(0,T) x L*(0,T;Y) and by Proposition
consider the map ® : B — B defined by ®(u) = v where v is the mild solution of

1.4, 1.5

we can




(Opv; + Opvj + O3vj + ajvj)(t,x) = —u;Oyu;, VY €I;, t>0, j€[1,N],
Uj(t,O):Uj/(t,O), Vi,j" € [[LN]]a

Y N

> " 020;(t,0) = —aw (¢,0) — g(ul(t,O))2, t>0, (1.18)
j=1

Uj(ﬁ,fj) = &vvj(t,ﬂj) =0, t>0, 7€ [[1,NF]],

Uj(o"r):ug(x)’ l‘EIj,jE[[l,Nﬂ.

Then, u € B is a solution of (KdV)) if u is a fixed point of ®. From Proposition[I.3] Lemma[l.4)and Lemmal[.6]
we get for all u, w € B

12wz = llvlls < C ([w’lv + lulZ) .

12(w) — @(@)[ls < C (lulle + l[@le) lu - @l

We take R > 0 to be defined later, and restrict ® to Bg(0,R) := {u € B : |lullz < R}, then, for all u,
4 € Bg(0, R), we have

1®(u)e < Cle+ R?),
[ (u) — @(@)]p < 2CR|u - @lls.

1
Thus, if R < — and € > 0 such that, C(e + R?) < R we obtain the local well-posedness result applying the
Banach fixed point Theorem. 0O

2. Hidden regularity. As explained before Proposition more regular initial conditions (u? €
L%l +332)(0,00), j €]Np, N]) were considered in order to demonstrate our well-posedness result for (KdV].

The same assumption was used in [20, Theorem 2.2] and [10, Theorem 4] to obtain the L2(0,T; H'(0, 00)) and
B regularity, respectively. Nevertheless, we can still prove a similar regularity result depending only on the
L2(T) norm of the initial data.
DEFINITION 2.1. A function v : [0,00) — (0,00) is said to be a class Koo function if v is continuous,
nonnegative, increasing, vanishing at 0, and such that lim,_, o, v(z) = oco.
PROPOSITION 2.2. Let u® € L3(T) (resp. u® € Y with ||u°|ly < &, for € > 0 small enough). Consider u the
associate mild solution of (resp. ) Then, u € X', moreover, the following estimates hold

o There exists C > 0 such that for all j € [1, Np]:

/T/ (O 2t < Cllu’ 122 7y for ([LKAV)), @.1)
0Jr, ! UMy + 12072y, for (KdV).

e For any xo > 0, there exist v, a function of class Koo and Cy, > 0 such that for all j €|Np, N]:

/T/wOﬂ(amu-)dedt < { Gl Il for LRV, (2.2)
0 Jao ’ ~ Gz ), for &AV).

Proof: Let A =0 or A =1 and consider the system

(Opu; + Opuj + AujOpu; + O2uj + ajuy)(t,z) =0, Vxe€l;, t>0, je[l,N],

u;j(t,0) = uj(t,0), vj,3" € [1, N,

al N

Z@f.uj(t, 0) = —auq(t,0) — )\E(ul (t,0))% t>0, (2.3)
j=1

u;i(t,£;) = 0yu;(t, ¢;) =0, t>0, j€[l,Ng],

u;(0,2) = uf(z), zel;,je[l,N],

10



which represents (LKdV]) (A = 0) or (KdV) (A =1). Let j € [1, N], multiplying (2.3) by u; and integrating
on [0, s] x I;, after some integrations by parts and summing from j € [1, N] we get

N N s S
Z/ (uj(s7m))2dx+2/ (amuj(t,O))2dt+(2a—N)/ (u1(t,0))%dt 4 2 // )2dxdt
j=1"1 j=170 0 =1
N
Z/ u;(0, z)
As in we see that

N T
& o2y + (20 = N)llua (5, 0)1720,7y + 02l 0) |72 0,7y + 22/0 /1 aj(ug)?dedt < |[u°||F2(y. (2.5)
j=1 j

Similarly, multiplying the first line of (2.3) by zu;, integrating on [0, 7] x I; after some integrations by parts

we get
1 2 3 [T 2 g 2 1 0y2
= [ x(u;(T,x))"de + - (Opuj) drdt + ajr(uj)*dedt = 5 [ x(uj) dx
2 1 2 Jo Ji, 0Jr 21,

1 /T T \ [T
—I—*// (uj)dedt—/ ul(t,O)(’)wuj(t,O)dt—&-f// u)dzdt.
2 Jo Ji 0 3 Jo Ji,

T
The problematic term to estimate is / / u?da:dt. Note that

(2.6)

T T T
[ wddnde < [ uslam it < Ol lgoyanyy [ Tl
where C' > 0 is the constant of the Sobolev embedding of H'(I;) in L*°(I;). Thus, by Cauchy-Schwarz

inequality and (2.5))

T
// ubdzdt < CNVT|u® |2 o sl 220,750 1, ) - (2.7)
0J1;

Consider now, j € [1, Nr], we get from ({2.6))

T
[ @ pande < (1l + Nlorn ry + s 0) o+ 1005 0o

T
+>\// u?dmdt
0JI;

In the case A = 0, we derive (2.1)) by using (2.5)). In the case A = 1, we deduce from (2.6), (2.5) and (2.7) that

T
[ @ pande < € (V) + 1 s l0slooirancry)-

Therefore, by Young inequality, we conclude (2.1)).

11



We focus now in the case, j € |[Np, N]. Inspired by [I2, Theorem 2.1], let g > 0 and Ki 4,, Kox, >
0 depending on zj. Consider ¢y € C°°(R) an increasing function satisfying the following properties (see

Figure
Y(z) =0, for x < 2,
P(x) =1, forxz?’%—i—l,
Y (x) > K1 44, for x € [z, zo + 1],
Y'(x) >0, for x € R, (2:8)
[W®) (2)] < Koy, forz € R,k =0,1,2,3,
VI e HY (%, 3 11)
B i
(0
0
@ wlo To +1 3ﬂl 1
2
Fic. 2.1. Graph of the function ¢ (x).
Multiplying the j — th equation of (2.3) by w;(t, z)y(z), and integrating over (0, 00) we get
1d [ 1 (> d e A [ d
Sq ; (uj)%p(x)dx + 5/0 %(uj)%/)(x)dx +/0 3i’ujujw(x)dx + 5/0 %uiw(x)dx
+ [ o =0
0
then, after some integrations by parts get
Ld [% 5 3 [ 2,/ * 2 AT 5,
—— (uj)*¢(z)dz + - (Ozuy)*Y' (z)dx + a;(uj) Y(x)de = - w;' (x)dx
1 [ ’
+5 | @) + @),
If A =0 (LKdV)), recalling the definition of ¢ (2.8)), we observe that
xo+1 xo+1 e’}
Ky 4, / (Opuj)?de < / (0puj)*y' (z)dz < / (0pu;)*Y (z)dz. (2.10)
To zo 0

Thus using, (2.10) and (2.8) in (2.9) we deduce

) 3 xo+1 ) xo+1 )
|uj|“9(z)de + §K1’z°/ |0pu;|*dx < KQ’IO/ |u;|“dx,

Zo Zo

1d [~
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We conclude the proof of (2.2]) in the case A = 0 integrating ¢ between [0, 7] and using (2.5]).

o0
Now we focus on the case A =1 (KdV), again the tricky term is / u?w’(x)dx. This nonlinear term can be
0
estimated in the following manner:
LEMMA 2.3. Let u the unique mild solution of (KdV)), then for j € [Ng, N] the following estimate holds:

o0

1

L wvree < L ([Cvrea) o ([
<( w(amun?w'(x)dx)m | wr i

(uy) w'<x>dx)1/4

Proof: The proof of Lemma [2.3]is given in Appendix O
Using this Lemma in (2.9) we deduce

g |, v [Tomrvien < g ( m(u»?w"(mndx)lﬂ | T

2 /j(axuj)?w’(x)dx)m ([ wrve )dz>1/4 | i@
b3 | WP @ @)

Now by (2.8)) we get for some M,, > 0

s [T wre@an s [T @t <, (( / Oo(uj>2dx)1/2 JACORE

+ </Ow(8muj)2¢'(x)dx>l/4 (/Ooo(uj)de>l/4 /Ooo(uj)gdac +/ooo(uj)2dg;> ,

Now, by (2.) in (Z11), there exists 7, (|[u°]|2(r) = max (||g0||]i2(7-), [ ||u0||§2(7)) > 0, such that

(2.11)

1d 3 [~
s | e+ S [ @) @)de <2Mogm (o)
0 0

1/4

+ Moy (16 l2ery) (/Ooo(axuj)gwl(x)dx)

o0
Using ab'/* < 3- 474343 + b, with a = Myv1(|u®|[L2(7)) and b = / (0pu;)*Y (z)dz we derive
0

d o0 o] _
= | () ()da + / (O (2)da < 2 (2Ma i (lellizgry) +3 - 4~ ME Py (e 2 )

0
< Cag (12 lL2(1y),

where Cy, = 2max (2My,, 3-4=M*) and 7(lus2r)) = 7 (llluz ) + 7 (Ju0ll2)*?. We conclude,
as in the case A = 0, using (2.10) and integrating t between [0, T] and obtaining (2.2]). O
Several remarks are in order

REMARK 3. Note that the smallness condition on the initial data ||u°||y < € is just used to ensure the existence
of solutions. In particular if we are able to prove existence of solutions without this assumption, Proposition[2.2

s still valid. o
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REMARK 4. An important fact about the last proposition is that in the right-hand-side of estimates (2.1)) and
we only have the L?(T) norm of the initial data. As we see in the proof of the well-posedness 0
the introduction of the weighted spaces is necessary in our proof due to the perturbation approach. In our best
knowledge, a well-posedness result for with initial data in L2(T) is an open problem. o
REMARK 5. We can build a function 1 satisfying in the following way: consider the bump function
K € C(R) defined by k(x) = e =, for x >0 and k(z) = 0 for < 0. Then, we can take

Kz — %52)
xTr) = )
V(@) Kz — %)+ k(20 +1— 1)
it is not difficult to check that the above function satisfies all the hypotheses of (2.8)). o

3. Exponential stability in L?(7). In this section, we prove our results related with the exponential
stability in IL?(7). First, we study , in this case we are able to prove the stability without acting in
all the branches of the network. Then, using a perturbation argument, we obtain a stability result for
but for small and more regular initial data. Finally, we present a semiglobal stability result for but we
need to act in all the branches.

First, note that to prove the exponential stability, it is enough to prove the following observability inequality,

with E defined in (0.2
T N
E0) < Cobs/ (u1(t,0)) Z (0xu;(t,0)) +Z/ a;j(uj)*dx | dt. (Obsl)
0 j=1

Indeed, using (Obsl|) and dissipation law (0.3) we can show E(t) < vE(0) for 0 < v < 1, finally as (KdV]) (or

(LKdV))) is invariant by translation in time, we derive the exponential decay. This idea was used in several
works as [29] 23] 24, 20].
We recall the set N of critical lengths for the KdV equation introduced by Rosier in [31] defined by

[k2 + kl + 12
N:{27r +3+,k,l€N*},

and we define I. = {j € [1, Np]; ¢; € N} the set of critical index, I =]Np, N|] and I} (resp I%) be the
subset of I.. (resp I,) where we remove one index.

3.1. Linear case. In this part, we will prove the first stabilization result.

THEOREM 3.1. Let Ly D I¥ Ul orlyer 2 1, U I3, assume that the damping terms (a;);cpi,ny satisfy (0.1)).
Then, there exist C, u > 0 such that for all u® € L2(T), the energy the unique solution of (LKAV) satisfies

E(t) < CE(0)e " for all t > 0.

Proof: As we said at the beginning of the section, it is enough to prove (Obsl)). To prove it, we follow a
contradiction argument as in [31]. Suppose that (Obsl)) is false, then there exists (u®"),en C L2(7) such that
[u®"|lL2(7) = 1 and such that

luy (t,0)ll 20,7y — O,
02" (t,0)[| 20,7y — O,

Z//aj dxdt—>0 as n — oo,
I;

where 1", is the associated solution of (LKdV]) with initial data u%™ given by Theorem

By Proposition we get that (u")nen is bounded in X', as dyulf = —0,u — djulf — ajuff, we get that
(8¢} )nen is bounded in X~2. Using [35, Corollary 4] we can extract a subsequence denoted by (u")nen which
is convergent in X°, by (1.3)), we get that (u®"),cn is a Cauchy sequence in L2(7). Let u® = lim,, o, u®" and
u the unique mild solution of (LKdV]) associated to u°. Then, we have that u solves the following problem
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Opuj + Oyuy + O3uy; = 0, Veel;, te(0,T), je€[l,N],

’LLj(LO) = 8xuj(t7()) = O, VJ c [[].,N]],

N

> 02uy(t,0) =0, te (0,7),

5=l (3.1)
’U,j(t,fj) = awuj(t,fj) = 0, t> 0, j S [[I,NF]],

u; =0 in (0,T) X wj, j€ Ly,

uj(O,m):u?(x), xz € l;,j€[1,N],

60|27y = 1.

Here we have two cases:
o Iyt 2 I Ul,. In this case, for j € I, w = u; solves

Ow + 0w + 02w =0, Vax € (0,00), t € (0,7T),
w(t,0) = 0,w(t,0) =0, te(0,T),
w=0 in (0,7) X wj.

Then, by Holmgren’s Theorem (see also |20, Theorem 1.1]), w = 0 in (0,00) x (0,T"). Therefore, we
have the following problem

Opu; + Opuj + O3uj =0, Vo € (0,¢4;), t € (0,T), j € [1,Np],
ui(t,0) = d,u;(t,0) =0,  Vje[l,Ng],
Np
> 02uy(t,0) =0, te(0,7),
=1
u]'(t,fj) = 8muj(t,£j) = 0, t> O, ] (S [[1,NF]],
u; =0 in (0,T) x wj, j €I,
1/2
Np
ZH”?H%%O,@-) =1L
j=1

The above system is exactly the same studied in [I]. Thus, by [I, Theorem 3.1] as we are acting in I*
we get u; = 0 for j € [1, Np] and finally, u = 0 which is a contradiction with the fact [|u°||p2(7) = 1.

o oot 2 I UIL. Let j € IZ, the same argument used in the previous case shows that u; = 0 on
(0,00) x (0,7"). Similarly, by Holmgren’s theorem for all j € I. u; = 0 in (0,¢;) x (0,T). Now, for
Jj €1, Npg] N (1), u; solves

Oyuj + Opuj + aguj =0, Vo € (0,4;), t€(0,T),
u;(t,0) = pu;(t,0) =0, >0,
wj(t,4;) = Opu;(t,0;) =0, t>0.

Then as ¢; ¢ N by [31, Lemma 3.5 |, u; =0 in (0,¢;) x (0,T). Finally, let j €|[Np, N] N (%), then
w = u; solves

{atw+8mw+8§w0, ¥z € (0,00), t € (0,7), (3.2)

w(t,0) = dw(t,0) = d2w(t,0) =0, te(0,7T).
It is enough to see that, due to the three null boundary conditions in (ﬂ, the unique solution is w = 0.

1See for instance [32] where an implicit controllability result is obtained by imposing three boundary conditions at 0.
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O

Theorem is optimal in the sense of acted branches. For instance, if we take a smaller set of acted index,
we can not derive the result as shows the next proposition.
PROPOSITION 3.2. Let loe; € I Ul or laer S I U I3, assume that the damping terms (a;);cpi,ny satisfy

(0.1). Then, there exists a nontrivial solution of (3.1)).

Proof: It is enough to consider the case where we remove one index more. Let I** (resp I:* ) be the subset of
I. (resp I, ) where we remove two indexes. Let us show that, under these conditions, there exists nontrivial

solutions of (3.1)).

o Ioer = I7* Ul. We get for all j € I uj = 0. Thus, we get the optimality from [I, Lemma 3.2|.

o It =1yUI%. Consider Np = No = 1, {1 = 27. Following the computations of the proof of
Theorem [3.1] we obtain the system.

Oruj + Oypuj + O3uj =0, Veel;, te(0,T), j=1,2
u1(t,0) = Ozuq(t,0) =0, t>0,

us(t,0) = Ozua(t,0) =0, t>0,

up(t,2m) = Opuq (¢,27) =0, ¢>0,

O2uq (t,0) + 2us(t,0) =0, te(0,7T),

uj((),x):u?(x), rel;j=1,2,

ez = 1.

Consider the stationary functions u; = Kj(1 — cos(z)) and ug = Ka(1 — cos(z)) for = € (0,27)
and uo = 0 for z > 27w. We observe that u; and wus satisfies a linear KdV equation. Moreover,
u1(0) = 9pu1(0) = u1(27) = Dpu1(2m) = 0, uz(0) = d,u2(0) = 0 and 92uq(0) + O2u;1(0) = K1 + K.
Therefore, if K; = —Ks we found nontrivial solutions of and [[u’ |2 () = 1.

o I, =1.UIX. Consider the case Ngp = 0. Then we obtain the system

Opu; + Opuj + O3u; =0, Vo € (0,00), t € (0,T), j=1,2
u1(¢,0) = pu1(¢,0) =0, t>0,

ug(t,0) = dyua(t,0) =0, t>0,

02uq (t,0) + 2ua(t,0) =0, te (0,T),

u;(0,2) = u?(:c), x € (0,00),

w2y = 1.

Similarly to the past case we can consider, u; = K;(1 — cos(x)) for z € (0,27) and u; = 0 for z > 27,
ug = Ks(1 — cos(x)) for 2 € (0,27) and uy = 0 for 2 > 27, such that K1 = —Kj and [|u®||p2¢7) = 1.
This concludes the proof.

3.2. Nonlinear case: small amplitude solutions. In this subsection, we will prove a stabilization
result for (KdV)) by imposing small amplitude solutions.

THEOREM 3.3. Let oot 2 12 Ul or luet 2 1. U TS, assume that the damping terms (a;);eqi,ny satisfy (0.1)).
N

Then there exist C, C, p, € > 0 such that for all u® € Y, with ||[u’[|r2(7) < € and E [ud]?- ,
4 (1422)
j=Nr+1

C‘||g0||]%2(7—), the energy of any solution of (KdV)) satisfies E(t) < CE(0)e * for all t > 0.

(0,00) =
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Proof: Following the same idea as the linear case, it is enough to show that ||uc(jo,rL2(7)) < Vlw® L2 for
0 <~ < 1 and u solution of (KdV]). Let u = u' + u? where u! and u? are respectively solutions of

(Opuf + Opuf + Dduj + ajui)(t,x) =0, Vel t>0, je[l,N],
(t O)_u’(t70)7 Vj,j/E[[l,N]],
282 Y(t,0) = —aul(t,0), t>0, (3.3)
}(t,@) Dpuj(t, £;) =0, t>0, j€[l,Ng],
ujl(O,x) 2(33), xelj,je[l,N],
and
(0pu + Dpul + D3uZ + ajul)(t, @) = —u;dpu;, Vo elj, t>0, je[l,N],
(t O)—u/(t,O), Vjajle H17Nﬂ7
N
232 2(t,0) = —au(t,0) — 5 (wt, 0))2, t>0, (3.4)
?(M) Opu3 (t, £;) = t>0, je[1,Ng],
u?(O,x)zO7 z € l;,j€[1,N].

Then, using Theorem for !, Proposition and ([1.8)) for u? we get

lulloqo,mzery < llutleqominzcmy) + lulleqo.mecry
(3.5)
<Al + C (ludauell Lr 0,2y + lur (-, 0)? (| r20.1)) 5
where v < 1. By Lemma Lemma and Lemme get |lullcqo ey < Yl + Cllul3. In
[KdV]

the sequel, a more explicit estimate of u solution of (KdV|) in the B norm is needed. We deduce from (|2.6))

and

N
(102 U||L2 0,TL2(T)) = C ||MO||12LZ(T) + ; ||u?|‘%?1+12)(0,oo) + ||@O||H2_2(T)||8xﬂ||L2(0,T;1L2(T))
Jj=Nr+1
Therefore, by Young inequality
N
10zl 720 020y < C | 1e0MF2ey + D ||u?||2L(21+$2)(0,oo) + W0 lL2 ) | - (3.6)

j=Nr+1

Now, multiplying by x?u; the first line of (KdV)), integrating on [0, s] x (0,00) for j € [N, N], following
[12) we set

1 (o) S oo S poC 1 (o)
f/ x2(uj(s,x))2dx+3// x(@zuj)2dmdt+// a;x?(u;)?dedt = f/ 22 (u?)?dx
2.Jo 0Jo 0J0 2.Jo ’
S oo S 2 S po0
+// x(uj)2d$dt+/ (ul(t,O))th—i—f// auldadt.
0Jo 0 3 JoJo

/Ooogf(uj(s x)) dx—i—S// 2 (0pu;) d:vdt—i—//ooaj 2(uj)2ddt
g%/o dx+// w(u;) dxdt+/(u1t0 24t 4 = // s P,
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S oo
Again, the problematic term to estimate is / / x|uj|3dscdt. Note that similar to the previous case we can
0Jo

obtain

s oo T poo
/0/0 x|uj\3dl‘dt§/0/o zudrdt < Cllaug||F o 1712 (0,00 145122 0,755 (0,00)) -

Now, for all £ > 0 using (1.13]) and

T poo
Ce C
/ / a|u; | dadt < 7||17uj||20([o,T];L2(o,oo)) + oz llusll ez 0m5m1(0,00))-
0J0

/OT/OOO x(u;) ddt < /T (/ODO mQ(uj)gd:v>1/2 (/Ooo(uj)ngc)l/2 dt

Ce
<=

Similarly

C
5 llzw; 1% 10,77:£2(0,00)) + o lulledo e 0,000 -
Then, from (3.7)) using the previous inequalities we get that for all € > 0 and for all s € (0,7)

1 S
3 75 (5, )12 0,000 +3/O V@01 (t, ) II72(0 00)dt

1 r ) Ce ) c
§||$U 1Z2(0,00) + ; (u1(t,0))"dt + 7||xuj“C([0,T];L2(0,oo)) + 2*€||Uj||L2(0,T;H1(0,oo))

C
+ %HujHC([O,T];L?(O,oo))-

Taking the supremum for s € (0,7") and using and choosing £ small enough we deduce

T
12w | Ej0,77:22 0,00 T IVEOt5] T2 (0 7.12(0,00)) <C <||$U?||2L2(o,oo) +/0 (u1(t,0))*dt

+||uj||20([0,T];L2(O,oo) + Huj“%z(o,T;Hl(O,oo)) :

By using ([2.5) and ([3.6)) we observe

N
||90UJ'H20([0,T];L2(0,00)) + ||\/55muj||%2(o,T;L2(o,oo)) <C ||H0||12L2(T) + Z HUE')H%I L (0,00) T ||EO||1%2(T)
Pl (1+22)
(3.8)
Thus, by (2.5), (3.6) and (3.8)
N
lully < C | ey + D0 MflZa 0.0y + el | - (3.9)
j=Np+1

Using this estimation and the smallness assumption on the initial data and (3.5)), we get |lulc(jo,7] JL2(T)) < (v+

C(1+C)e+Cé® )l ||L2(7)- We conclude by choosing € > 0 small enough such that F=~+C(14+C)e+Ce < 1,
which is possible because v < 1. O

Theorem is interesting in the sense that we derive an exponential stability result for the nonlinear system
without all the damping actives (see Figure .

In the sequel results, we need to all the damping terms to be active, but as will be showed in Section [d] we are
able to show the exponential stability in the same spaces as our well-posedness result.
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Fic. 3.1. Possible acted branches of Theorem@ and Theorem@

3.3. Nonlinear case: semiglobal result. In this subsection we prove an exponential stability result in
L2(T) working directly with the nonlinear system but acting in all branches.

THEOREM 3.4. Assume that the damping terms (a;);cpi,ny satisfy (0.1)) and let R > 0. If Lot = [1, N], then,
there exist C(R) > 0 and u(R) > 0 such that for all u’ € Y with ||u°(| 27y < R, the energy of any solution of

(KdV) satisfies E(t) < CE(0)e™#t for all t > 0.

Proof: Our idea will be to prove the observability inequality (Obsl)) directly for (KdV]). Similar to the linear
case, multiplying (KdV) by (T — t)u; and integrating on [0,T] x I;, after some integrations by parts we get

N N T -
(0. 2)2dx = w:)2dx a— B u 9
T;ﬁj@m(& ))7d ;/0/1]( i) dxdt + (2 N)A (T — t)(us(t,0))2dt
N T N -
+Z/O (T—t)(azuj(t,o))Zdt—l—QZ/o/I‘(T_t)aj(uj)zdxdt.

Therefore,

1
[w®[IF 2 ) §THE||2Lz([o,T];L2(T)) + (200 = N)[|ua (-, 0)[[ 2207y + 102, 0) 17207

N T (3.10)
+ 22/ / a;(u;)?dzdt.
j=17071I;
Thus, in order to show the observability inequality (Obsl)), we show
T N
HEH%Q([O,T];]LZ(T)) < Cobsg/o Ul t O 2 + Z 5 Uj t 0 + Z/ Qj Uj dfﬂ dt. (ObS2)
j=1

To prove it, we follow a contradiction argument as in [29]. Suppose that (Obs2) is false, then there exists
(u™)nen C C([0,T);1L2(T)) such that u™ is solution of (KdV]) and

. HQnH%? [0,T;L2(T))
lim = 00. (3.11)

n—oo T
/ (uf'(t,0)) —|—Z (0zuf (t,0)) Z/ aj(u?)de dt
0 j=1 I;

Let A\ = |[u" | 2o, 1);L2 (7)) and v™ = %, then v" satisfies
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(007 + 007 + A0} 0p0] + O30} + ajol)(t,x) =0, Yo ey, t>0, je[l1,N],

v} (t,0) = v3 (¢,0), vy, € [1,N],
N

N 12
S 320 (1,0) = —af (1,0) — Ao (07 (1,0))? 10, (3.12)
j=1
U;'L(tvgj) = 8IU;L(t7£j) =0, t>0,j€ [[LNF]]a

and

v z2(0,miL2 () = 1,

T N
/ v1t02+28v (t,0)) —&—Z/aj Y2z | dt — 0. (3.13)
0 =

Using (3.10] and (B13), we get that (v(0,-))nen is bounded in L2(7) and then by Proposition[2.2] (and
Remark |3 Ii we get ")en is bounded in X!. Note that

[0} 0:v] |1 0,1:22(1,)) < ClIV} Lo 0, 1522 1)) 105 | 220,751 (1)) € [1, NE],

||v 0y Uy ||L1 0,T5L2 (0,00)) = C’||v] ||L°° 0,T;L% (0,00) ||”g ||L2(0THM(0 o)) J €|Nr, N],

loc loc

which implies that (v}9,v})nen is a subset of L'(0,T; LQ(I )) (resp. LY(0,T; L?OC(O 0))) for j € [1, Ng]

(resp. j €]Ng, NJ). Moreover as [|u"(0, )|z () < R by (2.5) we deduce )\, < R. Then, similarly to the

linear case, observing that &,v}b = ,3”1, -3 v — Apv} Oy vl — a;v}, we get that (8tv )neN is bounded in

X~2, using [35, Corollary 4] we can extract a subsequence denoted by (v™)nen which is convergent in X° to v.
By the structure of w; in (0.1)) and following [20] we get

||U||L2([0T L2 (T g </ / V2dxdt + /OT/MC(vj)dedt> =

Thus, for all K; C (0,00) for j €|Npg, N] we get

10,00, 0112 0.2 + 01801202, +Z// a;(v;)2dwdt + /0/ a; (v, )2dadt

j=Np+1

Np T
< liminf ( [[9;0"(t, 0)||2L2(0,T) + [[of (t, O)H%?(O,T) + Z/o / aj (U;L)Qdafdt
j=1 wj

+ Z // a;(v")dzdt | = 0.

j=Nprp+1

In addition, as (A, )nen is bounded, we can extract a convergent subsequence, such that A,, = A > 0. We have
now two situations. If A = 0, the system solved by wv is linear. Therefore as we are acting in all the branches
by Holmgrem’s Theorem v = 0, that contradicts the fact that ||vz2(0,7;L2¢7)) = 1. In the case A > 0 we have
for j € [1, Np] that v; solves

Oy + Oyvj 4+ AvjOyvj + O3v; =0, Vx € (0,4;), t € (0,7),
v;(t,0) = 0,v,(t,0) = 0,

v;(t,€;) = 0gv;(t, 4;) = 0, t>0,

v; =0, in (0,7) X wj.
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Then, the idea is to apply the following unique continuation property.
LEMMA 3.5. [[33], Lemma 3.5] Let L > 0 and T > 0 be two real numbers, and let w C (0,L) be a nonempty
open set. If v € L°(0,T; H'(0,L)) solves

O 4 00 + a(v)0yv + O3v; =0, Vx € (0,¢5), t € (0,T),
v(t,0) =wv(t,L) =0, t>0,
v =0, in (0,T) X w;

with a € C°(R,R), then v = 0.

Note that we can not apply directly to vj, j € [1, Np] Lemma but by [33}, Theorem 1.2, Remark (ii)], for
any € > 0, v; € C([e, T); H*(I;)) N L?(e, T; H*(I;)) and thus, we have enough regularity. Then, we get v; =0
for j € [1, Np].

For j €|Ng, NJ,

Oyvj + Opv; + AvjO,v; + 02v; =0, Va € (0,00), t € (0,T),

’Uj(t, 0) = 6131}]‘(15, 0) =0, t >0,

v; =0, in (0,7) x wj.
Let L > B;, as v;(0,z) € L*(0,00), then v; € C([0,T]; L*(0,00)) N L*(0,T; H}

loc

(0,00)). By using v; =0, in

(0,T) x wj, we get v;(-,L) = 0. Then w; = vj’( solves
0

s

8tUIj + 6a:wj + )\U)jazwj + agwj =0, Vze (0, L), te(0,7),
w;(t,0) = w;(t, L) = d,w;(¢,0) =0, >0,

w; =0, in (0,T) x (85, L),
w;(0,2) € L2(0, L).

Thus, as in the past case, we get w; = v; =0 in (0,7") x (0,L) and as L > f3; it is arbitrary we deduce that
vj =0 for j €[Np, N]. Finally v = 0, that contradicts ||v||z2(0,r;L2(7)) = 1. |

REMARK 6. Note that if we are able to prove a well-posedness result for (KAV)) with initial data only in 1L?(T),
Theorem [3.]] still holds in this case, but we can not guarantee the same for Theorem [3.3, because we strongly
use that u’ € Y. o

4. Exponential stability in weighted Sobolev spaces. In this section, we present our main result
about the exponential stability of in the space Y, which is the space of initial data for the well-posedness
result. This section is inspired by [26, Section 3.1] where the exponential stability of a single nonlinear KdV
equation in weighted spaces was deduced. Note first, that by Theorem [3.4) we already have the exponential
stability in L?(I;) for j € [1, N], thus we only have to prove the exponential stability in L%sz)((), o0) for
j €]Npg, NJ.

Take Vo(u(t,-)) = E(t), where E(t) is defined by (0.2)) and for m = 1,2 we define

Vi) = ;z [ 0 am) e+ dp Vi, (4.1

where dy, d; > 0 are large enough.

4.1. Exponential stability in the case m = 1. The idea of the following lines is to deduce first
the exponential stability with energy Vi. To show that, we use the exponential stability in L2(7) and the
observability inequality (Obs2)). More specifically, the aim of this subsection is to prove the following result
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PROPOSITION 4.1. Assume that the damping terms (a;);cpi,ny satisfy (0.1)) and let R > 0. If Ioee = [1, N,
then, there exists C(R) > 0 such that for all u® € Y with ||u’||2(7y) < R, we have for u solution of (KdV))

Vi(u(T,-)) = Vi(u®) < =C(R)Vi(u). (4.2)

Clearly, ([4.2) gives the desired decay, Vi (u) < Ce #tV;(u?).
Proof: We start by noticing that, using (2.4) and (2.6) it is not difficult to see that

_ 0 1+do _ Tu 2 al T W 2 - g a:(w:)2dx
M ~Va(w) + 5% 2a=N) [ ((t0) dt+j§_jl/0 (0.05(t,0)) ‘””;/o/fj S, dt

N

3 T 1 N T 1 N T N T
2 2 3
+§Z/O /I(amuj) dxdt — 52/0 /I(uj) dxdt — §Z/O /I ujdxdt—i—Z/O w1 (t,0)0u;(t,0)dt
Jj=1 J Jj=1 I Jj=1 J Jj=1
N T
+Z// Zl’aj(Uj)leL'dt:O.
=170 J1;

(4.3)
Note now that, /ui’dx < Huj”LOO(Ij)||Uj||2L2(1j)a and by [30, Corollary 1.2], we obtain /Iugdz <

Hawuj||1L/22(1j)||uj||i/22(1j). Then for all € > 0, using Young inequality ab = (45)1/4a(4€ﬁb < glal* + C.|b|*? we

get

10/3
[ e < el e, + Cullus 124

J
If we choose u” such that, [[u’[|2(7) < 1, we observe that

10/3 4/3

4/3
lusl12 5,y < Nusllzetn, sl e,y < Clu®ligh

Lz(fr)HUjH%mj) < Cllull7z(r,)-

Therefore

N T N T N T
3 / / Wddzdt <3 / / (D) ?dadt + C. 5 / / (uy)2ddt. (4.4)
P P = oy

Moreover, using ((Obs2)) we derive

N T N T T N T
3 / / Wddzdt <Y / / (o) 2dwdt + CoClpes / (un(t,0)%dt + 3 / (Do (£, 0))2dt
= JoJy = Jo g 0 =o
N T
+Z// a;(uj)?dxdt
j=170 I

Using this inequality, (Obs2)), with ¢ small enough and dy big enough in (4.3) we conclude the existence of
C > 0 such that

_ T N T N T
Vi(w) — Vi) < —C / (ul(t,O))th+Z/0 (3xuj(t,0))2dt+ZA/I‘(1+x)aj(uj)2dxdt

’ (4.5)

N T
+Z//(8xuj)2dxdt
j=170I;
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Now, we state the following Lemma,
LEMMA 4.2. Let u® and (aj)je[[l’Nﬂ as in the statement of Proposition . Then, there exists C > 0 such that

T T N T N T
2 ; 2 xa'U'z X . .
/O Vi(u)dt < C /0 (ur (£, 0)) dt+j§_:1/0 (w5 (£, 0)) dt+j§_:l/o/lj(1+ Yy (uy )2 dadt (4.6)

Proof: The proof of this Lemma is postponed to Appendix [C] O
Now, we estimate the term V;(u®). First, using (3.10) and (Obs2) we observe
T N T N T
1602y < C / (uq(t,0))2dt + Z/ (8,u(t,0))2dt + Z/ / aj(u;)?dxdt | . (4.7)
0 — Jo —JoJI
J=1 J=1 J

Secondly, multiplying (KdV]) by (T —t)zu; and integrating on [0, 7] x I;, after some integrations by parts we
get

N

Ty / x(u;(0,z))2dr = ﬁ:/OT/I x(uj)2dedt + 321_%/;/1 (T — t)(0pu; ) 2dxdt

j=1"1;

N .7 N
_ — t)(u;)%dz — t)us (¢, 0)pu; (¢,
;/O /Ij (T t)( j) dxdt + 2]2_:1-/0 (T t) (t 0)8 (t O)dt

N T 9 N .1
+2Z// (T — t)za; (u;)>dedt — 52/ / (T — tyuddadt.
j=17071I; =70/
Recalling that [|u®|[;2(7) < 1 we can use ([4.4) to obtain

T
0

ij:/zj z(u;(0,2))*de <C ij:/oT/lj(l + 2)(u;) dzdt + ij: AT/F (Opu;)*dadt + / (up(t,0))3dt
+§Z/OT(axuj(t70))2dt +§:/OT/G ra;j(u;)*dzdt

<C /()Tvl(u)dt-i-ij:/OT/Ij(ﬁxUj)zdl‘dt+/OT(U1(t,O))2dt
+ i_vj /OT(awuj(t,O)th + i_v: /OT/IJ_ za;(u;)2dadt

Using this inequality, Lemma and (4.7) we deduce

T N T N T
Vi) <C /O(ul(t,O))th+Z/o (axuj(t,o»?cmz/o/I_(1+x)aj(uj)2dxdt
N e (4.8)

N T
—|—Z/ / (Opu;)?dxdt
j=170I;

Finally, joining the estimates (4.5]) and (4.8]), we obtain (4.2)) in the case ||g0||]Lz(7—) < 1. To conclude, note that
as u’ € Y € L*(T) with ||u°[| 2(7) < R using Theorem (3.4 we know that [|u(t,-)|L2(r) < C’e’ﬁtHgOHH}(T), for
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some C' = C(R) and i = i(R). Now, as u € C([0,T];IL>(T)) taking T > 0 such that Ce #TR < 1 we deduce
our stability result. O

REMARK 7. As in the proof of (3.4)), we use u® € Y only for the existence of solutions u € C([0,T};L?(T)). In
this case, if we are able to prove a well-posedness result for initial data u® € L2(T), such that ug’ € L%H—x)(O’ 00)
for j €|Np, NJ Propositz'on still holds. Moreover, as was pointed in [26, Remark 1] in the case of a single
KdV equation in the half-line adapting the ideas of [26, Theorem 2.5] it is possible to show the existence of
solution mild solutions in C([O,T];L21+m)(0,oo)) with initial data in L%Hz) (0,00) but the uniqueness is an

open problem. We expect the same behavior in the network case. o

4.2. Exponential stability in the case m = 2. In this part, using all the tools developed in the past
sections, we show the exponential stability of inY.
THEOREM 4.3. Assume that the damping terms (a;) cpi,ny satisfy and let R > 0. If Tyt = [1, N, then,
there exist C(R) > 0 and p(R) > 0 such that for all u® € Y with |u°||y < R, we have for u solution of
Vo(t) < CVa(0)e™#t, for all t > 0.

Proof: We start by noting that as in Proposition it is enough to prove that for some C(R) > 0
Va(u(T, -)) = Va(u”) < =C(R)Va(u’), (4.9)

which is equivalent to show the existence of some C' = C(R) > 0 such that

T N T N T
Va(u) — Va(u’) < - C /0 (uy(t,0))%dt + Z/o (Opu;(t,0))2dt + Z/o /I (1 + 2%)a;(uj)*dzdt
Jj=1 j=1 J

. (4.10)
T
z)(0pu;)?dx
+;/O/Ij(1+ V(D)2 dadt |
and
0 T 2 = (T 2 (T 2 2
Va(u”) <C /0 (u1(t,0)) dt—f—;/o (Ozu;(t,0)) dt+jz_:1/0 /Ij(1+x Jaj(u;) dxdt

(4.11)

+ i /OT/Ij (1+ 2)(0puy) dadt

Let V =V, —di V4, using (2.4), (3.7) and deriving a similar computation for a bounded branch is not difficult
to see that

T N T N T
V(u) —V(g°)+% (20471\7)/0 (ul(t,O))ZdtJrZ/O (aﬁuj(t,()))2dt+22/0 /I_aj(ujfd:cdt
N T N T 9 N T T
)2 X — r(u; 2 i - = :cu3 X — Uu(t, 2 .
+3j21/0/1j 2 (Dpu; ) 2drdt ;/0/1 (u;)2dxdt 3;/0/1 Sdwdt N/O (ur(t,0))%dt  (4.12)

N T
—|—Z// r2aj(u;)?dedt = 0.
j=1701;
Now, by (4.5) and (4.6 we get

N 7 .
JZ—;/O /Ij x(uj)dedt < /O Vi(u)dt < —C(V1(g) _ Vl(go)). (4.13)
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Secondly, as

/ x"u;’ dx
I;

J

J

|\axuj||1/2 )||uj||1/2 /1 x(u;)?dz, then for all & > 0 using Young inequality
i

L2(1; L2(1;)
2
/ wujde < e)|0pull7a ) + Cellujl e, (/1 x(uj)2d33> :

I; J

N
Assume now that Z/ z(u;(t,x))?dz < 1, for all t > 0, then we get
j=1"1i

N T N T N T
Z/ / xu?dacdt < EZ/ / (0puj)*drdt + C. Z/ / (uj)*dxdt.
j=170 /1 j=170 "1 j=170 "1

< ||Uj||Loo(Ij)/ z(u;)?dz, we get similarly as in the past section
I

<

/ xu?’dm
I;

J

(4.14)

Finally, using this inequality for £ > 0 small enough, d; > 0 big enough, (4.13)) and (Obs2|) we see

T N T N T
Va(u) — Va(u’) < - C /O (ul(t,O))zdt+Z/0 (axuj(t,O))2dt+Z/O /I_(1+z2)aj(uj)2dxdt

+§: /OT/I.(I + 2)(0pu;)*dzdt | + %(Vﬂﬂ) - Vl(ﬂo))-

Finally, (4.5) yields (4.10). Let us check (4.11), multiplying (KdV]) by (T —t)z?u; and integrating on [0, 7] x I;,

after some integrations by parts we get

T N N T N T
— Z/ xg(ug)zdx =3 Z/ / (T — t)z(0,u ) dzdt + Z/ / (T — t)a;x* (uj)*dzdt
2 =171 j=1701; j=170 I

N T T N T
— ) (u;)?dx —tY(u 294 2 — Deudde
+;/o/1j(T t)(a)ddt—i-N/O (T — 1) s (1,0))*dt ;B/O/IJ(T Heuldrd.

N
As we assumed Z/ x(u;(t,x))?dz < 1 for all t > 0, we get
j=1 I

i/l (30, 2)) e <C i/oT/, (1 + ) (uy)*dde + i /OT/If(a””“j)dedt AT

N T
+Z/ / xzaj(uj)2dmdt
j=1 0 JI;

From where we obtain (4.11]) using (4.6)), (4.7) and (4.8). Thus, we obtain the exponential stability in the

N
case Z/ z(u;(t,x))?dz < 1. To conclude, note that as u® € Y with ||u’|ly < R which in particular implies
=

|‘~EOHL3(T) < R and V;(u°) < R using Proposition we know that Vi(u(t,)) < Ce #V;(u°), for some

C = C(R) and fi = ji(R). Now, as u € B taking T > 0 such that Ce #TR < 1 we deduce our stability result.
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Conclusions and final remarks. The well-posedness and exponential stability of the nonlinear KdV
equation posed in star shaped network mixing bounded, and unbounded edges were investigated. The well-
posedness results were obtained by considering first the linearization around zero and semigroup theory. Then,
by the introduction of some weighted Sobolev spaces and a fixed point approach, the well-posedness for the
original nonlinear system was deduced. In this sense, as was pointed in Remark [ the introduction of the
weighted spaces is due to the perturbation approach. Regarding that, note that a stability result was presented
in Theorem which in spirit did not use that the initial data is in Y and thus the open problem about well-
posedness with the classical L?(7) initial data is interesting. In [26] the strategy to prove the well-posedness
was quite different. The idea of [26] was first to derive the well-posedness in weighted spaces with exponential
weights using semigroup theory and fixed point results. Then, by compactness argument the well-posedness in
the spaces L(21 +zym (0, 00) was deduced in |26], we expect that similar ideas can be applied in the networks case.
Actually in that work, the authors were able to prove the exponential stability in the spaces L? 0, 00),

o
for m > 1.

An interesting open problem becoming of our contradiction strategy to prove the observability inequalities is
the possibility to remove one index in Theorem (or Proposition 4.1} Theorem [4.3)). For instance, if we
remove one index for j € [1, Nr] and following the proof of T heore we are asking to prove that the
unique solution of

Opv + 9v + VIV + O30 = 0, Va € (0,0), t € (0,7),
v(t,0) = 9,v(t,0) = O2v(t,0) =0, t>0, (4.15)
v(t,0) = 0yv(t, 0) =0, t>0,

is the null solution. Up to our knowledge, this is an open problem, but it is known that the condition
92v(t,0) = 0 is really needed. In fact, in [I1] the following result was proved regarding the stationary solutions
of the KdV equation, considering the system

0.6+ 30u(67) + 6 =0, n [0, L], (4.16)

THEOREM 4.4 (Theorem 1, [I1]). For all L € (0,27), there exists a stationary solution ¢ € C°(R) of

with boundary conditions ¢(0) = 0,¢(0) = 0, satisfying ¢(x + L) = ¢(x), Vo € R and 92¢(0) # 0.

Note that by the periodicity we have in particular ¢(L) = 9,¢(L) = 0. In [I3] a more general result was

presented,

LEMMA 4.5 (Lemma 1, [13]). If ¢ € C3([0, L)) is a solution of with boundary conditions $(0) = ¢(L) =

0:¢(L) = 0, then it is infinitely smooth and periodic with period L.

THEOREM 4.6 (Theorem 1, [I3]). If L? # 4x2, then there exists a unique non-trivial solution of period L of

[4.16) with boundary conditions $(0) = ¢(L) = 0,¢(L) = 0. If L? = 4n? such a solution does not emist.

By Lemma and Theorem we have the existence of a stationary solution ¢ € C*°([0, L]) of . But
1)

this solution does not satisfy 92¢(0) = 0. Indeed, consider the substitution 7(z) = LTQqZ)(%(x + 1)), then n

satisfies system

1
LTQ. Note that this equation is equivalent to bn + 5772 + 0%y = ¢, for some ¢ € R. In particular, if

92n(—1) = 0 we get ¢ = 0. But from [I3, Theorem 1] and [13, Lemma 2] we have that ¢ must be not null.
Similarly, in [I5, Section 4.4] the existence of some stationary solutions 1 of KdV equation in [—1,1] with
n(=1) = n(1) = d.n(—1) = 9,n(1) = 0 was showed, but §2n(—1) # 0.

where b =

In addition, again recalling and the regularizing effect of the nonlinear KdV equation, we get using
the boundary conditions and the equation that all the spatial derivatives evaluated at x = 0 are null, i.e
Oku(t,0) = 0 for all k € N. Thus, if we can show that the solution of is analytic we obtain that u = 0,
but this it is also unknown. In the linear case, is known, that the semigroup generated by the linear KdV
equation is not analytic but a semigroup of Gevrey class § > 3/2 for all lengths L > 0 see [9, Theorem 1.1].
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Appendix A. Proof of Lemma
Let y, 2 € B, then

T

T
ly0ry — 202 L1 (0,12 2,(0,0)) §/0 ||(Z/*Z)azy”Lsz%(o,oo)dtJr/O ||Z(8ry*azZ)HL?HIQ)(o,oo)dt- (A1)

1+

Here we follow the strategies used in [I0]. Let w = y — z, thus the first term to estimate is
Hwawy||L1(0,T;L?1+12)(O,OO))a

T T T
/ ||’u}amyHL2 ) (0,00)dt < / ‘|wamy||L2(07m)dt + / ||$w8$y||L2(0’oo)dt,
0 (4= 0 0
the first term can be estimated as
T T
| 100l < [ lulisos 10l
0 0

T
<C [l o0 102012000 (22)
0

< Cllwllr2 (0,381 0,000 1Yl 20,7521 (0,00))
< COllw|| B,

where we have used the embedding of H'(0,00) in L°(0,00). For the other term we can observe that

/ syl o eyt = / ' ([ z2<w>2<axy>2dx)l/2 = | ' (/ OO(\/Ew)Q(\/Eﬁzyfdx)l/Q "

/ IVEw] 1 000 9l 1

iy (0:00) 0

We can not apply directly apply the embedding of H*(0,00) in L*(0,00) to estimate the L°°(0, c0) norm of
Vaw. In fact, we have, 0, (y/rw) = 2\fw + /70w which is not necessarily in L?(0,00). With this in mind,

we study the term ||\/zw|| (0,0 in the following way:

[Vawl| Lo (0,00) = sup {|[VEZw]| L2 (0,1): IVZW Lo (1,00) } »

for the first term, as = € (0,1)

1/2 1/2 1/2
IVawl| Lo,y < Ilwllz.1) < Clwli 1 10wl 550 1) < CllwllFatg 0 10w o o) N
<Nl oo lOsl : .
(O o) L(1+m)(0,oo)
Similarly,
1/2 1/2
VW] e (1,00) < CIVEWI G ) 100 (VEW) | oty )
Using that z > 1, we observe that ||am(ﬁw)||1L/f(Loo) < C(Jwll z2(1,00) + IVZOw]| 12(1,00))/? and thus
1/2
IVEwl e 100) < € (IVF0I5G ) [l0l2(1,00) + IVEOs w0 220,000 )
1/2 1/2
<O (Il oy [Tz, 000 + 100125, 000) (A5)

1/2 1/2
o 2 R T e §
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Then by (A-4) and (A.5)
1/2 1/2
||ﬁw||Lw(o,m) <C (HwHLfH,z)(OvOO)HaIwL?1+z)(0700) + ||w||L?1+12)(0,oo)) .
Using this in (A.3]) we obtain
T T
|lzwdayllr2(0.00ydt <C [ ( wl}s J19s0l|7 + [lwl| 2 10yl .2 dt
0 Y11 L2(0,00) — L2 12)(0,00 &)(0,00) L(1+m2)(0:00) T L(1+m)(0700)
1/2 1/2
<C ( / Il a1l ooy 100lzz, ., 0.0yt
T
+/0 ||w||L?1+z2)(0,oo)||61yHL%1+T)(O,oo)dt
<C | |wld] ||a wl 105yl 2 dt
= CUOTHL?, 5 (0,00)) oy (0,00) 192 Y1ILE, L (0,00)
T
+Hwlle o122 L2, 2(0,00) / HazyHLfH )(0,00)dt

T 1/2 1/2
<C |[lwly? (/ aanL%Hm)(om)dQ (/ 102913, 0m>dt>

T
Huls [ 1091z, OOO)dt]

T
<C |l lylls.. ( s oo>dt>
" 1/2 T
<C Ll iyl s (/ llawwiﬁamo»@dt) </ dt)
. 1/2 T 1/2
Hlwl 5. (/ lé’wy||i%1+m><om>dt> </ ‘“)

<C(T"* + T2)|lw| s Iyl 5.

1/2 -
e [ 1001z, 0

1727 1/2

Therefore

T
| 1wdesils 0ot < Cllulln. ol

For the second term of -, it is enough to note that it can be written as ||y, w| (0,7 125 (000)) for
w=y— 2z
Appendix B. Proof of Lemma In this part we prove Lemma First note that as ¢'(x) = 0 for

x ¢ (“ 320 4 1)7 thus

1 > 3.1 1 STO—H 3 ’ BIO_H 2 /
5/0 ujy) (v)dr = g/ ujy (v)dr < sup |u; (t, z)\/9 |/ (uj)* V' (x)de.

= re(%, 220 4)

W =
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Define f = u] (t,2)\/Y'(x), by Theoremu € B and we can consider that u;(t,-) € H* (%2, 32241). Moreover,
by (2.8) v’ € Hl(z(’ 320 1 1), then as H'(%, 220 + 1) is an algebra, we get that f € H'(%, 220 +1). Now,
observe that

£ @) = \umwf(m)\ Oy /a) + 21D
Y (x) (B.1)
< |u;0puiv’ (x ‘u%//’ )| -
As f € H'(%, 3% 4+ 1), using [30, Corollary 1.2] we have
3zq 1/2
1 = fl
sup  [f(2)] < —= ( |f(ff)|f’($)|d$> ;
ve(2p, 50 4) V2 /
thus
320 1q 1 320 49 1/2
sup |uj(t,:r) ( |Uj8mu‘j¢/(x)|dl'+§ﬁ | 27/// )|dx>
ze(%Q, 220 41) 7
310 11 1/2 1 BITO"F 1/2
< ( 3 |uj8$ujw’<w>|dx> +3 ( L. !uiw'%x)!dx) .
Writing u;0,u;¢ (x) = u; \/w )0z \/w’(x), we get
1 ~ 1/4 , oo , 1/4
L RV < ([Twrves) ([ @2 wie)
o 1/2
5 ([ v @as)
Finally, we deduce
1 > 3,/ 1 > 21,1, 12 > 2 1 > 2,/ e
3 [ v < g ([Cwpvela) [TV s s ([T

X (/ooo(axuj)21//(:v)dx)

Appendix C. Proof of Lemma [4.2] First, note that

/ Vi(u Z// )(u;) dmdt—i—dOZ// uj)?dxd,

clearly as u’ € Y C L?(7), from (Obs2)

N

N T T
1+2d0 Z/O /Ib(uj)Zdzd SM (/ (ul(t,O))2dt+Z

T
/ (Do (£, 0))2dt

0 =/

+§:/0T/Ij aj(uj)dedt) .
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For the other term, we observe that

1 N T ) 1NF T ) 1 N T rB; )
- z(uj)*dedt == //z(u) dxdt + = // x(uj)“dxdt

Jj=Np+1
1 N T poo
+3 Z // (u;)?dadt
j=Np+1 0 /B
Nrp T N T poo
SWZ//(Uj)le‘dt“‘; // z(uy;) dzdt
=170 7I; j=Np+170 /B

) . N T rBj
+ maXJE[[Ql,NF]] /8] Z / / x(u])QdIdt
0J0

Jj=Nrp+1

T N T N T
<C /O (u1(t,0)) dt+;/o (8,u;(t, 0)) dt+;/o/lj a;(u;)?dzdt

1 Y oo g,
- Aj 2
+ 5 Z /O/j a:cj (uj)*dxdt.

j=Npr+1

Therefore

1 N T . T , N T | ,
2;/0 /Ij z(uj) dedt <C /0 (uq1(t,0)) dt+;/0 (Ozu;(t,0))°dt

+§:1/0T/lj(1 + z)a;(u;)dudt.

Joining these two estimates, we deduce (4.6)).
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