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Abstract

We develop an error-in-constitutive-relation (ECR) approach toward the full-field characterization
of linear viscoelastic solids described within the framework of standard generalized materials. To
this end, we formulate the viscoelastic behavior in terms of the (Helmholtz) free energy poten-
tial and a dissipation potential. Assuming the availability of full-field interior kinematic data, the
constitutive mismatch between the kinematic quantities (strains and internal thermodynamic vari-
ables) and their “stress” counterparts (Cauchy stress tensor and that of thermodynamic tensions),
commonly referred to as the ECR functional, is established with the aid of Legendre-Fenchel gap
functionals linking the thermodynamic potentials to their energetic conjugates. We then proceed by
introducing the modified ECR (MECR) functional as a linear combination between its ECR parent
and the kinematic data misfit, computed for a trial set of constitutive parameters. The affiliated
stationarity conditions then yield two coupled evolution problems, namely (i) the forward evolution
problem for the (trial) displacement field driven by the constitutive mismatch, and (ii) the backward
evolution problem for the adjoint field driven by the data mismatch. This allows us to establish
compact expressions for the MECR functional and its gradient with respect to the viscoelastic con-
stitutive parameters. For generality, the formulation is established assuming both time-domain (i.e.
transient) and frequency-domain data. We illustrate the developments in a two-dimensional set-
ting by pursuing the multi-frequency MECR reconstruction of (i) piecewise-homogeneous standard
linear solid, and (b) smoothly-varying Jeffreys viscoelastic material.

∗Corresponding author (guzin001@umn.edu)
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1 Introduction

Material characterization of lossy solids through the lens of linear viscoelasticity carries a broad range
of applications across sciences and engineering disciplines. In geophysics and geomechanics [12, 35, 38,
5], for instance, effective parameters of energy dissipation – often synthesized via the reciprocal P- and
S-wave quality factors – are known to relate to hydrocarbon reservoir parameters, the state of crust and
uppermost mantle, tectonic evolution, and hydrogeology. In medicine, on the other hand, viscoelastic
properties are known to correlate with tissue pathology, see e.g. [19, 25]. One potential application
that motivates this study is that of mineral CO2 storage [31], which puts a spotlight on the (presently
unknown) mechanical fingerprint of reactive flow in mafic and ultramafic rocks. When dealing with
lossy solids, the conventional approach of linear elasticity to non-invasive material interrogation is
clearly inadequate for it ignores the dissipation-induced wave attenuation and dispersion [4].

In certain applications such as medical diagnosis, the use of ultrasound and magnetic resonance
imaging facilitates the remote sensing of interior deformation (or motion) data [28, 19], which can
then be used as sensory input for material characterization. In experimental mechanics, a similar
claim can be made in terms of laser Doppler vibrometer observations [33, 26] of the plane-stress
ultrasonic wavefields propagating through slab-like solid specimens. The class of inverse solutions
that operate on this premise are commonly known as elastography techniques, see [11, 25] for reviews.
In the context of viscoelastic characterization, there are a variety of avenues to elastography, including
direct algebraic inversion [24, 30, 26], adjoint state techniques [36, 37, 32], and error-in-constitutive-
relation (ECR) approach [6]. While the algebraic inversion methods postulate spatial differentiability
of the interior data which makes them susceptible to measurement errors, all existing approaches
to viscoelastic elastography rely on the premises of either (i) time-harmonic motion or (ii) specific
constitutive model, or both. Thanks to the correspondence principle in linear viscoelasticity [9], the
premise of time-harmonic motion is particularly helpful for it permits generalization of the elastic
solutions by allowing the moduli to be complex-valued.

To help establish a universal framework for the viscoelastic characterization of lossy solids from
the interior deformation data we pursue the modified ECR framework, in both time- and frequency-
domain, by formulating the viscoelastic constitutive behavior as that of a standard generalized material
(SGM) [13, 10]. The SGM framework describes a broad family of lossy constitutive models that
are formulated via two convex thermodynamic potentials, namely the Helmholtz free energy and
dissipation potential. In short, the ECR approach [15] to elastography relies on minimization of a
functional that quantifies the misfit in a constitutive relation that connects kinematically-admissible
strains and physically-admissible stresses satisfying the balance of linear momentum. More recently,
researchers have pursued a modified ECR (MECR) functional [17, 1, 8, 2, 3, 6] – adopted in this study
- that endows its ECR predecessor with a penalty term featuring the (interior) kinematic data misfit.

We begin the analysis in Section 2 by describing a linear viscoelastic solid within the SGM frame-
work featuring the relevant kinematic quantities and their energetic conjugates. To help establish the
MECR method in a thermodynamic setting, in Section 3 we formulate the conjugate (free energy and
dissipation) potentials via the Legendre-Fenchel transform, which then motivates introduction of the
respective (constitutive) gap densities. Section 4 formulates the constrained optimization problem
for the MECR-based cost functional, whose Lagrangian combines the ECR functional, a quadratic
penalty term quantifying the kinematic data misfit, and a weak statement of the balance of linear
momentum. The affiliated stationarity conditions then yield two coupled evolution problems, namely
(i) the forward evolution problem for the (trial) displacement field driven by the constitutive mis-
match, and (ii) the backward evolution problem for the adjoint field driven by the data mismatch.
Section 5 and Section 6 specialize the MECR method to time-harmonic interior data and a pair of
classical viscoelastic models, respectively. The analysis is illustrated in Section 7 via two-dimensional
reconstruction of (i) piecewise-uniform and (ii) smoothly-graded viscoelastic solid.
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2 Linear viscoelastic solid as a standard generalized material

Standard generalized material (SGM) describes a broad family of constitutive models for solids that
are formulated via two convex thermodynamic potentials, namely the free energy ψ and dissipation
potential φ. The seminal paper on SGMs appears to be [13]; an early review of the related continuum
thermodynamics concepts is available in [10], and these ideas also appear in monographs such as [20,
Sec. 5.1], [23, Chap. 2] and [29, Chaps. 1, 2, 7]. Hereon we assume small-deformation conditions,
implying in particular that the material time derivative is well approximated by the partial time
derivative. Letting u denote the time history of the germane displacement field, constitutive models
belonging to the SGM class are formulated in terms of two convex potentials, namely the Helmholtz
free energy ψ = ψ(ε,α) and a dissipation potential φ = φ(ε̇, α̇), where ε = ε[u] is the linearized
strain tensor, α is a tensor of internal thermodynamic variables, and the over-dot symbol stands for
the partial time derivative. For the present case of linear viscoelasticity, both potentials ψ and φ are
differentiable (and in fact quadratic) functions of their arguments. On decomposing the Cauchy stress
tensor σ caused by u into a reversible component σe and irreversible component σv as

σ[u] = σe[u] + σv[u], (1)

the SGM constitutive relationships then yield σe, σv and the tensor of thermodynamic tensions A
(energetically conjugate to α) as

σe[u] = ∂εψ, σv[u] = ∂ε̇φ, A[u] = −∂αψ = ∂α̇φ. (2)

Assuming isothermal conditions (which is our premise going forward), the power per unit volume
D = TS (T =temperature, S =specific entropy) dissipated by a material obeying (2) reads

D = σv : ε̇+A :α̇, (3)

noting that the sign convention in the expressions for A[u] is chosen so that D has the form (3).

2.1 Linear viscoelastic solid. Within the SGM formalism, we consider the class of viscoelastic solids
described by the free-energy potential and a dissipation potential given respectively by

ψ(ε,α) = 1
2

(
ε :Cε :ε+ 2ε :Cm :α+α :Cα :α

)
,

φ(ε̇, α̇) = 1
2

(
ε̇ :Dε : ε̇+ 2ε̇ :Dm :α̇+ α̇ :Dα :α̇

)
,

(4)

where (i) the second-order symmetric tensor α (i.e. “viscoelastic strain” tensor) collects internal vari-
ables of the model; (ii) Cε,Cα,Dε and Dα are fourth-order tensors, characterized by major and minor
symmetries, that define non-negative quadratic forms over the second-order symmetric tensors; and
(iii) Cm and Dm are the fourth-order tensors carrying minor symmetries and must be such that ψ(ε,α)
and φ(ε̇, α̇) are positive – and so convex – functions. For clarity of exposition, we hereon assume that
Cm and Dm also carry the major symmetry. This (unnecessary but convenient) simplifying hypothesis
covers most cases of practical interest. Finally, tensors Cε and Dα are assumed to be invertible and
hence positive definite.

2.2 Constitutive relations. The constitutive equations (2) imply ∂αψ + ∂α̇φ = 0, i.e.

Dα :α̇+ Cα :α+Dm : ε̇+ Cm :ε = 0. (5)

For a given strain history ε(t), the above identity is a tensor-valued first-order ordinary differential
equation (ODE) for the internal variable history α(t). Solving this tensor ODE by means of Duhamel’s
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formula yields, under the assumption of quiescent past, the viscous strain α as a linear functional on
the strain history up to time t: we have

α(t) = −F [Cm :ε+Dm : ε̇](t), (6)

where the tensor-valued linear convolution operator s 7→ F [s] is given by

F [s](t) =

∫ t

0
exp[−Q(t−τ)] :D−1

α :s(τ) dτ, Q :=D−1
α :Cα (7)

(the exponential of a tensor being defined like that of a matrix) and verifies

Dα :Ḟ [s] + Cα :F [s]− s = 0. (8)

On integrating by parts the term featuring ε̇, the expression (6) of α is recast as

α[u](t) = −D−1
α :Dm :ε(t)−F [Ĉ :ε](t), with Ĉ := Cm − Cα :D−1

α :Dm. (9)

By (2) and (4), the viscoelastic stress tensor σ[u](t) due to given strain history ε[u](τ), τ ⩽ t reads

σ[u](t) = ∂εψ + ∂ε̇φ = Dε : ε̇+ Cε :ε+Dm :α̇[u] + Cm :α[u]. (10)

Then, eliminating α̇[u] in the above formula by way of (5), using (9) and rearranging terms, one finds

σ[u](t) = CI :ε(t) +DI : ε̇(t)− ĈT:F [Ĉ :ε](t), (11)

where Ĉ is given by (9) and

CI = Cε − Cm :C−1
α :Cm + ĈT :C−1

α : Ĉ, DI = Dε −Dm :D−1
α :Dm (12)

signify respectively the instantaneous elasticity and viscosity tensors that are characterized by major
(and minor) symmetries.

Remark 1. In general, the assumptions made in Section 2.1 do not guarantee the major symmetry
of tensors Q and Ĉ; however they do when the material tensors in (4) are isotropic.

2.3 Reciprocity property. The viscoelastic constitutive model (11) carries the following reciprocity
property (an extension of the symmetry relationship in linear elasticity) and plays a key role in this
study. See Appendix A.1, electronic supplementary material (ESM) for proof.

Lemma 1 (Stress-strain reciprocity). Let u,w be two time-dependent displacement fields defined over
the time interval [0, T ]. Let wR(x, •) := w(x, T − •) and σR(x, •) := σ(x, T − •) be the time-reversed
versions of w and σ, respectively. Then, the strain histories ε[u], ε[w] and viscoelastic stress histories
σ[u],σR[wR] obey the reciprocity identity∫ T

0

(
σ[u] :ε[w]− σR[wR] :ε[u]

)
dt =

(
ε[w] :DI :ε[u]

)∣∣T
0
.

3 Error in constitutive relation

To resolve the SGM material parameters featured in (4) from the full-field sensory data uobs, the
general idea is (as usual) to minimize a misfit between the physical observations and their (viscoelastic)
simulations u. In this work we endow the objective function, using Legendre-Fenchel constitutive gap
functionals, with a misfit between (i) the viscoelastic stress field σ[u] that is compatible with the
assumed constitutive model, and (ii) the “optimal” stress field σ that solves the stationarity problem
which accounts for both the constitutive gap, the data misfit, and the constraint that σ must satisfy the
balance of linear momentum. By analogy to (1), we shall make use of the decomposition σ = σe+σv

in that, loosely speaking, σ → σ[u] implies σe → σe[u] and σv → σv[u].
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3.1 Legendre-Fenchel constitutive gap functionals. Error in constitutive relation (ECR) function-
als for history-dependent constitutive models belonging to the SGM class can be expressed in terms
of the Legendre-Fenchel gaps associated with potentials ψ and φ. These gaps involve the conjugate
potentials ψ⋆ and φ⋆, defined as the Legendre-Fenchel transforms of ψ and φ (see e.g. [20, App. 2]),
namely

ψ⋆(σe,A) = max
ε,α

[
σe :ε−A :α− ψ(ε,α)

]
, (13a)

φ⋆(σv,A) = max
ε̇,α̇

[
σv : ε̇+A :α̇− φ(ε̇, α̇)

]
. (13b)

From (2), it is seen that the right-hand side of (13a) features the negative of enthalpy, which motivates
the use of the Legendre-Fenchel gaps. The assumed convexity of ψ and φ ensures that the maximization
problems entering definitions (13a,b) are solvable. The Legendre-Fenchel gaps ϵψ and ϵφ affiliated
respectively with potentials ψ and φ are then defined as

ϵψ(ε,α,σ
e,A) := ψ⋆(σe,A) + ψ(ε,α)− σe :ε+A :α, (14a)

ϵφ(ε̇, α̇,σ
v,A) := φ⋆(σv,A) + φ(ε̇, α̇)− σv : ε̇−A :α̇, (14b)

noting in particular the physical relevance of the last three terms in (14a) as the Gibbs free energy.
The potentials ψ and φ being convex, the Legendre-Fenchel gaps enjoy the key properties

ϵψ ⩾ 0, ϵψ = 0 ⇐⇒ {σe = ∂εψ, A = −∂αψ}, (15a)

ϵφ ⩾ 0, ϵφ = 0 ⇐⇒ {σv = ∂ε̇φ, A = ∂α̇φ}, (15b)

i.e. they are non-negative and vanish if and only if the thermodynamic variables satisfy the constitutive
relations (2). To demonstrate (15a), we note that ϵψ ⩾ ψ⋆(σe,A)+minε,α

[
ψ(ε,α)−σe :ε+A :α

]
= 0

by the definition (13a) of ψ⋆. Moreover, ϵψ = 0 when the optimality conditions for problem (13a)
(namely σe = ∂εψ and A = ∂αψ) are satisfied, i.e. when the featured variables are connected by the
constitutive relations. Analogous argument applies to (15b).

Thanks to (15), the Legendre-Fenchel gaps ϵψ and ϵφ allow us to quantify the local (in space and
time) constitutive mismatch between the “strain” tensor variables (ε,α) and their “stress” counter-
parts (σ=σe+σv,A) for a given viscoelastic material (4). The resulting ECR density can be defined
by either

(a) eECR(x, t) = ϵψ(x, t) + Tϵφ(x, t),

(b) eECR(x, t) = ϵψ(x, t) +

∫ t

0
ϵφ(x, τ) dτ, (x, t) ∈ Ω× [0, T ]

where ϵψ and ϵφ are functions of space and time via thermodynamic variables ε,σ etc., with the scaling
factor T in case (a) introduced for dimensional consistency. In the sequel, we focus on the form (a) of
eECR, which leads to the stationarity conditions that are somewhat easier to derive. For completeness,
we note that the ECR functionals based on the Legendre-Fenchel gap associated with thermodynamic
potentials have been formulated elsewhere for nonlinear (e.g. elastoplastic) constitutive models, see
e.g. [16] for FEM error estimation and [18] for material identification problems.

3.2 Conjugated potentials for linear viscoelastic materials. Since the potentials ψ and φ are by
premise quadratic, their conjugates are also quadratic functions (of the dual variables). For the generic
constitutive model given by (4), the stationarity equations that are relevant to problem (13a) read

σe − Cε :ε− Cm :α = 0, −A− Cm :ε− Cα :α = 0.

Solving the system for ε and α yields

ε = (CS
ε)

−1 :
(
σe + Cm :C−1

α :A
)
, α = −(CS

α)
−1 :

(
Cm :C−1

ε :σe +A
)
,

where
CS
ε := Cε − Cm :C−1

α :Cm, CS
α := Cα − Cm :C−1

ε :Cm. (16)

denote the respective Schur complements of Cε and Cα. As a result, from (14a) with ϵψ = 0, the5



conjugated potential ψ⋆ is given by

ψ⋆(σe,A) = 1
2

(
σe :C⋆σ :σe + 2σe :C⋆m :A+A :C⋆A :A

)
(17)

for any (σe,A), with the fourth-order tensors C⋆σ,C⋆A and C⋆m defined by

C⋆σ = (CS
ε)

−1, C⋆A = (CS
α)

−1, C⋆m = (CS
ε)

−1 :Cm :C−1
α . (18)

These tensors carry the minor and (excluding C⋆m) major symmetries and obey the interrelations

C⋆σ :Cε = C⋆m :Cm + I, C⋆A :Cα = C⋆mT :Cm + I,
C⋆σ :Cm = C⋆m :Cα, C⋆A :Cm = C⋆mT :Cε,

(19)

where I is the symmetric fourth-order identity tensor. For completeness, we note that C⋆m attains
major symmetry in the special case when the material tensors in (4) are isotropic, see also Remark 1.

Similarly, making use of (13b), (14b) and (15b) we obtain

φ⋆(σv,A) = 1
2

(
σv :D⋆

σ :σ
v − 2σv :D⋆

m :A+A :D⋆
A :A

)
, (20)

where the fourth-order tensors D⋆
σ,D⋆

A,D⋆
m are given by

D⋆
σ = (DS

ε)
−1, D⋆

A = (DS
α)

−1, D⋆
m = (DS

ε)
−1 :Dm :D−1

α (21)

in terms of the Schur complements

DS
ε := Dε −Dm :D−1

α :Dm, DS
α := Dα −Dm :D−1

ε :Dm,

and obey the counterparts of interrelations (19). Recalling (12), we note thatDS
ε = DI andD⋆

σ = D−1
I .

4 MECR-based minimization problem

4.1 Inverse problem. In this work, we seek to recover the SGM parameters featured by (4) of a
viscoelastic solid from the full-field measurements, uobs, of the displacement field therein – taken over
an “observation window” Ω ⊂ Rd, d ∈ {2, 3}. Specifically, the potentials ψ and φ are assumed to
depend on a set of material parameters p, to be estimated from the data. For simplicity of discussion,
we assume (i) no knowledge of the boundary data on Γ=∂Ω, (ii) absence of the body forces inside Ω,
and (iii) that the viscoelastic material occupying Ω is initially at rest. These default settings are
relaxed later in Section 4.6. We first tackle the general case of transient viscoelastic motions observed
over a time interval [0, T ], and then specialize the formulation to time-harmonic problems.

Since the boundary conditions on Γ are by premise left unspecified, we shall make use the dis-
placement spaces

U := V, W :=
{
v ∈V, v= 0 on Γ

}
⊂ U (22)

where V is a suitable energy space (typically V = H1(Ω;Rd) for the time-harmonic case and V =
H1(Ω× [0, T ];Rd) for the transient case). The displacement u and stress σ are required to verify the
balance of linear momentum, whose weak form a priori reads∫

Ω

∫ T

0

(
σ :ε[w] + ρü·w

)
dt dΩ =

∫
Γ

∫ T

0
n·σ ·w dtdΓ ∀w ∈ U .

In view of the assumed lack of information on boundary conditions on Γ, we henceforth restrict the
above weak statement to w ∈W, in effect exploiting only the interior balance equation:∫

Ω

∫ T

0

(
σ :ε[w] + ρü·w

)
dt dΩ = 0 ∀w ∈ W. (23)

For completeness, we note that (22) and (23) may be altered to accommodate the specification of
boundary conditions on (the whole or part of) Γ, in particular extending the present framework to
settings where the forward problem is well-posed, see Section 4.6.
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4.2 Objective functional. As examined in Section 3, the overall constitutive mismatch between
(ε,α) and (σ=σe+σv,A) for a given material (i.e. given p) can be quantified as

E(u,α,σe,σv,A,p) = Ee(ε[u],α,σe,A,p) + Ev(ε̇[u], α̇,σv,A,p) (24)

in terms of the stored-energy and dissipation components of the global ECR, given respectively by

Ee :=

∫
Ω

∫ T

0
ϵψ(ε,α,σ

e,A,p) dt dΩ, Ev :=

∫
Ω

∫ T

0
Tϵφ(ε̇, α̇,σ

v,A,p) dt dΩ. (25)

Remark 2. Equalities σe = σe[u] and σv = σv[u], whose right-hand sides are given by (2), hold
if and only if E = 0, see (15a,b); this is a basic tenet of the ECR approach to the characterization
of viscoelastic materials. Further, the appearance of the vector argument p in (24) and thereon sig-
nifies an explicit dependence of germane functionals on the viscoelastic coefficients featured by the
tensors Cα,Cm etc. in (4). With reference to (25), this motivates rewriting ϵψ(ε,α,σ

e,A) given
by (14a) as ϵψ(ε,α,σ

e,A,p), and similarly for ϵψ.

In the sequel, we make use of the short-hand notation

X = (u,α,σe,σv,A). (26)

Since E is to be minimized by taking advantage of the available sensory data, it is natural to introduce
the weighted functional

Λκ(X,p) := E(X,p) + 1
2κMT(u−uobs,u−uobs), (27)

where MT, given by

MT(r, s) :=

∫ T

0
M(r(·, t), s(·, t)) dt (28)

in terms of a positive, symmetric bilinear form M acting on functions defined in Ω, quantifies the
mismatch between the model displacements and their observations. A common choice for M is the
L2 scalar product M(r, s) = ε0 × (r, s)Ω over the measurement region, with the scalar multiplier
ε0 inserted to ensure dimensional consistency. The functional Λκ, often called the modified-error-in-
constitutive-relation (MECR) functional, is thus designed to seek values of the material parameters
(and related mechanical variables) that achieve a compromise between verifying the constitutive equa-
tions and reproducing the data.

While the practical goal of minimizing (27) is to identify p, the optimal value of X – as determined
by the optimal p – minimize the constitutive-data mismatch (measured in terms of Λκ, which is zero
under ideal conditions). Inherently, the field variables must verify the fundamental requirements of
continuum mechanics, namely the kinematic compatibility in terms of u, and the balance of linear
momentum in terms of u and σ = σe+σv. In this vein, the constitutive identification can be cast as
a PDE-constrained minimization problem

min
X,p

Λκ(X,p) subject to u∈U and (23). (29)

By virtue of (23), the first-order necessary optimality conditions for problem (29) can be conveniently
formulated by introducing the Lagrangian

L(X,w,p) := Λκ(X,p)−
∫
Ω

∫ T

0

(
(σe+σv) :ε[w] + ρü·w

)
dt dΩ, (30)

where the test function w ∈W in the balance equation (23) plays the role of a Lagrange multiplier.
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4.3 Stationarity conditions. The first-order necessary optimality conditions for the minimization of
Λκ require that the directional derivatives of L with respect to all variables vanish. Those conditions
can here be categorized into three groups. The first group gathers the directional derivatives w.r.t.
the stress and internal variables, namely

(a)
〈
∂σeL, σ̂e

〉
= 0 ∀ σ̂e, (c)

〈
∂AL, Â

〉
= 0 ∀ Â,

(b)
〈
∂σvL, σ̂v

〉
= 0 ∀ σ̂v, (d)

〈
∂αL, α̂

〉
= 0 ∀ α̂.

(31)

The second group collects the directional derivatives w.r.t. the kinematic variables, i.e.

(a)
〈
∂wL, ŵ

〉
= 0 ∀ ŵ,

(b)
〈
∂uL, û

〉
= 0 ∀ û,

(32)

while the directional derivatives w.r.t. the constitutive parameters〈
∂pL, p̂

〉
= 0 ∀ p̂ (33)

make up the last group. In (31)–(33), notation
〈
∂xf, x̂

〉
stands for the directional derivative of a

multivariate function f = f(x, y, . . .) w.r.t. x in direction x̂, given by〈
∂xf, x̂

〉
= lim

h→0

1

h

[
f(x+ hx̂, y, . . .)− f(x, y, . . .)

]
and is treated as a linear functional on the perturbation direction x̂.

Conditions (31) and (32) achieve the partial minimization of Λκ for fixed p (by solving, in the
present context, linear equations arising from convex quadratic functionals). Accordingly, this step
provides the constitutive-data mismatch for an assumed material, which is an essential component of
the overall methodology. Following [2], we hereon refer to (31) and (32) as the stationarity system.
As we will shortly see, the first group (31) yields local equations that can be solved explicitly, allowing
for subsequent elimination of stresses and internal variables, while the second group (32) produces a
system of global variational equations to be solved numerically.

Local stationarity equations. Recalling definition (24) of the ECR component E and introducing the
respective shorthand notations ε and η (with no argument) for the linearized strains ε[u] and ε[w],
equations (31) can be rewritten more explicitly as

(a) 0 =

∫
Ω

∫ T

0

{
∂σeψ⋆ − ε− η

}
: σ̂e dt dΩ ∀σ̂e,

(b) 0 =

∫
Ω

∫ T

0

{
T
(
∂σvφ⋆ − ε̇

)
− η

}
: σ̂v dt dΩ ∀σ̂v,

(c) 0 =

∫
Ω

∫ T

0

{
∂Aψ

⋆ +α+ T
(
∂Aφ

⋆ − α̇
)}

:Â dt dΩ ∀Â,

(d) 0 =

∫
Ω

∫ T

0

{(
∂αψ +A

)
:α̂+ T

(
∂α̇φ−A

)
: ˙̂α

}
dt dΩ ∀α̂, α̂( • , 0)= 0.

(34)

Equations (34a-c) are the weak forms of the pointwise (in space and time) equations

(a) 0 = ∂σeψ⋆ − ε− η

= C⋆σ :σe + C⋆m :A− ε− η,

(b) 0 = T
(
∂σvφ⋆ − ε̇

)
− η

= TD⋆
σ :σ

v − TD⋆
m :A− T ε̇− η,

(c) 0 = ∂Aψ
⋆ +α+ T

(
∂Aφ

⋆ − α̇
)

= C⋆mT :σe − TD⋆
m
T :σv + (C⋆A+TD⋆

A) :A+α− T α̇,

(35)
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which can be solved in closed form for σe,σv and A. As shown in Appendix A.2 (ESM), we find the
optimal “stress” variables satisfying (31a-c) to read

σe = Cε :ε+ Cm :α+ (Cε − Cm :D−1
α :Dm) :η − TCm :β,

σv = Dm :α̇+Dε : ε̇+ T−1DI :η −Dm :β,

A = Dα :α̇+Dm : ε̇−Dα :β,

(36)

where the auxiliary tensor-valued function β solves

(Dα+TCα) :β = Dα :α̇+Dm : ε̇+ Cα :α+ Cm :ε+ Ĉ :η (37)

and Ĉ is given in (9).
The remaining local equation (34d) is used to compute α and, by way of (37), β in terms of the

time histories of u and w. On integrating by parts in time the term involving ˙̂α, (34d) produces the
pointwise equations

0 = ∂αψ +A− T∂t
(
∂α̇φ−A

)
, 0 =

(
∂α̇φ−A

)
(T ), (38)

where the application of partial time derivative ∂t assumes φ = φ(x, t) and A = A(x, t), a spatiotem-
poral dependence that is implicit to (34). The terms ∂αψ +A and ∂α̇φ−A are then evaluated with
the help of formulas (36c) and (37), yielding

∂αψ +A = Cα :α+ Cm :ε+Dα :α̇+Dm : ε̇−Dα :β = TCα :β − Ĉ :η,

∂α̇φ−A = Dα :α̇+Dm : ε̇−Dα :α̇−Dm : ε̇+Dα :β = Dα :β.
(39)

As a result, (38) reduces to a pointwise ODE

Dα : β̇ − Cα :β + T−1Ĉ :η = 0, β(T ) = 0, (40)

which can be solved explicitly for β. Specifically, for the convolution operator F given by (7) and any
tensor-valued density s, we have

ḞR[sR](t) = ∂t

∫ T−t

0
exp[(θ − T + t)Q]D−1

α :s(T − θ) dθ = Q :FR[sR]− s(t),

and consequently
Dα :ḞR[sR]− Cα :FR[sR] + s = 0,

where sR( •) := s(T − •) and FR[s]( •) = F [s](T − •). Noting in addition that FR[s](T ) = 0 for any s,
the solution of (40) is computed as

β(t) = T−1FR[Ĉ :ηR](t). (41)

With (41) at hand, (37) can be solved for the viscous strain history α that solves the stationarity
conditions. To this end, we introduce the decomposition

α(t) = α[u](t) + a(t), (42)

where α[u] is computed via (9) for a given set of constitutive parameters. Since α[u] and α respectively
satisfy (5) and (37) and (Dα+TCα) :β − Ĉ :η = Dα : (β+T β̇) due to (40), the viscous strain misfit
a=α[u]−α can be shown to satisfy the pointwise ODE

Dα : ȧ+ Cα :a = Dα : (β+T β̇), a(0) = 0 (43)

whose right-hand side depends linearly on w. Invoking (8) with s = Dα : (β+T β̇), we obtain

a(t) = F [Dα : (β+T β̇)](t). (44)

9



Remark 3. A number of standard rheological models are characterized by Dε = Dm = 0, i.e. trivial
irreversible stress σv=0, see for instance Section 6. In those situations, the local stationarity condition
targeting σv (given alternatively by (31b), (34b) and (35b)) ceases to apply. The remaining stationarity
equations, however, still form a closed system. Specifically, when Dε = Dm = 0 the foregoing results
remain valid upon: (i) forsaking the cited equations and (ii) setting σv=0, Ĉ=Cm, CI=Cε, DI=Dε,
D⋆
σ= D⋆

m= 0, and D⋆
A= D−1

α .

Constitutive gap. On using (41)–(44) in (36), all stress variables featured in the local stationarity
equations (31a-d) are obtained in terms of u and w. In particular, summing the first two formulas
in (36) and making use of the expression (10) for σ[u] and decomposition (42), the stress σ=σe+σv

solving the local stationarity conditions is obtained as

σ = σ[u] + Cm :a+Dm : ȧ+ (CS
ε + Cm :C−1

α : Ĉ + T−1DI) :η − (TCm+Dm) :β, (45)

where the instantaneous (elasticity and viscosity) tensors CI and DI are given by (12). The above for-
mula emphasizes the distinction between the constitutive model (11) (which furnishes σ[u] depending
exclusively on u) and the stationarity solution σ (which depends on u and w). On using (41)–(44)
in (45), after some algebra we obtain

σ(t) = σ[u](t) + St[w](t), (46)

where
St[w](t) = (CI + T−1DI) :η(t) + ĈT :

(
a(t)− Tβ(t)

)
(47)

which, in light of (41) and (44), is linear in the history of η = ε[w] over [t, T ]. The tensor-valued
functional St[w] thus quantifies the constitutive gap (σ − σ[u])(t) between (i) the stress σ solving
the stationarity system, and (ii) σ[u] computed via the assumed constitutive model.

Global stationarity equations. We are now in a position to formulate the global stationarity equations
arising from conditions (32a,b) bearing in mind that the displacement fields u and w, and hence their
variations û and ŵ in the directional differentiation process, are elements of U and W, respectively.
First, condition (32a) reads∫

Ω

∫ T

0

(
σ :ε[ŵ] + ρü·ŵ

)
dt dΩ = 0 ∀ ŵ ∈W. (48)

Since σ is given by (46) while u has quiescent past, (48) yields∫
Ω

∫ T

0

(
σ[u] :ε[ŵ] + ρü·ŵ

)
dt dΩ = −

∫
Ω

∫ T

0
St[w] :ε[ŵ] dt dΩ ∀ ŵ ∈W,

u(·, 0) = u̇(·, 0) = 0 in Ω, (49)

which can be interpreted as a viscoelastic forward evolution problem for u ∈ U driven by the con-
stitutive mismatch, St[w], between σ and σ[u]. We note that given w ∈ W, (49) constitutes an
underdetermined problem for u since W (the space of test functions) is strictly contained in U .

By virtue of (14a), (14b), (24)–(27) and (30), on the other hand, condition (32b) becomes∫
Ω

∫ T

0

{(
∂εψ − σe

)
:ε[û] + T

(
∂ε̇φ− σv

)
:ε[ ˙̂u]− ρw· ¨̂u

}
dt dΩ

+ κ

∫ T

0
M(u−uobs, û) dt = 0 ∀ û∈U . (50)
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To suppress the temporal differentiation of û, (50) is conveniently integrated by parts as∫
Ω

∫ T

0

{
∂εψ − σe − T∂t

(
∂ε̇φ− σv

)}
:ε[û] dt dΩ−

∫
Ω

∫ T

0
ρẅ·û dt dΩ

+

∫
Ω
T
(
∂ε̇φ− σv

)
(T ) :ε[û](T ) dΩ−

∫
Ω
ρ
{
w(T )· ˙̂u(T )− ẇ(T )·û(T )

}
dΩ

+ κ

∫ T

0
M(u−uobs, û) dt = 0 ∀ û∈U . (51)

Classical arguments underpinning variational formulations then dictate that the resulting integrals
over Ω and over Ω× [0, T ] vanish separately. The first requirement results in w being at rest at the
final time, i.e. w(·, T ) = ẇ(·, T ) = 0 in Ω. Then, the second requirement is reformulated using (36)
to express ∂εψ − σe and ∂ε̇φ− σv in terms of u and w (via their strains and strain rates). We find

∂εψ − σe = TCm :β +
(
Cm :D−1

α :Dm − Cε
)
:η,

∂ε̇φ− σv = Dm :β − T−1DI :η,
(52)

which allows us to evaluate

∂εψ − σe − T∂t
(
∂ε̇φ− σv

)
= T

(
Cm :β −Dm : β̇

)
+
(
Cm :D−1

α :Dm − Cε
)
:η +DI : η̇

(a)
= T ĈT :β +DI : η̇ − CI :η

(b)
= ĈT ::FR[Ĉ :ηR] +DI : η̇ − CI :η

(c)
= −σR[wR], (53)

where (a) follows from the governing ODE (40) for β and the definition (12) of CI; (b) uses the
expression (41) for β, and (c) stems from the constitutive relation (11) in time-reversed form. In view
of (51) and (53), condition (32b) yields the variational equation∫

Ω

∫ T

0

(
σR[wR] :ε[û] + ρẅ·û

)
dt dΩ = κ

∫ T

0
M(u−uobs, û) dt ∀ û∈U ,

w(·, T ) = ẇ(·, T ) = 0 in Ω. (54)

which can be interpreted as a viscoelastic backward evolution problem for w ∈ W driven by the
measurement residuals. Equation (54) in isolation, however, defines an overdetermined problem: given
u ∈ U , it has a unique solution w ∈ U which in general fails to vanish on Γ as mandated by the
definition of W in (22).

Coupled stationarity problem. Summarizing, the first-order conditions (31) and (32) lead to the
coupled variational stationarity system for (u,w) ∈ U×W given by (49) and (54). Based on the cor-
responding results [2] for time-harmonic elastodynamics, coupled equations (49) and (54) are expected
to be uniquely solvable for (u,w) ∈ U×W assuming: (i) the sufficiency of sensory data uobs, and (ii)
additional restrictions on the data functional MT. However, further investigation (that is beyond the
scope of this study) is necessary to settle this issue. Given the time histories (u,w) ∈ U ×W solv-
ing (49) and (54), the Cauchy stress tensor σ = σe+σv and the tensor of thermodynamic tensions A
are then computed from (36), while the viscoelastic strain α is obtained from (42) with (9) and (44).

4.4 Reduced objective function and its derivative. In a full-space version (29) of the constitutive
identification problem, stationarity equations (31)–(33) are solved (iteratively) as a whole; see [7,
e.g.] in the context of geophysical full-waveform inversion. Alternatively, a reduced-space approach
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can be formulated: let Xp = (up,αp,σ
e
p,σ

v
p,Ap) solve (31)–(32) for given p (via partial constrained

minimization of Λκ with fixed p). Then, reduced versions of the ECR and data-misfit components of
Λκ that depend only on p can be defined as

Ẽ(p) := E(Xp,p), M̃T(p) := MT(up−uobs,up−uobs). (55)

As a result, letting Λ̃κ(p) = Λκ(Xp,p), problem (29) can be recast in reduced minimization form as

min
p

Λ̃κ(p), Λ̃κ(p) := Ẽ(p) + 1
2κM̃T(p) = min

X
Λκ(X,p). (56)

The next result, whose proof is given in Appendix A.3 (ESM), provides the key expressions of practical
importance in the application of gradient-based minimization method to solving (56).

Proposition 1 (reduced MECR functional and its gradient). Let up,wp and the dependent quantities
αp,σ

e
p,σ

v
p and Ap solve the stationarity system (31)–(32) for given p. Then the reduced MECR

functional in (56) is given by

Λ̃κ(p) = −1
2κMT(up−uobs,uobs),

and its derivative by
Λ̃′
κ(p) = ∂pL(Xp,wp,p) = ∂pE(Xp,p), (57)

where ()′ denotes the derivative of a univariate function (that accounts for implicit dependencies);
E(Xp,p) is given by (24)–(25), and ∂p is the partial derivative w.r.t. p.

Expression (57) in particular demonstrates that evaluation of the MECR gradient requires no
additional computation of the global stationarity solutions. For completeness, we remark that the
constitutive gap can be alternatively expressed as E(Xp,p) = Ě(wp,p) as elucidated in the following
claim (see Appendix A.4, ESM for proof).

Proposition 2. For any w ∈W, we have∫ T

0
St[w] :η dt =

∫ T

0

{
η :

(
CS
ε + T−1DI

)
:η + Tβ :Dα :β + T 2β̇ :Dα :C−1

α :Dα : β̇
}
dt ⩾ 0, (58)

where CS
ε is the Schur complement of Cε given by (16). The ECR functional E = Ee + Ev given

by (24)–(25) permits an alternative representation

Ě(wp,p) =
1
2

∫
Ω

∫ T

0
St[wp] :ε[wp] dΩ dt, (59)

with its stored-energy and dissipation components given respectively by

Ěe(wp,p) =
1
2

∫
Ω

∫ T

0

{
ηp :CS

ε :ηp + T 2β̇p :Dα :C−1
α :Dα : β̇p

}
dt dΩ,

Ěv(wp,p) =
1
2

∫
Ω

∫ T

0
T−1

{
ηp :DI :ηp + T 2βp :Dα :βp

}
dt dΩ.

(60)

Expressions (59)–(60) highlight the fact that E(Xp,p) = Ě(wp,p) carries a quadratic dependence
on wp. As in previous MECR studies pertaining to linear elasticity, the Lagrange multiplier field
w thus plays a key role in quantifying the constitutive gap. However, we note that representation
(59)–(60) is useful for the evaluation of individual ECR components, but (recalling Proposition 1)
not particularly so for evaluating the gradient ∂pE(Xp,p) = ∂pĚ(w(Xp,p),p) for the computation
of ∂pw(Xp,p) inherently requires solving an additional global stationarity problem.
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4.5 L-curve of the MECR functional. Let (Xp(κ),p(κ)) be the solution (provisionally assuming
uniqueness) of the minimization problem (29) for given κ > 0, which is in this section treated as a
function of κ to highlight its role. Let then

E(κ) := Ẽ(p(κ)), M(κ) := 1
2M̃T(p(κ))

denote the MECR components at the minimizer, so that Λ̃κ(p(κ)) = E(κ) + κM(κ). For the case of
time-harmonic elasticity [2], the limiting behavior of E(κ) and M(κ) is found as

E(κ) = O(κ), M(κ) = O(1) as κ→ 0,

E(κ) = O(1), M(κ) = O(κ−2) as κ→ ∞,
(61)

and we provisionally assume that (61) also applies to the present problem. In [2], the limiting case as
κ → 0 was shown (assuming time-harmonic elasticity) to recover the conventional PDE-constrained
L2 minimization framework (without regularization).

We now study the L-curve defined by

κ 7→
(
E(κ), M(κ)

)
κ ∈ R+, (62)

which is (explicitly or implicitly) involved in many methods for identifying an optimal κ.

Proposition 3. Function κ 7→ E(κ) (resp. κ 7→ M(κ)) is increasing (resp. decreasing), and the
L-curve (62) is a convex arc in the (E,M)-plane. See Appendix A.5 (ESM) for proof.

An important consequence of Proposition 3, combined with the knowledge of the limiting cases (61),
is the following: for any n > 0 such that M(0) > n2, there exists κ such that M(κ) = n2 (and that
value is usually unique). In practice, n stands for the (estimated) measurement noise level (such that
1
2MT(u−uobs,u−uobs) = n2 for the displacement u arising in the true material. The selection rule for
selecting the optimal value κ = κ⋆ based on achieving M(κ⋆) = γn2 at the minimizer for some γ ⩾ 1 is
known as the Morozov discrepancy criterion [22]. In general, selection rules that do not require prior
information on n, e.g. those based on the L-curve criterion, also exist. They usually consist in seeking
κ = κ⋆ such that (E,M)(κ⋆) is closest to the origin; the precise meaning of “closest” being definable
in many ways, e.g. the point of maximum curvature [14] in the logM vs. logE diagram. We note for
completeness that the latter curve is not guaranteed to be convex everywhere; as will be seen shortly,
however, there may exist an inner convex region that caters for the selection of κ⋆ via the L-curve
criterion.
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Figure 1: L-curve in the (E,M) plane and Morozov criterion for selecting κ.
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4.6 Discussion. In this section, we collect a few remarks regarding comparison of methods, or direct
extensions or modifications of the foregoing MECR-based methodology.

Boundary conditions and excitations. The MECR-based formulation presented in Section 4 can
easily be modified to accommodate other boundary condition and excitation settings. For example,
we may assume the displacement u to be constrained on ΓD ⊂ Γ, and a surface traction g to be
prescribed on another part ΓN of Γ, with the boundary subsets ΓN and ΓD only required to not overlap
(i.e., ΓN ∩ ΓD = ∅), so that the remaining part Γc := Γ \ (ΓN ∪ ΓD) where no information is available
may still be non-empty. In such instances, the displacement spaces U ,W are redefined as

U :=
{
v ∈V, v= 0 on ΓD

}
, W :=

{
v ∈V, v= 0 on ΓD∪Γc

}
⊂ U . (63)

In particular, for well-posed boundary conditions, Γc= ∅ and (63) simplifies to W = U .
In situations where the prescribed excitation is applied directly to Ω, the balance of linear momen-

tum (23) becomes ∫
Ω

∫ T

0

(
σ :ε[w] + ρü·w

)
dt dΩ = F(w) ∀w ∈ W,

where the linear functional F gathers all local excitations (such as surface tractions on ΓD or body
forces).

The MECR-based identification method of Section 4 then still applies under the above conditions,
provided (i) the spaces U ,W are defined by (63) and (ii) the linear functional F(w) is added to the
right-hand sides of (30) and (49).

Initial and final conditions. For simplicity, this study assumes quiescent past for the field quantities,
whereby u andw are subject to the homogeneous initial and final conditions, respectively. This feature
is shared with the usual PDE-constrained minimization of L2 data residuals. In situations where the
sensory data uobs are available only after some later time, the ability to restrict computations over the
actual time duration of measurements would be beneficial. In such situations, the initial values of u
and α are usually not known. It might be possible to overcome this lack of initial data by a treatment
akin to that of the boundary conditions on Γ; specifically, one would expect (by analogy) to have to
impose the homogeneous initial conditions, in addition to the homogeneous final conditions, on w via
re-specification of the test function space W in (22).

Weighted ECR functional. A modified definition (24) of the ECR component of the form E =
Ee + γEv (where Ee, Ev are defined by (25) and γ > 0 is a dimensionless weight) may easily be
implemented, by simply changing T to γT in the formulation of the coupled stationarity problem.
This allows one to reweigh the contribution the stored-energy and dissipation components of the
constitutive model.

5 Stationarity system for the time-harmonic case

We next derive the stationarity system for the MECR functional applied to time-harmonic motions.
The latter are assumed to have the form u(x, t) = Re(u(x)e−iωt), where ω is a prescribed frequency
and u is a complex-valued function. The reference signal duration T is taken as one period, i.e.
T = 2π/ω, and the featured spatiotemporal integrals of bilinear (or quadratic) expressions reduce as∫

Ω

∫ T

0
u·v dΩdt =

π

ω

∫
Ω
Re(u·v) dΩ, (64)
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where the overbar denotes complex conjugation. In addition, for real-valued functions f of a generic
complex-valued variable x = xR+ixI (e.g. the potentials) we adopt the following convention for their
directional derivatives: 〈

∂xf, x̂
〉
= Re

{
(∂xRf + i∂xIf)·x̂

}
, (65)

which has the property〈
∂ixf, x̂

〉
= Re

{
(−∂xIf + i∂xRf)·x̂

}
= Re

{
i(∂xRf + i∂xIf)·x̂

}
→ ∂ixf = i∂xf.

In this setting, all quadratic potentials become Hermitian forms, e.g.

ψ(ε,α) = 1
2

(
ε :Cε : ε̄+α :Cm : ε̄+ ε :Cm :ᾱ+α :Cα :ᾱ

)
,

with the same tensor-valued coefficients as in the transient case. The constitutive relations (2) also
retain the same form (with e.g. ε̇ = −iωε for strain rates), so that

σe[u] = Cε :ε+ Cm :α, σv[u] = −iω(Dε :ε+Dm :α). (66)

By virtue of the above results, we further have

φ(ε̇, α̇) = ω2φ(ε,α), ∂α̇φ(ε̇, α̇) = −iω∂αφ(ε,α), (67)

and we shall in this section use the short-hand notation φ := φ(ε,α). Similarly, the conjugate
potentials ψ⋆ and φ⋆ are given by the Hermitian-form versions of (17) and (20), with their tensor
coefficients still given by (18) and (21).

Remark 4. As all objective functionals and PDE constraints in variational form involve integration
over time, the multiplicative factor π/ω featured in (64) is carried over by each relevant frequency-
domain counterpart of the general formulation and is hereon omitted for brevity.

The linear viscoelastic constitutive relation results from noting that the differential equation (5)
on α becomes algebraic and yields

α[u] = −(Cα− iωDα)
−1 : (Cm− iωDm) :ε, (68)

allowing for easy elimination of α = α[u] in (66). As a result, the stress is related linearly to the
strain as

σ[u] = (σe + σv)[u] = C(ω) :ε,

with the tensor of complex viscoelastic moduli C(ω) given by

C(ω) = (Cε− iωDε)− (Cm− iωDm) : (Cα− iωDα)
−1 : (Cm− iωDm) (69)

which carries major and minor symmetries. Straightforward calculations allow us to show that C(ω)
permits an alternative expression

C(ω) = CI − iωDI − ĈT: (Cα− iωDα)
−1 : Ĉ.

15



Objective functional. Recalling (26), the frequency-domain counterpart of the ECR functional reads

E(X,p;ω) :=
∫
Ω

{
ϵψ(ε,α,σ

e,A,p) + Tϵφ(ε,α,σ
v,A,p;ω)

}
dΩ,

where the Legendre-Fenchel gaps are given (using the first of (67) for ϵφ) by

ϵψ(ε,α,σ
e,A,p) := ψ(ε,α,p) + ψ⋆(σe,A,p)− Re

[
σe : ε̄−A :ᾱ

]
,

ϵφ(ε,α,σ
v,A,p;ω) := ω2φ(ε,α,p) + φ⋆(σv,A,p)− Re

[
iω(σv : ε̄+A :ᾱ)

]
,

with the potentials and their conjugates understood as Hermitian forms. The MECR functional Λκ
is then defined by

Λκ(X,p;ω) := E(X,p;ω) + 1
2κM(u−uobs,u−uobs), (70)

where M(r, s) is the positive symmetric bilinear form introduced in (28). The minimization of (70)
subject to the time-harmonic version of the balance constraint (23) leads to introducing the Lagrangian

L(X,w,p;ω) := Λκ(X,p;ω)− Re
{∫

Ω

(
(σe+σv) :ε[w̄]− ρω2u·w̄

)
dΩ

}
(71)

where, consistently with the convention (65), the test function w ∈ W is conjugated. The resulting
first-order optimality conditions are the time-harmonic versions of conditions (31)-(33).

Local stationarity equations. Recalling the short-hand notation ε = ε[u] and η = ε[w], equa-
tions (31a-c) lead to the time-harmonic versions of the pointwise equations (35), i.e.

(a) 0 = ∂σeψ⋆ − ε− η,

(b) 0 = T
(
∂σvφ⋆ + iωε

)
− η,

(c) 0 = ∂Aψ
⋆ +α+ T

(
∂Aφ

⋆ + iωα
)
.

Solving them for σe,σv,A yields

σe = Cε :ε+ Cm :α+
(
Cε − Cm :D−1

α :Dm

)
:η − TCm :β,

σv = −iωDm :α− iωDε :ε+ T−1DI :η −Dm :β,

A = −iωDα :α− iωDm :ε−Dα :β,

(72)

with β given by
(Dα+TCα) :β = (Cα− iωDα) :α+ (Cm− iωDm) :ε+ Ĉ :η. (73)

Then, the time-harmonic counterpart of the stationarity condition (34d) is

0 =

∫
Ω

{
∂αψ +A− iωT (iω∂αφ+A)

}
:α̂ dΩ ∀ α̂

with A given by (72), implying (after some algebra) the pointwise algebraic equation

(Cα+iωDα) :β − T−1Ĉ :η = 0, (74)

which provides the value of β in terms of w. We next substitute the last result into (73) and set
α = α[u]+a (where a evaluates, as in Sec. 4.3, the constitutive gap between α[u] given by (68) and
α solving the local stationarity equations); a is hence given in terms of w by

(Cα− iωDα) :a = (Dα+TCα) :β − Ĉ :η = (T−1− iω)Dα : (Cα+iωDα)
−1 : Ĉ :η. (75)
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Constitutive gap. From (72), the stress σ = σe+σv solving the stationarity system is computed as

σ = C(ω) :ε+ (Cm− iωDm) :a+
(
CS
ε + T−1DI + Cm :C−1

α : Ĉ
)
:η − (TCm +Dm) :β,

where C(ω) is given by (69). On substituting the values of β and a respectively provided by (74)
and (75), σ can be written in terms of u and w by

σ = C(ω) :ε+ S(ω) :η, (76)

where C(ω) is given by (69) and

S(ω) = CI + T−1DI + ĈT: (Cα − iωDα)
−1 : (T−1Dα − Cα) : (Cα + iωDα)

−1 : Ĉ,

which is seen to define a Hermitian sesquilinear form over the field of second-order tensors. In fact,
using definition (16) of the Schur complement CS

ε in (12) which yields CI = CS
ε + ĈT:C−1

α : Ĉ, we obtain
an alternative expression

S(ω) = CS
ε + T−1DI + ĈT: (Cα − iωDα)

−1 : (T−1Dα + ω2Dα :C−1
α :Dα) : (Cα + iωDα)

−1 : Ĉ,

which demonstrates that S(ω) is Hermitian positive definite (which is consistent with its time-
integrated counterpart (58)).

Global stationarity equations. Condition (32a) now reads∫
Ω

(
σ :ε[ŵ]− ρω2u·ŵ

)
dΩ = 0 ∀ ŵ ∈W.

The stress being given by (76), we hence obtain∫
Ω

{(
C(ω) :ε[u]

)
:ε[ŵ]− ρω2u·ŵ

}
dΩ = −

∫
Ω

(
S(ω) :ε[w]

)
:ε[ŵ] dΩ ∀ ŵ ∈W (77)

which, as in the transient case, takes the form of a viscoelasticity problem for u driven by an initial
strain field that depends linearly on ε[w].

The time-harmonic version of condition (32b) a priori takes the form∫
Ω

{(
∂εψ − σe − iωT (iω∂εφ + σv)

)
: ε[û] + ρω2w · û

}
dΩ = −κM(u−uobs, û) ∀ û ∈ U . (78)

Moreover, σe and σv being given by (72), we have

∂εψ − σe − iωT (iω∂εφ+ σv) =
{
(Cm+iωDm) : (Cα+iωDα)

−1 : Ĉ + (Cm :D−1
α :Dm − Cε − iωDI)

}
:η

=
{
(Cm+iωDm) :

(
(Cα+iωDα)

−1 : Ĉ +D−1
α :Dm

)
− (Cε+iωDε)

}
:η

=
{
(Cm+iωDm) : (Cα+iωDα)

−1 : (Cm + iωDm) :η − (Cε + iωDε)
}
:η

= −C(ω) :η

Accordingly, the variational equation (78) reduces to∫
Ω

((
C(ω) :ε[w]

)
:ε[û]− ρω2w·û

)
dΩ = κM(u−uobs, û) ∀ û∈U . (79)

Indeed, since the time reversal amounts to complex conjugation in the frequency domain, (79) has the
form (as in the transient case (54)) of a time-reversed time-harmonic viscoelasticity problem driven
by the measurement residuals.
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Coupled stationarity problem. Summarizing, the stationarity conditions (31)–(32) lead to the cou-
pled variational problem on (u,w) ∈ U ×W given by (77) and (79). Once the solution pair (u,w) is
computed, components σe and σv of the Cauchy stress tensor, tensor of thermodynamic tensions A,
and viscoelastic strain tensor α are given explicitly by (72) and (75), with β solving (74).

Remark 5. The foregoing formulation allows for a straightforward extension to multi-frequency sens-
ing where the constitutive parameters are sought by minimizing a cumulative MECR functional

Λκ,L =
L∑
ℓ=1

cℓΛκ(Xℓ,p;ωℓ), (80)

where ωℓ, ℓ=1, L are the acquisition frequencies; Λκ(. . . ;ωℓ) is given by (70), and each set Xℓ of the
field variables is determined, for given p, by solving the stationarity conditions for the Lagrangian (71)
with ω = ωℓ. The weights cℓ∈R+ can be chosen arbitrarily, and could be taken for example as multiples
of the characteristic times 2π/ωℓ.

6 Example implementations of the SGM framework

For lucency of presentation, we illustrate the SGM framework by extrapolating upon two basic vis-
coelastic models depicted in Fig. 2.

(a) (b)
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Figure 2: 1D mechanical analogues of two rudimentary viscoelastic models: (a) standard linear solid,
and (b) Jeffreys material.

6.1 Standard linear solid. We first consider the spring-and-dasphot arrangement in Fig. 2(a), whose
1D stress-strain relationship reads σ + τ1σ̇ = γ(ε+ τ2ε̇) featuring the coefficients γ = C1C2/(C1+ C2),
τ1 = D/(C1+ C2), and τ2 = D/C2. In this vein, we focus on the class of SGM models verifying

Cε = −Cm = C1, Cα = C1+C2, Dα = D, Dε = Dm = 0, (81)

where the fourth-order tensors C1, C2 (synthesizing the elastic response) and D (representing the
viscous response) are positive and carry the usual major and minor symmetries. We note that the
positivity of D ensures positive dissipation as per the second law of thermodynamics. The free energy
and dissipation potentials corresponding to (81) are given by

ψ(ε,α) = 1
2(ε−α) :C1 : (ε−α) + 1

2α :C2 :α, φ(ε̇, α̇) = 1
2α̇ :D :α̇,

where ε−α and α generalize respectively upon the axial strains undergone by the springs C1 and C2
in Fig. 2(a). In this setting, we obtain

σe[u] = ∂εψ = C1 : (ε−α),

σv[u] = ∂ε̇φ = 0,

A[u] = −∂αψ = C1 :ε− (C1+C2) :α = ∂α̇φ = D :α̇.
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The evolution equation (5) becomes

α̇+Q :α = (D−1 :C1) :ε,

with Q := D−1
α :Cα = D−1 : (C1+C2), and expression (9) for the viscous strain reduces to

α(t) = F [C1 :ε](t),

where the convolution operator s 7→ F [s] is given by (7) with Dα = D. By virtue of (11), the stress
response of a standard linear solid due to displacement history τ 7→ u(τ), τ ⩽ t reduces to

σ[u](t) = C1 :ε(t)− C1 :F [C1 :ε](t). (83)

Isotropic case. In the general anisotropic case, tensor Q has up to six distinct eigenvalues, which
define as many characteristic relaxation times. For an isotropic solid, on the other hand, tensors C1,C2

and D are of the form

C1 = 3κJ + 2µK, C2 = 3κ′J + 2µ′K, D = 3ηJ + 2χK

featuring the four elastic moduli {κ, κ′,µ,µ′} and two viscous moduli {η,χ}. The fourth-order tensors
J and K, representing respectively the volumetric and deviatoric components of an isotropic fourth-
order tensor, are given by

J = 1
3I⊗I, K = I −J

where I = δij ei⊗ej and I = 1
2 (δikδjl+ δilδjk) ei⊗ej⊗ek⊗el denote respectively the second-order and

symmetric fourth-order identity tensors. It is easily shown that J and K verify

J :J = J , K :K = K, J :K = 0.

On introducing the bulk and shear relaxation times τB := η/(κ+κ′) and τS := χ/(µ+µ′), one has

Q = τ−1
B J + τ−1

S K.

As a result, the tensor exponential t 7→ exp(−Qt) can be written explicitly as

exp(−Qt) = e−t/τBJ + e−t/τSK,

whereby
C1 : exp(−Qt) : (D−1 :C1) = (3κ2/η)e−t/τBJ + (2µ2/χ)e−t/τSK.

The constitutive relation (83) then becomes

σ[u](t) = 3κ
{
trε(t)− κ

η

∫ t

0
e(τ−t)/τBtrε(τ) dτ

}
I + 2µ

{
e(t)− µ

χ

∫ t

0
e(τ−t)/τSe(τ) dτ

}
, (84)

where trε and e = K : ε denote respectively the volumetric and deviatoric strain. Note that the
volumetric and deviatoric components of (84) each carry the structure of the parent 1D model.
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6.2 Jeffreys material. We next examine the spring-and-dashpot assembly shown in Fig. 2(b), a
three-parameter specialization of the Burgers material [9] endowed with the 1D stress-strain relation-
ship σ + τ1σ̇ = η(ε̇+ τ2ε̈) with η = D1, τ1 = (D1+D2)/C, and τ2 = D2/C. In this spirit, we consider
the class of SGM models verifying

Cε = Cα = −Cm = C, Dε = −Dm = D2, Dα = D1+D2, (85)

where the fourth-order tensors C1,C2 and D satisfy the same assumptions as before. Using assump-
tions (85) in (4), the free energy and the dissipation potential become

ψ(ε,α) = 1
2(ε−α) :C : (ε−α), φ(ε̇, α̇) = 1

2α̇ :D1 :α̇+ 1
2(ε̇− α̇) :D2 : (ε̇− α̇),

where ε − α and α mirror respectively the axial strains undergone by the dashpots D2 and D1 in
Fig. 2(b). As a result, we obtain

σe[u] = ∂εψ = C : (ε−α),

σv[u] = ∂ε̇φ = D2 : (ε̇− α̇),

A[u] = −∂αψ = C : (ε−α) = ∂α̇φ = D1 :α̇−D2 : (ε̇− α̇).

(86)

The evolution equation (5) becomes

α̇+Q :α = (I −P) : ε̇+Q :ε,

where P = (D1+D2)
−1 :D1 and Q = (D1+D2)

−1 :C. Formula (9) for the viscous strain reduces to

α(t) = (I−P) : ε̇(t) +F [C :P :ε](t),

and the viscoelastic stress tensor (11) reads

σ[u](t) = PT:C :P :ε(t) +D2 :P : ε̇(t)−PT:C :F [C :P :ε](t). (87)

Remark 6. From the first and the last of (86), we obtain the constraint σe =A, which should be
compared against its counterpart σv = 0 featured by the standard linear solid. As a result, com-
pliance tensors specifying the conjugate potential ψ⋆(σe,A) in (17) describing Jeffreys material are
indeterminate (and can be chosen arbitrarily) up to the constraint C⋆σ + 2C⋆m + C⋆A = C−1. For more
general SGM descriptions that feature linearly-independent σe,σv and A, one may consider spring-
and-dashpot models of higher complexity, e.g. Burgers material.

Isotropic case. For an isotropic Jeffreys material, we let

C = 3κJ + 2µK, D1 = 3ηJ + 2χK, D2 = 3η′J + 2χ′K,

featuring the two elastic moduli {κ,µ} and four viscous moduli {η,η′,χ,χ′}. Accordingly, we have

Q = (1/τB)J + (1/τS)K

in terms of the relaxation times τB := (η+η′)/κ and τS := (χ+χ′)/µ. As before, the tensor exponential
t 7→ exp(Qt) can be written in explicit form, and one obtains

exp(−Qt) = e−t/τBJ + e−t/τSK,

PT :C : exp(−Qt) : (D1+D2)
−1 :C :P =

3κ2η2

(η+ η′)3
e−t/τBJ +

2µ2χ2

(χ+ χ′)3
e−t/τSK.
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The constitutive relationship (87) then becomes

σ[u](t) =
{ 3κη2

(η+ η′)2
trε(t) +

3ηη′

(η+ η′)
trε̇(t)− 3κ2η2

(η+ η′)3

∫ t

0
e(τ−t)/τBtrε(τ) dτ

}
I

+
{ 2µχ2

(χ+ χ′)2
e(t) +

2µχχ′

(χ+ χ′)
ė(t)− 2µ2χ2

(χ+ χ′)3

∫ t

0
e(τ−t)/τSe(τ) dτ

}
,

whose volumetric and deviatoric parts each carry the structure of the 1D Jeffreys material.

7 Numerical results

For computational purposes, we assume that the full-field sensory data are available at each finite
element (FE) node of the numerical model used for material characterization, and we proceed with
the latter in a piecemeal fashion by introducing a set of (possibly overlapping) subzones [21], {Sn⊂Ω},
which tile the domain of interest Ω⊂Rd. In practical terms, the “full-field” assumption can be met by
interpolating the physical motion measurements (e.g. via cubic splines) and projecting the interpolated
field onto an FE grid used for MECR computations. We further let each subzone Sn ⊂ Rd be an
equilateral d-parallelepiped composed of N d pixels. In this setting, MECR material characterization
over a subzone becomes a discrete inverse problem featuring pN d parameters, p = dimp being the
number of independent viscoelastic moduli in (4). The key advantage of the subzone approach is that,
for a given resolution requirement (i.e. pixel size), it reduces the dimension of the parametric space
and so moderates the non-convexity of the cost functional.

For clarity, all physical parameters are hereon presented in a dimensionless form – as normalized
by (i) the characteristic size of a viscoelastic body; (ii) its mass density that is taken as being constant
throughout, and (iii) the reference shear modulus.

7.1 Subzone and pixel size considerations. In general, the absence of boundary conditions in the
global stationarity equations (49) and (54) (or equivalently (78)–(79) for time-harmonic problems),
rewritten for Ω 7→ Sn, is compensated for by sufficient full-field measurements taken over a subzone.
When the characteristic linear size |Sn|1/d of a subzone is reduced, we encounter a diminishing ratio
between the number of subzone interior DOFs (featured by an FE model) and that of subzone boundary
DOFs. In other words, a lesser fraction of interior data remains available for material identification.
Qualitatively speaking, this behavior indicates that a subzone should be sufficiently large as to provide
sufficient “net” amount of data for the reconstruction of sought material parameters.

To illustrate the concept, consider a square subzone Sn ⊂ R2 whose underpinning FE mesh has
N×N nodes and so 2N2 degrees of freedom, since u = (u1, u2) in this case. Its boundary then carries
8(N−1) degrees of freedom. Out of the 2N2 measurements available, 8(N−1) data are implicitly used
up to compensate for the missing boundary conditions, which leaves 2(N−2)2 data for the identification
of pN 2 parameters. Accordingly, we require that

2(N−2)2 > pN 2 ⇒ (N−2)2

N 2
>

p

2
. (88)

For a given finite element size (h) that is driven by relevant considerations – for instance the observed
wavelength in a physical experiment or computer memory limitations, relationship (88) imposes an
interdependent: (i) lower bound on the characteristic subzone size N (measured in the units of h), and
(ii) upper bound on the number of pixels per subzone (N 2) that must hold for the MECR inversion
to make sense. In situations where N≫1 (i.e. where the boundary conditions “tax” can be ignored),
we obtain a simplified requirement (N/N )2 ≳ p/2 for the total number of sensory data over a subzone
to be larger than the number of material unknowns therein.
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Remark 7. Clearly, interpolating the available sensory data over a subzone may not introduce signifi-
cant “new” (i.e. linearly independent) information, and satisfying (88) may be insufficient to guarantee
over-determinacy of the problem. Such is the case with the long-wavelength data (λ> |Sn|1/d), whose
variation over significant swaths of a subzone may be amenable to a linear approximation. To overcome
the impediment, it is often necessary to deploy multiple “illuminating” fields, uℓobs (ℓ=1, L), generated
by having the excitation sources placed at distinct locations or carrying distinct temporal signatures.
In either situation, the resulting cost functional has the form and properties as in Remark 5, with ωℓ
being replaced by a suitable vector synthesizing the spatiotemporal source characteristics.

7.2 Computational treatment. In what follows, time-harmonic synthetic sensory data uobs are
generated via NGSolve – an open-source, Python-based finite element computational platform [27].
To illustrate the developments, viscoelastic simulations are performed using triangular elements (order
p = 3) within the framework of plane strain kinematics by letting x ∈ R2 and u(x) ∈ C2. The
characteristic element size is taken as h=0.0025, which is sufficient to accurately simulate the wave
motion at all frequencies featured in the sequel. For a given viscoelastic body D, the region of
interest Ω ⊂ D is illuminated by point sources f(x) = f̂δ(x−x◦) with ∥f̂∥=1 and x◦∈D assuming a
variety of source locations, force directions, and excitation frequencies. For computational purposes,
the Dirac delta function is approximated as a 2D Gaussian distribution endowed with a small variance.
The FE mesh used for solving the global stationarity equations (78)–(79) over each subzone is generated
with p=3 and h=0.05. In this setting, synthetic full-field data uobs is projected onto the latter FE
mesh using a linear VoxelCoefficient method available through NGSolve.

7.2.1 Minimization of the MECR functional. The non-quadratic minimization of (80) with
weights cℓ = 2π/ωℓ, generalized to account for all sources of illumination at each frequency (see Re-
mark 7), is performed over each subzone Sn via the sequential least squares programming (SLSQP)
algorithm available through the open-source Python library Scipy [34]. For N >1, we tile the interro-
gation window Ω with equisized square subzones that overlap by a single pixel in each direction. As a
result, for a fixed number of subzones, |Sn| will decrease with increasing N . The inversion starts with a
uniform initial guess for each subzone, S(1)

n , by letting a single pixel (N (1)=1) cover the entire subzone.
The result of such inversion is then used to generate the initial profile of viscoelastic properties for a
refined inversion (N (2)> 1) over the successor subzone S(2)

n . In this way, the subsequent refinements
from N (j) to N (j+1) are applied recursively until the sought resolution is achieved. In the examples to
follow, we deploy a two-step resolution refinement over each Sn with N (2)=5 and N (3)=7.

7.3 Piecewise-homogeneous standard linear solid. With reference to Fig. 3(a), we seek to charac-
terize the interior Ω⊂D of a square viscoelastic body D housing an elliptic inclusion. The viscoelastic
model used to generate uobs is that of an isotropic standard linear solid described in Sec. 6.1, whose
“true” values of p=(µ,µ′,χ, κ, κ′,η) are listed in Table 1. For this model, the fourth-order tensor of
complex moduli (69) reads

C(p, ω) = 3K(p, ω)J + 2G(p, ω)K,

where

K(p, ω) =
κ(κ′− iωη)

κ+ κ′− iωη
, G(p, ω) =

µ(µ′− iωχ)

µ+ µ′− iωχ
. (89)

The interrogation window Ω has dimensions 0.8×0.8 and is centered inside D. As shown in the figure,
D is subjected to the homogeneous Dirichlet boundary conditions along a portion of its bottom edge
and is traction-free on the remainder of ∂D. For the present problem, we select four (either mid-height
or mid-width) point source locations near ∂D; at each location, we excite the body by a unit force
f̂ = 1√

2
(1, 1) at four separate frequencies: {ωℓ} = {16, 24, 36, 54}. The latter choice, generated by the
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Table 1: Standard linear solid example, Fig. 3(a): piecewise-constant viscoelastic parameters and
initial guess applied to each subzone S(1)

n (n=1, 16).

Parameter µ µ′ χ κ κ′ η

Background 3 1 0.3 8 3 0.01

Inclusion 5 2.5 0.7 10 5 0.05

Uniform initial guess 2 2 0.1 2 2 0.1

geometric progression ωℓ+1 = 1.5ωℓ, helps {ωℓ} to be sparse while having a broadband coverage, which
caters for linear independence of the respective data sets. On taking the regularization parameter as
κ⋆=10, the inversion is performed by tiling Ω with a grid of 4× 4 equisized subzones Sn, n=1, 16.
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Figure 3: Test configurations: (a) piecewise-homogeneous standard linear solid, and (b) smoothly
graded Jeffreys material.

The result of viscoelastic reconstruction, obtained via a two-step resolution refinement over each Sn
(with N (2)=5 and N (3)=7) is shown in the top two rows of Fig. 4. Using the local colorbar scale, the
top left insert for each parameter depicts the true configuration, while the bottom left insert describes
the initial guess according to Table 1. As can be seen from the display, MECR reconstruction of
the shear parameters is very good, while that of the bulk parameters is poor. Upon inspection, the
primary reason for such drawback was found to reside in the smallness of the “true” background bulk
viscosity, η=0.01. Specifically, when ηω = o(1), Taylor series expansion of K in (89) de facto yields
a two-parameter Kelvin-Voigt model

K(p, ω) = κa − iηaω +O((ηω)2), κa =
κκ′

κ+ κ′
, ηa =

κ2η

(κ+ κ′)2
. (90)

Indeed, for the background material we have {ηωℓ} = {0.16, 0.24, 0.36, 0.54}, where two out of four
frequencies provide insufficient information to independently resolve κ, κ′ and η. To verify this hy-
pothesis, we repeat minimization (55) with the MECR functional Λ̃κ(p) re-parameterized in terms
of pa=(µ,µ′,χ, κa,ηa) due to (90). The result in terms of κa and ηa is shown in the bottom row of
Fig. 4, featuring the quality of reconstruction that is commensurate with that of the shear parame-
ters. For all parameters, maximum deviation from the respective “true” distributions is localized near
the edge of the inclusion. This is to be expected, for the MECR reconstruction inherently assumes
locally-constant viscoelastic moduli.

7.3.1 Application to noisy measurements. In the case of “noise-free” observations, the choice
of the regularization parameter is practically immaterial (as verified numerically). To deal with noisy
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Figure 4: Reconstruction of the standard linear solid, “noise-free” data: shear parameters µ,µ′ and χ
(top row), bulk parameters κ, κ′ and η (middle row), and resolvable bulk parameters κa and ηa
(bottom row). The bottom left insert in each panel describes the initial guess (see Table 1) using
the local color scale.

data, on the other hand, one must deploy a suitable selection rule for κ⋆; see the discussion in
Section 4.5. In this work, we adopt the L-curve criterion [14], which carries an advantage of not
requiring a priori knowledge of the noise level. Recalling (56), we thus minimize the reduced MECR
functional Λ̃κ = E(κ) + κM(κ) over a broad range of κ values, and examine the resulting M(κ)
vs. E(κ) relationship (see Fig. 1) on a log-log scale. In the examples to follow, the interior data uobs

are perturbed by uncorrelated errors, taking the relative noise levels as δ ≃ 2% and δ ≃ 10% where
δ = ∥uδobs−uobs∥Ω/∥uobs∥Ω and ∥ ·∥Ω refers to the L2 norm. Specifically, for a simulated displacement
component ui,obs (i= 1, 2) at a given observation point, we let uδi,obs = ui,obs(1+ δri), where ri is a
standard normal random variable and δ ∈ {0.02, 0.1}.

One particular feature of the present examples, driven in part by (i) limited subzone size |Sn|
1
2

and (ii) restriction that the adjoint field w∈W must vanish on ∂Sn (see (22)), is that E(κ)≪M(κ)
at the minimizer. In principle, such disparity does not pose systemic problems; however, care must
be taken to discard any portion of the L-curve where E(κ) drops below an effective precision of the
minimization scheme (the SLSQP algorithm stops [34] when the absolute change in the cost functional
between two successive iterations drops below 10−10). In this “small E” range, the M(κ) vs. E(κ)
relationship is expected to be random noise realization-dependent and thus not helpful in selecting κ.
To cater for such behavior, we select the regularization parameter as

κ⋆ = max{κc, κs}, (91)

where κc corresponds to a (suitably defined) “corner” of the L-curve, and κs is the value of κ below
which the L-curve begins to fluctuate with realizations of the random noise.

In this vein, panels (a) and (b) in Fig. 5 plot the logM− logE relationship for δ=2% and δ=10%,
respectively. For computational expediency, the diagrams are evaluated using one-step resolution
refinement over each Sn with N (2) = 5. In the panels, also included are the reconstruction maps
of ηa (the most sensitive parameter) for κ ∈ {0.001, 0.01, 0.1, 1, 10, 100}. As can be seen from the
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Figure 5: logM − logE relationship computed for (a) standard linear solid, 2% noise, (b) standard
linear solid, 10% noise, and (c) Jeffreys material, 2% noise. The reconstruction inserts in panels
(a) and (b) refer to parameter ηa; those in panel (c) refers to µ.

displays, the “corner” of the L-curve κc appears to be located between 0.01 and 0.1. On the other
hand, the shape of the L-curve is found to visibly vary with realizations of the random noise for
κ ∈ {0.001, 0.01, 0.1}, which then via (91) identifies κ⋆ = κs = 1 from the available grid of trial κ
values. This is illustrated in Fig. 5(b), which plots the L-curve for two realizations (R1/2) of the
5% random noise. The selection rule (91) is verified a posteriori via visible deterioration of the
reconstructed ηa maps for κ∈{0.001, 0.01, 0.1} at both noise levels. With such result in place, Fig. 6
compares the reconstruction maps of pa for the “noise-free” data, δ≃0.01, and δ≃0.05 (obtained via
two-step resolution refinement with N (2)=5 and N (3)=7). From the displays, it is seen that the five-
parameter viscoelastic reconstruction is reasonably robust in the presence of measurement errors, with
the exception of ηa at 5% noise. For a better insight into the quality of viscoelastic reconstruction,
Table 2 lists the relative (L2 norm) error values

∆pj =
∥preconj − pexactj ∥Ω

∥pexactj ∥Ω
, j = 1,dimp (92)

for p = pa obtained at all three noise levels.
In contrast to the over-parameterization issue seen in Fig. 4, the lack of resolution in the bottom-

right panel of Fig. 6 stems from the relative smallness of ηa and does not significantly affect recon-
struction of the remaining parameters. For the present problem, ηa/(

1
5∥pa∥) equals approximately

0.3% and 0.9% in the background and the inclusion, respectively. We also note that the map of ηa for
κ= 1 and δ = 0.05 in Fig. 5(b) fares better for it is obtained in a reduced parametric space (5×5 vs.
7×7 pixels per subzone).

Table 2: Relative error (92) of viscoelastic moduli reconstruction for the standard linear solid.

∆pj µ µ′ χ κa ηa

noise-free 0.039 0.081 0.076 0.034 0.278

2% noise 0.040 0.095 0.077 0.035 0.365

10% noise 0.055 0.272 0.097 0.084 1.756

7.4 Smoothly graded Jeffreys material. We next pursue MECR reconstruction of the Jeffreys
material shown in Fig. 3(b) whose complex bulk and shear modulus are linearly graded according to

K(x;p, ω) =
ωη(x)(κ(x)− iωη′(x))

ω(η(x)+ η′(x)) + iκ(x)
, G(x;p, ω) =

ωχ(x)(µ(x)− iωχ′(x))

ω(χ(x)+ χ′(x)) + iµ(x)
,
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Figure 6: Reconstructions of the standard linear solid for three levels of random noise.

where

pj(x) = p(0)

j + (
√
3−1)(p(1)

j −p(0)

j )d·x, d = (cos π6 , sin
π
6 ), p = (µ,χ,χ′, κ,η,η′)

with p(0)

j = pj((0, 0)) and p(1)

j = pj((1, 1)). The values of p(0)

j and p(1)

j for each of the six viscoelastic
parameters are listed in Table 3.

Table 3: Jeffreys material example, Fig. 3(b): linearly-graded viscoelastic parameters and initial
guesses applied to each subzone S(1)

n (n=1, 16).

Parameter µ χ χ′ κ η η′

Bottom left: p(0)

j 5 0.5 0.08 7 0.7 0.05

Top right: p(1)

j 4 1 0.25 5 1.2 0.2

Uniform initial guess 2 1 0.1 2 1 0.1

The testing and inversion parameters, including the choice of excitation sources, reconstruction
subzones, and pixel density are borrowed from the previous example (Section 7.3) except for the
excitation frequencies which are taken as {ωℓ} = {4, 8, 16, 32}. Fig. 7 shows the reconstruction with
κ⋆=10 of the Jeffreys viscoelastic parameters from “noise-free” data. As can be seen from the display,
all six parameters of the smoothly-graded material are reasonably well reconstructed.

To examine the effect of measurement noise, the interior data uobs are perturbed by uncorrelated
errors, taking the relative noise level as δ ≃ 2%. With reference to the L-curve shown in Fig. 5(c),
the regularization parameter is taken as κ⋆= κs=1, which corresponds to a threshold range E(κc) =
O(10−9) below which the L-curve fluctuates with realizations of random noise due to finite precision
of the SLSQP algorithm. This “stability” threshold is reflected by the fact that E(0.1) < E(1) in
Fig. 5(c), which is inadmissible according to Proposition 3. The viscoelastic reconstructions for δ ≃ 0%
and δ ≃ 2% are compared in the top two rows of Fig. 8, from which one observes a marked sensitivity
(in terms of η and η′) of the MECR inversion to measurement errors. Again, this sensitivity is driven
in part by the relative smallness of η′, see Table 3. To combat the problems caused by trying to resolve
“weak” viscoelastic parameters (if any), one may forgo the re-parameterization approach exercised in
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Section 7.3 and resort instead to a coarsened resolution of MECR reconstruction, which carries an
advantage of reducing the dimension of the parameter space and so constraining the optimal solution.
This is illustrated in the bottom row of Fig. 8, which shows the reconstruction at 2% noise with N =5
(5×5 pixels per subzone) instead of N =7 deployed for generating the top two rows in the same figure.
From the reconstructed maps, it is seen that the coarsened inversion is more robust to noisy data,
and may in fact be preferred when characterizing specimens where a smooth gradation of constitutive
properties is expected. For completeness, Table 4 lists the relative error values (∆pj) at both noise
and resolution levels, which further confirms this observation. From Table 2 and Table 4, we also note
that the values of ∆pj featured by the two examples are comparable despite a qualitative difference in
the respective constitutive behaviors and types of heterogeneity.
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⌘
Figure 7: Reconstruction of the Jeffreys material, “noise-free” data: shear parameters µ,χ and χ′

(top row) and bulk parameters κ,η and η′ (bottom row). The bottom left insert in each panel
describes the initial guess (see Table 3) using the local color scale.

Table 4: Relative error (92) of viscoelastic moduli reconstruction for the Jeffreys material.

∆pj µ χ χ′ κ η η′

noise-free, N =7 0.033 0.101 0.099 0.031 0.079 0.16

2% noise, N =7 0.048 0.112 0.122 0.053 0.111 0.244

2% noise, N =5 0.031 0.099 0.102 0.038 0.091 0.18

8 Summary and outlook

In this study, we develop a modified error-in-constitutive-relation (MECR) approach to the full-field
characterization of linear viscoelastic solids, formulated by way of thermodynamic (free energy and
dissipation) potentials. Assuming the availability of full-field interior kinematic data, the constitutive
mismatch between the kinematic quantities (strains and internal variables) and their “flux” compan-
ions (Cauchy stress tensor and that of thermodynamic tensions), is established with the aid of the
Legendre-Fenchel transform linking the thermodynamic potentials to their energetic conjugates. In this
setting, the MECR functional is formulated as a linear combination between the constitutive gap and
the kinematic data misfit, evaluated for a trial set of constitutive parameters. The affiliated station-
arity conditions are shown to yield two coupled evolution problems, namely (i) the forward evolution
problem for the (trial) displacement field driven by the constitutive mismatch, and (ii) the backward
evolution problem for the adjoint field driven by the data mismatch. The formulation is established
in a general setting, catering for both time- and frequency-domain sensory data. We illustrate the de-
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Figure 8: Reconstructions of the Jeffreys material: “noise-free” data, N = 7 (top row); 2% noise,
N =7 (middle row), and 2% noise, N =5 (bottom row). The initial guesses of Table 3 are shown
in inserts using the local color scales.

velopments by pursuing time-harmonic MECR reconstruction of (a) piecewise-homogeneous standard
linear solid, and (b) smoothly-varying Jeffreys material.

One particular application motivating our developments is that of mineral CO2 storage [31], where
the evolution of mechanical rock properties due to reactive flow is of major interest. In particular, the
algorithm developed herein targets high-fidelity viscoelastic characterization of mafic and ultramafic
rock specimens undergoing carbonation, excited ultrasonically under the plane stress condition – which
caters for optical monitoring of the interior kinematic data via laser Doppler vibrometry [26]. Beyond
their immediate application, the developments in this study may facilitate small-strain mechanical
characterization of additively manufactured materials, whose as-made (homogeneous or heterogeneous)
properties are largely an open question.
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[16] Ladevèze P., Moës N. A new a posteriori error estimation for nonlinear time-dependent finite
element analysis. Comp. Meth. Appl. Mech. Eng., 157:45–68 (1997).
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A Proofs

A.1 Proof of Lemma 1. Expressing σ[u] via (11) and integrating by parts in time the term featuring
u̇ and using the shorthand notations ε = ε[u], η = ε[w], we have∫ T

0
η :σ[u] dt =

∫ T

0

{(
η :CI − η̇ :DI

)
:ε− η :

(
ĈT:F [Ĉ :ε(u)]

)}
dt+

(
η :DI :ε

)∣∣T
0
, (A.1)

where Ĉ is defined in (9). Then, recalling the definition (7) of the convolution operator F , we obtain∫ T

0
η(t) : ĈT:F [Ĉ :ε(u)](t) dt =

∫ T

0
η(t) : ĈT:

{∫ t

0
exp[−Q(t−τ)] :D−1

α : Ĉ :ε(τ) dτ
}
dt

(a)
=

∫ T

0
ε(τ) : ĈT:

{∫ T

τ
exp[−Q(t−τ)] :D−1

α : Ĉ :η(t) dt
}
dτ

(b)
=

∫ T

0
ε(τ) : ĈT:

{∫ T−τ

0
exp[−Q(T −τ − θ)] :D−1

α : Ĉ :ε[wR](θ) dθ
}
dτ

=

∫ T

0
ε(t) : ĈT:F [Ĉ :ε(wR)](T − t) dt,

where (a) results from transposition (using the fact that exp[−Qt] :D−1
α is symmetric and reversing

the order of the successive time integrations, and (b) stems from the change of variable t 7→ T − θ.
Used in (A.1), the above identity then produces∫ T

0
η :σ[u] dt =

∫ T

0
ε(t) :

{
CI :ε[wR]−DI :ε[ẇR]− ĈT:F [Ĉ :ε(wR)]

}
(T − t) dt+

(
η :DI :ε

)∣∣T
0

=

∫ T

0
ε(t) :σ[wR](T − t) dt+

(
η :DI :ε

)∣∣T
0
,

since the tensors CI and DI are symmetric. The claim of the lemma follows.

A.2 Proof of formulas (36). We start by solving (35a) for σe and (35b) for σv, which yields

σe = C⋆σ−1 :
(
ε+ η − C⋆m :A

)
σv = D⋆

σ
−1 :

(
ε̇+ T−1η +D⋆

m :A
)

= CS
ε : (ε+η)− Cm :C−1

α :A, = DS
ε : (ε̇+T

−1η) +Dm :D−1
α :A,

(A.2)

with the latter expressions resulting from the identities C⋆σ−1 : C⋆m = Cm : C−1
α (due to (18)) and

D⋆
σ
−1 :D⋆

m = Dm :D−1
α (thanks to (21)). The above expressions are then substituted into (35c). Taking

advantage of the identities C⋆A−C⋆mT :Cm :C−1
α = C−1

α (due to (19)) and D⋆
A−D⋆

m
T :Dm :D−1

α = D−1
α

(obtained similarly), we find(
C−1
α +TD−1

α

)
:A = D⋆

m
T :DS

ε : (η+T ε̇)− C⋆mT :CS
ε : (ε+η) + T α̇−α. (A.3)

To solve (A.3) for A, we note that C−1
α +TD−1

α = C−1
α : (Dα+TCα) :D−1

α ; moreover we also have
C⋆mT : CS

ε = C−1
α : Cm and D⋆

m
T : DS

ε = D−1
α : Dm due to (18), (21) and the fact hat CS

ε and DS
ε are

symmetric. Exploiting the foregoing identities in (A.3), we obtain

A = Dα : (Dα+TCα)−1 :
{
TCα :D−1

α :Dm : ε̇− Ĉ :η − Cm :ε− Cα :α+ TCα :α̇
}

= Dα : (Dα+TCα)−1 :
{
TCα :D−1

α :Dm : ε̇+ TCα :α̇− (Dα+TCα) :β +Dα :α̇+Dm : ε̇
}

= Dα :α̇+Dm : ε̇−Dα :β,

with β given by (37), which completes the proof of (36c). The above result is then used in (A.2),
which produces (36a,b) after some rearrangement.
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A.3 Proof of Proposition 1. As all potentials considered in this study are quadratic (i.e. homoge-
neous of degree 2) functions, application of the Euler’s theorem for homogeneous functions yields

2ψ(ε,α) = ∂εψ :ε+ ∂αψ :α (A.4)

and similarly for ψ⋆, φ and φ⋆. Adding equations (34a) with σ̂e =σe, (34b) with σ̂v =σv, (34c) with
Â = A, (34d) with α̂ = α, (48) with ŵ = w and (50) with û = u and using property (A.4) for all
potentials, we find

0 = 2Ẽ(p) + κMT(up−uobs,up)

= 2
{
Ẽ(p) + 1

2κM̃T(p) +
1
2κMT(up−uobs,uobs)

}
, (A.5)

which yields the claimed expression for Λ̃κ(p).
Then, by the definitions of Λ̃′

κ and Λ̃κ, we have

Λ̃′
κ(p) := DpΛκ(Xp,p) (A.6)

where the short-hand notation X is defined by (26), Xp is the solution of the stationarity system for
given p and Dp signifies the total derivative w.r.t. p. Setting the Lagrangian (30) in concise form as

L(X,w,p) = Λκ(X,p)− C(X,w), (A.7)

where the functional C is bilinear and symbolizes the PDE constraint (23), the total derivative of L
w.r.t. p is given by

DpL(Xp,wp,p) = DpΛκ
(
Xp,p

)
−DpC

(
Xp,wp

)
= DpΛκ

(
Xp,p

)
, (A.8)

since by the definition of the dependence of Xp and wp on p, the PDE constraint is satisfied for
each p (and hence has a zero total derivative). Letting (X′

p,w
′
p) denote the derivative w.r.t. p of

the stationarity solution (Xp,wp) and making use of (27) and (A.7), the total derivative of L can
alternatively be expressed via chain rule to obtain〈

DpL(Xp,wp,p), p̂
〉
=

〈
∂XL,X′

p ·p̂
〉
+
〈
∂wL,w′

p ·p̂
〉
+
〈
∂pL, p̂

〉
=

〈
∂pL(Xp,wp,p), p̂

〉
=

〈
∂pΛκ(Xp,p), p̂

〉
=

〈
∂pE(Xp,p), p̂

〉
,

(A.9)

since all equations of the stationarity system, (31) and (32), are by premise verified and (for the last
two equalities) the explicit dependence of L on p is confined to E , see (27) and (30). Combining (A.6),
(A.8) and (A.9) gives the claimed expression for Λ̃′

κ(p).

A.4 Proof of Proposition 2.

Proof of formula (58). Recalling (47), we have

St[w] :η(t) = η :
(
CS
ε + T−1DI

)
:η + η : ĈT :C−1

α : Ĉ :η +
(
a− Tβ

)
: Ĉ :η. (A.10)

We begin by using (40) to express Ĉ :η in terms of β in the above sum, whose last two terms become

η : ĈT :C−1
α : Ĉ :η +

(
a− Tβ

)
: Ĉ :η = T

(
a− TC−1

α :Dα : β̇
)
:
(
Cα :β−Dα : β̇

)
(A.11)

Moreover, the ODE (43) verified by a provides

Ta :Cα :β = T (β + T β̇) :Dα :β − T ȧ :Dα :β.
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Using this in (A.11), expanding and rearanging, we obtain

η : ĈT :C−1
α : Ĉ :η +

(
a− Tβ

)
: Ĉ :η = Tβ :Dα :β − T∂t(a :Dα :β) + T 2β̇ :Dα :C−1

α :Dα : β̇

We now use the above in (A.10) and integrate the resulting equality over t ∈ [0, T ] and use β(T ) =
a(0) = 0, to obtain the claimed formula∫ T

0
St[w] :η(t) dt =

∫ T

0
η :

(
CS
ε + T−1DI

)
:η + Tβ :Dα :β + T 2β̇ :Dα :C−1

α :Dα : β̇ dt.

Evaluation of Ě, Ěe and Ěv. We proceed by obtaining first Ě , then Ěe. Using the Euler’s theo-
rem (A.4) for all relevant potentials in (14a), (14b) and (25) and rearranging terms, the ECR functional
is obtained as

E = 1
2

∫
Ω

∫ T

0

{
(∂εψ−σe) :ε+ T

(
∂ε̇φ−σv) : ε̇+ (∂αψ+A) :α+ T (∂α̇φ−A) :α̇

+ (∂σeψ⋆−ε) :σe + T
(
∂σvφ⋆− ε̇) :σv + (∂Aψ

⋆+α) :A+ T (∂Aφ
⋆− α̇) :A

}
dt dΩ

wherein the field variables solve the stationarity system (31)–(32). Invoking equations (34c,d) elimi-
nates all terms involving A in the above formula, while the remaining terms are evaluated by means
of (34a,b), temporal integration of T

(
∂ε̇φ− σv) by parts, the second of (52), and (53). Using further

the fact that β(T ) = 0 and the assumption of quiescent past (in that ε[u](0) = 0), we obtain

E = 1
2

∫
Ω

∫ T

0

{
− σR[wR] :ε[u] + (σe+σv) :ε[w]

}
dΩdt− 1

2

∫
Ω

(
ε[w] :DI :ε[u]

)∣∣T
0
dΩ.

Finally, invoking Lemma 1 and the expression for σ = σe+σv from (46), we find

E = Ě(wp,p) :=
1
2

∫
Ω

∫ T

0
St[w] :ε[w] dΩdt. (A.12)

We proceed in a similar way to compute Ěe. Using again (A.4), we have

Ee = 1
2

∫
Ω

∫ T

0

{
(∂εψ−σe) :ε+ (∂αψ+A) :α+ (∂σeψ⋆−ε) :σe + (∂Aψ

⋆+α) :A
}
dt dΩ.

Making use of (19), (36) and eliminating α̇ via (37) we obtain

∂Aψ
⋆ +α = C⋆mT :σe + C⋆A :A+α = D−1

α :Dm :η + Tβ,

and similarly

∂σeψ⋆ − ε = η,

∂αψ +A = TCα :β − Ĉ :η,

∂εψ − σe = TCm :β +
(
Cm :D−1

α :Dm − Cε
)
:η,

by way of (35a), (39) and (52). As a result, we find

Ee = 1
2

∫
Ω

∫ T

0

{
T
[
Cm :ε+ Cα :α+A

]
:β +

[
ε :

(
Cm :D−1

α :Dm − Cε
)
−α : Ĉ +A :D−1

α :Dm + σe
]
:η

}
dt dΩ

(a)
= 1

2

∫
Ω

∫ T

0

{
η :CI :η − 2Tη : ĈT:β + T 2β :Cα :β

}
dt dΩ

= Ěe(wp,p) :=
1
2

∫
Ω

∫ T

0

{
η :CS

ε :η + (TCα :β − Ĉ :η) :C−1
α : (TCα :β − Ĉ :η)

}
dt dΩ,
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where (a) follows from using the expressions for σe and A in (36), eliminating α̇ by means of (37),
and subsequent rearrangements. We finally use the ODE (40) governing β in (a) to obtain the sought
expression for Ěe(wp,p). Then, the formula for Ěv(wp,p) follows immediately by subtracting the last
result from from (A.12) and making use of (58).

A.5 Proof of Proposition 3. For future reference, we conveniently write

L(κ) = L̆(Y(κ),w(κ), κ) := L(X,w,p), Y := (X,p), (13)

where Y gathers all (field and constitutive) variables sought by the full-space minimization prob-
lem (29) and Y,w are treated as functions of κ, noting that the ensuing proof assumes sufficient
differentiability of κ 7→ Y(κ). In this vein, we also define E(κ) = E(Y(κ)) and M(κ) = 1

2MT(X(κ)).
For item (i), taking the total derivative of L(κ) at the κ-dependent (constrained) minimizer of Λκ

and writing Dκ( •) = ( •)′ for univariate functions, we obtain

L′(κ) =
〈
∂YL̆,Y′〉+ 〈

∂wL̆,w′〉+ ∂κL̆ = ∂κL̆ =M(κ), (14)

since (a) Y solves the first-order optimality conditions by premise, and (b) entries Y′ and w′ belong
to the requisite function spaces. On the other hand, as the minimizer of Λκ = E + 1

2κMT satisfies the
PDE constraint for any κ, we have

L′(κ) =
(
E(κ) + κM(κ)

)′
= E′(κ) + κM ′(κ) +M(κ). (15)

From (14)–(15), we deduce the property

E′(κ) + κM ′(κ) = 0. (16)

Next, we use the fact that
〈
∂YL̆,Y′〉 = 0 remains satisfied for any κ as a result of the stationarity

condition ∂YL̆ = 0. Recalling (13) and taking the total derivative of this identity, we find

0 =
〈
∂YL̆,Y′〉′ = 〈

∂YYL̆,Y′ ⊗ Y′〉+ 〈
∂YwL̆,Y′ ⊗w′〉+ 〈

∂YκL̆,Y′〉+ 〈
∂YL̆,Y′′〉

=
〈
∂YYL̆,Y′ ⊗ Y′〉+ 1

2

〈
∂YMT,Y

′〉 =
〈
∂YYL̆,Y′ ⊗ Y′〉+M ′(κ),

where the second equality exploits: (i) Y′′ as a suitable set differentiation directions for the stationarity
condition ∂YL̆ = 0, (ii) the last equality in (14), and (iii) the relationship〈

∂YwL̆,Y′ ⊗w′〉 =
〈
∂Yw

{
Λκ

(
X,p

)
− C

(
X,w

)}
,Y′ ⊗w′〉

= −
〈
∂XwC

(
X,w

)
,X′ ⊗w′〉 = −C(X′,w′) = 0

due to (A.7), since C is a bilinear functional, X(κ) always satisfies the PDE constraint, and w′ is a
valid test function. On recalling the convexity of Λκ, we similarly have〈

∂YYL̆,Y′ ⊗ Y′〉 =
〈
∂YYΛκ(Y),Y′ ⊗ Y′〉− 〈

∂XC(X′,w),X′〉
=

〈
∂YYΛκ(Y),Y′ ⊗ Y′〉 ⩾ 0

by the second-order Karush-Kuhn-Tucker optimality conditions. Hence M ′(κ) ⩽ 0 and, by prop-
erty (16), E′(κ) ⩾ 0. This completes the proof of part (i).

We establish part (ii) of the claim by verifying that the curvature ϱ = (M ′′E′ −M ′E′′)/(M ′2 +
E′2)3/2 of the L-curve is everywhere positive (i.e. the curvature center lies on the positive side of the
normal under the present conditions, see Fig. 1), which results from

M ′′E′ −M ′E′′ =M ′′E′ −M ′(E′′+κM ′′+M ′) + κM ′M ′′ +M ′2

=M ′′(E′+κM ′) +M ′2 =M ′2 > 0

since E′+κM ′ = 0 and (E′+κM ′)′ = E′′+κM ′′+M ′ = 0.
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